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Abstract

We study the optimal approximation of the solution of an operator equa-
tion A(u) = f by four types of mappings: a) linear mappings of rank n; b)
n-term approximation with respect to a Riesz basis; ¢) approximation based
on linear information about the right hand side f; d) continuous mappings.
We consider worst case errors, where f is an element of the unit ball of a
Sobolev or Besov space By (Ly(f2)) and 2 C R? is a bounded Lipschitz do-
main; the error is always measured in the H®-norm. The respective widths
are the linear widths (or approximation numbers), the nonlinear widths, the
Gelfand widths, and the manifold widths. As a technical tool, we also study
the Bernstein numbers. Our main results are the following. If p > 2 then the
order of convergence is the same for all four classes of approximations. In

particular, the best linear approximations are of the same order as the best
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nonlinear ones. The best linear approximation can be quite difficult to realize
as a numerical algorithm since the optimal Galerkin space usually depends on
the operator and of the shape of the domain €). For p < 2 there is a difference,
nonlinear approximations are better than linear ones. However, in this case, it
turns out that linear information about the right hand side f is again optimal.
Our main theoretical tool is the best n-term approximation with respect to
an optimal Riesz basis and related nonlinear widths. These general results are
used to study the Poisson equation in a polygonal domain. It turns out that

best n-term wavelet approximation is (almost) optimal. The main results of
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this paper are about approximation, not about computation. However, we also
discuss consequences of the results for the numerical complexity of operator

equations.

AMS subject classification: 41A25, 41A46, 41A65, 42C40, 65C99
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1 Introduction

We study the optimal approximation of the solution of an operator equation
(1) Au) = f,

where A is a linear operator

(2) A:H—-G

from a Hilbert space H to another Hilbert space G. We always assume that A is
boundedly invertible, and so (1) has a unique solution for any f € G. We have in
mind the more specific situation of an elliptic operator equation which is given as

follows. Assume that  C R? is a bounded Lipschitz domain and assume that
(3) A:Hi(Q) - H*(Q)

is an isomorphism, where s > 0. (For the definition of the Sobolev spaces Hj(2)
and H~°(Q2), we refer to the Subsections 5.7, 5.8 and 5.9). A standard case (for
second order elliptic boundary value problems for PDEs) is s = 1, but also other
values of s are of interest. Now we put H = H§(Q2) and G = H*(Q2). Since A is
boundedly invertible, the inverse mapping S : G — H is well defined. This mapping
is sometimes called the solution operator—in particular if we want to compute the
solution u = S(f) from the given right-hand side A(u) = f.

We use linear and (different kinds of) nonlinear mappings S,, for the approxima-
tion of the solution u = A~!(f) for f contained in F' C G. We consider the worst

case error

(4) e(Sn, F,H) = sup AT (f) = Su(f)]m,

IFllF<1



where F'is a normed (or quasi-normed) subspace of G. In our main results, F' will

be a Sobolev or Besov space.’ Hence we use the following commutative diagram

¢ 2 g
I N Sk
F

Here I : F' — G denotes the identity and S the restriction of S to F'. In the specific

case (3) this diagram is given by

H(Q) N H3(Q)

r XN /5
B_S—H(LP(Q))a

q

where B, ***(L,(Q2)) denotes a Besov space compactly embedded into H~*(£2), cf.
the Appendix for a definition, and S the restriction of S to B, ***(L,(9)). We are
interested in approximations that have the optimal order of convergence depending
on n, where n denotes the degree of freedom. In general our results are construc-
tive in a mathematical sense, because we can describe optimal approximations S,
in mathematical terms. This does not mean, however, that these descriptions are
constructive in a practical sense, since it might be very difficult to convert those
descriptions into a practical algorithm. We will discuss this more thoroughly in Sec-
tion 3.4. As a consequence, most of our results give optimal benchmarks and can
serve for the evaluation of old and new algorithms. We study and compare four kinds

of approximation methods; see Section 2.1 for details.

o We consider the class £,, of all continuous linear mappings S,, : F' — H,
Sulf) = SO Li(f)
i=1

with arbitrary h; € H. The worst case error of optimal linear mappings is

given by the approximation numbers or linear widths

em(S F H) = inf e(S,, F, H).

Sn€Ln

Formally we only deal with Besov spaces. Because of the embeddings By *™(L,(Q)) C
W, *tH(Q) € BP(Ly(Q)), which hold for 1 < p < oo, t > s, see [91], our results are valid
also for Sobolev spaces.



e For a given basis B of H we consider the class N, (B) of all (linear or nonlinear)

mappings of the form
Sn(f) = ch h'iiw
k=1

where the ¢ and the i, depend in an arbitrary way on f. We also allow that
the basis B to be chosen in a nearly arbitrary way. Then the nonlinear widths
ene(S, F, H) are given by
RS, FyH) = inf  inf S, FyH).
en,C( y L ) BlenBc Snel.}’\l/’n(lf) 6( )

Here Bs denotes a set of Riesz bases for H where C' indicates the stability of
the basis. These numbers are the main topic of our analysis.

e We also study methods S,, with S,, = ¢, o N,,, where N,, : F' — R" is linear
and continuous and ¢, : R™ — H is arbitrary. This is the class of all (linear
or nonlinear) approximations S,, that use linear information of cardinality n
about the right hand side f. The respective widths are

ro(S, F,H) := iélf e(Sy, F,H),
they are closely related to the Gelfand numbers.

e Let C, be the class of continuous mappings, given by arbitrary continuous
mappings N, : FF — R"™ and ¢, : R® — H. Again we define the worst case
error of optimal continuous mappings by

(S, F H) = inf e(S,, F, H),

Sn€Cn

where S, = ¢, o N,,. These numbers are called manifold widths of S.

For problems (3) with F' = B} (L,(2)) our main results are the following. If p > 2
then the order of convergence is the same for all four classes of approximations. In
particular, the best linear approximations are of the same order as the best nonlinear
ones. The best linear approximation can be quite difficult to realize as a numerical
algorithm since the optimal Galerkin space usually depends on the operator and
of the shape of the domain 2. For p < 2 there is an essential difference, nonlinear
approximations are better than linear ones. However, in this case it turns out that
linear information about the right hand side f is optimal. Our main theoretical tool
is best n-term approximation with respect to an optimal Riesz basis and related non-

linear widths. The main results are about approximation, not about computation.



However, we also discuss consequences of the results for the numerical complexity

of operator equations.
The paper is organized as follows:

1. Introduction

2. Linear and nonlinear widths

2.1 Classes of admissible mappings

2.2 Properties of widths and relations between them
3. Optimal approximation of elliptic problems

3.1 Optimal linear approximation of elliptic problems
3.2 Optimal nonlinear approximation of elliptic problems
3.3 The Poisson equation

3.4 Algorithms and complexity

4. Proofs

4.1 Properties of widths

4.2 Widths of embeddings of weighted sequence spaces
4.3 Widths of embeddings of Besov Spaces

4.4 Proofs of Theorems 2, 3, and 5

5. Appendix - Besov spaces

We add a few comments. The main results of our paper are contained in Section
3.2. They are further illustrated for the case of the Poisson equation in Section 3.3.
A discussion in connection with wuniform approximation, adaptive/nonadaptive in-
formation, adaptive numerical schemes, and complexity is contained in Section 3.4.
All proofs are contained in Section 4. Of independent interest are the estimates of
the widths of embedding operators for Besov spaces, see Section 4.3.

Notation. We write a < b if there exists a constant ¢ > 0 (independent of the

context dependent relevant parameters) such that
clta<b<ca.

All unimportant constants will be denoted by ¢, sometimes with additional indices.

2 Linear and Nonlinear Widths

Widths represent concepts of optimality. In this section we shall discuss several
variants. Most important for us will be the nonlinear widths e*"
widths eli. We also study Gelfand and manifold widths and, as a vehicle of the

proofs, Bernstein widths.

and the linear



2.1 Classes of Admissible Mappings
Linear Mappings S,

Here we consider the class £,, of all continuous linear mappings S, : F' — H,
(5) Su(f) =Y Li(f) i
i=1

where the L; : I' — R are linear functionals and h; are elements of H. We consider

the worst case error

(6) e(Sn, F,H) == sup AT (f) = Su(f) ],

lFllr<1

where F' is a normed (or quasi-normed) subspace of G. Accordingly, we seek the

optimal linear approximation, as well as the numbers

(7) em(S F H) = ing e(Sn, F, H),

Sn€Lln

usually called approzimation numbers or linear widths of S : F' — H, cf. [60, 72, 73,
85].

Nonlinear Mappings 5,

Let B = {hq, ho,...} be a subset of H. Then the best n-term approximation of an
element © € H with respect to this set B is defined as

n
U — E cx i,
k=1

This subject is widely studied, see the surveys [29] and [84]. Now we continue by

(8) on(u, B)g := inf in

©1y-eeylp Cl,y... Cn

H

looking for an optimal set B as has been done in Kashin [54], Donoho [38], Temlyakov
(82, 83, 84] and DeVore, Petrova, and Temlyakov [33]. Temlyakov [84] suggested to
consider the quantities

inf sup o,(u,B)g,
BEP uly <1

where D is a subset of the set of all bases of H. The particular case of D being
the set of all orthonormal bases has been discussed in [82, 83], while the set of
all unconditional, democratic bases is studied in [33]. See Remark 25 for a further

discussion. In this paper we work with Riesz bases, see, e.g., Meyer [62, page 21].

Definition 1. Let H be a Hilbert space. Then the sequence hy, hs, ... of elements of
H s called a Riesz basis for H if there exist positive constants A and B such that,

6



for every sequence of scalars oy, g, ... with oy # 0 for only finitely many k, we

have
o AT < [ Sen], < 5(Siar)”
k k k

and the vector space of finite sums > oy hy is dense in H.

Remark 1. The constants A, B reflect the stability of the basis. Orthonormal bases
are those with A = B = 1. Typical examples of Riesz bases are the biorthogonal

wavelet bases on R or on certain Lipschitz domains, cf. Cohen [12, Sect. 2.6, 2.12].

In what follows
(10) B={h;|i€eN}

will always denote a Riesz basis of H with A and B being the corresponding optimal
constants in (9).
For a given basis B we consider the class N, (B) of all (linear or nonlinear) mappings

of the form
(11) Su(f) =Y cxhiy,
k=1

where the ¢; and the i, depend in an arbitrary way on f. By the arbitrariness of .S,

one obtains immediately

(12) inf sup AT = Su(f)llg = sup on (A, B

Sn€Nn(B) | f|lp<1 Ifllr<1
It is natural to assume some common stability of the bases under consideration. For
a real number C' > 1 we put
(13) Be = {B . BJA < C}.
We are ready to define the nonlinear widths e,% (S, F, H) by

(14) enc(S, F, H) = Inf snéfff(m e(Sn, I, H).

These numbers are the main topic of our analysis. We call them the widths of best

n-term approximation (with respect to the collection B¢ of Riesz basis of H).

Remark 2. i) It should be clear that the class N,,(B) contains many mappings
that are difficult to compute. In particular, the number n just reflects the di-
mension of a nonlinear manifold and has nothing to do with a computational
cost. In this paper we also are interested in lower bounds, such lower bounds

being strengthened if we admit a larger cass of approximations.

7



ii) The inequality
(15) et (S, F,H) < ep™(S, F, H)
18 trivial.

(i1i) Because of the homogeneity of o,, i.e., o,(Au, B)g = [N on(u, B)g, A € R, it

non

does not change the asymptotic behaviour of e;

if we replace supysy,<1 by

sup| g <c for ¢ > 0.

Continuous Mappings 5,

Linear mappings .5,, are of the form S, = ¢, o N,, where both N,, : F' — R" and
¢n : R" — H are linear and continuous. If we drop the linearity condition then
we obtain the class of all continuous mappings C,,, given by arbitrary continuous
mappings N, : FF — R"” and ¢, : R" — H. Again we define the worst case error of

optimal continuous mappings by

(16) (S, F H) = inf e(S,, F, H).

Sn€Cn

These numbers, or slightly different numbers, were studied by different authors, cf.
[30, 31, 40, 60]. Sometimes these numbers are called manifold widths of S, see [31],

and we will use this terminology here. The inequality
(17) ey (S, F. H) < e(S, F, H)

is obvious.

Gelfand Widths and Minimal Radii of Information

We can also study methods S,, with S,, = ¢, 0 N,,, where N,, : ' — R" is linear and

continuous and ¢,, : R® — H is arbitrary. The respective widths are
(18) (S, FyH) := igfe(Sn,F,H).

These numbers are called the n-th minimal radii of information, which are closely
related to Gelfand widths, see Lemma 1 below. The n-th Gelfand width of the linear
operator S : F' — H is given by

(19) (S, F.H) = it suwp {||Sfllu : Iflr <1 L) =0, i=1,...n},

-----

where the L, : ' — R are continuous linear functionals.



Bernstein Widths

A well-known tool for deriving lower bounds of widths consists in the investigation
of Bernstein widths, see [72, 73, 85].

Definition 2. The number b,(S, F, H), called the n-th Bernstein width of the opera-
tor S: F' — H, is the radius of the largest (n+ 1)-dimensional ball that is contained

in S{Ifllr <13).

Remark 3. The literature contains several different definitions of Bernstein widths.
For example, Pietsch [T1] gives the following version. Let X,, denote subspaces of F

of dimension n. Then

gn(Sa F; H) = Ssup lllf ||S$||H

X, CF TEXn,x#0 ||SL’HF )

As long as S is an injective mapping we obviously have b, (S, F, H) = gnH(S, F H).

2.2 Properties of Widths and Relations Between Them

Lemma 1. Let n € N and assume that F' C G is quasi-normed.
(i) We have d™ < r, <2d" if F' is normed and d" =< r, in general.
(ii) The inequality

(20) bu(S, F, H) < min (effm(S, F,H),d"(S, F, H))
holds for all n.

Remark 4. The inequality b, < €™ is known, compare e.g. with [30], and the proof

technique (via Borsuk’s theorem) is often used for the proof of similar results.

The Bernstein widths b, can also be used to prove lower bounds for the €;%. The

following inequality has been proved in [24].

Lemma 2. Assume that F C G is quasi-normed. Then

(21) enon (S, F, H) > S, F. H)

20
holds for all m > 4C?n.

non

non and e, Best n-term

More important for us will be a direct comparison of e

approximation yields a mapping
Sp(u) = Z ¢ hi,
k=1

9



which is in general not continuous. However, it is known that certain discontinuous

mappings can be suitably modified in order to obtain a continuous n-term approx-

imation with an error which is only slightly worse, see, for example, [31] and [41].
non

We prove that, under general assumptions, the numbers €% can be bounded from
below by the manifold widths efo".

Theorem 1. Let S : G — H be an isomorphism. Suppose that the embedding
F — G is compact. Then for all C > 1 and all n € N, we have

(22) Chmir (S, F, H) < 2C || S|* || S7H 1 e (S, F, H) .

cont non

Finally we collect some further properties of the quantities e{°™* and e;,

Lemma 3. (i) Let m,n € N, and let F' be a subset of the quasi-normed linear space
X, where X atself is a subset of the quasi-normed linear space Y. Let I; denote
embedding operators. Then

(23) e (I, F,Y) < el (I, F, X) e (I3, X, Y)

m+n

holds.
(i) Let F be a quasi-normed subset of G and let I : F' — G be the embedding. Then

(24) e (L F,G) < [|S7H [ €™ (S, FL H) < [|STH || S]] ex™ (1, F. G)

and for any C > ||S7|||S]|, we have
(25)
enis-ys) (L Fy G) < NSTH ens (S, B, H) < [ISTHISH ene sy sy (L . G) -

Remark 5. Let us point out the following which is part of the proof of Lemma 3. Let
B = {hy,hs,...} be a Riesz basis of G. Let S, be an approximation of the identity
I:F — G. Then S(B) is a Riesz basis of H and S o S, is an approximation of
S : F — H satisfying

(26) I1f = Sa(Hllc < USTH - I1Sf =S oSl < USTH-NST- N f = Salf) lla-

This makes clear that if B and S, are order optimal for the triple I, F, G, then S(B)
and S o S, are order optimal for the triple S, F, H. Consequently, instead of looking

for good approximations of S : F' — H it will be enough to study approximations of
the embedding I : F — G.

10



Remark 6. The assertion in part (i) of the Lemma is essentially proved in [40]
but traced there to Khodulev. The inequality (23) can be made more transparent by

means of the diagram

x By
LN S h
F.

Remark 7. The approzimation numbers e the Gelfand widths d", the manifold
widths €™ and Bernstein widths b, are particular examples of s-numbers in the
sense of Pietsch [71], see [60] for the manifold widths. They have several properties

in common. Letting s, denote any of the numbers ei, d™, e and b, we have

(27) sn(TooTyoTy) < || To || [| T2 || sn(T1),

where Ty € L(Ey, E), Ty € L(E,F), Ty € L(F, Fy) and Ey, E, F, Fy are arbitrary
Banach spaces. For these four types of s-numbers the assertion remains true also
for quasi-Banach spaces.

Another property concerns additivity. For s, instead of el and d" we have

(28) Son(To +T1) < c <Sn(T0> + Sn(T1)> ;

where Ty, Ty € L(E,F), E,F are arbitrary quasi-Banach spaces, and ¢ does not

depend on n, Ty, Ty, cf. [10]. In case that F is a Banach space, one can take ¢ = 1.

3 Optimal Approximation of Elliptic Problems

Let s,t > 0. We consider the diagram

() BN ¢ 10)

N
B_S—H(LP(Q))a

q

where S; denotes the restriction of S to B, ***(L,(€2)) and I denotes the identity.
We assume (3) and we let S = A~

3.1 Optimal Linear Approximation of Elliptic Problems

Theorem 2. Let Q C R? be a bounded Lipschitz domain. Let 0 < p,q < 0o, s > 0,

and

(29) t>d<%—%)+.

11



Then

—t/d .
lin —s+t s - n Zf 2 S p S o,
(S, By (L, (), HH() A{ [ A
Remark 8. i) The restriction (29) is necessary and sufficient for the compact-
ness of the embedding I : B>t (L,(Q)) — H~*(Q2), cf. the Appendiz, Propo-

sition 7.

ii) The proof is constructive. First of all one has to determine a linear mapping
Sy, that approzimates the embedding I : By **(L,(2)) — H~*(Q) with the op-
timal order. How this can be done is described in Remark 28, Subsection 4.3.3.

Finally, the linear mapping S o S,, realizes an in order optimal approximation

Of St.

ii1) There are hundreds of references dealing with approximation numbers of linear
operators. Most useful for us have been the monographs [43, 72, 73, 85, 81, 94],

as well as the references contained therein.

3.2 Optimal Nonlinear Approximation of Elliptic Problems

To begin with, we consider the manifold and the Gelfand widths. There we have a

rather final answer.

Theorem 3. Let Q C RY be a bounded Lipschitz domain. Let 0 < p,q < 0o, s > 0,

and -
t>d<———) .
p 2/,

(S, By M (Ly(2))), H () = n~t/e.
If, in addition, p > 1 (and t > d/2 if 1 <p < 2), then

Then

d"(S, By (Ly(2))), H3 () = n ™"/,

From Theorem 1 and Theorem 3 we conclude that the order of €)% is also at
least n~*/?. For the respective upper bound of the nonlinear widths e We need a
few more restrictions with respect to the domain €. Let Q be a bounded Lipschitz
domain in R% and let s > 0. We assume that for any fixed triple (¢, p, ¢) of parameters
the spaces B, **(L,(2)) and H~*(Q) allow a discretization by one common wavelet
system B*, i.e. (107)-(112) should be satisfied with B, ***(L,(€2)) and By *(La(f2)),
respectively, cf. Appendix 5.10. By assumption such a wavelet system belongs to
B+ for some 1 < C* < o00.

12



Theorem 4. Under the above conditions on ) and if 0 < p,q < o0, s > 0, t >

d(% — 3)4, we have for any C > C*

ene (S, By M (Ly())), Hy () = ™"/

Remark 9. Comparing Theorems 3, 4 and Theorem 2 there is a clear message. For
p < 2 there are nonlinear approximations that are better in order than any linear

approrimation.

Remark 10. The proof of the upper bound in Theorem 4 is constructive in a the-
oretical sense that we now describe. Given a right-hand side f € Bt (L,(Q)) we
have to calculate all wavelet coefficients (f, ;). The sequence of these coefficients

belongs to the space by (V), cf. Subsection 4.2. With

a=(a)jx, ajx = (f, {Ej,)) , forall j, X\,

we find a good approximation S,(a) of a with n components with respect to the
norm || - |65 5(V)|| in Proposition 2. To get an optimal approzimation of the solution

u=_Sfin| - |H*(Q)| we have to apply the solution operator to S,(a). Hence

(30) U, = (S 08,)(a) = Z Z a; S,

7=0 AeA’

where K = K(a,n), with a;, and Aj as in Proposition 2 (cf. in particular (62)
and (65)), represents such a good approzimation of u. To calculate u,, a lot of
computations have to be done. The coefficients a} , are the largest in a weighted sense
(the weight depends on n and j, cf. the proof of Proposition 2 for explicit formulas).

Having these coefficients at hand one has finally to solve all the equations
(31) -Auj,)\ = wj,)\a 0< ] < Ka NS A;k

to obtain uj\ = S . The number of equations is O(n).

In this way we obtain a nonlinear approximation with respect to the Riesz basis
gien by the Sv; . Observe that this Riesz basis depends on the operator equation.
It would be much better to use a known Riesz basis, such as a wavelet basis, that
does not depend on A. See Theorem 5 for a step into that direction.

Remark 11. At least if Q is a cube, all required properties are known to be satisfied if
in addition 1 < p,q < oo. The latter restriction allows to use duality arguments, cf.
Proposition 10 in Appendix 5.8. There also exist results for domains with piecewise

analytic boundary such as polygonal or polyhedral domains. One natural way as,

13



e.g., outlined in [8] and [26], is to decompose the domain into a disjoint union of
parametric images of reference cubes. Then, one constructs wavelet bases on the
reference cubes and glues everything together in a judicious fashion. However, due
to the glueing procedure, only Sobolev spaces H® with smoothness s < 3/2 can be
characterized. This bottleneck can be circumvented by the approach in [27]. There,
a much more tricky domain decomposition method involving certain projection and
extension operators is used. By proceeding in this way, norm equivalences for all
spaces B}, (Ly(S)) can be derived, at least for the case p > 1, see [27, Theorem 3.4.3].
However, the authors also mention that their results can be generalized to the case
p <1, see [27, Remark 3.1.2].

Sobolev and Besov spaces on compact C*°-manifolds were already characterized
via spline bases and sequence spaces by Ciesielski and Figiel [11]. In that paper also
the isomorphism between function spaces and sequence spaces is used to obtain results

for various s-numbers.

Remark 12. Comparing Theorems 3 and 4 we see that the numbers e;°¢, e and
d" have the same asymptotic behaviour, at least for p > 1. Using the relation d™ < r,,,
see Lemma 1, we actually can get the optimal order n='/® with an approzimation of

the form

(32) fr=SopnoNy(f),

where
N, : B;SH(LP(Q)) — R"

is linear (this mapping gives the information that is used about the right hand side),

and
on: R" = H%(Q)

1s nonlinear. Note that neither N, nor p, depend on S. The mapping p, o N, gives
a good approzimation of the embedding from By **'(L,(S2)) to H™*.

Remark 13. There is a further little difference between linear and nonlinear ap-
proximation. Let us consider the limiting case t = d(1/p — 1/2), where 0 < p < 2.
Then the embedding B, **'(L,(2)) — H~*(S2) is continuous, not compact. As a

consequence
en’ (8, B, T (Ly()), Hy () 40 if n— oo,

but
e (S, B, Ly(2))), Hy () = 0 if n— o0,

cf. Remark 26.

14



3.3 The Poisson Equation

The next step is to discuss the specific case of the Poisson equation on a Lipschitz

domain € contained in R2?:

(33) —Au = f in
u = 0 on 0.

As usual, we study (33) in the weak formulation. Then, it can be shown that the
operator A = A : H} — H™' is boundedly invertible, see, e.g., [50] for details.
Hence Theorems 2 and 3 apply with s = 1; for the upper bound of Theorem 4 we
need some restrictions with respect to €2. For the proof of Theorem 4 we used the
Riesz basis S\, which depends on .A. Now we want to approximate the solution
u by wavelets.

We shall restrict ourselves to the case that {2 is a simply connected polygonal domain.
The segments of 9Q are denoted by TI'y,...,T'y, where each I'; is open and the
segments are numbered in positive orientation. Furthermore, T; denotes the endpoint
of I'; and w; denotes the measure of the interior angle at Y;. Appropriate wavelet
systems can be constructed for such a domain, see Remark 11. Then we obtain the
following.

Theorem 5. Let Q be a polygonal domain in R%. Let 1 < p <2 and let k > 1 be a
nonnegative integer such that

2
" 2ks1-%  forall meN, l=1,...,N.
b

Wi

Then for an appropriate wavelet system B*, the best n-term approzimation of prob-
lem (33) yields

(34) sup on(u, BY) < ¢.n~h/2te
I1£1B5~ (Lp(Q))]I<1

where € > 0 and c. do not depend on n.

Remark 14. This approrimation differs greatly from the one described in Re-
mark 10. Here we can work with one given wavelet system to approximate the solution
u. We are not forced to work with the solutions of the system (31). A more detailed
discussion of these relationships, including possible numerical realizations of wavelet

methods, will follow in Section 3.4.
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3.4 Algorithms and Complexity

So far, we have studied the error e(S,, F, H) of approximations S,,. We compared
the error of nonlinear S,, and linear S,, and proved results on the optimal rate of
convergence. We assume that (1) is a given fixed operator equation and hence, in
the case of (3), also 2 is fixed.

In this section we briefly discuss algorithms and their complexity, and for simplic-
ity we still assume that the operator equation (3) is given and fixed. Observe that
in practice it is important to construct also algorithms for more general problems:
We want to input information about 2 and A and the right hand side f, and we
want to obtain an e-approximation of the solution u. In our more restricted case we
only have to input information concerning the right hand side f because 2 and A
are fixed.

As is usual in numerical analysis, we use the real number model of computation
(see [64] for the details and [66] and [67] for further comments). Any algorithm com-
putes and /or uses some information (consisting in finitely many numbers) describing
the right hand side f of (3). There are different ways how an algorithm may use

information concerning f, we describe two of them in turn.

1. The information used about f is very explicit if S, is linear (5): Then the
algorithm uses Lq(f),..., L,(f) and we assume that we have an oracle (or
subroutine) for the L;(f). In practical applications the computation of a func-
tional L;(f) can be very easy or very difficult or anything between. One often
assumes that the cost of obtaining a value L;(f) is ¢ where ¢ > 0 is small or

large, depending on the circumstances.

As in (11), we can imagine S,, as the input-output mapping of a numerical
algorithm: on input f € F we obtain the output S,(f) = u, = > p_; ¢k h,.
More formally we should say that the output is

(35) Out(f) = (ilaclai2a62>"'ainacn)

but we identify out(f) with w,. Of course we cannot consider arbitrary map-
pings S,, of the form (11) as the input-output mapping of an algorithm, since

not all such S,, are computable.

We still assume that we only have an oracle for the computation of linear
functionals L;(f). Then it is not so clear what the information cost of (11) is,
since (11) only describes the (desired) output of an algorithm, it is not an algo-
rithm by itself. We need an algorithm that uses information Li(f),..., Lx(f),
where N might be bigger than n, to produce the i, and the ¢, of out(f). The

information cost of such a procedure would be ¢N.
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2. One also can assume that a good approximation f, can easily be precomputed

with negligible cost. Hence the algorithm starts with an approximation

(36) fo=_ ki
k=1

such as a best n-term approximation (or a greedy approximation) of f with

respect to a basis {g;, : i € N}.

This is a good place for a short remark about adaption. The use of adaptive
methods is quite widespread but we want to stress that the notion of adaptive meth-
ods is not uniformly used in the literature. Some confusion is almost unavoidable if
such different notions are mixed. To avoid such confusion, we do not use the notion
of an “adaptive method”. Instead we speak first about adaptive (or nonadaptive)

information and then about adaptive numerical schemes.

e Nonadaptive information: The algorithm uses certain functionals Ly, Lo, ..., L,
and for each input f € F' the algorithm needs L (f), La(f), ..., L,(f). Hence
the functionals L; do not depend on f. In this case we say that the algorithm

uses nonadaptive information.

e Adaptive information: The algorithm uses L;(f) and, depending on this num-
ber, the next functional L. is chosen. In general, the chosen functional Ly
may depend on the values Ly(f),..., Ly_1(f) that are already known to the
algorithm. Observe that L, cannot depend in an arbitrary way on f since the
algorithm can only use the known information about f. In this case we say

that the algorithm uses adaptive information.

We give an example. Assume that a certain S,, of the form (11) can be realized
in such a way that we first compute L, (f),..., Ly(f), where the L; do not depend
on f € F. In the latter parts of the algorithm we only use the L;(f) for the n
largest values of |L;(f)|, together with the corresponding values of i, to compute the
output out(f). Such an algorithm uses nonadaptive information (of cardinality V),
the information cost is c/V.

There is a large stream of results, giving conditions under which adaptive in-
formation is superior (or not superior) compared to nonadaptive information; we
mention the pioneering paper by Bakhvalov [2], the results on operator equations
by Gal and Micchelli [44] and by Traub and WozZniakowski [86], and the survey [65].
For example, it is known that adaptive information does not help (up to a factor of

2) for linear operator equations and the worst case error with respect to the unit ball
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of a normed space F. If F'is only quasi-normed then the proofs must be modified,
with a possible change of the constant 2. Nevertheless nonadaptive information is
almost as good as adaptive information.

How much information is needed about the right hand side f € F' in order that
we can solve the equation (1) with an error €7 This question is answered by the
minimal radii of information r,(S, F, H) (or the closely related Gelfand numbers).
These numbers are a good measure for the information complexity of the operator
equation. In contrast, the output complexity of the problem is measured by the
nonlinear widths e;°¢(S, F', H). These numbers measure the cost of just outputting
the approximation (with respect to an optimal basis B € Bc). It is quite remarkable

that, under general conditions, we obtain the same order
ro(S, F, H) < d*(S, F, H) < ex(S, F, H) < n™"/%,

see Theorem 3 and Theorem 4.

Now we discuss adaptive numerical schemes for the numerical treatment of el-
liptic partial differential equations. Usually, these operator equations are solved by
a Galerkin scheme, i.e., one defines an increasing sequence of finite dimensional ap-
proximation spaces G, := span{n, : u € A;}, where G, C Gy,,,, and projects the
problem onto these spaces, i.e.,

(Aup,,v) = (f,v) forall v e Gy,.
To compute the actual Galerkin approximation, one has to solve a linear system

AALCAl - fAm AAL = (<Anu’>77u>)u,u’6Al> (fA)M = <f> nu>a JURS Al~

Then the question arises how to choose the approximation spaces in a suitable way,
since doing that in a somewhat clumsy fashion would yield huge linear systems and
a very unefficient scheme. One natural way would be to use an updating strategy,
i.e., one starts with a small set Ay, tries to estimate the (local) error, and only in
regions where the error is large the index set is refined, i.e., further basis functions
are added. Such an updating strategy is usually called an adaptive numerical scheme
and it is characterized by the following facts: the sequence of approximation spaces
is not a priori fixed but depends on the unknown solution u of the operator equation,
and the whole scheme should be self-regulating, i.e., it should work without a priori

information on the solution. In principle, such an adaptive scheme consists of the

18



following three steps:

solve — estimate — refine
A cp, =1y, lu —un, || =7 add functions
a posteriori if necessary.

error estimator

Note that the second step is highly nontrivial since the exact solution u is unknown,
so that clever a posteriori error estimators are needed. These error estimators should
be local, since we want to refine (i.e. add basis functions) only in regions where the
local error is large. Then another challenging task is to show that the refinement
strategy leads to a convergent scheme and to estimate its order of convergence, if
possible.

Recent developments indicate the promising potential of adaptive numerical schemes,
see, e.g., [1, 3, 4, 5, 39, 80, 93] for finite element methods. However, to further ex-
plain the ideas and to make comparisons as simple as possible, we shall restrict
ourselves to adaptive schemes based on wavelets. For simplicity, we shall mainly
discuss the approach in [21]; for more sophisticated versions the reader is referred
to [13, 14, 15, 22]. The first step clearly must be the development of an a posteriori
error estimator. Using the fact that A is boundedly invertible and the usual norm

equivalences, compare with (112), we obtain

(37) lu = uallms = [JAw = un) |-
1f = Alus)l[ -
7l e

—2sj 2 V2
> 27 (g )

(7,N)eJ\A

1/2
-(Z.®)

(F,A)eJ\A

X

X

X

where the residual weights 0; 5 can be computed as

5]'7)\ — 2_8j

fix— D (Abya, i) ugy

(7", Ve

with  fix = (f, %)

From (37), we observe that the sum of the residual weights gives rise to an efficient
and reliable a posteriori error estimator. Each residual weight 4, y can be interpreted

as a local error indicator, so that the following natural refinement strategy suggests
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itself: Add wavelets in regions where the residual weights are large; that is, try
to catch the bulk of the residual expansion in (37). Indeed, it can be shown that
this strategy produces a convergent adaptive scheme, in principle. However, we are
faced with a serious problem: the index set J will not have finite cardinality, so that
neither the error estimator nor the adaptive refinement strategy can be implemented.
Nevertheless, there exist implementable variants, see again [13, 21] for details. We
start with the set

Jine © LGN [(AYjr v, 15 0)| e-significant }

and define
aja(Ne) =27 > (A, i)t
(G N)EANT; 2 e
(The expresssion ‘e-significant’ can be made precise by using the locality and the
cancellation properties of a wavelet basis). By employing the a;\(A,€) we obtain

another error erstimator:

1/2
HU — 'LLAHHS S C- (( Z a?)\)—'—&foHHs +ln‘~£ ||F — 'UHHS).
veVa

(J,\)eJ\A

Here V) denotes the approximation space spanned by the dual wavelets corre-
sponding to A, see Section 5.3 for details. Now, playing the same game for the
aj (A, €) instead of the §; , we end up with a convergent and implementable adap-
tive strategy. To this end, the starting index set A has to be determined such that
inf g [[f —v|lz-s < c-eps and e(f, eps,#) has to be computed. Then, there exists
a constant « € (0,1) such that whenever A C J, A C A is chosen so that

1/2 1/2

(38) > aia(Ae)? >(1=0) > ajade)]

(4,\)EA\A (CZVISPAVY
either
(39) lu —uill < sllu—uall,  ~e€(0,1)
or

1/2
(40) Z a;n(A,e)? < eps
(7,A)EeJ\A

which implies that
(41) |lu — upl| < eps-ec.

For the proof and further details, the reader is again refered to [21].
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Remark 15. i) In order to avoid unnecessary technical and notational difficul-

iii)

iv)

ties, we have not presented the explicit form of the function e(f,eps,8). It
depends in a complicated, but nevertheless computable way on the final accu-
racy eps, the control parameter 6 , the H™*—norm of the right-hand side f,
and on the stability and ellipticity constants of the problem. For details, we

refer again to [21].

The norm ||-|| in (39) and (41) clearly denotes the energy norm ||v|| := (Av,v),

which is equivalent to the Sobolev norm H?®, see again [50] for details.

Eqgs. (39), (40) and (41) obviously imply that the adaptive strategy in (38)
converges. Indeed, the error is reduced by a factor of k at each step until the
sum of the significant coefficients in (40) is smaller than the final accuracy,
which by (41) means that the same property holds for the current Galerkin

approximation.

Although the sum in the right-hand side of (38) formally still contains unfinitely
many coefficients, it can be checked that this sum in fact runs over a finite set,

so that the adaptive strategy is implementable.

Let us now compare this concept of adaptivity with the notion of adaptive infor-

mation explained above:

From the discussion presented above, we have seen that adaptive wavelet
schemes are not performed by gaining more and more information from the
right-hand side f in an adaptive fashion. Instead they use the residual which
depends on the right-hand side, the operator, and the domain. Moreover, we
see that the starting index set A is determined by the wavelet expansion of
the right-hand side. That is, A is given by some kind of best n-term approxi-
mation of f, which is assumed to be available or to be easily computable. In
this sense, the adaptive wavelet schemes require nonlinear information about

the problem.

In the wavelet setting, the benchmark for the performance is the approximation

order of the best n-term approximation of the solution, i.e., the numbers

(42) sup o, (A f,B)y.

IFllFp<1

It has been shown quite recently in [13] that a judicious variant of the algo-
rithm outlined above gives rise to the same order of approximation as best

n-term approximation, while the number of arithmetic operations that are
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needed stays proportional to the number of unknowns. Here the authors im-
plicitly assume that certain subroutines for fast matrix-vector multiplications,
approximations of the right-hand sides and for thresholding are available, and
that all these routines have to realize a given approximation rate. Moreover,
it is assumed that the solution u is contained in some Besov space By(L,(£2)),
and hence F' is a suitable subset of A(B}(L,(£2))), i.e., the admissible class of
right hand sides depends on the operator A. Observe that, for given F' and B,
the numbers e} % (S, F, H) might be much smaller than the numbers in (42)

since it is, in general, not clear whether a wavelet basis is optimal.

e The performance of an adaptive scheme is not compared with an arbitrary
linear scheme. The reason for that is simple, and has already been explained
earlier. It is indeed true that linear approximation often produces the same
order as nonlinear (best n-term) approximations, see Theorem 2 and Theorem
4. However, for nonregular problems, it would be necessary to precompute the
optimal basis S(g;) in advance, which is mostly too expensive and should be
avoided in practice, see [24] for further details. One usually compares adaptive
schemes with uniform methods for then a precomputation is not necessary.
Therefore the use of an adaptive wavelet scheme is justified if it performs bet-
ter than any uniform scheme. It is known that the order of approximation of
uniform schemes is determined by the Sobolev regularity H*(Q2) of the object
we want to approximate whereas the approximation order of best n-term ap-
proximation depends on the regularity in the specific Besov scale BL(L.(Q)),
where

1 t—s 1
T d Ty
see [20, 29] for details. Therefore adaptive schemes are justified if the Besov

regularity of the exact solution is higher than its Sobolev regularity. For elliptic
boundary value problems, there exist now many results in this direction, see,
e.g., [16, 17, 18, 19, 23].

e In approximation theory, an approximation scheme that comes from a sequence
of linear spaces that are uniformly refined is also called linear approximation
scheme, which sometimes causes misunderstandings because these schemes are
only special cases of the linear schemes considered, e.g., in Theorem 4. To avoid

this confusion, we used the term uniform methods instead of linear methods.

Remark 16. In this paper we study the complexity of solving elliptic partial differen-
tial equations. We only deal with the deterministic setting. The randomized setting,

where also the use of random numbers is allowed, is studied by Heinrich [51]. The
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complexity of solving elliptic PDE in the quantum model of computation (where one

can use a certain nonclassical randomness) is studied in [52].

4 Proofs

4.1 Properties of Widths

Proof of Lemma 1. Step 1. Part (i) is proved in [87] for the case where F is normed.
The general case is similar.

Step 2. To prove part (ii), we assume that S({||f||r < 1}) contains an (n + 1)-
dimensional ball B C H of radius r and that N,, : F© — R" is continuous. Since
S~1(B) is an (n + 1)-dimensional bounded symmetric neighborhood of 0, it follows
from the Borsuk Antipodality Theorem, see [28, paragraph 4], that there exists an
f € 9S7Y(B) with N, (f) = N,(—f) and hence

Sn(f) = en(Nu(f) = @n(Na(=f)) = Sn(=f)

for any mapping ¢, : R" — G. Observe that || f||r = 1. Because of ||S(f)—=S(—=f)|| =
2r and S,,(f) = Su(—f) we obtain that the maximal error of S,, on {£f} is at least r.

This proves
bo(S, F,H) < e (S, F H) .

Since we did not use the continuity of ¢, also b,(S, F, H) < d"(S, F, H) follows.
U

Proof of Lemma 3. Step 1. Proof of (i). A corresponding assertion with X and
Y normed linear spaces has been proved in [40]. This proof carries over without
changes.

Step 2. Proof of (25). Let B = {hy, hs, ... } be a Riesz basis of G with Riesz constants
A, B > 0. Let this basis B and a corresponding mapping S,, be optimal with respect
to I, F,G (up to some € > 0 if necessary). Then the image of B under the mapping
S is a Riesz basis of H with Riesz constants A’ = A/||S™!|| and B’ = B||S||. From

1Sf = (SoSu)fllu < ISIIF = Sulf) e

it follows that
encs-1 s (S, By H) < [[S| exe (L, FLG).

Replacing C' by C/(||S7Y|| [|S]|), the right-hand side in (25) follows.
Now, let B C H be a Riesz basis with Riesz constants A, B > 0. Let B and a
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corresponding S,, be optimal with respect to S, F, H (again up to some ¢ > 0 if

necessary). From

11f = (S 0S80 flle < ISTHHISS = Sulf) ln

it follows that
enc s sy B, G) < 1S~ en (S, F, H) .

The proof of (24) follows from (27). O

Next we turn to the proof of Theorem 1. It is convenient for us to start with a

simplified situation. For this we assume that K C H is compact. We define

4 "MK, H) = inf

(43) en (K, H) nf zgga(u,l'p’)

and

(44) en™ (K, H) = inf sup [[¢on(Nn(u)) —ul,
Noson el

where the infimum runs over all continuous mappings ¢, : R" — H and N, : K —

R"™. We prove the following result.
Proposition 1. Let K C H be compact. Then
(45) Ein1 (K, H) < 2C e (K, H).

Proof. Let B € B¢ be given. Since K is compact, we only need finitely many elements
of B, in the sense that

(46) sup [lu — Ly (u)|| <€
ueK
for
N
(47) LN(U) = Z ajhj.
j=1
Here Ly is the orthogonal projection onto the space that is generated by hq, ..., hy.

The functionals a; are linear and continuous. Moreover, we know that

N 1/2 N N
(48) A (Z \%\2) <) ashl < B (Z |aj|2>
j=1 j=1 =1

1/2

24



with B/A < C. We may assume that A = 1. For a suitable B € B¢ we obtain

Z Ck (7
Let 8 > 0. We define a modification of Ly by
N
(50) Li(w) =) _ajh;
j=1

where a} = a; if |a;| > 28 and a} = 0 if |a;| < 8. To make the a} continuous we
define

(49) sup
ueK

< eMU(K, H) + e

a; = 2sgn(a;) - (|aj| — B)
for |a;| € (B,20). We prove certain statements about L}, and denote the best n-term
approximation of u by wu,,.

Assume that for u € K, there are m > n of the a;, see (47), such that |a;| > .
Then we obtain

lun = Lv(w)l| = (m —n)*23
and with (49) we obtain

(51) m—ngﬁi( won ()¢ H) + )2,

Now we consider the sum Z|a <5 O a? for u € K. We distinguish between those j that

are used for wu,, (there are only n of those j) and the other indices and obtain

Z a?SnBQ (enc(K, H) +¢)%

laj|2<B

Now we are ready to estimate || L (u)— Ly (u)| for u € K. Observe that |a}—a;| < 8
for any j. We obtain

|Lv(w) = Ly (u)l| < Bmf? +nf® + (p (K, H) +))V2.
Using the estimate (51) for m, we obtain
1L (u) = Ly (u)]| < B(2n? + 2(epa (K, H) +)*)'2.

Now we define 5 by

nf® = (ene(K, H) +¢)?
and obtain the final error estimate (where we replace, for general A, the number B
by B/A)

L) — L)) < 25 (€38 (K, 1) + o).
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In addition we obtain
m < 2n

and therefore L}, yields a continuous 2n-term approximation of v € K with error
at most

* 2B non
sup |[Ly(u) —ul| < == (ene (K, H) +e) +e.
ueK

The mapping L} is continuous and the image is a complex of dimension 2n, see, e.g.,
[31]. Hence we have an upper bound for the so-called Aleksandrov widths, see [31]
and [79]. By the famous theorem of Nobeling, any such mapping can be factorized
as Ly = @ant1 © Nypp1 where Nyyq @0 K — R*™ and ¢y, @ R — H are

continuous. Hence the result is proved. O

Proof of Theorem 1. The unit ball of F'is a compact subset of G' by assumption.
From Proposition 1, we derive that

Z%rjfl(l F,G) < QCenon(I F,G).
Next we apply Lemma 3(ii), and obtain
e (S, FLH) < |||l ex™ (I, F, G),

as well as
ene (1, F,G) < |1S7H enas— s (S5 F> H) -

Combining these inequalities, we are done. O

4.2 Widths of Embeddings of Weighted Sequence Spaces

Having the wavelet characterization of Besov spaces in mind, cf. Subsections 5.3

and 5.4, we introduce the following scale of sequence spaces.

Definition 3. Let 0 < p,q < oo and let s € R. Let V := (V;); be a sequence of
subsets of finite cardinality of the set {1,2,...,2¢—1} x Z%. We suppose that there
exist 0 < Cy < Cy and J € N such that the cardinality |V ;| of V; satisfies

(52) Cy <279V, < Cy  forall j>J.

Then by, (V), where 0 < q < 0o, denotes the collection of all sequences a = (a;x);

of complex numbers such that

1/q

(53)




For q = oo, we use the usual modification

‘ 1 1 1/p
js+d(z — )
b5 = Sup 2 p Z la; AP < 00.
=12, v,

(54) Il a

If there is no danger of confusion we shall write b, . instead of by (V).

Remark 17. In what follows, we shall let e;  denote the elements of the canonical
orthonormal basis of 6372. Let 0 € R. It is obvious that the linear mapping L, defined
by

Lyejy:=2""¢j, forall j, A,

extends to an isomorphism from b5 . onto b7 (simultaneously for all s,p,q) with

q pq
I Lo || = 1.

In the framework of these sequence spaces it is very easy to prove embedding theo-
rems, cf. [57].

Lemma 4. Let 0 < po, p1,q0,q1 < 00, s €R, andt > 0.
(i) The embedding
bt (V) = b5 (V)

Po,q0 P1,q91

exists (as a set theoretic inclusion) if and only if it is continuous if and only if either

1 1
(55) o=
Po DP1/4

or
1 1

tzd(———) and g < q1.
Po DP1/4

B (V) < b5 (V)

Po,q0 P1,91

(ii) The embedding

is compact if and only if (55) holds.
The main result of this subsection consists in the following:

Theorem 6. Let 0 < p,po,p1 < 00, 0<q,q0,q1 <00, and s € R.
(i) Suppose that

1 1
56 t>d(--)
(56) p  2/4+
holds. Then, for any C > 1, we have

non bs-‘,—t t/d

6TL,C(I? D,q ?b§,2) =n

27



(ii) Suppose that (56) holds. Then we have

—t/d )
(LB B ) = ! oasrEe
n L3 0pq5029 n—t/d+1/p=1/2 if 0<p<2

(ili) Suppose that (55) holds. Then we have

cont s+t s - o —t/d
€n (I’ bpovqo’ bplylh) ~Mn )

Remark 18. In part (i) there is an interesting limiting case. Suppose 0 < p < 2
and t = d(1/p —1/2). Then the embedding b5t' — b3, exists, cf. Lemma 4, and

1
<Z [nt/d on(a, B)b§,2]p ﬁ) <oo ifandonlyif a€by’.

n=1

In view of Lemma 4(ii), this shows that lim, . ep%(S, F, H) = 0 does not imply

compactness of S.

The proof of Theorem 6 requires some preparations. It will be given in Subsections
4.2.2-4.2.4.

4.2.1 The Bernstein Widths of the Identity Operator

We concentrate on the estimate from below. For later use we treat a more general

situation.

Lemma 5. Let 0 < po,p1,90, 1 < 00, s € R and t > 0 such that (55) holds. Then

there exists a positive constant ¢ such that

(57)  bu(L, b5 b

N R if 0<po<p <o,
? 7Po,q0’ P1741> ¢

nt/d+1/po—1/p1 if 0<p1<po<oo.
holds for all n.

Proof. The Bernstein numbers are monotonic in n. So it will be enough to prove
the assertion for sufficiently large n. Consequently, we may assume that there is a

natural number N > J, as well as positive constants ¢; and ¢y, such that

012Nd§n§c22Nd.
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Step 1. Let 0 < py < py. Using Holder’s inequality we find

1/po
|32 bnewaltgiiy | = 2V (5 o)
AEV N AEV N
< 2N(s+t+d/2—d/po) |VN|1/po—1/p1< Z |b)\|p1)1/101

AV N

< Co2M| Z brena [0y, o0l
AV N
< e Y baenalt)
ANEM N
where Cy corresponds to (52). Consequently, the unit ball in b5+ = contains the n-
dimensional ball (spanned by the vectors ex x, A € V) with radius c; Lp=t/d This
proves

bn(I bs-l—t bs ) > Cn—t/d

7 7P0,907 “P1,91
for some positive constant ¢ independent of n.
Step 2. If pg > py, then Holder’s inequality (used in the second line of the estimate
in Step 1) will be replaced by the monotonicity of the ¢,-norms and we obtain

1/po
I Z by ena IbZI,ZOII —  9N(s+t+d/2—d/po) ( Z |b)\|p0)
AEV N AV N
N 1/p1
< 2 (s+t+d/2—d/po) ( Z |b/\|p1>
ANV N
< ey 2N(t+d/171_d/p()) Z by en A |b;;1,q1
AV N
This time the unit ball in b;;jfm contains the n-dimensional ball with radius
cgl 9—N(t+d/p1—d/po)
This proves our claims. O

Remark 19. In the one-dimensional periodic situation, estimates of the Bernstein
numbers from above are also known, due to Tsarkov and Maiorov, cf. [85, Thm. 12,
p. 194]. Let 1 < p < oo and s > 0. By Wps we denote the collection of all 27-
periodic functions f with Weyl derivative of order s belonging to L,(T) and satisfying
[T f(x)dx =0. Then

nt if 1<py<p<oco or
: 1<pi<pe<2 and t>0,
b”([7 W;;O?Lpl) = —t+1/po—1/ :
n po—1/p1 if 2<p1<po<oo and t>1/pg,
n~tt1/po—1/2 if 1<p1<2<py<oco and t>1/p.

This should be compared with Lemma 5 for s =0 and d = 1.
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4.2.2 Best m-Term Approximation in the Framework of Sequence Spaces

We prepare the proof of part (i) of Theorem 6. Also, here we treat a more general
situation. Let B denote the canonical basis (e;);x in b9 ,(V). Then our aim in
this subsection consists in a characterization of the behaviour of the best m-term
approximation of a given element a € b with respect to B.

Po,90
The main result of this subsection reads as follows:

Theorem 7. Let 0 < pg, p1, G0, 1 < 00, s € R and t > 0 such that (55) holds. Then

we have

- —t/d
(58) sup {U”(G’B)bfmql :la bt < 1} = pt/d
We start with some preparations. Let U denote the unit ball in b;of’;o. Then
e . 1/po
a = Z Z ajx € and sup 2J(S+t+d(1/2_1/p°))< Z |aj7,\|p0) <1
=0 AeV; J=0L;-. AEV;

The following lemma will be of some use:

Lemma 6. Let 0 < py < py and suppose that

(59) t>d(pi0—pil>.

For alla € U and all n > 1 there exists a natural number K := K(a,n) such that

K
-3 waes

J=0 AeV;

-t/

s
bpl,fh

holds.

Proof. We define
Tj= Y ajaen, j=01....

)\EVJ'
Then one has
K
a— E E ajr€jn = E 1;.
j=0 A€V, i>K

Since of 0 < py < p; < 0o, the monotonicity of the /,-norms and a € U lead to

. _ 1/po
| T; |b;17q1|| < 9d(s+d/2 d/m)( Z |aj7)\|p0)
)\GV]‘
< 9=i(t+d(1/po—=1/p1))
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Let v = min(1, p1,q;). Consequently, using (59) and chosing K large enough, we
find

[ n ] = Xm0 < Yo almom)]
jzK i>K i>K
< (O 2 Kult+d(/po=1/p1)) < p—tu/d
This proves the claim. O

The basic step in deriving an upper estimate of ¢, (a, BB) is the following proposition.
Again U denotes the unit ball in b5

P0,00"

Proposition 2. Let 0 < py < p; < o0. Leta € U, n € N, and let K = K(a,n) be
as in Lemma 6. Then there exists an approximation

K
(60) Sua = DD ajxein
7=0 )\EVJ'
of a, which satisfies the following:
i) The coefficients a; \ depend continuously on a.

ii) The number of nonvanishing entries is bounded by c - n.

iii) ||la—Syalbs | < en on=1,2....

1,91

Here ¢ can be chosen independent of a and n.

Proof. Observe that it will be enough to prove the claim for natural numbers n =
2Nd where N € N. We define

t—d(1/po—1/p1)

o )
2(1/po — 1/p1)
0 it 1<7<N
(61) g =
n~1/Po9—id(1/2=1/po)9—jto(i—N)é/po if j>N,

(62) A* = {Aevj: |aj,A|2sjzgj}, j=01,... .
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Then, if j > N,

* | S |aj7>\|p0
(63) D DRI DR
AEAL AEAL J
< Zn2jd(1/2—1/100)p02jtp02—(j—N)52jspo|aj7>\‘po
)\EVJ'
no~—(G—N) Z 9d (s+t+d(1/2=1/po))po | 7|70
)\EVJ'

n 207N a byl ||

IA

< n2 U9,

Now a typical method to approximate a would be to choose a}, = a;, j € Aj and
zero otherwise. However, this selection does not depend continuously on a. Therefore

we use the following variant. Let g; denote the following piecewise linear and odd

function,
0 it 0<z<2%,
(64) gj(r) = ¢ x if o>2-277%;,
linear if e (277%;,2-277%;).
Then we set
(65) ajy = gi(a;n)

and consider the associated approximation (60). Let us prove that .S, will do the
job.
Step 1. We shall prove (i). Observe

K
Us;
j=0

cf. (63). The constant ¢, is independent of a, K, and n. This proves (i) and (ii).
Step 2. Proof of (iii). We have

N K
id —(j=N)s§
Sclg 27¢ + g n2-U )SCQn,
j=0 j=N+1

K K
a—Sp,a = a— E E a;xejx + E TP = ¥y + 3,
7=0 )\EVj Jj=0

where
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From Lemma 6, we can conclude that || ¥ [b5 | < n~t? for K large enough.

17Q1|

Therefore it remains to estimate || 77 [b; , || Since |g;(z) — 2| < |z] and a}, =

ajn for |aj\] > 2e;279% we obtain

lajax—a;, [Pt < agal™

IN

‘aj’)\‘po‘aj’)\‘pl—po

< ‘aj)\‘po (2€j)p1—po2—jS(P1—po) )

This will be used to estimate the norm of Tj* as follows:

1/p1
1T (05, ol = 2](5+d(1/2—1/p1))< Z a5 — a;/\|p1)
k‘EVj
) ) 1/p1
< ¢ 9jd(1/2—1/p1) 2]5P0/P1€;_p0/p1 ( Z |aj7,\|p°)
kGVj
1/171
S o 6]1‘—170/1’12jd/22—jtpo/pl2—jdpo/(2p1)( Z 2j(s+t+d(1/2—1/p0))p0‘aj’)\‘po)
)\EVJ'
< E;_po/pl2_j(t+d/2—dp1/(2po))po/p1 Il a |b;;;io||p0/171
< ¢ L =P0/P1o—j(t+d/2—dp1/(2po))po/p1

Vi )
where again ¢y does not depend on a and n. For 7 > N we continue by employing
the concrete value of €; and obtain

1—po/p1 9—i(t+d/2—dp1/(2po))po/p1

I Tj* \b; < o (n—l/po2—jd(1/2—1/po)Q—jtz(j—N)5/po)

val
= nl/P1=1/po 9=Nb(1/po—1/p1)9—j(t=d(1/po—1/p1)=6/po+3/p1)

By construction T} = 0 if j < NN, by definition, we have

a1y (Lo L),

Hence, with © = min(1, p1, ¢1), we have

K
u u (0 1/p1—1/po 9—N&(1/po—1/p1) )" —ju(t—d(1/po—1/p1)—6/po+6/p1)
|| < C (N 2 2
Jj=N+1
< s (nl/pl—l/po 2—N5(1/p0—1/101))“ 2_Nu(t—d(1/po—l/pl)—é/p0+5/p1)

|22 [b

S
P1,q1

. (nl/pl—l/po)“ 9= Nu(t=d(1/po=1/p1)

with c3 independent of K,n and a. Recalling that 2V = n, we end up with

152155, | < ezn™/.

1,41

This finishes the proof of Proposition 2. O
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For completeness and better reference we formulate the counterpart of Proposition 2

in the case pg > p;.

Proposition 3. Let 0 < p; < py < oo. Let a € U (the unit ball in b3 ) and
oNd < p < 2NV J. Then the approzimation

N

(66) Sea == > ) ajaein

7=0 )\EVJ'
of a satisfies the following:
i) The coefficients a; \ depend continuously on a.

ii) The number of nonvanishing entries is bounded by ¢ - n.

iii) ||a— Spalb; < ecentl opn=1,2,....

il

Here, ¢ can be chosen independent of a and n.
Proof. The proof is elementary. O

Proof of Theorem 7. The estimate from above follows from Propositions 2 and
3, as well as the continuous embedding bf);fflo — b;;ff)o. For the estimate from below,
it will be enough to consider n = 2¥¢ where N > J and N € N. Let K be the
smallest natural number such that C; 254 > 2 (here Cy is the same constant as in
(52)). Then

Cl 2(N+K)d
P
- 2
Let I' C Vix with |I'| = n. We define

n S |VN+K‘-

N —

a = |VN+K|—1/IJ0 9~ (N+K)(s+t+d(1/2—1/po)) Z ENLRN -

)\EVN+K

Consequently || a bitt, = 1 for any ¢o. Furthermore, we find

la — Spallps

- H Z Vx| ~1/po 9—(N+K)(s+t+d(1/2=1/po)) EN LKA

AeV N\l P1,91
— |VN+K\_1/pO 2—(N+K)(t+d(1/p1—1/po))‘VNJFK \ F‘1/p1

1
> Cl p 2—(N+K)t
21/])1 C2l/p0

1
Cl/pl 2—Kt n—t/d

21/[)1 C2l/p0
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(also Cy has the same meaning as in (52)). It is clear that an optimal I with [['| = n
has to be a subset of V. This completes the proof of the estimate from below.
U

Proof of Theorem 6(i). The estimate from above is covered by Theorem 7; the

estimate from below follows from Theorem 1 and Theorem 6(iii). O

Remark 20. Stepanets [78] has investigated the quantities

on(a, B)bfmql

for the specific case
1 1
s:d<—— —), with p1 = q1.
P2
In this special case, the associated nonlinear withs related to quite general smoothness
spaces are studied. He proved explicit formulas from which the asymptotic behavior

could be derived.

4.2.3 The Manifold Widths of the Identity

Proof of Theorem 6(iii). Without loss of generality we may choose s = 0, cf.
Lemma 3(ii) and Remark 17.

Step 1. The estimate from above. In the case p; = ¢ = 2 we may use Propositions
1, 2 and 3 to get the desired inequality. However, for the general case we have to
modify the argument. We follow the arguments used in [31]. Let U denote the unit

. t . . .
ball in b, .. As explained there Propositions 2 and 3 guarantee that

a"(Ub) ) < en~t,

where a™ denotes the Alexandroff-co-width, cf. [31] for details. But

6;(’;;-1:31(U? bgl,ql) S an(U’ bgl,ql) Y
cf. [31] and [40]. Let us mention that in the literature quoted the target space was
always a normed linear space. But the arguments carry over to quasi-normed linear
spaces.
Step 2. The estimate from below. Lemmas 1 and 5 yield the lower estimate in case

0 <po <pp < o0
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Now, let p; < pg < o0. Let € > 0. We consider the diagram

]
0 3 —d(1/p1—1 -
bm »q1 bPO 700( /pl /pO) )

N

i
Po,90”

where I, I, and I3 are identity operators. Then (23) yields

cont t —d(1/p1—1/po)—¢ cont t
Eon (115 Dy g9 Upg o0 ) < e (L, Uy 493 bpy

bO ) econt (13’ bO b—d(l/pl—l/PO)—a)

n P1,917 “Po,o0
which implies that

—t/d—1/p1+1/po—c/d cont t 0 —1/p1+1/po—e/d
an S 0 €n (]2’ bpo,qo’ bth) n

for some positive ¢; and ¢y (independent of n), see Lemmata 5, 1, and Step 1. O

Remark 21. [t is clear from the proof given above that the knowledge of the Bern-
stein widths is not enough to establish the estimate from below of e<™. Here the
multiplicativity of the numbers eX™, cf. (23), is crucial. This seems to be over-
looked in [31].

4.2.4 The Approximation Numbers of the Identity

Proof of Theorem 6(ii). Step 1. Let 2 < p < oo. From Proposition 3 we obtain
the estimate from above with S,, given by (66). The estimate from below is covered
by (58).

Step 2. Let 0 < p < 2. Without loss of generality we assume s = 0. Let .S,, be defined
by (66). The estimate from above is easily derived by using the monotonicity of the
¢,-norms and t +d(1/2 —1/p) > 0:

> 2/p
la=Saltdol? < 3 (D lasal)

j=N+1 A€V,

o 2
_ ( S 5 d(m_l/p))>< sup 2j(t+d(1/2—1/17))( > |Clj7>\|p)1/17)

J=N+1 jZN+1 )\EVJ'
< C2—2N(t+d(1/2—1/p)) H a ‘b;)oo||2

2
< e(nE )

where ¢ does not depend on n and a. For the estimate from below, we use the obvious

fact that the optimal approximation of an element in a Hilbert space is given by the
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partial sum with respect to an orthonormal basis. Hence, if S, is a linear operator
of rank at most n then

| @ — Spalbooll > || @ — Snalbool,

where S, is defined by (66). We put

N+1

a = E 6]'7)\3' s
=0

where \; € V; can be chosen arbitrarily. Then

N+1 »
| a \b;qH = (Z Qj(t+d(1/2—1/p))q) > 9N(t+d(1/2-1/p))

J=0

for some positive ¢ independent of n and

la— Shalth,|l = 1.
This implies
1
i
|| I -5, |bp,qH > N (t+d(1/2—1/p)) ’
which finishes the proof of the lower bound. O

Remark 22. Notice that in any case, an order-optimal approximation is given by

an appropriate partial sum, see (66).

4.2.5 The Gelfand Widths of the Identity

What we will do here relies on a result of Gluskin [45, 46] about the Gelfand widths
of the embedding £* — ¢3* which we now recall. Let 1/p+1/p’ = 1. For all natural

numbers m and n, where n < m, it holds that

(67)
(m—n—i—l)%_% if 2<p<oo,

A1, 00, 05) < q 1 if 1<p<2 and 1<n<m??,
mi/? p=1/2 if 1<p<?2 and m*? <n<m.

A simple monotonicity argument leads to the following supplement to p = 1. There

exists a constant ¢, independent of m and n, such that

(68) dM(I, 00y < en~?

»¥p
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if0<p<land1l<n<m.
The Gelfand widths are examples of so-called s-numbers, cf. [72, 73] and [10]. Fol-
lowing Pietsch [72, 2.2.4, p. 80] we associate with the sequence of Gelfand widths
the following operator ideals. Let ' and E be quasi-Banach spaces and denote by
L(F, F) the class of all linear continuous operators T : F' — E. Then, for 0 < p < oo,
we put

Ll

r,00 °

- {T € L(F,E): sup n/"d"(T) < oo} .

neN
Equipped with the quasi-norm
M\ (T) == sup n'/" d™(T),
neN

the set Efncgo becomes a quasi-Banach space. For such quasi-Banach spaces there

always exist a real number p € (0, 1] and an equivalent quasi-norm, here denoted by
| - |£ ||, such that

(69) 170+ T [ L3218 < (1 T3 L8 18 + || T2 [ £54)1°

holds for all 11,71, € 5520
To shorten notation we shall use the abbreviation I}, for the identity I : €' — (7"

It is not complicated to check that (67), (68) 1mply the following estimates for
| I | L5, e [58).

Lemma 7. Let 0 < r < 00.
(i) Let 2 < p < oo. Then

(70) 11 |8 || = m/r =t/
holds.
(i) Let 1 < p < 2. Then
1/r—1/p+1/2 i 0<r<?2
(7) PFALCA R Soer=
m?2/(rP) if 2<r<oo,
holds.
(iii) Let 0 < p < 1. Then there exists a constant ¢ such that
1/r—1/2 if 0<r<2
(72) |7l < e d " Sooerse
2 1 if 2<r<oo,

holds for all m € N.
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To prove the estimates of the Gelfand numbers from above, it turns out to be useful

to split the identity I into two parts id',id?

and to treat them independently. In
fact, we shall investigate || id’ |££f)oo||, i = 1,2, where r; and ry are chosen in different

ways. For basic properties of the Gelfand numbers we refer to Remark 7 and [10,
2.3,

Theorem 8. Let 0 < g < 0.
(i) Let 1 < p < 2 and suppose that t > d/2. Then
d" (1,633 by ) < n~4.

L 2

(i) Let 2 < p < 0o and suppose that t > 0. Then

n s+t 1.8 - ,,—t/d
d"(1, 055,05 5) < n~ 7%,

(iii) Let 0 < p < 1 and suppose that
1 1
a(loly
(73) > P

Then there exist two constants ¢; and cy such that

1 n—t/d < dn([’ b;:zt’ 372) < C2n—t/d—1+1/p ]

Proof. Without loss of generality we may assume s = (0. To see this consider the
diagram

1

I
s+t \ S
bpvq b272

- 2

I
b;q = 6(2)72’
where L, denotes the isomorphism introduced in Remark 17. The multiplicativity

of the Gelfand numbers implies that

d"(I byl b50) < | Lo | L || d™ (T2, By 5, B55) -

p,q

compare with Remark 7. Changing L_; into L, and vice versa in the diagram above
we end up with
d”([l,b;f;t, bo) = d"(Iy, b;q,bgz).
Step 1. Estimate from above. We concentrate on natural numbers n = 2V? for
N € N (the remaining can be treated by the monotonicity of the d"). Let id; denote

the projection given by

<id.a> ) G it m=j,
T ) 0 otherwise .
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We split the identity I into a sum I = id' + id?* depending on N, where

N [e'¢)
id':=) id; and  id®:= ) id;.
J=0 j=N+1

Later on we shall apply the following observation. Consider the diagram

id;
bpo(V) —— 05,(V)

PJ TQ
Y _
ELVJ‘ P2, €|2VJ‘ ‘
where P and (@) are defined as follows. Let a = (asx)¢x. Then

(P(CL)))\ = Ay -

For b = (b)), we define

(Q(H))ex ::{ o=t

0 otherwise .

Obviously,
| Pl = 27002 and - [|QI =1,

Then property (27) for the Gelfand numbers yields
S S n Vi
a'(id;. by, b30) < I PIIQY (2,5

(74) <9I/ (Il

Substep 1.1. The estimate of d”(id*, bt

p,q’

Thanks to (69), (70), and (74) we find

6872), n = 2V4, First we suppose 2 < p < 00.

id" |2l e < Z||1d £ ]2

IA
2

D e || L2l

7=0

S C1 Z 2_j(t+d(1/2—1/p))g de(l/r—l/p+1/2)g
Jj=0
(75) S Co 2N(d/r_t)g

if d > tr. Choosing r small enough, we derive from the definition of 5520 that
(76) d'(id") = & (1d") < 327N = egm/e
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Now we consider the case 1 < p < 2. As above, but using (71) instead of (70), we
find
lid" L8| < ep 2V

if 1/r >t/d and 1/r > 2. Choosing r small enough, we obtain

(77) 7 (1dY) < 27N

Finally, we investigate the case 0 < p < 1. As above, we obtain
(78) A (id") < o5 27 NEHAAR) ot/

Substep 1.2. The estimate of d"(id? b, ,, b3 ,), where n = 2V,

Again we split our considerations into the three cases p > 2 and 1 < p < 2 and
0 < p < 1. First, let 2 < p < oo. Using (69), (70), and (74), we find that

| id? |£7(“,cc)>o||g < Z | id, |£§fgo||g
Jj=N+1
< Z 9—i(t+d(1/2-1/p))e || II\)V;\ |£7(“cc)>o||g
j=N+1 ’

J=N+1
(79) < oy 2NV(/T=t)e

if ¢ > d. Choosing r large enough (¢ > 0 by assumption), we derive
(80) 4" (id?) < 527N,
Now we consider 1 < p < 2. Similarly

<

<

1
: 12| (o) N(d/r—t) : -
< c3
11d7 [ L3 || < ¢52 if
’ r

N —
Q|+

Since t > d /2, such a choice is always possible. Consequently,
(81) " (1d?) < ¢ 27N
Finally, let 0 < p < 1. Then

(82) 7 (idY) < g2 NUFd=dn)

Such a choice is always possible if (73) holds.
Substep 1.3. The additivity of the Gelfand widths yields

d*(id) < d™(id") + d"(id?) .
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In view of this inequality, the estimate from above of the Gelfand widths follows
from (76)—(82).
Step 2. Estimate from below. Since b, < c¢d", cf. Lemma 1(i), we may use Lemma
5 here to derive the lower bound in the case 0 < p < 2. For p > 2, we shall use
a different argument. Again we restrict ourselves to a subsequence of the natural
numbers n, where

@ <n< @ +1, N e N.
Consider the diagram

N

r| E

b (V) —2 19,(V),

where I; and I denote identities and this time P and () are defined as follows. Let
b= (b)\))\EVN- Then

by if j=N,

0 otherwise .

(P(0)jx = {
For a = (a; ), we define

(Q(a))r :==ann, A€EVy.

Obviously,
| Pl =2¥CH0R ) and Q) =1,

Then property (27) for the Gelfand numbers yields that
d" (I, 7 67 < P Q1 d™(12, b, (V) 89,5(V))
which, in view of Gluskin’s estimates (67), implies that

C2Nd(l/2—l/p) < 2N(t+d(l/2—l/p)) dn(lz’b;q’b(2)2)

for some positive ¢ (independent of N). This completes the estimate from below. O

Remark 23. The use of operator ideals in such a connection and the associated
splitting technique applied in Step 1 has some history, cf. [9, 58, 56]. Closest to us

is [56], where these methods have been used in connection with entropy numbers.

4.3 Widths of Embeddings of Besov Spaces

Here we do not formulate a general result, since the restrictions on the domains are
different for different widths.
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4.3.1 The Manifold Widths of the Identity

The main result of this subsection consists in the following non-discrete counterpart
of Theorem 6.

Theorem 9. Let ) be a bounded Lipschitz domain. Let 0 < pg,p1 < 00, 0 < qo,q1 <
o0, and s € R. Suppose that (55) holds. Then we have
(83) e (1, Bi (Lo (), By (Ly, (2))) = 0=t

n

Remark 24. Theorem 9 has several forerunners. We would like to mention De-
Vore, Howard, and Micchelli [30], DeVore, Kyriazis, Leviatan, and Tikhomirov [31],
and Dung and Thanh [40]. In these papers, the authors consider the quantities
e (I, Bl (Lpy(2)), Ly, (2)). Note that from the continuous embeddings

BY(Ly(Q)) = Lyp(Q) = BL(Lp(Q),  1<p=<oo,
we obtain as a direct consequence of Theorem 9
(84) e (1, By (Lpy (), Ly, () = 0™,

as long as 1 < p; < oo andt > (1/pg — 1/p1)4+. So, Theorem 9 covers the results
obtained before. However, let us mention that we used the ideas from [31] for our
estimate from above and the ideas from [40] to derive the estimate from below (here

on the level of sequence spaces).

Proof of Theorem 9. Let £ denote a universal bounded linear extension operator
corresponding to §2, see Proposition 6 in Subsection 5.5. Let diam §2 be the diameter
of Q and let 2° be a point in R? such that

Qc{y: |2°—y| < diamQ}.
Without loss of generality, we assume that
suppEf C {y: |2° — y| < 2diam Q}.

Let V be defined as in (99) and (100) (with € replaced by the ball with radius
2diam Q and center x°). Let R denote the restriction operator with respect to €.
Let T" denote the continuous linear operator that associates to f its wavelet series;
T~ is the inverse operator. Here we assume that we can characterize the Besov
spaces Bt (R?), as well as BS _ (R?), in the sense of Proposition 5 in Subsection

Po,q0 Pp1,91
5.3. Then we consider the diagram
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s & s T s
B (Lo () = B (Lyy (RY)) — e (V)

Po,90

(85) Lol I L

By (L () <& B (L, RY) £ 8, (V).

P1,q91

Observe that I; = RoT ' oI, 0T o &. From (85) and (27) for ™, we derive that

€ (I, By (Lo (9)), By (L, () < NENNTIIT ) €6 (L, 34 (V). 3y 0 (V).

Po,q0 7 7P1,91

For the converse inequality, we choose V* = (V%); such that
Supp,‘vbj,)\CQ? )\GV;, J=—-1L0,1,...,

and inf; 2774 |V%| > 0. Then we consider the diagram

Bt (VH) 2 b (V)

Po,q0 P1,91

(86) T—ll TT

S Il S
Baft(Ly, () —— By (L, (),
and conclude that

€™ (12,03 40 (V7). 03, 0 (V) S I TIHITHE €™ (11, Bay™ (Lo (), By, (L, () -

? 7 P0,90 ? UP1,91

Now Theorem 6 yields the desired result. O

4.3.2 The Widths of Best m-Term Approximation of the Identity

Let € be a bounded Lipschitz domain in R%. We assume that for any fixed triple
(t,p,q) of parameters the spaces B+ (L,(Q2)) and B5(Ly(f2)) allow a discretization
by one common wavelet system B*. More exactly, we assume that (107)-(112) are
satisfied simultaneously for both spaces, cf. Appendix 5.10. From this, it follows that
B* € Be« for some 1 < C* < 0.

Theorem 10. Let Q2 be as above. Let 0 < p < o0, 0 < ¢ <00, s €R and

1 1
t>d (5 — §)+
holds. Then, for any C > C* we have

ent (1, B (Ly(Q)), B(L2())) < n~"/?.

44



Remark 25. i) Periodic versions on the d-dimensional torus T¢ may be found in
Temlyakov [82, 83] with B5(La(S2)) replaced by Ly, (T?) and py,p,q > 1. Furthermore,
more general classes of functions are investigated there (anisotropic Besov spaces,
functions of dominating mized smoothness). Finally, let us mention that estimates
from below for the quantities

inf sup On(, B) Ly 1y,

BeO
”u”Bél (Lpy (Td))gl

where O is the set of all orthonormal bases, have been given by Kashin (py = q1 =
00, d = 1) and Temlyakov [82, 83] (general anisotropic case). Instead of the manifold
widths these authors use entropy numbers.

i1) We stress that, in this paper, we study the approximation in some Hilbertian
smoothness space B5(Lo(§2)) while most known results from the literature concern

approximation in an L, (€2)-space.

Remark 26. We also recall the following limiting case. Let 0 < p < 2 and t =
d(1/p—1/2). Then the embedding B;*"(L,(Q)) — B3(L2(Q2)) is continuous but not

compact, cf. Proposition 7. Here we have

0o 1/p
1
<Z [nt/d on(u, B*>B§(L2(Q)]p ﬁ) <oo if and only if ue By (Ly(Q)).

n=1
A proof can be found in [20, Prop. 1], but the arqgument there is mainly based on
DeVore and Popov [34], see also [32].

Proof of Theorem 10. Let B* be a wavelet basis as in Appendix 5.10. Let B
denote the canonical orthonormal basis of bS,Q(V). We equip the Besov space with

the equivalent quasi-norm (112). Observe,

(B ), @) < con(((f 1050010 By

where c¢ is one of the constants in (111). By means of Theorem 6 and Remark 2(iii),

B1.q1 (V) >

this implies the estimate from above. The estimate from below follows by combining
Theorem 1 and Theorem 9. U

The simple arguments used in the proof of Theorem 10 allow us to carry over
Remark 26 to the sequence space level, see Remark 18, and Theorem 7 to the level

of function spaces.

Theorem 11. Let 2 and B* be as above. Let 0 < pg,p1,q0,q1 < 00, s € R andt >0
such that (55) holds. Then we have

sup {0 (0, By iy ¢l By (L ()] < 1} =<1/,
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Remark 27. i) For earlier results in this direction we refer to Kashin [54], Os-
wald [68], Donoho [38] and DeVore, Petrova and Temlyakov [33].

ii) Not all orthonormal systems are of the same quality, see Donoho [38]. Let us
mention the following result of DeVore and Temlyakov [36]. Let B denote the
trigonometric system in R?. By B (L,(T?)) we mean the periodic Besov spaces

defined on the d-dimensional torus T¢. Then we put

d(1/po—1/p1), if 0<po<pi<2o0rl<p <py<oo,
t(po, p1) ==
d max (1/po, 1/2) otherwise .
If 1 <p; <00, 0<pg,q < o0, and t > t(pg,p1), then
sup {ou (. B), roy - | Bl (L (T < 1}
ntd if po > max(py,2),
= n~t/d+1/po=1/2 if po < max(p,2) =2,
=t /po=1/p if po < max(py,2) =pi.

4.3.3 The Approximation Numbers of the Identity

Theorem 12. Let €2 be a bounded Lipschitz domain. Let 0 < p < oo, 0 < ¢ < o0,
and s € R. Suppose that
t>d (1 1)
p  2/+

—t/d .
lin s+t s - n Zf 2 S p S oo,
€n ([qu (LP(Q))>B2(L2(Q))) - { n_t/d+1/p_1/2 Zf 0 < p< 9

holds. Then we have

Proof. The statement is a consequence of Theorem 6(ii), Proposition 6, (101) and
(102). O

Remark 28. (i) The proof is constructive. An order-optimal linear approzima-
tion is obtained by taking an appropriate partial sum of the wavelet series of
Ef, where & is the linear universal extension operator from Proposition 6, cf.
Remark 22 for the discrete case.

(11) This result is well-known. It can be derived from [91] and [43, 3.3.2]. There
and in [7] information can also be found about what is known for the general
situation, i.e., in which B3(Ly(S)) is replaced by B (Ly, (). However, let
us mention that there are many references which had dealt with this problem
before; we refer to [81, Thm. 1.4.2] and [85, Thm. 9, p.193] and the comments

given there.
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4.3.4 The Gelfand Widths of the Identity

Theorem 13. Let Q C R? be a bounded Lipschitz domain and let 0 < g < 0o.
(i) Let 1 < p < 2 and suppose that t > d/2. Then

d"(1, B;™(Ly(Q)), B5(La(2))) = 0"/,
(i) Let 2 < p < 0o and suppose that t > 0. Then

d"(1, By (Ly(Q)), B5(La(€2))) = 7.

(iii) Let 0 < p < 1 and suppose that

t>d<%—%).

Then there exists two constants ¢; and ¢y such that
eyt < d™(1, BST(Ly(), By(La(Q))) < con™/471H1p
Proof. Consider the diagram
By (L (Q) — B3(La(2))

r| [

B (V) =2 b,(V),

Po,q0

where T and T~ are defined as in the proof of Theorem 9. Since I; = T to I, 0T,
it is enough to combine property (27) for the Gelfand numbers and Theorem 8 to

derive the estimates from above. For the estimates from below, one uses the diagram

bV = B35(7)

Po,q0

r| [

S I S
B (Lyy (Q) —— B3(L2(Q)),
where V* is defined as in proof of Theorem 9. This completes the proof. O

Remark 29. Partial results concerning Gelfand numbers of embedding operators
may be found in the monographs Pinkus [73, Chapt. VII, Thm. 1.1], Tikhomirov [85,
Thm. 39, p. 206], and Triebel [88, 4.10.2]. Let T' be a compact operator in L(F, E),
where F, E are arbitrary Banach spaces and let d,(T, F, E) denote the Kolmogorov
numbers. Then

d(T") = d,(T), neN,

holds, cf. [10, Prop. 2.5.6] or [71]. For Kolmogorov numbers the asymptotic be-
haviour is also known in certain situations, cf. [73, Chapt. VII, Thm. 1.1], [85,
Thm. 10, p. 193], [88, 4.10.2], and [81].
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4.4 Proofs of Theorems 2, 4, and 5
4.4.1 Proof of Theorem 2

For s > 0 we have H*(Q) = B3 *(L2(f2)). Hence, Theorem 12 yields

ntd if 0<p<2,

lin —s+t —s -
(T, By L,(@), H <ﬂ>>ﬂ{n_t/d+1/p_l/2 L

Since S : H™*(2) — H{(Q2) is an isomorphism, we obtain the desired result from

property (27) for the approximation numbers.

4.4.2 Proof of Theorem 4
Since of H7%(Q) = By *(L2(2)), Theorem 10 yields that
ene (L, B (L (), H*()) = ™"/

Since S : H*(Q)) — H{(Q2) is an isomorphism, Lemma 3(ii) implies the desired

result.

4.4.3 Proof of Theorem 5

All what we need from the wavelet basis is the following estimate for the best n-term
approximation in the H'-norm:

87) o Sulf) ey < cllul B (L@) 072, where =142,
see, e.g., [20] (however we could instead use Theorem 11). We therefore have to esti-
mate the Besov norm B(L,(f2)). Since 1 < p < 2, the embedding
B H(Ly(Q)) — WE Q) holds, cf. e.g. [89, 2.3.2, 2.5.6]. Hence our right-hand
side f is contained in the Sobolev space Wj_l(Q). Therefore we may employ the
fact that u can be decomposed into a regular part ug and a singular part ug, i.e.,
u = ug + ug, where up € W (L,(Q)) and ug only depends on the shape of the
domain and can be computed explicitly, cf. Grisvard [49, Thm. 2.4.3]. We introduce

polar coordinates (77, 6;) in the vicinity of each vertex T; and introduce the functions

Q(rl)r;\l’m sin(mm6; /w;) if A\, := mm/w, # integer ,
Sim(ri, 0;) =

Q(rl)r?l”" log 7 sin(mm; /w;) + 6; cos(mmb; [w;)] otherwise .

Here (y, . .., (y denote suitable C'**° truncation functions and m is a natural number.
Then for f € WF~1(€2), one has

N
(88) us = Z Z Clom Stom

I=1 0<\p pp<k+1—2/p
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provided that no A;,, is equal to k + 1 — 2/p. This means that the finite number of
singularity functions that is needed depends on the scale of spaces we are interested
in, i.e., on the smoothness parameter k. According to (87), we have to estimate the
Besov regularity of both, ug and ug, in the specific scale
1t 1
BUY(L, (9 h =+,
L(Q)), where = _ 4o

Since up € W;“(Q), the boundedness of (2 implies the embedding

11
W Q) — By 70(Le(Q), with 6>0, 0<gq<p, k+1>2<———>.

q 2
Hence
(89)
up € BF1N(L(Q)),  with % _ ; %) + % for arbitrarily small 6 > 0.

Moreover, it has been shown in [16] (see also Remark 31) that the functions S,

defined above satisfy
(90) Sim(r1,0)) € By/*T/9(Ly(Q)),  forall 0<g¢<oo.

By combining (89) and (90) we see that

1 k—o 1
w€ BEFYO(L(Q)), where = = ( 5 ) +5 for arbitrarily small 6 > 0.
T

To derive an estimate uniformly with respect to the unit ball in BF~(L,(Q)) we

argue as follows. We put
N = Span{SLm(rl,Hl) D 0< A <k+1-2/p,1l=1,... ,N}.

Let v, be the trace operator with respect to the segment I';. Grisvard has shown
that A maps

H::{uEWIfH(Q): vlu:O,lzl,...,N} + N

onto Wj_l(Q), cf. [48, Thm. 5.1.3.5]. This mapping is also injective, see
(48, Lemma 4.4.3.1, Rem. 5.1.3.6]. We equip the space H with the norm

N
lulla = ur+us llr = [ ur e + D > [EPp
I=1 0< Ay <k+1-2/p

see (88). Then H becomes a Banach space. Furthermore, A : H — W} (Q) is
continuous. Banach’s continuous inverse theorem implies that the solution operator

is continuous, considered as a mapping from Wj_l(Q) onto H. Finally, observe that

N
lur + us || peri-sp, @y < © (” urllwpoo +D>, D |Clvm|)

I=1 0<X p<k+1—-2/p
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with some constant C' independent of w. O

5 Appendix — Besov spaces

Here we collect some properties of Besov spaces that have been used in the text
before. Detailed references will be given. For general information on Besov spaces,
we refer to the monographs [62, 63, 69, 74, 89, 90].

5.1 Besov Spaces on R? and Differences

Nowadays Besov spaces are widely used in several branches of mathematics. Prob-
ably the most common way to introduce these classes makes use of differences. For
M eN, heR? and f:R? — C we define

A () = f (M) v s im,

Let 0 < p < co. The corresponding modulus of smoothness is then given by

WM(ta f)p = \Shl|1p || Aijyf ||Lp(]Rd) ) t>0.
<t

One approach to introduce Besov spaces is the following.

Definition 4. Let s > 0 and 0 < p,q < oo. Let M be a natural number satisfying
M > s. Then A3(Ly(R?)) is the collection of all functions f € L,(R?) such that

0 L th 1/‘1
A3 (Lp(RD)) *= <A [t CUM(t, f)p] 7) < 0

| f

if ¢ = 00. These classes are equipped with a quasi-norm by taking

I/

Remark 30. [t turns out that these classes do not depend on M, cf. [35].

| f

if ¢ < oo and

As_(Lp(Rd)) “= SUp t® WM(ta fp < o0
>0

asLp@d) = || fllL,@ey + | f lagz,@a) -

Remark 31. Let o € C°(RY) be a function such that o(0) # 0. By means of the

above definition it is not complicated to show that a function
folz) = |z[*o(x),  zeR!, a>0,
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belongs to A% P(L,(R%) and that this is best the possible (if o is not an even

natural number), cf. [74, 2.3.1] for details. A minor modification shows that
fap(x) = |2|* (log|z]) o(x),  zeR? «a, B>0,

belongs to AP (L,(R%)) for alle, 0 < & < a + d/p.

5.2 Besov Spaces on RY and Littlewood-Paley Characteriza-

tions

Since we are using also spaces with negative smoothness s < 0 and/or p,q < 1 we
shall give a further definition, which relies on Fourier analysis. We use it here for
introductory purposes. This approach makes use of smooth dyadic decompositions
of unity. Let p € C5°(R?) be a function such that ¢(z) = 1 if |z| <1 and p(x) =0
if |z| > 2. Then we put

(91) o) = (), o) == (277x) — p(277%z), jeN.

It follows .
Z%(az):l, zeR?,
=0
and
SUPp%C{:BGRd: 2j‘2§|x|§2j+1}, i=1,2,....

Let F and F~! denote the Fourier transform and its inverse, both defined on &'(R?).
For f € S'(R?) we consider the sequence F~'[p;(&) Ff(E)](z), j € Ny, of entire
analytic functions. By means of these functions, we define the Besov classes.

Definition 5. Let s € R and 0 < p,q < co. Then Bj(L,(RY)) is the collection of
all tempered distributions f such that

o0

1/q
| F1B2(Ly(RY)] = (Z 290 || F- i, (€) FFEI( ) |Lp<Rd>||q) < o

J=0

if ¢ < o0 and

1 f 1B (Lp(RE))| = sup 27 | F " i () FFOI(-) I LR < 00

j:07 AR
if ¢ = o0.

Remark 32. i) If no confusion is possible we drop R? in notations.
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ii) These classes are quasi-Banach spaces. They do not depend on the chosen

function ¢ (up to equivalent quasi-norms). If t = min(1, p, q), then
I f+g1By(L) " < (I f 1By L) + [ g 1B5 (L)
holds for all f,g € B}(L,).

Proposition 4. [89, 2.5.12]. Let 0 < p,q < o0 and s > d max(0,1/p—1). Then we

have coincidence of Aj(L,) and B}(L,) in the sense of equivalent quasi-norms.

Remark 33. i) For s < d max(0,1/p — 1) we have A;(L,) # B;(L,). E.g., the
Dirac distribution & belongs to BRYP"V(L,), f. [74, 2.3.1].

ii) Smooth cut-off functions are pointwise multipliers for all Besov spaces. More
ezactly, let ) € D. Then the product ¢ f belongs to B;(L,) for any f € BS(Ly,)
and there exists a constant ¢ such that

19 f 1By (Ly)ll < el £ 1B3(Ly)|

holds, see e.g. [89, 2.8], [74, 4.7].

5.3 Wavelet Characterizations

For the construction of biorthogonal wavelet bases as considered below, we refer to
the recent monograph of Cohen [12, Chapt. 2|. Let ¢ be a compactly supported
scaling function of sufficiently high regularity and let ¢;, where i = 1,...2¢ — 1, be
the corresponding wavelets. More exactly, we suppose for some N > 0 and r € N

Suppwasupp,lvbi C [_N>N]da izla"'>2d_1>

©,; € C"(RY), i=1,...,2¢-1,

/xo‘zﬂi(:c)dxzo for all |a] <7, i=1,...,29-1,
and

ol — k), 2924, (Px—k), jeNy, kez,

is a Riesz basis in Ly(R?). We shall use the standard abbreviations

Vijr(x) = 274/ ¢z‘(2jx — k) and or(r) = p(x — k).
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Further, the dual Riesz basis should fulfill the same requirements, i.e., there exist
functions @ and 9;, i = 1,...,2% — 1, such that

(@r Yijp) = (@Zi,j,k, or) =0,
(P, pe) = Ok (Kronecker symbol) ,
(Wijks Vue) = OOy Ore
supp 3,  supp¥; C [-N,NJ¢,  i=1,...,2¢—1,
G0 € C'RY, i=1,...,29-1,
/:L’a{bvi(x)d:c =0 for all |a] <7, i=1,...,2¢-1.

For f € 8'(RY) we put

(92) (fribige) = f(Wije)  and  (f,n) = f(@F),
whenever this makes sense.

Proposition 5. Let s € R and 0 < p,q < 0o. Suppose

(93) r>max< 2pd+g—s>

Then B}(L,) is the collection of all tempered distributions f such that f is repre-

sentable as

29-1 oo
f= Z ag pr + Z Z Z @ j i Vi gk (convergence in  S')
kezd i=1 j=0 kezd
with
/p 2d_1 o0 _ J q/p 1/q

| A1B LI = (3 lanl?) +(Z D a2 (N a0 ) < oo,

kezd i=1 j=0 kezd
if ¢ < 0o and
| f 1B (L (Z |ak|p> _ s sup 9(s+d(1/2=1/p)) (Z |ai k| )

kezd L...,2¢-1 =0, kezd

The representation is unique and

Qi gk = (f, ngk) and ar, = (f, Pr)

hold. Further I : f — {{f, o), ([, {ﬁv”@} is an isomorphic map of B(L,(R?)) onto
the sequence space equipped with the quasi-norm || - |Bg(Ly)|[*, d.e., || - | By (Ly)|*

may serve as an equivalent quasi-norm on Bg(Lp).
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Remark 34. i) The restriction (93) guarantees that (92) makes sense for all

i)

iii)

5.4

feB;(Ly).

It is immediate from this proposition that the functions pg, Vi jx, k € 29,1 <
i < 27— 1,5 € Ny form a basis for Bi(L,) if max(p,q) < oo. By the same

reasoning the functions
or 27 g, kEZY, 1<i<27-1, jEN,
form a Riesz basis for B5(Ls).

If the wavelet basis is orthonormal (in Ls), then this proposition is proved in
Triebel [92]. But the comments made in Subsection 3.4 of the quoted paper
make clear that this extends to the situation considered in Proposition 5. A
different proof, but restricted to s > d(1/p — 1), is given in [12, Thm. 3.7.7].
Howewver, there are many forerunners with some restrictions concerning s, p
and q. We refer to [6] and [62].

Besov Spaces on Domains — the Approach via Restric-

tions

There are at least two different approaches to define function spaces on domains.

One approach uses restrictions to  of functions defined on R?. So, all calculations

are done on R? The other approach introduces theses spaces by means of local

quantities defined only in 2. For numerical purposes the second approach is more

promising whereas for analytic investigations the first one looks more elegant. Here

we discuss both, since both were used.
Let © C R? be an bounded open nonempty set. Then we define Bj(L,()) to
be the collection of all distributions f € D’(2) such that there exists a tempered
distribution g € B:(L,(R?)) satisfying

flp)=g(p) forall ¢ eDQ),

i.e. glg = fin D'(Q). We put

£ 1B (Ly(D)]| := inf [ g B3(Lp(RY))I,

where the infimum is taken with respect to all distributions g as above.

Let diam € be the diameter of the set  and let 2° be a point with the property

QC {y: 20 — 9| SdiamQ}.
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Such a point we shall call a center of €. Since smooth cut-off functions are pointwise
multipliers, cf. Remark 33, we can associate with any f € B;(L,(f2)) a tempered
distribution g € B}(L,) such that glo = f in D'(Q2),

(94) CllglBy(Lp)l < [ FIBI(Lp()I < 1 9 1B5(Ly)l
(95) suppg C {r €R?: |z —2° <2diam Q}.

Here 0 < C' < 1 does not depend on f (but on 2, s,p, q).
Now we turn to decompositions by means of wavelets. We use the notation from the

preceeding subsection. Define
(96) A, = {keZd: ki — 2% < 29 diam Q+N,i=1,... ,d}, j=0,1,... .

Then given f and taking g as above, we find that

29-1 oo
97) g= Z (9, Pr) i + Z Z Z (9, Vi jk) ik (convergence in  S’)
keAo i=1 j=0 keA,

and
08) 9Bl = (X Hagor) " +

keAg

291 o 1/q

; ~ a/p
(Z Z 2Jq(s+d(%—%))< Z ‘<g7wi7j’k>|p> ) < 0.
i=1 j=0 keA,

The following more handy notation is also used. We put

(99) V_l = A(]
(100)  V; = {(i,k‘): 1<i<2i-1, keAj}, j=0,1,...,

¢j,)\ = wi,j,kv if A= (Z, ]{3) c Vj, VRS No, and wj,)\ = Qg if A\ =k € V_;. For the dual
basis, (97) and (98) read as

(101) g= Z Z JUia) Wia  (convergence in S')
Jj=—1XeV;
and
- (s+d(3 a/p Va
w02 elzl = (X 2 D (Sl diar)) <o
Jj=-1 AEV;
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5.5 Lipschitz Domains, Embeddings, and Interpolation

We call a domain 2 a special Lipschitz domain (see Stein [77]), if €2 is an open set
in R? and if there exists a function w : R*"! — R such that

0= {(x',xd) eRY: 24> w(z/)}
and
jw(@') —wy) | < Cla' —y|  forall o',y € R,

and some constant C' > 0. We call a domain 2 a bounded Lipschitz domain if € is
bounded and its boundary 02 can be covered by a finite number of open balls By,
so that, possibly after a proper rotation, 02 N By, for each k is a part of the graph
of a Lipschitz function.

Proposition 6. Let Q € R? be a bounded Lipschitz domain with center z°. Then
there exists a universal bounded linear extension operator £ for all values of s, p,
and q, 1.e.,

(ENle=f  foral feBi(Ly(S)),

and
1€ = B3(Ly(Q) = Bi(Ly(RY)) || < o0

In addition we may assume
(103) supp £f C{z eR?: |z —2° < 2diam Q} .

Remark 35. Proposition 6 has been proved by Rychkov [75]. Property (103) follows
from Remark 33.

Let us now discuss some embedding properties of Besov spaces that are needed

for our purposes.

Proposition 7. Let  C R? be an bounded open set. Let 0 < pgy, p1,qo, ¢1 < 00 and
let s,t € R. Then the embedding

I By (Lyy(Q)) — By, (Ly, (V)
1s compact if and only if

(104) t>d(pi0—pil)+.

Remark 36. Sufficiency is proved e.q. in [43]. The necessity of the given restrictions

is almost obvious, but see Lemma 4 and [57] for details.
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Sometimes Besov spaces or Sobolev spaces of fractional order are introduced by
means of interpolation (real and/or complex). Here we state following, cf. [91]. As
usual, (-, -)o, and |-, - |o denote the real and the complex interpolation functor,

respectively.

Proposition 8. Let Q be a bounded Lipschitz domain. Let 0 < qo,q1 < 0o and let

S0, 81 €ER. Let 0 < © < 1.

(i) Let 0 < p,q < 0o. Suppose sg # s1 and put s = (1 — O) sg+ O s1. Then
(B;g(L,,(Q)), B;;(me))) = Bi(Ly(Q)  (equivalent quasi-norms).

O,q
(i) Let 0 < pg,p1 < oo. We put s = (1 —0) s+ O sy,
1 1-6 6 1 1-6 6
+— +

and - = .
p Po D1 q q0 q1

Then

B0 (Ly, (), Bgll(Lpl(Q))] = B;(L,(2)) (equivalent quasi-norms).

S}

5.6 Besov Spaces on Domains — Intrinsic Descriptions

For M € N, h € R% and f: RY — C we define

M=

A () e | 25 (DT S h)  goth . at MheQ.

0

otherwise .

The corresponding modulus of smoothness is then given by

wM(t, f), = sup IAY fll,,  t>0.
<t

The approach by differences coincides with that using restrictions as can be seen by
the recent result of Dispa [37].

Proposition 9. Let Q2 be a bounded Lipschitz domain. Let M € N. Let 0 < p,q < oo
and d max(0,1/p—1) <s < M. Then

BIL(Q) = {f € Lo ()

1 ad 1/q
112 = Ui+ ([ [, F) < o0}

in the sense of equivalent quasi-norms.

o7



5.7 Sobolev Spaces on Domains

Let © be a bounded Lipschitz domain. Let m € N. As usual H™(2) denotes the
collection of all functions f such that the distributional derivatives D®f of order
|a] < m belong to Ly(€2). The norm is defined as

1/2
el = (X 10 sm@lR)

|ao| <m
It is well-known that H™(RY) = B*(Ly(R?)) in the sense of equivalent norms, cf.

e.g. [89]. As a consequence of the existence of a bounded linear extension operator

for Sobolev spaces on bounded Lipschitz domains, cf. [77, p. 181], it follows that
H™(Q) = BY'(La2()) (equivalent norms)
for such domains. For fractional s > 0 we introduce the classes by complex interpo-
lation. Let 0 < s < m, s ¢ N. Then, following [59, 9.1], we define
H(Q) = [Hm(Q),Lg(Q)L, 0=1->.

m
This definition does not depend on m in the sense of equivalent norms. This follows

immediately from

H™(Q), La(Q)] = [BP (La(), BY(L(2)] | = Bi(La(@),  ©=1-2.

m
(all in the sense of equivalent norms), cf. Proposition 8.

5.8 Function Spaces on Domains and Boundary Conditions

We concentrate on homogeneous boundary conditions. Here it makes sense to intro-

duce two further scales of function spaces (distribution spaces).

Definition 6. Let 2 C R? be an open nontrivial set. Let s € R and 0 < p,q < oo.
(i) Then é;(Lp(Q)) denotes the closure of D(Y) in B;(Ly(S2)), equipped with the
quasi-norm of By (L,(£2)).

(ii) Let s > 0. Then HF(2) denotes the closure of D(2) in H*(?), equipped with the
norm of H*(Q).

(iii) By E;(LP(Q)) we denote the collection of all f € D'(Q) such that there is a
g € Bi(L,(RY)) with

(105) 9] = f and  suppg C Q,

equipped with the quasi-norm

| £ 1B;(Ly() || = it || g B (Ly(R)],

where the infimum is taken over all such distributions g as in (105).
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Remark 37. For a bounded Lipschitz domain é;(Lp(Q)) = éqs(Lp(Q)) = B:(L,(Q))
holds if

1 1 1
0<p,g< oo, max(——l,d(——1>><s<—,
p p p

cf. [48, Cor. 1.4.4.5] and [91]. Hence,
H3(Q) = B3(La(9)) = B3(La(Q)) = B3 (La() = H(Q)
if0<s<1/2.

Often it is more convenient to work with a scale EZ(LP(Q)), originally introduced
in [91].

Definition 7. Let Q C R? be an open nontrivial set. Let s € R and 0 < p,q < o0.
Then we put

ol ) Bi(Ly() if s<1/p,
BolLp{2) {§;<Lp<ﬂ>> s 1.

This scale F;(LP(Q)) is well-behaved under interpolation and duality, cf. [91].

Proposition 10. Let ) be a bounded Lipschitz domain. Let 1 < p, po,p1,q, o, 1 <
oo and let sg,s1 € R. Let 0 < © < 1.
(i) Suppose sg # s1 and put s = (1 — ©O) sg+ O s1. Then

=S

(FZS(LP(Q)),FZ(LP(Q)U@# = B, (L,()) (equivalent quasi-norms).

(il) We put s = (1 —0) sg+ O sy,
1 1- © 1 1-0 ©
_I__

and — = +—.
p Po b1 q 4o q1

Then

EZE(LPO (Q)),EZ(LPI(Q)) . EZ(LP(Q)) (equivalent quasi-norms).

(iii) With s € R and

we find
- ! -5
(Bo(La() =B, (L ().
Here the duality must be understood in the framework of the dual pairing (D(€2), D'(R2).
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5.9 Sobolev Spaces with Negative Smoothness

Definition 8. For s > 0 we define

(HS(Q))/ if s— 3 # integer,
H™(Q) :=
(ES(LQ(Q)))/ otherwise .

Remark 38. Let Q C R? be a bounded Lipschitz domain. Then
~ 1
Hi(Q) = B5(L2(Q)), s>0, s— 3 # integer,

cf. [48, Cor. 1.4.4.5] and Proposition 9. From Remark 37 and Proposition 10 we
conclude the identity

(106) H™(Q) = B;*(L2(©2)),  s>0,
to be understood in the sense of equivalent norms.

s s=1-1/p

Bj(Ly() = Bj(Ly()) s=1/p
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Remark 39. [88, 4.3.2]. Let Q be a bounded open set with a smooth boundary. Then
B (L,(Q)) = B3 (Ly(Q2)) holds if

1 1 .
l<pg<oo, —-—-1<s<oo, s—— #integer.
p p

5.10 Wavelet Characterization of Besov Spaces on Domains

It is a difficult task to construct wavelet bases on domains, see [12, 2.12] and the
references given there. Under certain conditions on the domain €2 such constructions
with properties similar to (101), (102) are known in the literature, see Remark 11
above.

Let Q be a bounded open set in R%. Let p, ¢ and s be fixed such that s > d max(0, 1/p—
1). We suppose that there exist sets V; C {1,2,...,2¢ — 1} x Z%, with

(107) 0< inf 27|Vl < sup 27|V, < oo,
j=-—1,0,... 7=-—1,0,...

and functions ; y, lzj,/\, A€V, j=-1,0,1,..., such that

(108) supp ¢j,)\7 sSupp Jj,)\ C Qu A€ VJ )

(109) (i Yuwt) = Gia 50 Ont

and such that f € B (L,(€2)) if and only if

(110) f= Z Z (f, ibvj,,\> (15 (convergence in D') |
Jj=-1 )\EVJ'
and
(111) | /] gg(Lp(Q)) = || f Bz, -
where
0 qa/p v
i(s+d(1-1 o
(112) /] zs(Lp(Q)) = Z 9 (s+d(5 p))q< Z |(f,¢j,,\>\p) < 00,
j=—1 AEV;
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