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Abstract

We study the problem of counting the total number of affine solutions of a system of n binomials in n
variables over an algebraically closed field of characteristic zero. We show that we may decide in polynomial
time if that number is finite. We give a combinatorial formula for computing the total number of affine
solutions (with or without multiplicity) from which we deduce that this counting problem is # P-complete.
We discuss special cases in which this formula may be computed in polynomial time; in particular, this is
true for generic exponent vectors.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

A binomial ideal in the ring k[x1, ..., x,] of polynomials with coefficients in a field &, is an
ideal generated by binomials: ax”* —bxP ,where o, f € N" anda, b € k*. Binomial ideals are quite
ubiquitous in very different contexts particularly those involving toric geometry and its applica-
tions [10,28], in the study of semigroup algebras, and in the modern versions of hypergeometric
systems of differential equations [25,7]. While binomial ideals are quite amenable to Grobner
and standard bases techniques [19,20], they also provide some of the “worst-case” examples in
computational algebra, such as the Mayr—Meyer ideals [22].
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In this paper we consider ideals generated by n binomialsin R := k[x1, ..., x,], withchar(k) =
0. Let k denote the algebraic closure of k. We are interested in determining when the number of
solutions in k" is finite and non-zero (i.e., when the given binomials define a complete intersection
in R) and, in this case, to count the number of solutions, with or without multiplicity. We will
obtain properties of these ideals directly in terms of the given data: the exponents «, f3, and the
coefficients a, b.

Our starting point is then a system of n binomials in R, with non-zero coefficients. Thus, we
may assume that they are of the form

pj(cix) :=x°‘f—cjxﬁf', j=1,...,n, (1.1)

where o, f; € N, o # p j- Let J be the ideal generated by pi, ..., p, in the polynomial
ring k(c)[x]. Given a choice of coefficients ¢ € (k*)", let 7, be the ideal in R generated by
pi(c;x), ..., pn(c;x)and V. C k" the variety defined by 7.

Proposition 2.1, which is a restatement of results in [10], gives a complete picture of the number
of solutions of system (1.1) in the algebraic torus (k*)". Let B be the matrix

u — By
w — B

B = , , (1.2)
On _[))n

whose jth row is the vector o; — f8;. Then, for generic coefficients ¢ € (k*)", V. N (k*)" consists
of | det B|-many points all of which have multiplicity one (this may be seen directly or as a simple
instance of Bernstein’s theorem). In fact, if det B # 0, this is true for all ¢ € (k*)". On the other
hand, if det B = 0, then, for coefficients ¢ € (k*)" not satisfying the algebraic conditions (2.2)
it holds that V. N (k*)" = @, while if the coefficients satisfy (2.2), the variety V. N (k*)" has
codimension equal to the rank of B. We set § := | det B].

Deciding whether system (1.1) has a non-empty, finite set of solutions in k" is more involved.
We must, first of all, consider the possibility that some exponent vector o;; or f; may vanish.
This is equivalent to the statement that some variables x; are invertible modulo the ideal 7. The
reduction to the case when this does not happen is accomplished in Proposition 2.5. We may then
assume that 0 € V.. for all choice of coefficients. Now, in the generic case det B # 0, Theorem 2.6
gives a condition on the exponents of the system that guarantees that system (1.1) is a complete
intersection for all ¢ € (k*)". If, on the other hand, det B = 0, Theorem 2.6 only implies that
(1.1) is a complete intersection for a generic set of coefficients ¢ € (k*)". Indeed, in this case,
algebraic conditions such as (2.2) enter into play. This leads to the notion of generic complete
intersection, that we will abbreviate by gci. We will say that p1, ..., p, isagciif 7. is a complete
intersection in R , i.e., V. is a finite non-empty set, for generic coefficients ¢ € (k*)".

Even though Theorem 2.6 gives a combinatorial criterion for deciding if pyp, ..., p, is a gci,
its verification requires 2" steps. One of the main results of this paper is Theorem 2.12 where
we describe a polynomial-time algorithm to decide whether py, ..., p, is a gci directly from the
exponents o, f§ -

Given a generic complete intersection py, ..., pp, let

d = dimgk[xi, ..., x,1/Te, D :=dimgklxi, ..., x01/v/Te (1.3)

be the total number of points in the variety V., counted with and without multiplicity. Given an
index set L C {1, ..., n}, we denote by i, , the number of points in V(J) Nk}, k} :={x € k" :
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x¢ = 0Qif and only if £ € L}, counted with multiplicity. We set [n] := {1, ..., n} and u := ),
the multiplicity at the origin.

In Section 3 we compute d, D, and p; for a gci. A key ingredient is what we call parametric
reduction, which allows us to reduce the study of generic complete intersection binomial ideals
to a particular class of ideals with a normalized presentation. We show in Theorem 3.2 that we
can keep track of the various multiplicities through the process of parametric reduction. We then
compute d and D for so-called irreducible systems. We show that an irreducible system that is
in normal form may behave in one of three possible ways: its binomials are a standard basis for
either a global or a local term order, or they are weighted homogeneous. This allows us to read off
the dimension and multiplicities from the exponents (cf. Theorem 3.5). Interestingly, the linear
algebra problem that underlies these results appeared in the work of Vinberg about Cartan matrices
[18, Theorem 4.3]. For generic exponents, a binomial system in normal form is irreducible and
has det B # 0. Hence, Theorem 3.5 gives a polynomial time algorithm for computing the number
of solutions of a complete intersection binomial system with generic exponents and arbitrary
non-zero coefficients.

We next consider the case of a general gci. Using a well-known quadratic-time algorithm,
due to Tarjan [30], we find a block decomposition of the system into irreducible ones. From this
decomposition we construct an acyclic directed graph naturally attached to the system. In Theorem
3.15, we give an explicit combinatorial formula to compute the dimensions and multiplicities of
the system from this graph.

Section 4 is devoted to counting complexity issues. We reverse the correspondence from bino-
mial systems to acyclic digraphs and assign to each such graph a simple binomial system. The
number of solutions of this system corresponds to invariants of the graph whose computation is
known to be # P-complete. Indeed, we show that particular instances correspond to counting in-
dependent sets in bipartite graphs, or more generally, antichains in a poset; both of these problems
are known to be #P-complete [31,24]. Hence, even though the problem of deciding whether a
system is a gci as well as the problem of counting the number zeros in the torus of the binomial
system defined by (1.1), are solvable in polynomial time, we prove in Theorem 4.3 that counting
the total number of affine solutions, with or without multiplicity, is a # P-complete problem. Thus,
binomial systems furnish a very simple example of the type of problems, “easy” to decide but
“hard” to count that motivated Valiant’s introduction of the notion of counting complexity [31].
Finally, in Proposition 4.5 we identify another class of systems whose solutions may be computed
in polynomial time.

The last section of the paper is devoted to brief discussions of some of the applications of
this work which motivated our study. We show, first of all, how Theorem 3.15 may be applied
to compute the multiplicity and geometric degree [2] of the primary components of a lattice
basis ideal J C k[x1, ..., xp]. This, in turn, may be used to describe the holonomic rank of
Horn systems of hypergeometric partial differential equations and to study sparse discriminants,
generalizing the codimension-two case. [8,7]. Finally, we recall the results of [29, Chapter 10]
relating the study of systems of partial differential equations with constant coefficients with that
of the corresponding algebraic system.

2. Complete intersections and normal forms

We begin by considering the question of when binomials pi(c; x), ..., pn(c; x) as in (1.1)
define a complete intersection when viewed as elements of the Laurent polynomial ring § :=
k[xlil, R xfl]. Let B be the n x n exponent matrix defined in (1.2). We note that even though
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the rows of B are only defined up to sign, this will not affect our arguments. It follows from
[10, Theorem 2.1] that if det B # 0 then, for any choice of coefficients in (k*)"*, pi(c; x), ...,
pn(c; x) define a regular sequence in S. Moreover, the system of equations

pjc;x)=0, j=1,...,n 2.1

has | det B|-many solutions in the algebraic torus (k*)" and all of them are simple.

On the other hand, ifdet B = Othen pj(c; x), ..., pu(c; x) donotdefine acomplete intersection
in S for any choice of coefficients. Indeed, if system (2.1) has a solution x € (k*)", it will
necessarily have infinitely many. Let R be the lattice of relations

n
R = meZ”:ij(ocj—ﬂj)zo
j=1

For any m € R we have a k*-action on the set of solutions of (2.1) defined by (t;x) +—
(t"™xqy,...,t"x,), and therefore the set of solutions could never be finite. Note als_o that if
det B = 0 then, for generic coefficients c;, (2.1) has no solutions. In fact, if x € (k*)" is a
solution of (2.1) we have

X% B = cj forallj=1,...,n,

and therefore

n
]‘[c’;” =1 forallm e R.
j=1

Thus, if v}, ..., V" is a basis of R, a necessary condition for pi(c; x), ..., pn(c; x) to have a
solution in (k*)" is that

n )
Hc‘/:’zl forall¢ =1,...,r (2.2)
=1

This condition is also sufficient. Suppose that (2.2) holds and let £ be the sublattice of Z" spanned
by aj — f;, j = 1,...,n. Denote by p: L — k* the group homomorphism (i.e., the partial
character) defined by

p(aj _,Bj) =Cj.

The equalities in (2.2) imply that p is well-defined and, since up to a monomial (which is invertible
in the Laurent polynomial ring),

pi) =7 = pa; = B,

it follows from [10, Theorem 2.6] that p(c; x), ..., pn(c; x) define an ideal in S of codimension
equal to the rank of £. Hence we obtain:

Proposition 2.1. Let pi(c; x), ..., pu(c; x) be as in (1.1) and B as above. For any choice of
coefficients ¢ € (k*)", the ideal they generated in S is a complete intersection if and only if
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det B # 0. If det B = 0 and the identities (2.2) are satisfied then the binomials (1.1) define an
ideal in S of codimension equal to the rank of B.

In the remaining part of this section, we will discuss criteria for deciding when py, ..., p, is
a gei. Since we are not assuming that supp(e;) N supp(f;) = ¥, where, for v € R":

supp(v) := {i € [n] : v; # 0},

the matrix B, by itself, does not allow us to recover the exponents of the binomials (1.1). It is
useful to introduce the following concept, already present in the work of Scheja et al. [26]:

Definition 2.2. Let p; = x% — cjxﬁ./, j =1,...,n,beasystem of binomials in k[x1, ..., x,].
For each index set K C [n], let

Z(K) :={j €[n] : supp(e;) N K # ¥ and supp(ﬁj) N K # @}. 2.3)

We start by showing that we can restrict ourselves to the case where 0 € V.. Since this property
is equivalent to the statement that all exponent vectors are non-zero, it is independent of the choice
of coefficients. We want to identify all indices i for which x; is invertible modulo the ideal 7, i.e.,
the x; coordinate of any solution to the system of binomials is necessarily non-zero. Set Iy =
and, for £ >1, let

I = | Jtsupp(@)) : supp(B;) € -1} U J{supp(B;) : supp(a) C Ip—1}

and I = | ¢ I¢. Induction on £ shows easily that if i € I, the variable x; is invertible modulo
the ideal J and, conversely, that these are all the variables invertible modulo 7. Thus, after
reordering of variables and polynomials, we may assume that the variables x,41, ..., x, are
invertible and that the binomials ps41, ..., p, involve only the variables x, 41, ..., x,, while for
J <s both monomials x%* and xﬂf are divisible by at least one of the variables x;, i <r, i.e., that
Z([r]) = [s]. Following [13] we define:

Definition 2.3. Let x" := (xq,...,x,), ¢ = (c1,...,c5). For j <s, set
picsxy=pics (xr, . xe, 1,000 D). (2.4)
Then, the binomial system {p1, ..., ps} C k(c")[x] is called the derived system of py, ..., p,.

We denote by B the associated s x r matrix as in (1.2).

Note that 0 € V(py, ..., ps) and that the matrix B is of the form

B
B = .
( 0 B )
Lemma 2.4. Assume pi, ..., p, as in (1.1) is a gci and let r, s be as above. Then, r = s and
det(By) # 0.

Proof. Since the variables x,1, ..., x, are all invertible modulo 7, the system of equations
Ps+1 = --- = pn = 0, is equivalent to the system x“f_ﬁ-/' =cj,forall j =s+1,..., n. Hence,
arguing as in the discussion leading to Proposition 2.1, we see that each integer relation among the
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vectors o — f3 I j =s-+1,...,nimposes a polynomial condition on the coefficients as in (2.2).
If s < r,thenn —r < n — s and so there exists a non-trivial relation. Therefore, p1, ..., p, has
generically no solutions, a contradiction. On the other hand, if s > r, orif r = s and det(B;) = 0,
then, generically, the system psy1(Xy41,...,%X3) = -+ = pp(Xr41,...,n) = 0 has either no
solutions or infinitely many in (k*)"~". Since any solution of these equations may be extended
to a solution of (2.1) by setting x; = --- = x,, = 0, we get a contradiction again. So s = r and
det(By) # 0, as claimed. [

Proposition 2.5. Let py, ..., py, B be as above. Assume that s = r and det(By) # 0. Let
D1, ..., Dr be the derived system. Then pi, ..., p, is a gci if and only if py, ..., pr is a gci.

Proof. Assume pi, ..., p, is a gci and let U be an open dense subset of (k*)" such that the
binomials with coefficients in ¢/ define a completg intersection ideal in k[xy, ..., x,]. It suffices
to show that the intersection of ¢/ with the fiber (k*)" x {(1, ..., 1)} is also Zariski dense in the
fiber. Let a” € (k*)"" be such that U N ((k*)" x {a"}) is Zariski dense. Let 2 € (k*)"~" be
a common zero of p,11(a”; x), ..., pp(a”; x). Then, since s = r, the change of variables that
sends x; toitself fori = 1,...,r and
X; t—)xj/)/j’, j=r+1,...,n,
transforms any of the last n — r polynomials p;, j = r + 1, ..., n, into a non-zero multiple of

x% — xPi and, for i <r, the binomial p; into a non-zero multiple of
N 1" R .
x5 — (%P eixbi,

where o], f/ € N"~" denote the vectors consisting of the last n —r coordinates of o;, f3;. Since this
scalar transformation in the coefficient space (k*)" preserves Zariski dense subsets our assertion
follows.

Conversely, assume that py, ..., p, is a gci and that det(B,) # 0. Let ¢ be a non-zero poly-
nomial such that ¢(c") # 0 for a given r-tuple of coefficients ¢’ = (c1, ..., ¢,) implies that the
corresponding polynomials py(c’; x'), ..., pr(c’; x") define a complete intersection. Denote as
before ¢’ = (¢;41, ..., ¢y) and consider the rational function

pi' = T o) Fer, .. % Frep).

VeV ol

If (¢, ¢) is defined and non-zero, then for any choice of the | det(B;)|-many roots A” of the last
n — r polynomials, the specialized system

pl(C/; ()C/, )N//)) [ pr(C/; (x/, )L//)) =0

has finitely many solutions and, consequently, pi, ..., p,isagci. [
The following result is a reformulation of Theorem 2.3 in [13].

Theorem 2.6. Let py, ..., p, be as in (1.1) and suppose that 0 € V(J). Then, p1, ..., pnisa
gciifand only if |Z(K)| < |K| forall K C [n].

Proof. Suppose there exists K C [nr] such that |Z(K)| > |K|. Assume that K is maximal
with this property. After reordering, if necessary, we may assume that K = {r + 1, ..., n} and
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Z(K)={s+1,...,n}wheres < r.Since 0 € V(J), the maximality assumption implies that the
first s binomials depend only on x’ = (x1, ..., x,). Otherwise, we may assume that there exists
ki > r, k1 € supp(ay). Since 0 € V(T), supp(fi;) # . If there exists ko > r, ko € supp(f,),
then s € Z(K) which is a contradiction. Therefore, supp(f,) C [r] and for any £ € supp(f,),
K’ := K U {¢} satisfies Z(K) U {s} C Z(K'). Hence |Z(K’)| > |K’| and this contradicts the
maximality of K.

Thus, for a given choice of coefficients, the system

pi(cx) == py(c;x) =0 2.5

is either inconsistent or its solution space has dimension at least » — s > 0. Since, any solution of
(2.5) can be extended to a solution of the full system by setting the K-coordinates equal to zero,

it follows that py, ..., p, is not a gci.
Conversely, suppose |Z(K)|<|K]| for all K C [r]. In order to show that p1, ..., p, is a gci
it suffices to prove that given any subset L C [n], for generic coefficients pi(c; x), ..., py(c; x)

has at most finitely many solutions with zeros in k", where
ki ={x ek":x,=0ifand onlyif £ € L}. (2.6)

Assume that for some choice of coefficients, there exists a solution in IEZ. Then, foranyi ¢ Z(L),
pi depends only on the variables in J, the complement of L in [xr] and hence, since 0 € V(J),
Z(L)¢ C Z(J). Since, by assumption |Z(L)|<|L| and | Z(J)|<|J]|, we deduce that

ILISIZ(DISIZ(D)IIL],

and therefore |Z(L)| = |L|. Reordering we may assume that J/ = Z(J) = [r] and let B;(L)
denote the r x r exponent matrix as in (1.2). If det B (L) = 0, then for generic coefficients the
first r binomials have no solutions in (k*)" and hence, generically, pi(c; x), ..., pn(c; x) have
no solutions in IEZ. On the other hand, if det B;(L) # 0 then, for all choices of coefficients in
(k*)", there exists finitely many solutions of p; = --- = p, = 0in (k*)" and hence finitely many
solutions of pi(c; x), ..., pn(c; x) with zeros exactly in L. [

Remark 2.7. Note that in the proof of Theorem 2.6 we have shown that if py, ..., p, is a gci,
L C [n], and IEZ is as in (2.6), then, for generic coefficients, there exists a solution in IEZ if and
only if |Z(L)| = |L| and, after reordering so that Z(L) = L = {r + 1, ..., n}, the binomials
p1, - .., pr depend only on the first r variables, and the corresponding  x r exponent matrix By (L)
is non-singular. Moreover, for generic ¢ € (k*)", there are |det By(L)|-many points (counted
without multiplicity) in V. N IEZ. Then, the number of points in V., counted without multiplicity,
is given by

D= Z | det B;(L)|, 2.7

w70

where f; is the total number of points in V. N IEZ counted with multiplicity. We will develop
in Section 3 the combinatorics needed to describe all sets L with y; # 0 and we shall show in
Section 4 that counting the number of such sets is a # P-complete problem.

Note thatif 0 € V(7), the condition that py, ..., p, is a gci depends only on the combinatorics
of the exponents o, f3 ;- It follows from Proposition 2.1 and Theorem 2.6 that when det(B) # 0,
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if p1, ..., pn is a gci, then it is a complete intersection for any choice of the coefficients (as long
asc; € k).

The variant of the Fischer—Shapiro criterion embodied in Theorem 2.6 allows us to determine
whether py, ..., p, is a gci. However, this involves checking exponentially many conditions, one
for each subset K C [n]. We will now show how this can be done in a number of steps that
depends polynomially (on n). We begin with the following simple corollary to Theorem 2.6.

Corollary 2.8. Suppose pi, ..., ppisagciand 0 € V(J). Let
M= {x“f',xﬁ-f; j=1,...,n}
denote the set of monomials appearing in p1, ..., pn. Then for each i € [n] there exists r; > 0

such that xl.ri e M.

Proof. Ifforsomei € [n],xl.ri ¢ Mforallr; > 0,then Z({l, ...,f, ..., n}) = [n], contradicting
Theorem 2.6. U

One can easily give examples showing that the necessary condition in Corollary 2.8 is not suf-
ficient to guarantee that py, ..., p, define a gci. However, the following stronger notion provides
a sufficient condition.

Definition 2.9. We say that py, ..., p, are in normal form if and only if for all i € [n]
pi=x' —cixPi, >0, B; # 0.

Note that if the system is in normal form then 0 € V(7).

Proposition 2.10. Assume p1, ..., p, are in normal form. Then py, ..., p, is a gci.

Proof. For any K C [n], Z(K) C K and the result follows from Theorem 2.6. [J
We will next show how to reduce ourselves to systems pj, ..., p, in normal form.

2.1. Parametric reduction

Let p1, ..., py be a binomial system and suppose that they satisfy the necessary condition in
Corollary 2.8, but that it is not possible to relabel variables and binomials, or invert the coefficient
of one or more binomials, so as to put the system in normal form. This means that one of the
binomials must contain two monomials of the form x,.ri and x;j withi # j. Then, after relabeling
we may assume that p, is of the form

Dn = xﬁ —cpx) g, €,m > 0. (2.8)

Let g := gcd(m, €) and set m’ := m/q, £’ := £/q. We will consider the polynomial map that

sends polynomials in n variables xi, ..., x, to polynomials in n — 1 variables uy, ..., u,_1:
xi—up, i=1,...,n—2; xn_lr—>ufl/7]; x,,r—)uZ’Ll. (2.9)

Letp;,j =1,...,n—1betheimage of the binomials py, ..., p,—1. We willreferto pi, ..., pp—1

as aparametric reductionof py, ..., p, and denote by J theideal they generateink(cy, ..., c,—1)

[wr, ... uy—1l.
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Proposition 2.11. Suppose pi, ..., pp—1 is a parametric reduction of pi, ..., py and let B and
B be the associated matrices. Then |det B| = g - |det B|. Moreover, 0 € V(J) if and only if
0 € V(J) and, in this case, p1, ..., py is a gci if and only if p1, ..., pu—1 is gci.

Proof. The matrix B is of the form

B=<51 l;,,,z 1;,,,1 5,1)’

o ... 0 -m £
where 51, R 15,, are vectors in 7”1, On the other hand, the matrix B is given by
= (l;l R En_z E/En_l + m/En ) .

The first assertion now follows from a last-row expansion of det B.

Suppose now that pi, ..., p, is not a gci. By Theorem 2.6 there exists K C [n] such that
|Z(K)| > |K|.If K C [n — 1], then Z(K) C [n — 1] as well and therefore by Theorem 2.6
D1, -.., Pn—11isnotagcieither. If n € K, then taking K = K\{n} we getthat Z(K)\{n} C Z(K).
Hence |Z(K)| > |K| and p1, ..., pp_1 is not a gci.

Conversely, if p1, ..., pp—1 is nota gei then there exists K C [n—1]suchthat |Z(K)| > |K]|.
IfK Cln— 2] we take K = K and then Z(K) = Z(K) if, on the other hand, n — 1 € K, then
we take K = K U {n} in which case Z(K) = Z(K)U {n}. In either case |Z(K)| > |K| and we
are done. [J

The results of this section may be summarized in a polynomial-time algorithm to check whether
a binomial system is a gci.

Theorem 2.12. We may decide in polynomial time whether py, ..., p, is a gci. Moreover, if
it is known that det B # 0 we can check if pi(c; x), ..., pan(c; x) is a complete intersection
in time O (n2).

Proof. It is easy to see from the procedure for constructing the derived system that this step
may be accomplished in at most O (n?) steps. If the number of non-invertible variables does not
equal the number of binomials in the derived system then, by Lemma 2.4, py, ..., p, is not a gci.
Again by Lemma 2.4 we next check whether det B, # 0 (this is, of course, unnecessary if it is
known that det B # 0). If so, Proposition 2.5 allows us to restrict ourselves to the derived system.
We move down the list of binomials searching for binomials of the form xl — ¢x'/. Whenever
such a binomial is found we do parametric reduction and reduce by one the number of binomials
and of variables. This step is then repeated until there are no longer any binomials of that form.
Clearly, this process stops after a quadratic number of steps. Then py, ..., p, is a gci if and
only if Corollary 2.8 holds. This verification can certainly be carried out in quadratically many
steps. [

Example 2.13. Consider the following binomials in k[xy, ..., xg]:

2 3 2 7
Pl = X7 — X3, P2 = X1X2 — X1X3, p3:X1X2X3—X3,

2 2.3 2 4 2
P4 = Xq4 — X1 Xy, D5 =X5 —Xg, P6 = X5X6 — X2X3X7Xg,
2 3
P7 = X5X7 — X7, P8 = Xg — X1X6X7X8,
where, since det B # 0, we have set all coefficients ¢; = 1. Although the system satisfies the
necessary condition in Corollary 2.8, it is not in normal form. We may apply parametric reduction
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simultaneously to the binomials p; and ps by considering the polynomial map from k[x1, ..., xg]
to k[uy, ..., ueg] that sends

x| uf X2 > u% X3 > U, X4 > u3,

X5 = uﬁ, X = U4, X7 = Uus, Xg = Ug.

Here we have taken into account that the gcd of the exponents in ps is 2. After changing signs
when necessary, the new system pj, ..., pg is in normal form:

~ 5 3 ~ 7 8
~ 2 6 3 ~ 3 2 2

~ 2 _ 2 - 33
Ps = us —ujus, pe = Ug — UTUAUSUG.

Thus, we conclude that py, .. ., pg defines a complete intersection. We will compute the numerical
invariants of this system in Example 3.17.

3. Computing the number of solutions

We recall that if pq, ..., p, is a gci then we denote by d (respectively, D) the number of points
in V. N k" counted with multiplicity (respectively, without multiplicity), for a generic choice of
non-zero coefficients. Similarly, recall that for any index set L C {1, ..., n} we denote by y; the
number of points in V. N lE,’i counted with multiplicity, where Igz is the set of points in affine space
whose coordinate x; = 0 precisely when ¢ € L. In particular, i = i, denotes the multiplicity
at the origin.

If p1,...., ppisagcibut 0 ¢ V(7), then it follows from Lemma 2.4 and Proposition 2.5 that
the invariants d and D of py, ..., p, are obtained from those of the derived system by multiplying
times | det B,>|. We will assume from now on that no variable is invertible modulo 7, i.e., that
0 e V().

We begin this section by showing that it is enough to compute the desired numerical invariants
d, D, pp, for ideals in normal form. We then show that if the system is irreducible, in a sense
made precise below, then the only zero outside the torus is the origin and its multiplicity may
be easily computed from the exponents of the system. Finally, we consider the general case and
show how the various dimensions depend on the combinatorics of the irreducible components.

3.1. Multiplicities and parametric reduction

Suppose pi(c; Xx), ..., pn(c; x) is as in (1.1) with p, = x,‘; — c,,x;l"_l, L,m > 0.Letg =
gcd(€, m) and
/o VA rm’
Pn =Xy = CpXp—q-
We will denote by d’, D', i} the corresponding invariants for p1, ..., pp_1, pj,.

We show, first of all, that by keeping track of ¢ we may assume without loss of generality that
m and ¢ are coprime.

Lemma 3.1. With notation as above, setm’ =m/q,t' = €/q, p), = xﬁ/ — c;lx,’f_,l and let B and
B’ be the corresponding matrices.

(1) |det B| =g - |det B'|.

(2) p1,...,pnisagciifandonlyif p1, ..., pu—1, P, is a gci.
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(3) Forany index set L C {1,...,n}, iy =q - 1} .
4 d=q-dandD=gq-D'.

Proof. The first assertion is trivial while the second one follows from Theorem 2.6. In order

to prove assertion 3, let (c1,...,c,) € (kK*)" be such that J. is a complete intersection and
decompose
pn=xf—enxi = [ @f —ex (3.1)
gqu

where W, denotes the gth roots of ¢,. For any / € V., we have

dimy (R1/(Je),) = Y dimy (R/(T¢),) -

CeW,
where J: 1= (p1(c; x), ..., pa—1(c; x), xﬁ/ — fx;”_/l). Therefore,
SO odimp (R/(Tp) =Y Y dimy (Ry/(Je);)-
}.E\/lezz fewq )E\/(Jé)ﬂiz

By a scalar change of variables it follows that

>0 dimg (R1/(T2)) -

2eV(T)NkY
is independent of ¢ € W, and, since it agrees with ,u’L, we obtain that
/
Hp = 4qHuy,

as claimed. The last assertion follows directly from the previous one and factorization (3.1). U

We next show that multiplicities are not altered under parametric reduction. If the binomial
system pp, ..., p, is a gci, and p, = xe cux) 1, €£,m > 0 coprime, let py,..., pp—1 be
the binomial system obtained through parametric reduction. We will denote by d, D and uj the
corresponding invariants.

Given L C [n] we denote by L:=Ln [n — 1]. Conversely, given LC [n — 1] set L = L
ifn—1¢Land L = L U {n} otherwise. Note that if L C [n] is such that u;, # 0 then either
L C [n—2]orbothn —1,n € L. Hence, the correspondence L — L establishes a bijection
between index sets L C [n] such that u; # 0 and subsets L C [n — 1] such that u; #0.

Theorem 3.2. Supposethat p1, ..., pisagciand p, = x* W —CnX,_, with £, m coprime positive
integers. Let pi, ..., pn—1 be the binomial system obtained through parametric reduction. Then
D = D and, for any L C [n],

1 = (32)

Consequently, d = d as well.

Proof. Letc = (cy, ..., c,) € (k*)" be such that 7, is a complete intersecti~on. We may assume
without loss of generality thatc,, = 1.Letc¢ = (cy, .. ., ¢,—1) and denote by J; the ideal generated
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by pi(c; u), ..., pn—1(c; u) in the ring k[u]. Given any )= (A1, ..., An_1) € \/(\75) C~l€”_1,
let us denote by 4 the point (11, ..., 4,2, /“Lﬁfl, e V(T C k™. This assignment 4 —
defines a bijection between \/(jg) and V(J,) since £, m are coprime, and so D = D. To show
that d = d it suffices to prove that at the level of local rings

dimg (R @4 k);/(Je); = dimp (R @ k)3 /(Je);- (3.3)
) We will denote by A; the loc~alizati0nA of k[uy, ..., uy_1] at 7. and by A, the localization of
klup, .. up—a,uf_ ul ]t i Let (Jz); be the ideal generated by pi (G u), ..., pu—1(C: u)
in A so that (jg)z =A- (jg)l. Again, since m and £ are coprime it is clear that

dimg (R ® k);/(Je); = dimg A2/ (J2)3.
Thus, the result will follow if we show that

dimg A1/(Jz); = dimg A2/(J7); (3.4)

The following proof of (3.4) was suggested to us by Mircea Mustata.

We recall from [21, §14] the following notion of multiplicity: let (R, n) be a d-dimensional
Noetherian local ring, M a finite R-module and q an m-primary ideal. The multiplicity of M with
respect to q equals

) d! |
e(q, M) = lim — length(M /q™ ' M). (3.5)
m—o00 m
Since both A; and A, are Cohen—Macaulay rings of dimension n — 1 and

PG u), ..., pp—1(C; u)

define a regular sequence in A, hence in A; as well, it follows from [21, Theorem 14.11] that
dimg A2/(J7); = e((J2);. A2) and  dimg A/(J2); = e((J2);. A1)

On the other hand, A| may be considered as a A>-module and it is clear from (3.5) that
((Jo)3. A1) = e((J2);. Av).

Finally, [21, Theorem 14.8] gives that
e((J2);. A1) = rank g, A - e((J2)3. A2) = e((Jp);. Ad).

since the assumption that m and ¢ are coprime implies that the two domains A, A; have the same
fraction field and so rank 4, A1 = 1. This proves (3.4). [

3.2. Irreducible systems
Definition 3.3. A binomial system py, ..., p, is said to be irreducible if it is in normal form and
it is not possible to reorder it so as to find a proper index subset / C [n] such that for every i € [

the binomial p; depends only on the variables x;, j € 1.

Recalling that a system in normal form is a gci and that 0 € V(7), we easily have:
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Lemma 3.4. Let p1, ..., py be an irreducible system as in (1.1) an_d let ¢ € (K*)" be such that
Je is a complete intersection. Then if a € V., either a = 0 or a € (k*)".

Proof. Givena € V., let I = {i € [n] : a; # 0}. If i € I then, since p1, ..., p, is in normal
form,

pi(c; x) = x;' —cxPi, >0, B #£0,

and, since a; # 0, we must have supp(f3;) C I for all i € I. This contradicts the irreducibility of
Pls--.,ppunless [ = [n]or@. O

The following theorem identifies d and p for irreducible systems. Recall that 6 = | det B| is
the cardinality of V. N (k*)". Our arguments are built on the proof of a result of Vinberg (cf. [18,
Theorem 4.3]).

Theorem 3.5. Given an irreducible system
pi(c; x) = xl-ri —exbi, i=1,...,n,
where r; > 0, 5; € N", B, # 0, then:

e [f all principal minors of B are positive
d=ry---rp, u=d—>0o.

Such a system will be called a global irreducible system.
e Otherwise, =171 -1y and d = u+ 0. In this case we say that the system is local.

Proof. Let us fix throughout coefficients ¢ € (k*)" such that 7. is a complete intersection. Since
the system is in normal form, the entries of Bare b;; = r; —(f;); and b;; = —(f;);, i # j. Hence,
its off-diagonal terms are non-positive. Moreover, the irreducibility of the system implies that B
is indecomposable in the sense of [18]. In fact, the irreducibility of the system implies a stronger
condition, namely [18, Lemma 4.3]: suppose u € R" is a vector with non-negative entries and
that B - u >0 in the sense that all its entries are non-negative as well. Then either u = 0, oru > 0,
i.e., all its entries are strictly positive. Indeed, let I = {i € [n] : u; = O, then for any i € I,
(B - u); <0 and equality occurs if and only if b;; = 0 for all j ¢ I. Hence, by irreducibility we
must have I = [n] or @.

Given that [18, Lemma 4.3] holds in our case, we can apply Theorem 4.3 in [18] and conclude
that three cases are possible:

e There exists w € Q" all of whose entries are positive such that B - w > 0.
e There exists w € @", all of whose entries are positive such that B - w < 0.
e rank(B) = n — 1 and there exists w € Q" all of whose entries are positive such that B-w = 0.

According to [3, Theorem 2.3], the first condition is equivalent to the statement that all principal
minors of B are positive which implies, in particular, that all the diagonal entries of B are strictly
positive. These are the so-called M-matrices of [3]. Moreover, if we consider a term order in
kl[x1, ..., x,] that refines the weight order defined by w, the term xl.ri will be the leading term in
pi(c; x), and hence pi(c; x), ..., pn(c; x) is a Grobner basis. It then follows [5, §5.3, Proposition
4] thatd =ry---r, and, by Lemma 3.4, u = d — 9.
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In the second case we can similarly define a local order (cf. [14]) for which the leading term of
pi(c; x) is xir". Hence pi(c; x), ..., pu(c; x) is a standard basis in the local quotient ring at the
origin and, consequently, 4 = ry - - - r, and d = u+ J. We note that this is valid even if det B = 0
since, in that case, 7, is a complete intersection if and only if V. = {0}.

In the third case, the binomials p;(c; x) are weighted homogeneous relative to the weight w
and therefore y = ry - - - r, and d = p + J since, again, V. consists of only the origin. Thus, this
case behaves as the previous one and we will also refer to it as a local case. [

Remark 3.6. We note that if n = 1, the system p = x* — cxP o = f3, will be local if o < f§ and
global if & > f5.

3.3. The general case

We consider now general gci systems in normal form. Throughout this subsection we will,
again, fix coefficients ¢ € (k*)" so that 7. is a complete intersection. For economy of notation we
will denote simply by p; the corresponding binomials in k[x1, ..., x,]. If the system p1, ..., p,
is not irreducible, then, as Lemma 3.8 shows, it is possible to choose an increasing sequence

O=w=<vi<---<vVv=n 3.6)

sothatif I, = {va—1 + 1, ..., v4}, then the following holds:

e Fori €Iy, pi €klxj;je hU---Ul].
e The system p; := p;i(1,..., 1, Xy, +1,...,Xy,), I € I, is irreducible.

Definition 3.7. A system of this form will be said to be in triangular form relative to the blocks
I1, ..., I. Given a reducible system in triangular form, we will refer to the system {p;,i € I}
as the restriction of py, ..., p, to I, and denote it, for short, by p“.

Lemma 3.8. Any system of n binomials p1, ..., p, in normal form (2.9) can be put in triangular
form in time O (n?).

Proof. Consider the occurrence matrix N: this is a 0-1 matrix with n;; # 0if and only if i # j
and p; depends on x; (i.e., if p; = xir" — cixPi with ﬁij # 0). This is a standard construction,
first used by Steward [27], for the analysis of the structure of large systems of equations. Note
that, because the system is in normal form, putting py, ..., p, in triangular form corresponds
precisely to finding a permutation matrix P such that ' PNP is block lower triangular, with the
irreducible subsystems of py, ..., p, corresponding to the irreducible diagonal square blocks
along the diagonal of ' PNP.

Tarjan’s algorithm [30] to search for the strongly connected components of the directed graph
associated to N provides an efficient method for finding such permutation matrix P [9,23]; it runs
in time linear in the number of vertices plus the number of edges of the graph. [J

Given a system in normal form and triangular relative to Iy, ..., I;, let d, = | det B,|, where
B, is the matrix associated with the system p¢ and

puzl_[rj.

J€la
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We also denote by u, the multiplicity of p* at 0 and by d, the total number of solutions of p*
counted with multiplicity.

For a triangular system py, ..., p,, its associated matrix is block lower-triangular:
By 0 ... O
Cy By ... O
B=\ . . e (3.7
Cs1 Cyo ... By
The number of solutions of the system py, ..., p, and the patterns of possible zero coordinates
of the solutions are best described in terms of the directed acyclic graph G with s vertices labeled
{1, ..., s} and an arrow from node a to node b if and only if the rectangular submatrix Cj, is not

identically zero. We recall that a vertex is called a source if it is not the head of any arrow. The
subset of sources of the vertex set of a subgraph H of G will be denoted by S(H).

Remark 3.9. We can think of G as a weighted graph, where each vertex a € [s] comes with the
weights 4, p,, H, (OF O4, dy, 11,). Equivalently, we can think that the information at each node
is coded by the weights d,, p, plus an additional label global or local according to where By, is
global or local, which prescribes the relation among d,, p, and y, (or é,, d, and p,,).

Theorem 3.10. The multiplicity p of J. at the origin equals

p=| TT wa|| IT m). G8)

acG\S(G) beS(G)

Proof. We will prove formula (3.8) by induction in the number s of blocks. If s = 1, the system
is irreducible and {1} € S(G) so the formula holds. Consider s > 1 and assume that the result
is true for systems with s — 1 blocks. Let B be as in (3.7), set n’ := v,_1, where vy_ is as in
(3.6), and consider the ideal JC/ :=(p1,..., pw), in the polynomial ring in the first n’ variables.
Clearly, p1, ..., p, is in normal and triangular form. Let G’ be the corresponding graph; it is
obtained by erasing from G the vertex s and all edges ending at s. By inductive hypothesis, we
have that the multiplicity ' of J! at 0" equals

'u/: 1_[ Pu 1_[ w |- 3.9)

acG'\S(G") beS(G)

The matrix B has the form

(3.10)

If the rectangular matrix C is identically zero, then the last n — n’ polynomials depend only on
the last n — n’ variables, and we have that

po= - g,
as wanted, since in this case S(G) = S(G') U {s}.
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On the other hand, if C is not zero, it is possible to find a positive weight vector w such that the
initial monomial in_,(p;) = x;’ ,forall n’ < j<n.Indeed, set Jy = [n'], and, for [ > 1 define

-1
Jo = {k € [n] \(U Ja> Je—1 Nsupp(fr) # V’} :
a=0

Note that C # 0 implies that J; is non-empty. Also, the assumption that By is irreducible guar-
antees that there exists L <n — n’ such that [n]\[n'] = |, <t<1 Je- Now, choose wy = 1 for
k € Jp. Then assuming that the weights for the variables k € J,, £ <a <L — 1, have been chosen
sothatin_(p;) = x;f forall j € Jp, b> £+ 1, we may choose positive weights wy fork € Jy_;

that are sufficiently large so that in_, (p;) = x;’ forall j € J; as well.

Consider now any local order < in k[x1, ..., x,] refining the weight —w. Let {g1, ..., ¢g:} be a
standard basis for the ideal 7/ with respect to the local order induced by < ink[x1, . .., x,/]. Then,
{g1,..-.4:, Pn'+1, - - -» Pn} 1s a standard basis for 7. relative to < since, foreveryi = 1,...,1,

the leading monomials of the polynomial ¢; is coprime with those of the p;, n’ < j<n, and,
therefore, the weak normal form of the corresponding S-polynomial is O [14]. The corresponding
initial ideal L - (7;) will be generated by some monomials in the first n’ variables (generating the
initial ideal L o/(7/)) and the pure powers x;j for all j > n’. Therefore, the multiplicity u of 7.
at 0 equals

dimg (k[x1 ..., x,1/Te), = dimg (k[x1 ..., xa1/L<(T0)),
= dim (R[x1 ..., %0 1/L < (TD), - dimg (lz[x,,/ﬂ )] ...x;n>)0
= dim; (lE[xl e xn/]/jc’)o o

In this case s ¢ S(G), and so S(G) = S(G’). Since the dimension of the local quotient by 7/ at
the origin equals (3.9), we get that

:uzlu/'ps: 1_[ Pa 1_[ Hp |

ae\S(G) beS(G)

as wanted. [

Remark 3.11. Using Theorem 3.5 we can translate (3.8) as

=TT (T 61D

acGy beG

where G is the set of nodes of G corresponding to the global, non-sources of G and G is its
complement.

We will also need the following terminology.

Definition 3.12. A vertex b of (the directed acyclic graph) G is said to be a descendant (respec-
tively, a direct descendant) of the vertex a if there is a directed path (respectively, a directed
edge) from a to b. A (directed) subgraph H of G is said to be full if, for any of its vertices j, all
its descendants and all the directed paths starting from j also belong to H. The collection of full
subgraphs of G will be denoted by F(G).
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The empty subgraph is full and even if G is connected, a full subgraph H may be disconnected.
Note also that a full subgraph is completely determined by its sources.
The following result refines the description given in Remark 2.7 of subsets L C [n] with

py # 0.

Proposition 3.13. Let py, ..., pn, be a binomial complete intersection in normal and triangular
form and L C [n]. Then p; = 0 unless there exists a full subgraph H of G such that
[]6.#0 (3.12)
a¢H

and L coincides with the union of all the indices belonging to blocks that are vertices of H.

Proof. With the above notations, let A = (41, ..., 4,) e V(J)and L =L(A) ={i € [n]: 4; =
0}.Set H={a e G:1I,NL # (}.If a € H then we may argue as in Lemma 3.4 to conclude
that I, C L. Suppose now thata € H and that (a, b) is an edge in G. Since Cp, # 0, there exists
i € Igand j € I such thati € supp(f3;) and, consequently, 4; =0, ie.,j € [,NL,andb € H.
This shows that H is a full subgraph of H. The need for condition (3.12) was already noted in
Remark 2.7. [

With notation as in Proposition 3.13, given a full subgraph H C G, we will denote by L(H)
the set of indices belonging to blocks associated with vertices of H.

Proposition 3.14. Given a full subgraph H of G, the number Dy ) of points in V (J.) N IEZ(H)
counted without multiplicity equals

Druy = (]_[ 5a> (3.13)

a¢H

while the number py gy of points in V(J) N IEZ(H) counted with multiplicity equals

/JL(H)=<1_[5(1> ]_[ oh ]_[ o (3.14)

a¢H beH\S(H) eeS(H)

Proof. The first assertion follows easily from Proposition 3.13. In order to prove (3.14), let
€ V(T NI gy write 4 = (A, ..., 20 with 1@ e k%l for all a € [s]. Since H is a
full subgraph, there are no edges starting at a node in H and ending at a node outside of H; i.e.,
Cps = Oforalla € H and b ¢ H. Therefore, it is possible to relabel the variables and the
binomials pj, ..., p, so that the system remains in normal form and satisfies that a < b for all
a ¢ H and b € H. Thus, we may assume without loss of generality that H = {t + 1, ..., s} and
therefore 4 = ()V(l), el i(’), 0,...,0) with @ ¢ (IE*)““‘ fora =1, ..., t. Equivalently,

i=(00) e (& x )", 0=,

We let x’ stand for the first n’ variables x1, ..., x,, and x” for the remaining n — n’ variables.
Then

"76‘, = <p17--~9pn’> Ck[.x/]
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and /' is a simple zero of J/.Hence py, ..., p, define the maximal ideal in the local ring (Ig[x’]) e
We then have

w; = dimg (k[x1/7)
= dimk( [x1/{x1 — A1y v oy X0 — A, pn/_H,...,pn))/1
= dimg (k[x"1/(pps1(Z x"), .o pu(X X)),
= dimg (k[x"1/(pw1 (L, ..., Lx"), ..o, pa(L, ..o, l,x”)))o.

So, u; equals the multiplicity at the origin 0 € k""" of the system {p,/+1, ..., pn}. Formula
(3.14) now follows f_rom Theorem 3.10, and the fact that the system pi, ..., p,s has d;---J;
simple solutions in (k*)* . O

The following explicit formulas for d and D follow by adding (3.13) and (3.14) over all full
subgraphs of G.

Theorem 3.15. Suppose that py, ..., pn are in normal, triangular form. For generic parameters
c € (k™)", the total number of solutions of the system pi(c; x) = --- = pu(c; x) = 0, counted
without multiplicity, equals

> (1_[ 50) : (3.15)
HeF(G) \a¢H
and the total number of solutions counted with multiplicity equals
Xj(ﬂ@) [T eo|| IT #|- (3.16)
HeF(G) \a¢H beH\S(H) ecS(H)

We end this section with a recursive formula to compute d. In order to state the following
proposition we define, for 1 <r <s, the binomial system q(’ )

pil, ... Lxy, 41,00 x0), 1€, U---Ul.

Note that the matrix associated with ¢ is

B, 0 ... 0
por | Corvr B O (3.17)
Cv  Curtty - B
Clearly if pi, ..., pp is in normal, triangular form, so is g". We denote by F, the number of

solutions in X" ~"~1, counted with multiplicity, of the system ¢,

Proposition 3.16. F, is a polynomial function of {04, l,, ps. a =71, ..., s}. It may be computed
recursively as

Fy=d, = 05 + K
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F = 5r ' Fr+l + My - Fr+l |5b:0”ub:pb7 (318)

where b runs over all indices in {r + 1, ..., s} such that Cp, # 0.

Proof. We may assume without loss of generality that r = 1 < s. Let G be the graph of B and
G® the subgraph of G associated to the submatrix B® defined by (3.17).

Any full subgraph H € F(G®) may be thought of as a full subgraph in G. We denote by
F' C F(G) the collection of such subgraphs. Clearly F’ consists of all full subgraphs of G not
containing vertex 1. Let F” denote the complement of F’ in F(G). Removing vertex 1 from a
subgraph H € F” defines a full subgraph H® of G® with the property that no direct descendant
of 1in G may be in G® \ H®. Let us denote by F”(G®) the collection of such full subgraphs
of G®. We can write

Fi= )" tan+ )t (3.19)

HeF' HeF"

Since, for H € F', 1 ¢ H, in view of (3.14), the first sum may be computed as

Z Ky = 01 Z Hie)y = 01F2, (3.20)
HeF' HeF(G®@)

since S(H) is the same whether we view H as a subgraph of G or of G®.
Thus, in order to complete the proof we need to show that the second sum in (3.19) equals

Ky F2|(3;,:O,ﬂb:phv

where b runs over all vertices in G that are direct descendants of 1 in G. We note first of all,
that setting 6, = O for all direct descendants b of 1 has the effect of restricting the sum in (3.16)
to F"(G®). Moreover, given H € F’, let H® denote the full subgraph of G® obtained by
removing the vertex 1 from H. Then S(H®) consists of S(H) N G® together with all direct
descendants of 1 in H. This change may be accomplished by replacing ;, by p, whenever b €
H® is a direct descendant of 1 in H. Since 1 € S(H) for all H € F”, we obtain the desired
equality. O

Example 3.17. We return to Example 2.13. We recall that the reduced system p1, ..., pg is

~ 5 3 ~ 7 8
Pl =uy —ujuz, P2 =uUy —ujuz,

=~ 2 6.3 ~ 3 2 2
~ 2 2 ~ 3 3
P5 = U5 —uzus, pPe = Ug — U U4USUG

and, therefore, its associated matrix is

2 -1 0 0 0 O
-8 6 0 0 0 O
-6 0 -1 0 0 O
-2 -1 0 3 -2 -1
o o o -2 1 0
-3 0 0 -1 -1 2

B =
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Therefore, the system is in normal triangular form with blocks relative to the index sets I1 = {1, 2},
I» = {3}, and I3 = {4, 5, 6}. The block Bj is global, while B, and B3 are local. The graph G has
3 vertices {1, 2, 3} and arrows from 1 to 2 and 1 to 3. Hence S(G) = {1}. The weights are

51 = 4, 52 = l, 53 = 5, P1 = 35, pPr = 2, pP3 = 18,

and, taking into account the local/global label, we get ;t; = 31, u, =2, uz = 18.
We may now apply (3.8) to compute the multiplicity jt of (py, ..., pe) at the origin

f=py-py-p3=1116.

In order to compute d we use the inductive procedure of Proposition 3.16. Since the subgraph
with vertices {2, 3} is disconnected we have

Fy = (02 + pp) - (03 + 13).

Hence, F1 = 01 - (02 + 1tp) - (93 + 113) + 1 - py - p3. This gives d = 1392. We note that this is
far from the Bézout bound of 43740.

Using Lemma 3.1 and Theorem 3.2 we see that the total number of solutions for the original
system pq, ..., pg are given by d = 2d and p = 2Ji. These values may be easily verified using a
computer algebra system such as Singular [15].

Finally, we note that G has five full subgraphs with vertex sets: {1, 2, 3}, {2, 3}, {2}, {3}, and
@. This means that there are five index sets L C [6], such that u; # 0. They are 1:1 = [6],
Zz = {3,4,5, 6}, Z,3 = {3}, i4 = {4,5,6} and i5 = (). The corresponding multiplicities are
according to (3.14):

pp, =p=1116, p; =144, p; =40, p; =72, p; =0=20.
Moreover, the total number of solutions counted without multiplicity is given by
[):51-{-51-53-{-51 ~0p 4+ 0107 - 03 = 48.

This information may be lifted to the original system using the bijection L — L discussed before
Theorem 3.2. We get that u; = 0 except for the following subsets:

Ly =[8], Ly={4,5,6,7,8}, L3z={4}, Ls=1{506.7,8}, Ls=0.
Once again, y; = Z”Z,-'
4. Counting complexity

In this section we will study the counting complexity, in the sense of [31], of computing the
numerical invariants d, D, d, p, and u; associated with a gci py, ..., pa.

We have already proved that we may decide in polynomial time if p1, ..., p, is a gci and that
the property of being a complete intersection is independent of the coefficients if det B # 0.
Moreover, if p1, ..., p, is a gci we may also transform it into normal and triangular form in
quadratic time. Also, since a system with generic exponents is irreducible and satisfies det B #
0, we may compute its invariants in time polynomial in n for any choice of coefficients by
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Theorem 3.5. In the general case, we may compute 6, u, and i, for a particular choice of L,
directly from the invariants d,, p,, and y, associated with the diagonal blocks of the system.
Thus, d, &, and y; may be computed in polynomial time as well.

However, we will show below in Theorem 4.3 that the computation of d or D is a # P-complete
problem, and therefore it is at least as hard as an NP-complete problem [31]. In order to do this
we begin by reversing the relationship between binomial systems and weighted acyclic directed
graphs. We recall that to a binomial system p1, ..., p, in normal and triangular form we associate
an acyclic-directed graph G whose vertices {1, ..., s} correspond to the diagonal blocks of the
associated matrix B and that each vertex has weights o,, p,, a € [s], plus a label “local” or
“global”. In the first case we set u, = p,, while in the global case we set i, = p, — d,. In any
case d; = 04 + ,. The proof of the following proposition is straightforward.

Proposition 4.1. Let G = (V, E), V = [s], be an acyclic-directed graph, with weights d,, p, €

Z~o and labels locallglobal attached to each vertex. Let j1, and d,, be defined as above. Then, the
system of binomials defined by

U
Pa(X1, ..., Xs) = X" — Ca ]_[ Xp | Xa“,

(b,a)eE
for all global vertices a, and
pa(xla--wx.s‘):xaa —Cq 1_[ Xb xg",
(b,a)eE

for all local vertices a, has as weighted graph (G, 04, p,, Itg)-

Remark 4.2. The total number of solutions d and D of the system in Proposition 4.1 are given
by (3.16) and (3.15), for generic parameters c,. For any order on the set of vertices of G such that
i < jif there is a path from node i to node j (i.e., for any linear extension of G), it is clear that the
corresponding matrix B of the system will be lower triangular, with diagonal entries +(d, — ).
Thus, whenever d, # u,, we have that det(B) # 0 and we may simply choose ¢, = 1 for all
a € [s].

Note also that if a is a source of G, then we get p, = xg“ — caxﬁf“ in the global case, and

Pa = xff ‘@ — caxg“ in the local case. This is compatible with Remark 3.6.

In the particular case when all vertices {1, ..., s} of a directed acyclic graph G are local, and
their weights are §, = 1, p, = 1, for all a € [s], the binomial system defined in Proposition 4.1
takes a very simple form:

Pa(X1, -0y Xg) = Xq — 1_[ Xp xg, a=1,...,s. “4.1)
(b,a)eE

We will refer to this system as the standard binomial system associated with G.

Theorem 4.3. Computing d and D for binomial complete intersections p1, ..., p, in normal,
triangular form are # P-complete problems.
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Proof. By Theorem 3.15, the problems of computing d and D are in the complexity class #P.
We will show that computing these invariants gives, for special binomial systems, the number of
independent subsets of a bipartite graph G. Since, by [24], this is known to be a #P-complete
problem the result will follow.

Let G be a bipartite graph with vertices {1, ..., s}. Let py, ..., ps be the standard binomial
system of G as in (4.1). Then, for each full subgraph H C G we have, by (3.14), that y; gy = 1.
Hence, according to (3.16) and (3.15), both d and D are equal to the number of full subgraphs
of G. But, as has been noted earlier, a full subgraph is completely determined by its sources
and, for a bipartite graph G, a subset of vertices is the set of sources of a full subgraph H if and
only if it is an independent subset of G. Thus, d and D agree with the number of independent
subsets of G. [

Recall that a directed acyclic graph G = (V, E) is called transitive if there is anedge (a, b) € E
each time that there is a directed path from a to b, Transitive directed acyclic graphs are in corre-
spondence with partial orders < on V, where a < b if and only if (a, b) € E. Given a partial order
< on V, a subset A of Vis called an antichain if given a;, ay € A, neither a; < ap, nor a; < ay.
It is shown in [24] that counting the number of antichains in posets is a # P-complete problem.
Given any directed acyclic graph G = (V, E), it is possible to compute its transitive closure
Gt = (V,E"),intime O(|V]?) by the well-known Floyd—Warshall’s algorithm. It follows from
(3.16) and (3.15) that d and D are the same for the standard binomial systems associated with G
and with G*.

Proposition 4.4. The number of (simple) solutions of the standard binomial system associated
with a directed acyclic graph G equals the number of antichains in the associated partial order.

Proof. As in the proof of Theorem 4.3, for the standard binomial system of G we have d =
D and this number agrees with the number of full subgraphs of G. These subgraphs are de-
termined by their sources, which correspond exactly to the antichains in the associated partial
orderonV. [

Although, as the previous results show, the problem of computing the total number of solutions
for a general binomial system in normal and triangular form is # P-complete, there are classes
of binomial systems whose invariants may be computed in polynomial time. For example, if the
graph is totally disconnected then d = d; - --dy = [[}_; (i + ;). At the other extreme if G is
a (complete) directed graph with vertices {1, ..., s} and (b, a) is an edge of G for all a, b € [s]
with a < b, then it is easy to see that there are only s + 1 full subgraphs of G and, consequently,
the sums in (3.15) and (3.16) consist of s + 1 terms.

Even if the number of full subgraphs is exponential in s and G has few connected components, a
bound on the number of local blocks guarantees that d can be computed in polynomial time in n. For
instance, if all blocks are global, then B is an M-matrix and py, . .., p, is a Grobner basis for a pos-
itive weight order, and sod = p; - - - p,. We end with the following “positive” complexity result.

Proposition 4.5. Let N € Z>¢. Assume p;, ..., p, is in normal and triangular form with s
blocks of which at most N are local. Then, there is a formula to compute the total multiplicity
d with at most 2V summands, each involving s products. Thus, if the number of local blocks of
a binomial system in normal and triangular form is bounded independently of n, the number of
affine solutions of the system can be computed in time polynomial in n.
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Proof. Recall the notation in Proposition 3.16. We may write the polynomial formula F, ((d4, p,,
U,),a € [s]) for the computation of the total number of solutions of the system q") purely in
terms of d, and p, by keeping track of the local/global character of each vertex and replacing u,,
by p, if a is local and by p, — d, in the case of a global vertex. We call F,((3a, Pa)sa € [s])
the polynomial obtained after these substitutions. Then, for a global vertex r, the recursion (3.18)
becomes

Fr =6, Frp1 + (p, — 8,) - Frails,—os 4.2)

where a runs over all direct descendants of r. Let us write F,yj = Fl , + F),,, where F/_,
consists of all summands containing a factor d, with a a direct descendant of 1. Hence, Fr/ 41
vanishes when we set such 6, = 0 and (4.2) becomes

Fr=06, - (Fly + Fl o)+ (pp = 0) - Flyy =0 - Floy +pp - Fly

and, consequently, the total number of summands does not change when adding a global vertex.
On the other hand, if B, is local then (3.18) becomes

Fr =0, - ﬁr+1 + p, - ﬁr+l |(5a=0

and the number of summands is, at worst, doubled.

It follows that when N is bounded independently of the number 7 of variables, d can be computed
by adding a constant number of summands. Each of these summands has s <7 products of factors
involving the computation of determinants of the square diagonal blocks of the associated matrix
B or products of the exponents ;. [J

5. Applications

In this section we will briefly discuss some of the problems that led us to the study of systems
of n binomials in n variables.

An important subfamily of binomial ideals is given by the toric ideals associated to configura-
tions A = {aj, ..., an} C Z* of integral points spanning Z*:

Io=x"—x% A-(u—v)=0),

where u, v € N™. In particular, beginning with the work of Herzog [16] and Delorme [6] the
question of classifying complete intersection toric ideals (and the corresponding semigroup alge-
bras) has been extensively studied by many authors [1,4,11-13,26]. A key step in many of these
works is the study of the ideal generated by binomials x* — xV associated with a Z-basis of the

kernel of A. More generally, given Q-linearly independent elements vy, ..., v, € Z™, consider
the associated lattice basis ideal J C k[x, ..., x;,], generated by the binomials
bj=x"I—x%, j=1,...r,

where v; = u; — vj, and uj,v; € N™ have disjoint support. Let £ C Z™ denote the lattice
spanned by vi, ..., v, and let I; := (x* —x" : u — v € L) be the corresponding lattice ideal. We
assume that these ideals are homogeneous, i.e., wy + - - - + w,, = 0, for every w € L.

The ideal I is prime if and only if the lattice £ is saturated. If £ is not saturated, then /. has
g radical primary components, where g is the index of £ in its saturation. Moreover, all these
components have the same degree, equal to the degree d of the associated toric variety [10].
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We can apply Theorem 3.15 to compute the multiplicity and geometric degree [2] of the
primary components of J. This may be used to describe the holonomic rank of Horn systems
of hypergeometric partial differential equations and to study sparse discriminants, generalizing
the codimension-two case [8,7].

A straightforward extension of the results of [17] to non-saturated lattices gives the following
description of all primary components q of J. Let K C {1,...,m}and Z(K) C {l,...,r}asin
(2.3). Assume that n := |Z(K)| = |K| and for all j ¢ Z(K)

supp(u;) N K = supp(v;) N K = .

Let p’ be a primary component of the lattice ideal I/ associated to the sublattice of 7" spanned
by vj, j ¢ Z(K). Then, the ideal

a=p +(bii € Z(K))
is a primary component of J with associated prime
p=p+ (u keK).

Note that for K = #) we recover the components of /.

In order to describe the multiplicity and geometric degree of a component g, let us assume that
K =Z(K) ={l,...,n} and for any w € Z", denote n(w) = (wr, ..., wy). Let o; = 7(u;),
ﬂj = n(v;) and set

pileix) =x% —cpxli, ¢ ek,

Since J is a complete intersection, p1, ..., p, is a gci. Let yu denote the multiplicity at the origin.
Fix coefficients ¢ € (k*)" such that 7, is a complete intersection. Since
w = length (k[x1, ..., x,]1/Jc)o = length (k[x1, ..., xm]/J)‘0 ,

and the degree of p equals that of p’, we have

Proposition 5.1. With notation as above, the multiplicity of q equals u and the geometric degree
of qequals dpr - 1.

As a second application, consider a system of constant coefficient partial differential equations
defined by n operators of the form

ajd™ — ;b j=1,....n, (5.1)

where aj, b; € k*, o, Bj e N o; # ﬁj. Assume moreover that the ideal J in k[xq, ..., x,] be
generated by the binomials a;jx% — b jxﬁi is zero-dimensional. As before, let y; be the number

of points in V(J) N IEZ counted with multiplicity. From [29, Chapter 10], we have the following
characterization.

Proposition 5.2. Let L C {1, ..., n}. The dimension of the space of solutions to (5.1) which
depend polynomially on the variables x;, ¢ € L, and exponentially on the remaining variables

xj,j & L,equals uj .

These dimensions can then be computed using the results in Section 3, particularly
formula (3.14).
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