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STRONGLY ASYMPTOTICALLY OPTIMAL SCHEMES FOR THE
STRONG APPROXIMATION OF STOCHASTIC DIFFERENTIAL
EQUATIONS WITH RESPECT TO THE SUPREMUM ERROR

SIMON HATZESBERGER

ABSTRACT. Our subject of study is strong approximation of stochastic differential equations
(SDEs) with respect to the supremum error criterion, and we seek approximations that are
strongly asymptotically optimal in specific classes of approximations. We hereby focus on two
principal types of classes, namely, the classes of approximations that are based only on the evalua-
tion of the initial value and on at most finitely many sequential evaluations of the driving Brownian
motion on average and the classes of approximations that are based only on the evaluation of
the initial value and on finitely many evaluations of the driving Brownian motion at equidistant
sites. For SDEs with globally Lipschitz continuous coefficients, Miiller-Gronbach [Ann. Appl.
Probab. 12 (2002), no. 2, 664-690] showed that specific Euler—-Maruyama schemes relating to
adaptive and to equidistant time discretizations perform strongly asymptotically optimal in these
classes. In the present article, we generalize these results to a significantly wider class of SDEs,
such as ones with super-linearly growing coefficients. More precisely, we prove strong asymptotic
optimality for specific coefficient-modified Euler—-Maruyama schemes relating to adaptive and to
equidistant time discretizations under rather mild assumptions on the underlying SDE. To illus-
trate our findings, we present two exemplary applications—namely, Euler—-Maruyama schemes
and tamed Euler schemes—and thereby analyze the SDE associated with the Heston—3/2-model
originating from mathematical finance.

1. INTRODUCTION

Let T € (0,00), let d,m € N, and consider a d-dimensional stochastic differential equation (SDE)

dX(t) = p(t, X(t)) dt + o (t, X (t)) dW (), t€[0,T],

-y X(0) =¢,
with drift coefficient p : [0,7] x R¢ — R4, diffusion coefficient o : [0,7] x R? — R4>*™ m-
dimensional Brownian motion W, and random initial value £ such that has a unique (strong)
solution (X (t))iepo,r)- In this article, we study the classes of adaptive approximations (Xad) yen
and the classes of equidistant approximations (X{!)nen. To be more specific, for each N € N,
the class X?\}i consists of all approximations that are based only on the evaluation of £ and on at
most N sequential evaluations of W on average, and the class X} consists of all approximations
that are based only on the evaluation of £ and on evaluations of W at the equidistant sites kT /N,
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ke {l,...,N}. We moreover consider the error criterion

R R . 1/q
1.2 e (X):=(E| sup max |X;(t)— X;(¢t }) ,
(1.2) q( ) ( Le[o,T]iE{la-~7d}| Q ( )}

g € [1,00), which measures the gth mean supremum distance between the solution and a given
approximation X := (X (t)).e[o,r)- For fixed ¢ € [1,00) and * € {ad, eq}, the task of interest in the
strong approximation problem we address is to find approximations that are strongly asymptotically
optimal in the classes (X} )nen with respect to the error e, i.e., approximations (Xy)nyen that
satisfy Xy € X} for every N € N and
eq(X
lim i< N) =
N—oo inf {e,(X) | X € X} }

following the convention 0/0 := 1 if necessary.

For the special case that the coefficients of the SDE (|1.1)) are globally Lipschitz continuous and

of at most linear growth (each with respect to the state variable), Miiller-Gronbach [24] showed
that specific Euler-Maruyama schemes perform strongly asymptotically optimal. In particular, the

author showed strong asymptotic optimality for, on the one hand, a sequence (E?\,@) NeN of piecewise-
linearly interpolated Euler—-Maruyama schemes on suitably constructed adaptive time discretiza-
tions in the classes (X3%) nen and for, on the other hand, a sequence (Ef\?) ~en of piecewise-linearly
interpolated Euler-Maruyama schemes on equidistant time discretizations in the classes (X3) ven-

In the present article, we extend these results to much more general SDEs,; such as ones with co-
efficients that may be non-globally Lipschitz continuous or super-linearly growing. To this end, we
first introduce a sequence ()/fj{;i) ~en of piecewise-linearly interpolated so-called coefficient-modified
Euler-Maruyama schemes (subsequently abbreviated as modified EM schemes) on suitably con-
structed adaptive time discretizations as well as a sequence ()?7;?) Nen of piecewise-linearly inter-
polated modified EM schemes on equidistant time discretizations. We then establish asymptotic
upper bounds for the errors of these schemes as well as asymptotic lower bounds for the Nth
minimal errors in the classes of adaptive and of equidistant approximations. Since in both cases,
the adaptive and the equidistant, the corresponding convergence rates and asymptotic constants
match, it follows that the approximations ()? ]”(,d) NeN and ()A(f\?) NeN are strongly asymptotically
optimal in the classes (X ad) yen and ()?;?) NeN, respectively. For these results to hold, we merely
require that the modified EM schemes converge strongly to the solution of the SDE (|1.1)) with
order 1/2 and that certain norms of the modified diffusion coefficients converge in Ly to the re-
spective norm of the original diffusion coefficient. We finally stress that in very specific situations
the adaptive time discretizations used in our modified EM schemes coincide with the ones used in
Miiller-Gronbach [24].

To illustrate the scope of our results, consider the SDE associated with the Heston—3/2-model
originating from mathematical finance. The scalar version of this SDE is given by

AX(t) —a- X(0)- (B— X)) dt+~- [XOP2AW(E), te0.T)
X(0) = ¢

with parameters d = m = 1 and T, «, 3,7, € (0,00). Since the coefficients of the autonomous
SDE (1.3) are not of at most linear growth, we cannot apply the main theorems in Miiller-

(1.3)

Gronbach [24] to conclude that the particular Euler-Maruyama schemes (Ei}i) ~Nen and (Ef\?) NEN
are strongly asymptotically optimal in the classes (X33)nven and (X3)nen, respectively. Even
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worse, Theorem 1 in Hutzenthaler, Jentzen, and Kloeden [12] implies that for each ¢ € [1,00)
the associated errors eq(E?\fi) and eq(E]e\?) tend to infinity as N tends to infinity. In contrast, we
show in Corollary [9] that—for specific constellations of the parameters ¢, o, 3, and 7—the modified
EM schemes ()A( ad) yen and ()A(f\?) ~Nen are indeed strongly asymptotically optimal in the classes
(Xad) ven and (X3) ven, respectively.

We now provide a concise overview of results concerning the considered strong approxima-
tion problem. Strongly asymptotically optimal schemes with respect to the supremum error cri-
terion were first constructed by Hofmann, Miiller-Gronbach, and Ritter [10] and Miiller-
Gronbach [24] 25] in the case of SDEs whose coefficients are globally Lipschitz continuous and of
at most linear growth. Under essentially the same assumptions, Hofmann, Miiller-Gronbach, and
Ritter [9] [11] and Miiller-Gronbach [25] showed respective results for the gth mean L, error. Lower
error bounds for the strong approximation of SDEs have been extensively studied first for, again, the
case of coefficients that are globally Lipschitz continuous, see, e.g., Cambanis and Hu [3], Hofmann,
Miiller-Gronbach, and Ritter [9, 10 [11], and Miller-Gronbach [24] 25]. Recently, Hefter, Herzwurm,
and Miiller-Gronbach [§] proved lower bounds for the Nth minimal errors in the classes of adaptive
approximations that hold under rather mild assumptions on the underlying SDE; in particular, its
coefficients are required to have sufficient regularity only locally, in a small neighborhood of the
initial value. Whereas most of the previously mentioned results entail lower bounds with polyno-
mial convergence rates, Jentzen, Miiller-Gronbach, and Yaroslavtseva [I5] and Yaroslavtseva [32]
constructed SDEs for which the Nth minimal errors in certain classes converge to zero with a
predefined (arbitrarily slow) convergence speed. During the last decades, upper error bounds of
specific approximations for the strong approximation of SDEs have been established mostly in the
case of globally Lipschitz continuous coefficients, see, e.g., the seminal works by Maruyama [22]
and Milstein [23] or the book of Kloeden and Platen [I7]. The latest progress in this area is due to
explicit schemes that converge strongly to the solution even if the coefficients of the considered SDE
are non-globally Lipschitz continuous or super-linearly growing. For instance, we mention tamed
schemes (see Hutzenthaler, Jentzen, and Kloeden [13], Gan and Wang [6], Sabanis [29], Kumar
and Sabanis [I8], Sabanis and Zhang [30], Ngo and Luong [27]), truncated schemes (see Mao [21],
Guo et al. [7]), projected schemes (see Beyn, Isaak, and Kruse [ 2]), and balanced schemes (see
Tretyakov and Zhang [31]). For the particular case of SDEs with discontinuous coefficients, upper
error bounds of Euler-Maruyama type schemes are addressed in Leobacher and Szolgyenyi [19],
Ngo and Taguchi [28], and Miller-Gronbach and Yaroslavtseva [26]. We also refer to Faure [5] and
Hutzenthaler, Jentzen, and Kloeden [I4] for upper error bounds on piecewise-linearly interpolated
Euler-Maruyama and tamed Euler schemes, respectively. We stress that, in contrast to our results,
the asymptotic constants which can be derived from all the previously mentioned references are (up
to exceptional cases) unspecified and therefore not known to be sharp.

The remainder of this article is organized as follows. In Section 2] we provide the setting and
notation for the rest of this work. Moreover, we introduce conditions that will be imposed on the
underlying SDE at various places in the subsequent analysis. In Section [3] we formally specify
what is meant by an approximation and then define the classes of adaptive and of equidistant
approximations. In Section [4] we first present a continuous-time modified EM scheme. Building
upon this scheme, we construct equidistant and adaptive variants in full details afterwards. In
Section [f] we state the main results of this paper, i.e., strong asymptotic optimality of the adaptive
and of the equidistant modified EM schemes in their respective classes. In Section [6] we present
two exemplary applications of our findings—namely, Euler-Maruyama schemes and tamed Euler
schemes—and thereby conduct a numerical experiment to illustrate our results. In this context,
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we revisit the introductory SDE regarding the Heston—3/2-model. In Section [7} we carry out the
proofs of our main theorems. In Section [8] we indicate a future research direction by switching the
focus from the gth mean supremum error to the gth mean L, error. Finally, Appendix@ comprises
useful properties of the solution process and of the continuous-time tamed Euler schemes that will
be employed in our proofs, such as moment bounds and strong convergence.

2. SETTING, NOTATIONS, AND ASSUMPTIONS

Throughout this article, we assume the following setting. Let T € (0,00), let d,m € N, let
(2, F,P) be a probability space with a normal filtration (F(t)):cjo, 7], let W : [0,T] x @ — R™ be a
standard (F(t))se[o,r)-Brownian motion on (Q, F,P), let 1 : [0, T]xR? — R? be (B([0, T]) @ B(R?))-
B(R%)-measurable, let o : [0, 7] x R? — R¥>™ be (B(]0,T]) ® B(R?))-B(R?*™)-measurable, and let
€ :Q — R? be F(0)-B(R%)-measurable with finite second moment. We study the d-dimensional Ito
stochastic differential equation
dX(t) = p(t, X (¢)) dt + o (¢, X (t)) AW (t), t€[0,T],

X(0)=¢.

Furthermore, the following notations are used in the sequel. We denote the integer part of
z € Rby |z] := max{y € Z|y < z}, and we abbreviate the minimum of y,z € R by y A z. For
an arbitrary set M, we set #M to be the cardinality of M and, in case that M C Q, we define
T : Q2 — {0,1} to be the indicator function of M. The Banach space of all continuous functions
f=(fi,- -, fa) : [0,7] = R? equipped with the norm ||f||e := SUPyefo, 7] MaXie{1,....a} | fi(t)] is
denoted by (C([0, T); R?), || - |ec)- For every p € (0,¢) and for every random variable Z :  — R,
we put || Z||1, = (E[|Z|P])*/P. For a vector x = (z1,...,z4) € R?, we define 2 to be the transpose
of x and || to be the Euclidean norm of . For a matrix A = (4;;)iec(1,....d},je{1,....m} € R4&*™  we
denote by |A| := (Z?Zl > A?’j)l/2 the Frobenius norm of A and we furthermore set |A|co,2 :=

(2.1)

are written as exp : R — (0, 00) and log : (0, 00) — R, respectively.

At several places in this article, we will impose additional conditions on the initial value and
on the coefficients of the SDE (2.1)). For p € [0,00) and ¢ € {u, 0}, we introduce the following
technical assumptions here:

Assumption (I,). The initial value & satisfies E[|¢[P] < oo.

Assumption (locL). The coefficients p and o satisfy a local Lipschitz condition with respect to the
state variable, i.e., for all M € N there exists Cpr € (0,00) such that for all t € [0,T] and for all
z,y € R with max{|z|, |y|} < M it holds that

max { |u(t,2) = p(t,y)|, o (t,2) = o (ty)|} < Car - |o — y.

Assumption (H). The coefficients pu and o are Hélder—1/2—continuous with respect to the time
variable with a Hoélder bound that is linearly growing in the state wvariable, i.e., there exists
C € (0,00) such that for all s,t € [0,T] and for all x € R it holds that

o(s,x) — a(t,x)y} <Cls—tV2 (14 ]2)).

max{‘u(s,x) — p(t,x)

)

Assumption (K,). The coefficients p and o satisfy a so-called “Khasminskii-type condition”, i.e.,
there exists C € (0,00) such that for all t € [0,T] and for all x € R? it holds that

2.2 - ult,x)+(p—1)- |c7(t,:1:)|2 <C-(1+zP).
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Assumption (M,). The coefficients p and o satisfy a so-called “monotonicity condition”, i.e.,
there exists C € (0,00) such that for all t € [0,T] and for all x,y € R it holds that

2-(z—y)" - (ult,x) — p(t.y)) + (p—1) - |o(t,z) — o(t,y)|* < C - |z -y

Assumption (pGﬁ). The coefficient ¢ grows at most polynomially in the state variable, i.e., there
exists C € (0,00) such that for all t € [0,T] and for all x € R it holds that

lo(t,z)| < C - (1+ [zfP).

Assumption (pLjf). The coefficient ¢ is Lipschitz continuous with respect to the state variable with
a Lipschitz bound that is polynomially growing in the state variable, i.e., there exists C € (0,00)
such that for all t € [0,T] and for all z,y € R? it holds that

lo(t,z) —p(t,y)| < C- |z —yl - (14 " + [y?).

It is well-known that for each p € [2,00) the Assumptions [(TocL)] and [(K,,)| ensure the
existence of a unique solution (X (t)):eo,r) of the SDE (2.1)) which satisfies

(2.2) sup E“X(t)ﬂ < 00;
t€[0,T]

see, for instance, Theorem 2.4.1 in Mao [20].

3. THE CLASSES OF ADAPTIVE AND OF EQUIDISTANT APPROXIMATIONS

In the present section, we briefly introduce the essential concepts needed to specify the classes
of approximations we are interested in. To a great extent, we follow the ideas of Hefter, Herzwurm,
and Miller-Gronbach [8, Section 4] and of Miiller-Gronbach [24], Section 5].

Every approximation X:0- C([0, T); R?) for the strong approximation of the solution of the
SDE ([2.1) that is based only on the evaluation of the initial value £ and on finitely many sequential
evaluations of the driving Brownian motion W is determined by three sequences

V= (Yr)ken, X = (Xe)ken, @ = (@k)ken,

of measurable mappings

dr s REx (R™)F = (0,17,

xr: RIx (R™)F - {STOP,GO},

er: RO (R™F = C([0, T RY),
for k € N. Here, the sequence 1 is used to obtain the sequential evaluation sites for W in (0,77,
the sequence x determines when to stop the evaluation of W, and the sequence ¢ is used to get the
outcome of X once the evaluation of W has stopped. To be more specific, fix w € Q and let z := £(w)
and w := W (w) be the corresponding realizations of £ and W, respectively. We start the evaluation
of W at the time point 9 (). After k steps, we are given the data Dy(w) := (2,91, ..., yx) where

yi=w(i(x), ..., yr=wWe(@, Y, Y-1)),

and we decide whether to stop or to proceed with the evaluation of W according to the value of
Xk (Dg(w)). The total number of evaluations of W is given by

v(w) :=min {k € N | x(Dr(w)) = STOP}.
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To exclude non-terminating iterations, we require v < oo almost surely. We eventually obtain the
realization of the approximation X by

(3.1) X(W) = Puw) (Du(w) (W)

in the case that v(w) < oo and arbitrarily otherwise. For technical reasons, we assume without loss
of generality that for all k,¢ € N with k < ¢, for all z € R, and for all y € (R™)*~! it holds that
V(T Y1, Yk—1) # Ye(x, 91, .. .,90—1). Moreover, we denote the average number of evaluations
of W employed in the approximation X by c()A( ) :=E[v].

As a next step, we specify the two principal sequences of classes of approximations that are
studied in this article, namely, the classes of adaptive approximations (X?\?)NGN and the classes of
equidistant approzimations (X3!)nven. To this end, fix N € N for the moment. First, the class X'J‘i\‘?
consists of all approximations that are based on the evaluation of £ and on at most IV sequential
evaluations of W on average, i.e., we define

X?\(fi = {)? Q— C([O,T];Rd) ‘ X is of the form (3.1) with c()/(:) < N}.

Second, the class X} consists of all approximations that are based on the evaluation of ¢ and on
evaluations of W at exactly the equidistant sites kT/N, k € {1,..., N}, i.e., we define

Xy = {X' . Q — C([0, T); RY) ‘ X is of the form (3.1) with x; = --- = xny_1 = GO,
X~ = STOP, and ¢ = kT/N for all k € {1,.. .,N}}.
It is easy to see that X3 C Xad and

o) p {u(g, W(T/N),W(2T/N),...,W(T)) \
. u: R x (R™N — ¢([0,T];R?) is measurable}.

Note that the classes of adaptive and of equidistant approximations cover a large variety of impor-
tant approximations. In particular, classical approximations like Euler-Maruyama type schemes
corresponding to suitably chosen adaptive time discretizations (e.g., appropriate versions of the
schemes presented in Fang and Giles [4], Kelly and Lord [16], Hofmann, Miiller-Gronbach, and Rit-
ter [9] 10}, 11], and Miller-Gronbach [24] 25]) or to equidistant time discretizations lie in the respec-
tive classes. Additionally, observe that these classes also contain even possibly non-implementable
approximations like conditional expectations of the form E[X | (¢, W(T/N), W (2T /N), ..., W(T))],
N € N, cf. the representation .

For N € Nand g € [1,00), we furthermore call inf {eq ()A() | X e X?\‘,i} and inf {eq ()A() | Xe X(]’f}}
the Nth minimal errors in the classes of adaptive and of equidistant approximations, respectively.

Remark 1. The classes (Xa8)nen and (X3)nen introduced above are clearly not the only ones
which may be studied. For example, consider the classes (X3 )nen given by

N = {)/f : Q= C([0,T);RY) | X is of the form (3.1)), xx is constant for each k € N,
and v = min{k € N| y, = STOP} < N}

for N € N. The class X3} comprises all approzimations that use the same number (at most N ) of
observations of W for each realization and satisfies X3¢ C X5 C Xad. Miiller-Gronbach [24] showed
strong asymptotic optimality of Fuler—Maruyama schemes on specific time discretizations in these
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classes. Here, we solely focus on the two first-mentioned sequences of classes as these cover, in our
opinion, the most interesting approrimations appearing in practice.

4. THE EQUIDISTANT AND ADAPTIVE MODIFIED EM SCHEMES

In the following, we introduce two variants of coefficient-modified Euler-Maruyama type schemes
(subsequently abbreviated as modified EM schemes) that are based on equidistant and on adaptive
time discretizations, respectively. The crucial ingredient for both is a continuous-time modified EM
scheme which, on the one hand, is suitably close to the solution of the SDE and which, on
the other hand, possesses a simple recursive structure that will be exploited in the further analysis.
The equidistant and adaptive modified EM schemes will turn out to be strongly asymptotically
optimal in the classes of equidistant and of adaptive approximations, respectively.

Throughout this section, we fix functions (un)neny and (on)nen such that for each N € N
the mapping pxn : [0,7] x R — R? is (B([0,7T]) ® B(R?))-B(R?)-measurable and the mapping
oy : [0,T] x R* — R™>*™ is (B(]0, T]) ® B(R?))-B(R¥*™)-measurable.

4.1. The Continuous-time Modified EM Schemes. Let N € N and consider the corresponding
equidistant time discretization

(4.1) t" .= eT/N, tef{o,...,N}.
The continuous-time modified EM scheme Xy = )Z'J(\ﬁ‘N’UN) : Q= C([0,T); R?) is defined by

)}N(O) =&,
(4.2) Xn(t) = Xn (") + v (), Xn () - (¢ =)

+on (1", Xn (")) - (W) = W),
for all £ € {0,...,N — 1} and for all t € (t/™,#{)].

Note that this stochastic process possesses the following It6 representation: almost surely we
have

Xn(t) :§+/ pun(lsN/T| - T/N,Xn(|sN/T]| - T/N))ds
(4.3) .’
+/0 on([sN/T) - T/N,Xn(|sN/T]|-T/N)) dW (s)

for all t € [0,T7.
Since entire trajectories of W are used in the above construction of Xy, this scheme is not an
approximation in the sense of Section [3, and we thus find Xy ¢ X39 for every M € N.

4.2. The Equidistant Modified EM Schemes. Next, based on the continuous-time modified
EM schemes, we construct approximations which use not whole paths of the driving Brownian
motion but evaluate W only at equidistant sites.

As before, let N € N and consider the equidistant time discretization . The equidistant
modified EM scheme )?]e\? : Q — C([0,T); RY) is defined by

e N > N
X5y = Xy (V)

for all £ € {0,..., N} and linearly interpolated between these time points.
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By suitably choosing sequences 1, x, and ¢ as per Section (3| we obtain )A(f;? e X§. Clearly,
the total number of evaluations of W employed in the approximation Xf\? is given by N for each
realization.

4.3. The Adaptive Modified EM Schemes. The following construction of the adaptive modified
EM schemes is heavily inspired by the construction of the adaptive Euler schemes presented in
Miiller-Gronbach [24, Subsection 3.1].

Note that, under suitable regularity assumptions on the coefficients of the SDE ({2.1)), its solution
(X ())eepo,m) satisfies

E[[Xi(t +9) - X;(0)|” ‘ X(1)] =3 | (6. X®)]* 5+ 0(0)

j=1

for all i € {1,...,d} and for all ¢t € [0, T]. Hence, the paths of each component X; are, in the root
mean square sense and conditioned on X (t), locally Holder—1/2—continuous with Hélder constant
(>t |loi;(, X (t))[?)'/2, and the maximum over i € {1,...,d} of all these constants is given by
|o(t, X (t))|oo,2- For this reason, it is more beneficial to evaluate W more often in regions where the
value of |o(t, X (t))]co,2 is large and vice versa.

Motivated by this idea, we construct our adaptive modified EM scheme in two steps. First, we
use equidistant time steps to roughly approximate the solution and thereby obtain estimates for
the conditional Holder constants at these sites. Second, we refine our approximation by taking into
account the local smoothness of the solution. For this purpose, we distribute additional evaluation
sites between those equidistant time points for which the corresponding maximum of the estimated
Holder constants is large in proportion to the other time points.

Let g € [1,00), let r € [0,00), and let (kx)nen be a sequence of natural numbers satisfying

kn N
4.4 Iim —=0= lim ——.
( ) Ngnoo N Ngnoo kN~10g(N)
Fix N € N and put
7 kvl 1/2
kn) k 2
(45) AkN = <l€ : Z ‘UkN (tE N)7XkN(tg N)))|0072> .
N o
For each £ € {0,...,kx — 1}, we consider the random discretization
(16) ) ) ) ) G
of [tyCN ),tgi’{)] where
kn) ¥ (kNn)yY |2
t Xion (tg ™)
_ 2q/(q+2) |ok (™ Xiew (8 00,2
(47) N ‘= ]I{AkN>O} - |N - Ak?\; 4 . En—1
> 2
Z ‘UkN (tEkN)’ Xy (tEkN))) }0012
=0

and

T
TZ(IZN) = tgkN) ]{;7 . j_l
’ N T
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for all K € {0,...,n, + 1}. The adaptive modified EM scheme )/f}‘{f?q : Q — C([0,T];RY) is defined
by

Sa k Sa k k > k k k
XNd,q(Té(,n]:—)l) ::XNd,q(TZ(,KN)) + 123N (t§ N)’ XkN (té N))) ’ (Té(,njijl—)l - TZ(,KN))

k ol k k k
+ Ok (li N)7X1€N (t§ N))) ! (W(TZ(,NJYG-)I) - W(TZ(,KN)))

forall £ € {0,...,kn —1} and for all x € {0,...,n,+ 1}, and linearly interpolated between all these
time points.

By suitably choosing sequences v, x, and ¢ as per Section we obtain X}‘{;jq € X?g()?ad .
; 2l

provided that ¢(X j‘\f}q) < 00. Define I/?\g , to be the (random) number of evaluations of W employed

in the approximation X Ja\,%q. Then we clearly have

kn—1
(4.8) V%i,q =ky + Z ne <kn+N- Aiz]zv/(qw)
£=0
and
(4.9) v, = max (o, oy + g, 50y - (V- AR/ — i) |

5. MAIN RESULTS

The following theorems entirely specify the asymptotics of the Nth minimal errors in the classes
of adaptive and of equidistant approximations as well as the asymptotics of the errors of the adaptive
and of the equidistant modified EM schemes. As a consequence, we will conclude strong asymptotic
optimality of these approximations in their respective classes. The proofs of all theorems are
postponed to Section

In the case that the SDE (2.1]) has a unique solution (X (t)):cq0,17, We put

- 1/2
e | ([ ot
0 ,

Ced = (T/2)"/? -

)

Lag/(q+2)

)

sup }U(t,X(t))|
t€[0,T]

00,2
q

for ¢ € [1,00). The quantities C;‘d and Cg? will turn out to be the sharp asymptotic constants
for the Nth minimal errors in the classes (X38)yen and (X3)ven, respectively. It is easy to see
that ng < C¢? holds for all g € [1,00). The succeeding remarks provide sufficient conditions for
the finiteness of these two constants as well as sufficient and necessary conditions for them being
identical (to zero).

Remark 2. Let the Assumptions (locL)} [(Kp), and|(pGy )| be satisfied for some p € [2,00) and

r € [1,00) with p > max{2r,3r —2}. Then Proposition|16| in Appendi:r implies Ca?ﬁr“)/r < 0.

Remark 3. Fiz q € [1,00) such that the SDE has a unique solution (X(t))icfo,r) which
satisfies Cg% < co. Then we have ng = Cg% if and only if almost surely it holds that the mapping
[0, 7] = R, t = |o(t, X(t))|oo,2, is constant, and we have C2 = C¢4 = 0 if and only if almost
surely it holds that the mapping [0,T] — R, t — |o(t, X (t))|co,2, is constantly zero; cf. Remark 1
in Miiller-Gronbach [24].
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First, we specify the asymptotics of the Nth minimal errors in the classes of adaptive approxima-
tions as well as the asymptotics of the errors of the adaptive modified EM schemes. More precisely,
we not only state the convergence rates but also give the asymptotic constants. Since both the
convergence rates and the asymptotic constants match, we obtain strong asymptotic optimality of
the adaptive modified EM schemes in the classes of adaptive approximations.

Theorem 4. Fir q € [1,00) such that the SDE (2.1) has a unique solution (X(t)):ejo,7) which
satisfies Cf;d < 00, and fix measurable functions (uy)nen and (oN)Nen as per Section . Moreover,
assume that there exists C' € (0,00) such that for all N € N it holds that

(5.1) [I1X = Zul |, <c-nr,
and assume that
p N1 W) = 1/2 . T ) 1/2
62 (5 Xl I L) e ([ )l a)
=0

Then it holds that
(5.3) Jim (V/log(N)) % int { e, (X) ’ Rexy}=cy
and

: vad vad 1/2 vad ad
(5.4) Jim (e(X38,)/10g (e(X3,))) - eq(X3,) = 3.

In the case C’f;d > 0, we conclude that the approrimations ()A(j“\,‘fq)NeN are strongly asymptotically

; : ad
optimal in the classes (X[c()?]a\;{q)]

Proof. This result is an immediate consequence of the Lemmas [T2] and [I4] given in Section[7] O

)Nen.

Next, we specify the asymptotics of the Nth minimal errors in the classes of equidistant approx-
imations as well as the asymptotics of the errors of the equidistant modified EM schemes. More
precisely, we not only state the convergence rates but also give the asymptotic constants. Since both
the convergence rates and the asymptotic constants match, we obtain strong asymptotic optimality
of the equidistant modified EM schemes in the classes of equidistant approximations.

Theorem 5. Fiz g € [1,00) such that the SDE (2.1) has a unique solution (X(t))cjo,7) which
satisfies Cg < oo, and fix measurable functions (un)Nen and (0§ )Nen as per Section . Moreover,
assume that there exists C' € (0,00) such that for all N € N it holds that

(5.5) H”X_XNHooHLq <C. N2
and assume that
(N) 5 () Lq
(5.6) e @@y lon (6 Xn () e, 1o o |o(t, X (1)] . -
Then it holds that
(5.7) Jim (N/log(N)) /- inf {e, (X) | & e X3} = 0
and
(5.8) lim (N/log(N))"/? - e,(X) = C2o,

N—o00
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In the case Cg4 > 0, we conclude that the approzimations (X;?)NGN are strongly asymptotically
optimal in the classes (X3!)Nen.

Proof. This result is an immediate consequence of the Lemmas [I3] and [I5] given in Section[7] O

Remark 6. We briefly comment on the assumptions of the theorems above. First, we consider
the equidistant case. Clearly, existence of a unique solution and finiteness of the asymptotic con-
stant Cg4 ensure well-posedness of the considered problem. A crucial step in our analysis of eg(X ),

N € N, will be to splzt this error mto two parts: the distance between X and XN and the distance
between XN and Xje\?, see . The strong convergence order 1/2 of the continuous-time EM
schemes as given by (5.5 wzll imply that the former distances become asymptotically negligible in
comparison to the latter ones. And exactly these latter distances will turn out to be determined by
specific weighted Brownian bridges; the Ly convergence will then, in particular, establish a
central asymptotic relation between these weights and the asymptotic constant. Similar arguments
also apply for the adaptive case.

6. APPLICATIONS

We now present two exemplary applications of our main theorems. First, we show strong as-
ymptotic optimality of the classical Euler—-Maruyama schemes relating to specific adaptive and
equidistant discretizations in the setting of SDEs with globally Lipschitz continuous coefficients.
Afterwards, we derive that specific adaptive and equidistant tamed Euler schemes are strongly
asymptotically optimal for certain SDEs whose coefficients may grow polynomially.

6.1. Euler—-Maruyama Schemes. Let the functions (un)nyen and (on)nen be given by
(6.1) pn =p, on=o0, NEeEN

Then the modified EM schemes determined by these functions coincide with the corresponding
classical Euler-Maruyama schemes. In the subsequent corollary, we prove strong asymptotic op-
timality of their adaptive and equidistant variants in the classes of adaptive and of equidistant
approximations, respectively.

Corollary 7. Fiz q € [1,00) and let the Assumptions (pLy)l and [(pL§)| be sat-
isfied. Moreover, let the functions (un)nen and (on)nen be given by (6.1). Then the asymp-

totics (5.3)), , , and (5.8) hold true. If we additionally have C3¢ > 0, then the Euler—

Maruyama schemes ()/(\'f{,d )Nen and ()/(\'Cq)NeN are strongly asymptotically optimal in the classes

(X?g()?ad )])NEN and (X§')Nen, respectively.

Proof. First of all, the Assumptlons- (pLg)} and|(pL§)[imply the linear growth conditions|(pG/')
and |(pGY)| Hence, by using Proposition 16| from Appendix |A] we conclude

(6.2) IE[ sup fX(t)|max{q’2}] < 0
t€[0,T]
and thereby prove C¢? < oo.
Furthermore, it is well-known that in the considered setting the continuous-time Euler—-Maruyama
schemes convergence strongly with order 1/2, see, for instance, Proposition 14 in Faure [5]; we con-

sequently have ( and ( .
Finally, the L convergences (5.2)) and (5.6|) essentially follow from. m m (pG7 )} and (6.2

Applying Theorems M and [ ﬁmshes the proof of this corollary.
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Remark 8. The results on the Euler-Maruyama schemes presented in Corollary[7 are well-known
and were first (directly) proved by Miller-Gronbach [24] for the particular case T =1.

6.2. Tamed Euler Schemes. Let r € [0,00) and let the functions (un)ven and (o) nven be given
by

(r) d d p(t, )
= : T xR* =R t,x) —
UN l’[’N [O? ] X ) ( ,CU) 1 + (T/N)1/2 . |.T|T,
(6.3)
o(t,x)

oy =00 [0,T] xR 5 R>*™ (t,2) NeN.

L+ (T/N)V2 - Ja]

Then the modified EM schemes determined by these functions constitute so-called tamed Euler
schemes. In the subsequent corollary, we prove strong asymptotic optimality of their adaptive and
equidistant variants in the classes of adaptive and of equidistant approximations, respectively.

We stress that the type of continuous-time tamed Euler schemes considered here is heavily in-
spired by the one introduced in Sabanis [29]. The reason we do not use the latter is that our
approach is more convenient for our analysis; in particular, our schemes satisfy the desired recur-
sion . Nevertheless, observe that both types of tamed Euler schemes coincide in the case that
the SDE ([2.1]) is autonomous and 7' = 1.

Corollary 9. Fiz q € [1,00) and let the Assumptions|(T,)) (K, [M)], and[[pLE)] be satisfied
for some p,a € [2,00) and r € [0,00) such that p > 4r + 2 and ¢ < min{a, p/(2r + 1)}. Moreover,

let the functions (un)nen and (on)nen be given by (6.3). Then the asymptotics (5.3)), (5.4), (5.7),
and (5.8)) hold true. If we additionally have C’gd > 0, then the tamed Fuler schemes (Xj{,‘fq)NeN

?j()??v({q)])NeN and (X3)ven,

and ()A(]C\?)NeN are strongly asymptotically optimal in the classes (X

respectively.

Proof. Observe first that in this setting the conditions [(locL)} [(pG; 1)} [(PLy )} and (PG, 40y 0|
are also satisfied. Hence, by using Proposition [16] from Appendix [A] we conclude

(6.4) E[ sup |X(t)|pr] < o0
te[0,T]
and thereby prove C¢ < oo.
The strong convergence properties and immediately follow from Proposition [18| given
in Appendix [A]
Our proof for the L, convergences and is slightly more demanding and will be carried
out in several steps. As a first step, we show

(6.5) sup ‘U(LX(t)) —UN(tyij(t))‘ > 0.
+€[0,T) N—oo

Due to the triangle inequality, it suffices to prove

(6.6) sup ‘o(t,X(t)) —U(taXPN(f))‘ — 0

+€[0,T] N—oo
and
6.7) sup [o(t, Xn(0) —on (6. Xn®)| —— 0.
N— 00

te[0,T
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To this end, we show Ly convergence of the respective random variables to zero for appropriate
values of 6 € (0,00). First, combining the condition the Cauchy—Schwarz inequality, the
(6.4

triangle inequality, Proposition the moment bound ([6.4]), and Proposition [17] yields

sup ‘U(t,X(t)) —a(t, X’N(t))‘
t€[0,T)

Lg

<c-|| sup |X(t) - Xn(t)|- (1+ x|+ |X’N(t)r/2)‘
t€(0,T]

Lg

<c-|| sup |X(t) — Xn(t)]
t€(0,T]

sup (1 +x)" + ]X’N(t)]r/z)
t€[0,T]

Log Lag
<e-| sup |x0)- Znt) .<1+ swp |X@O2] 1| s |Rn)]”?
te[0,7] Lo te[0,7] Lo te[0,7]
S c- N—1/2

for all N € N where 6 := min{a,p/(2r + 1)}/3 € [2/3,00). By letting N tend to infinity, we even-
tually obtain . Second, combining the growth condition the triangle inequality,

and Proposition [T7] yields

sup ‘U(t,)}N(t)) - UN(t,)?N(tD‘
te(0,T

Ly

— (T 7lt Xn(®) | Xn @]

telo,r] |1+ (T/N)V2 - | Xn ()] ]|,
<(T/N)V2- | sup Jo(t, Xn(1)] - | Xn(t)]"

t€[0,T] Ly
<ev 2| s (14 T ) o)

te[0,T Ly
§C.N1/2.< sup |)~(N(t)|r + || sup })N(N(t)}(BTJrZ)/Q )

t€[0,T] Lo t€[0,T] Lo
S C- N—1/2

for all N € N where 0 :=2- (p —r)/(3r 4+ 2) € [2,00). By letting N tend to infinity, we eventually

obtain (6.7). From (6.5)) we next conclude that

N—1 N ) 1/2 T ) 1/2
(6.8) (va’ S Jow (1, XN@N)MOO,Z) N ( /0 |cr(t,X(t))|OO,2dt)
=0

N—oc0
and
(6.9) te{0n N 1) |on (tEN)7 XN(tEN))) o2 —— swp o (8, X (1)] . -

’ N—o0 te[0,T] ’

As a final step, we prove that

o Nl _ ) q/2
(6.10) ((N . Z ’aN (téN)7XN(t§N))) ‘0072> ) is uniformly integrable
=0 NeN
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and

(6.11) (66{0{1}%71} lon (t™N, Xy (M) :° 72>N€N is uniformly integrable.

To this end, observe that 1 < ¢ < 2(p—r)/(r +2), and hence the growth condition and
Proposition [T7] give
(r+2)/2
) < 00,

p—r

sup ‘)?N (t) ‘
te[0,T)

sup

t, Xn(t
| sup [ox (X (0) .,

2
te[0,T] 00,

<ec- (1+ sup
NeN

Lap—ry/(r+2)

which immediately implies (6.10) and (6.11)). Combining and (6.10) as well as and (6.11))
then finally yields (5.2)) and (5.6).
Applying Theorems [4] and [f] finishes the proof of this corollary. O

We illustrate the results of Corollary [0] by a numerical experiment.

Example 10. Consider the introductory SDE (1.3)) regarding the Heston—3/2-model with param-
etersd=1,m=1,T=1,a=5,=1,v=1, and £ = 1. This SDE thus reads as

AX(t) =5-X(t) - (1 — | X()]) dt + | X(&)[¥2dW(t), te][0,1],
X(0) =1.
We are interested in strongly asymptotically optimal approximations with respect to the error es,

i.e., we fix ¢ = 2. It is easy to see that the SDE (6.12)) satisfies all the assumptions of Corollary @
More precisely, Assumption is satisfied for all p € [0, 00), Assumption is satisfied, Assump-

tion S satisfied for all p € [2,11], Assumption is satisfied for all a € [2, 6], and Assump-
(pL7)

tion|(pL#)|is satisfied for all r € [1,00). For the rest of this example, we fix p =11, a = 6, and r = 1.
Moreover, let the functions (uy)nven and (on)yen be given by . As indicated in the beginning
of this subsection, we hereinafter refer to the modified EM schemes as tamed Euler schemes.

In view of and , we aim at visualizing that, for large N € N, the approximation errors
ea(X ?\,‘32) and 62()??\/9) of the adaptive and of the equidistant tamed Euler schemes are close to
Cad. (log(c()/(\’?\,%))/c()??\,‘%z))l/2 and C5% - (log(N)/N)'/2, respectively.

We thereby encounter three different approximation issues, namely, the approximation of the
asymptotic constants C3¢ and C54, of the errors ey ()/(\' }‘{,%2) and eg()/fﬁ?), and of the average number

(6.12)

of evaluations c¢(X )

Regarding the first approximation issue, we do not know numerically suitable closed-form expres-
sions of the constants C53¢ and C5%, nor of the solution, for the particular SDE (6.12)). Therefore,
we estimate these constants via Monte Carlo simulations in which we approximate the solution by
an equidistant tamed Euler scheme with a sufficiently large number of discretization points. More

: : ad eq
precisely, we estimate C3“ and C5" by

(iad 9—1/2 1 <& 1 = vea (V)3 12
oy =25 2 (- 2 HR0OT)
and
Aeq 12 (1 = vea (V)3 2
Coann =2 . (M .;eeﬁéﬁv} |XN’m(t£ ) ) ’

respectively, where M, N € N and where the random vectors

e N ] N
(XS, X0, mef{1,... M},
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are independent copies of ()A(f\?(téN)), . ,)?f\?(tg\],v))). Observe that for C34, we approximate the
integral occurring in its definition by left Riemann sums. Proposition [I§] in Appendix [A] implies
that C’2 M, v and 02 M,N tend to C34 and C5%, respectively, as M and N tend to infinity. Figure
depicts simulations of C'2 M 227 and C M2 in dependence of M along with their corresponding 95%
CLT-based confidence intervals. Furthermore we utilize the spemﬁc approximations C34 ~ 0.7080
and C5% ~ 1.7749 obtained from realizations of C2 104227 and of cel

2,104,227 respectively, for the
black lines featured in Figure [2}

| |

=}
S
5 S
g§ }EEEEEEEEEEEEEEEEEIIIEIIIIIIIIIIIIIIIIII - E
©
R
- — ®  simulation of C’2 M 227
_O;: —— 95% conf. interval for C2 M.227
& simulation of 02 M 227
5 S 95% conf. interval for Cg%w 927
A M,
3
E 2
Z - R
2 S
0
i

[ [ [ [ [ [ [ [ [ [ [
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

M

FIGURE 1. Monte Carlo approximations of the asymptotic constants C3% and C54
for the SDE (6.12)).

The remaining two approximation issues are addressed simultaneously. Similarly to the ap-
proximation of the asymptotic constants, we again estimate the solution by a sufficiently accurate
equidistant tamed Euler scheme, and we approximate the errors of the equidistant tamed Euler
schemes as well as the errors and the average numbers of evaluations of the adaptive tamed Eu-
ler schemes via Monte Carlo simulations. More precisely, for each N € N we estimate e ()A(]e\?)7

@2()?%}2% and C()?J%%) by

= N* N* 1/
e = ( 3 1R ) = 5 ) ) |

- (N*) Noy2)
é\gbflM,N*,N = ( Z EE{O N*} (t ) XN,Z,m( é ))| ) )
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and

| M
~ d
CM,N = A Z V?V,2,m’
m=1
respectively, where M, N* € N and where the random vectors
~ N* ~ N*
(X5 ), X ), me {1, MY,
are independent copies of (X5 (t(()N*)), X (tg\],\i*))), the random vectors

e N* e N*
(X5 @), XS W), me {1, MY,

are independent copies of ()?i?(téN*)), . ,)?ﬁ?(tg\lf\i*))), the random vectors
(X3 () X3 (), me {1, M),
are independent copies of ()/(\' ?\;112 (t(()N*)), X ?V%(tgf,\i*))), and the random variables
V%%Q’m, me{l,..., M},

are independent copies of V%%Z. For the adaptive tamed Euler schemes, we used ky :=
[N - (log(N +1))~/2] for all N € N on every computation. Numerical estimates (N,e5% 4 y2r x);
N € {26,28 ...,229} and (/6\10371\/7/6\3‘(1103 927 s N € {27,29 ... 221} are visualized in Figure O

| | | | |

z > - L
5 --¢-- equidistant tamed Euler
(o]
o adaptive tamed Euler
& — line C5% - (log(x)/x)"/?
”C% - line C34 - (log(z)/x)'/? |
o
Z i
E
o~
ORI
3 2 7] -
2
e
de
=
E
g o
h 5 L
—

[ [ [ [ [
102 103 104 10° 106

N and simulations of ¢ygs y

FIGURE 2. Monte Carlo approximations of the errors eg()A(f\?) and e (X ]?{,‘%2) Versus
N and Monte Carlo approximations of the average number of evalua-

tions ¢(Xl,) for the SDE (6.12).
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7. PROOFS

In the following, we prove the theorems presented in Section [5| by showing asymptotic lower
bounds relating to and as well as asymptotic upper bounds relating to and (5.8).
The structure of the corresponding proofs is to a large extent based on techniques developed in
Miiller-Gronbach [24].

Throughout this section, let (un)ven and (on) yen be measurable functions as per Section In
addition, let (kx)nen be a sequence of natural numbers satisfying the limits , and let ¢ denote
unspecified positive constants that may vary at every occurrence and that may only depend on T,
d, m, and the parameters and constants from assumptions used in the respective lemmas.

For the convenience of the reader, we also provide a lemma containing a simple subsequence
argument that will be employed in the proofs of the Lemmas [12 and

Lemma 11. Let (an)nen be a sequence of real numbers that is bounded from below and let C € R.
Then the following are equivalent:
(i) It holds that liminfy_,oo any > C.
(ii) For every subsequence (an,)xen of (an)nen there ewists a subsequence (an, )nen of
(an,)wen such that liminf, . an, > C.

7.1. Asymptotic lower bounds. We start by introducing some notation that will be used in this
subsection. For all ¢ € [1,00), for all N € N, for all aq,...,an € [0,00), and for all independent
real-valued Brownian bridges B, ..., By on [0,1] from 0 to 0 we put

My(at, ... ay) ::E{ max (a@- sup |Bg(t)|)q} € [0, 00)

£e{1,...,N} t€(0,1]
and
My(N) == My(1,...,1).
N——
N times

First, we prove an asymptotic lower bound for the Nth minimal errors in the classes of adaptive
approximations.

Lemma 12. Assume the setting of Theorem[]] Then it holds that
- 1/2 . v v ad ad
(7.1) lim inf (N/log(N))"/* +inf {eq (X) ’ X e XN} > o,

Proof. Fix N € N with N > exp(2) and Xy € Xad for the moment. Due to the inverse triangle
inequality and assumption (5.1)), it holds that

(7.2) e ®n) = 11X = a2 [I1Kew = Bl = w2

o0 HLq Ly

Let Dy denote the entire data used by )?N in the sense of Section |3| define ¥y to be the set of
observation sites of the driving Brownian motion employed in Xy, and put vx = #Ux. As a first
step, we show that the distance between Xy, and X as above is greater or equal than the respective
distance between X, and E[Xy, | Dn]. Because of the first limit in (4.4]), we may actually assume
that {tgkN), .. ’tl(flij)} C Uy. Hence, each Xj,, (tgw)), ¢e€H0,...,kn}, is measurable with respect
to the o-algebra generated by Dy and we thereby obtain

(7.3)  Xiw(t) = E[Xpy (8) | Dn] = o (£, Xy (150 - (W(t) —E[W()| DN])
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forall £ € {0,...,kxy—1} and for all t € (t(kN), télﬂ)]. Similarly to the derivations of the Lemmas 1

and 2 in Yaroslavtseva [32], one shows that for PP~ -almost all (z,y) € R? x |J,, .y R™ it holds that

PWIDN=(2.9) _ p-WIDN=(a)
which along with yields
PXiy —ElXiy [DN] | Dn=(2,y) _ p=Xiy +E[Xiy |Dn]| Dy=(z,)
We thus conclude that (Xg, — E[Xy, |DN] Dy) and (= Xy, + E[Xy, | Dn], Dy) are identically

distributed. Since, addltlonally, both Xy and E[XkN |DN] are measurable functions of Dy, we

consequently find that X;, — Xy and 2E[Xs, | Dn] — Xiy — Xy are also identically distributed.
Therefore, we obtain

1%y - Xl

OOHLq

—1/2. (HHf(kN = Rnllo|, + |1 - 2Ry | D] + Ry + Rl >
(7.4) o & L '
> 1/2- || Ky — X — 28{Key | DN]+ Ko + X ||,

= [I1%ey — E[Zey | DA

OOHLq

Almost identically to the proof of inequality (12) in Miiller-Gronbach [24] and the ensuing inequality
therein, one subsequently shows that

(7.5) E[[| Xuy —E[Zey | DN|IZ, | D

holds almost surely where Ay, is defined as in (4.5) and where

0N 1= max {17 Z (#(\IJ N (tgkN) tékN))) + 1)}

leL N

}>Aq ' q/2 - Mq(6n)

with
L _ (kn) ¥ (kn)
Ly = {EG{O,...,]{JN 1} ‘ |UkN(tg 7XkN(te ))|oo72>0}'

By using arguments in a similar way to the ones in the proof of the last inequality on page 681 in
Miiller-Gronbach [24], we arrive at

(N/log(N))1/2 , HAk” M2 (Mq(éN))l/q‘

(7.6) 1 Vg ‘
> HAkN ) (log(5N)) ’ (Mq(5N)) ']1{5N>exp(2)}m{foT \o(t,x(t))|;2dt>o}‘ Lowjassy
Combining (7.2)), (7.4), (7.5), (7.6), and the second limit in (4.4) yields
.. 1/2 . S S ad L. N
(7.7) li inf (N/10g(N))"/* - inf {e,(X) | X e X3} = tminf [la™]|,

where

-1/2

1/
o™ = Ay - (log(d)) (Mq(on)) " L5y >exp@3n {7 lo(t,X ()2, , dt>0}-
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Next, we use the subsequence argument that is provided by Lemmato conclude ([7.1)) from ([7.7)).
First of all, assumption ([5.2)) implies

N—oc0

(7.8) Ay ——— (/OT|a(t7X(t))];2dt>l/2.

Now let (a(M+)),.cn be a subsequence of (a(™))yen. In view of (7.8), there exists a subsequence
(Akn,, Jnen of (A, )ren such that

(7.9) Ay, — (/()T}a(t,X(t))|;2dt>l/2.

n—oQ

Some tedious calculations using ([7.9) show
r 2
IP({ Jim oy, =oo}n {/0 o (t, X ()2, dt > 0})
r 2
= ]P’<{/ lo(t, X(t))], ,dt > 0}).
0 :

On the one hand, we clearly have

P({ hnnlioliiam”) 2272 ( / ' !a(tX(t))\io,th)l/Q}
(7.11) m{/o o (1, X (1))[2,, dt = o})

= IP({ /OT o (1, X (1)) |2, dt = 0}).

On the other hand, the limit (7.9), an easy generalization of Corollary 2 in Miiller-Gronbach [24]
regarding non-negative instead of strictly positive scalars, and ([7.10) yield

P({hggfa(%n) > 2712 </OT o (t X0)[,, dt)1/2}
N { /OT o (t, X (1) |2, dt > 0})
= IP’({ liminf oY) > 271/2. (/OT }a(t,X(t))]ZOVth>1/2}
(7.12) N { /OT o (£, X () [2, 5 dt > 0} N {JLHQOA’“M = </OT o (t X ()], dt>1/2}>
2 ({ Jim v, = <)
N { /OT lo(t, X(t)) |io’2 dt > 0} N {JLHQOA’“M = </OT |a(t,X(t))|io’2 dt>1/2}>
- P({ /OT o (t, X (1)) ];2 dt > 0}).

(7.10)
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Combining ([7.11)) and (7.12]), we conclude that

T 1/2
lim inf o(Nrn) > 971/2. (/ ’ (¢, X(¢ ))|002dt)

0

n—oo ’

holds almost surely. Consequently, Fatou’s lemma gives

( 'in > ad
hnH_1>10r$f Ha Log/taray — G
Finally, employing Lemma |11 finishes the proof of this lemma. ]

Next, we prove an asymptotic lower bound for the Nth minimal errors in the classes of equidistant
approximations.

Lemma 13. Assume the setting of Theorem[5 Then it holds that
.. /2 . v v e‘l} > (ed
(7.13) 1}\r[ri>1£10f (N/log(N)) inf {eq(X) ‘ X eXy >yt
Proof. Fix N € Nand Xy € XY for the moment, and let Dy := (&, W(th)), ces W(t%v))) denote

the data used by Xy. Similarly to the estimates (7.2, , and (7.5 in the proof of Lemma
one successively shows that

@n eoBn) = |1 = Znll ] = 18w = Rnll |, — -
Ly Lq

w19 [1%5 - ol ], = 1560 -2 DAL,

and that

(7.16) E[[[ Xy —E[Zn | DV[IZ | Dn] = (/)72 My (af, . al))

holds almost surely where
(N) |0, (t(N),)? (t(N)))|

00,2
for £ € {0,..
Combmmg 17 14 (7 15)), and (7.16)) yields

l}\l;giglof (N/log(N)) V2 inf {eq()?) ‘ X e X?\?}

(7.17) _
> TY2 . liminf H(log(N)) 1/2 .Mtl/q (a(()N), a%\/)l)’

N—o00

Ly
Next, we again use the subsequence argument that is provided by Lemma |11 to conclude (7.13))

from ([7.17). First of all, assumption (5.6]) implies

(7.18) o™ = max Ong) LN sup |o(t, X(t))|

£e{0,...,N—1} N—oo  1c0,7] 00,2

Now let (™)), be a subsequence of (™)) yen. In view of (7.18)), there exists a subsequence
(a@Wen)), en of (@Ve)), o such that

(Nep) 2 tX(t .
a — t:;g]la( ()] o2
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Again, an easy generalization of Corollary 2 in Miiller-Gronbach [24] regarding non-negative instead
of strictly positive scalars leads to

(log(N,w))_l/2 -M;/q (aéN""), ... ,ag\],\i';"_)l) 25 9720 gup ’U(t,X(t))‘

n—o0o t€[0,T) 00,2"
Consequently, Fatou’s lemma gives
liminfH(log(]\/',%))_l/2 ~M}]/q(0¢(()NR"),...,ag\l,\[_“"fl)H > 97 1/2 || sup lo(t, X(1)]
n—oo Kn Lq tE[O,T] ) .
Finally, employing Lemma [T] finishes the proof of this lemma. O

7.2. Asymptotic upper bounds. We start by introducing some notation that will be used in this
subsection. For all ¢ € [1,00), for all N € N, for all a1,...,ay € [0,00), and for all independent
real-valued Brownian bridges B, ..., By on [0,1] from 0 to 0 we put

Gg(-5a1,...,an) s [0,00) = [0,1], UHP({ max (ag- sup |Bg(t))q>u}>,
tel0,1]

and

First, we prove an asymptotic upper bound for the errors of the adaptive modified EM schemes.

Lemma 14. Assume the setting of Theorem[]} Then it holds that
: v au va 1/2 va a
hl{[n sup (C(XN(}q)/ log (C(XNd,q))> "€q (XN%q) < qu'
—00

Proof. Fix N € N with 1 < ky < N for the moment. Due to the triangle inequality and assump-
tion (5.1)), it holds that

(7.19) ea(X8) = (1% = ZRLlG |, < 1% = RRGIL [, +eom

Note that for all £ € {0,...,ky — 1} and for all ¢ € (tékN),téf_A{)] we have
> Sa kn) o k a
Koy (8) = XL (1) = oy (1), Ky (")) - (W (1) = W3 (1))
where Wf{,d : Q x [0,7] — R™ denotes the piecewise-linear interpolation of W at the adaptive

sites (4.6). Recall the definitions (4.5) and (4.7) of Ak, and 7, respectively. Almost identically to
the proof of equation (25) in Miiller-Gronbach [24], one shows that

N

< ((log () /N) 22772 2L 2)

N

E [[|Xiy — X3 JI%

(& W), W)
(7.20)

holds almost surely where

IV?V% = <1 +d- 24/2 . /27(1/2 gq (u . log(y?\gq)qﬂ; V?Vd,q) du) .
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From this we conclude
~ . 1/2 _ N
(c(Z3t) /108 (e(X38,))) - [[1 K = B2,

7. ~
(721 <9-1/2 ( C(Xfafq) ~log(NV)
- log (c(X3,)) N

Our main task now is to prove that the limit of the right-hand side of ([7.21)) is bounded above
by C’gd as IV tends to infinity. To this end, note first that

9 2/(a42) L, T ) 1/(q+2)
(7.22) AT o ) T X @),

NA

v .
N.qllLg

1/2
a 1/2
> . H(log(VNd,q)/log(N)) / _Aifv(q+2) _ Il,fj’

N —oc0

holds due to assumption ([5.2). We next separately analyze the asymptotics of the two relevant
terms appearing in the right-hand side of ([7.21). First, straightforward calculations using the

estimates (4.8) and (4.9) along with the limits (4.4)) and (7.22]) show
R les(N) o(X3,) /N

im — . = lim =
N—oo Jog (c(Xj‘{,‘fq)) N N—oo 1+ log (c(Xj“\;j,q)/N)/log(N)

T ) 1/22q/(q+2)
= H(/ |a(t,X(t))}oo’2dt>
0 Laq/(a+2)

Second, observe that (4.8]), the inequality log(l + z) < « for all z € (—1,00), the inequality
V14 a <14 /zforall z € [0,00), and the triangle inequality yield

. 1/2
| (log(vi,)/ 10g(N))* - AZ/ (2 18

a
YN.q

(7.23)

Ly

(7.24) < [0+ AR rog(N)) 2 AT e

N,q

Lq

< HAifv(qH) Ve ; I HAkN 'Ii;;q ) (log(N))ilm‘

ad
YN.q

Lq

for all N € Nwith 1 < ky < N. Furthermore, note that l/}“‘\}i’q tends to infinity as N tends to infinity
due to (4.9). Hence, Lemma 2 in Miiller-Gronbach [24] implies

(7.25) T —25 1

N,q N— oo
and that
(7.26) sup I,.a <c

NeN Mo
holds almost surely. Combining (7.22)), (7.25)), and (7.26)) gives

2/(a+2) /g L T ) 1/(a+2)
(7.27) ALy oS (/0 ot X (tmwdt)
and
(7.28) Ay - T9 - (log(N)) ™2 Loy o,
YN.q N—o0

Finally, combining (7.19)), (7.21)), (7.23), (7.24)), (7.27)), (7.28), and (4.4) finishes the proof of this

lemma. O




STRONGLY ASYMPTOTICALLY OPTIMAL SCHEMES FOR SDES W.R.T. THE SUPREMUM ERROR 23

Next, we prove an asymptotic upper bound for the errors of the equidistant modified EM schemes.
Lemma 15. Assume the setting of Theorem[5. Then it holds that
lim sup (N/ log(N))l/2 - €q ()A(ﬁ?) < gt
N—o0

Proof. Fix N € N with N > 1 for the moment. Similarly to the estimates ([7.19)) and (7.20) in the
proof of Lemma [T4] one successively shows

(7.29) ea(R5) = ||llx - 52

and that

ol < 1w = XL, v

B[ %y - XU | W), . W)

. q
< ((T/2)1/2 (log(N)/N)"% _ max fox (t§N’,XN(t§N)>)IOO,2) I

holds almost surely where

Iy = (1+d-2’1/2-/ Gq(u - log(N)¥/?; N) du).
2

—q/2

Thus, we conclude that

(N 1og(N)"* - [[I1Xn = R57o|
(7.30) " Iy

< (T/2)*- N

N) N
ZE{OT?:}I\(f—l} ‘UN(tE )’XN(tE )))|0072

As a final step, we show that the right-hand side of (7.30) tends to C¢% as N tends to infinity.
To this end, note first that

(7.31) max 1}|0N(t§N),)~(N(t§N)))| LN sup |a(t,X(t))|

te{0,...,N 00,2 N—o00 t€[0,T] 00,2

holds due to assumption ([5.6)). Moreover, Lemma 2 in Miiller-Gronbach [24] gives
(7.32) lim Iy =1.
N—o00

Finally, combining (7.29)), (7.30)), (7.31]), and (7.32) finishes the proof of this lemma. (|

8. FUTURE WORK

Throughout this paper, we studied strongly asymptotically optimal approximations with re-
spect to the particular gth mean supremum error (1.2). Besides, the gth mean L, distance of an
approximation X, given by

e(X) = (E[/OT i | Xi(t) — )A(i(t)|th]>1/q

for g € [1,00), is another error measure commonly analyzed in the literature. For SDEs whose co-
efficients as well as their partial derivatives are globally Lipschitz continuous, Miiller-Gronbach [25]
showed that specific Milstein schemes relating to adaptive and to equidistant time discretizations
perform strongly asymptotically optimal in the classes of adaptive and of equidistant approxima-
tions, respectively. To generalize these results to a wider class of SDEs, it appears very promising
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to switch from Milstein schemes to suitable coefficient-modified Milstein schemes. The classical
Milstein schemes as well as certain tamed Milstein schemes (similarly to the ones defined in Gan
and Wang [6] or Kumar and Sabanis [I8]) might then represent two exemplary applications of such
new results. The whole approach described above may constitute the object of future studies.

APPENDIX A. PROPERTIES OF THE SOLUTION PROCESS AND OF THE CONTINUOUS-TIME
TAMED EULER SCHEMES

In this appendix, we provide useful properties of the solution process (X(t)):cjo,r) and the
continuous-time tamed Euler schemes (XN(t))te[O,T]v N € N, with (un)nven and (on)nen as
per . More precisely, we prove boundedness of certain moments of the suprema of these
processes as well as strong convergence of order 1/2 for the continuous-time tamed Euler schemes.

As before, we use ¢ to denote unspecified positive constants that may vary at every occurrence
and that may only depend on T, d, m, and the parameters and constants from the assumptions
used in the respective propositions.

First, we consider the supremum of the solution of the SDE (2.1) and prove finiteness of specific
moments of this random variable under quite weak assumptions.

Proposition 16. Let the Assumptions [(locL)], [(K,)l and|(pG?)|be satisfied for some p € [2, 00)
and r € [1,00) with p > 2r. Then it holds that

E| sup ’X(t)‘p_%-'—z < 00.
t€[0,T]

Proof. Put p:=p—2r+2 € [2,p]. For each n € N, observe that the mapping
i Q—=[0,T], w—TAf{te[0,T]|n<|X(tw)},
is a stopping time that satisfies

(A1) sup | X (t A7)| < max {n, |¢]}
t€[0,T)

almost surely.
Fix n € N for the moment. Employing 1t&’s formula and Assumption yields that almost
surely we have

(1 + |X(1m7n)|2)ﬁ/2

< (1 + ’5’2)5/2 te- /t (1 + X (s A Tn)’2)p/2 ds
0

(p—2)/2
")

t
+7p- / Tis<ry - (1 + | X(s AT, X (sAT) " o(s AT, X(sAT,)) AW (s)
0

for all t € [0,T]. Thus, Assumption Fubini’s theorem, and the moments estimate (2.2)) give
o\ P/2
E{ sup (1+|X(t/\7‘n)‘ ) ]
te[0,T)
2\ (P—2)/2
)

t
(A.2) < c—i—p-E{ sup / Tis<ry - (1 + |X(s ATp
tef0,T]1Jo

“X(sATy)" - o(sATn, X(s ATy)) dW(s)} .
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Next, observe that the Burkholder-Davis—Gundy inequality and the Cauchy—Schwarz inequality
imply
(7-2)/2

t
IE[ sup / 1{S<Tn}.(1+|X(sATn)’2>
tefo,7]Jo N

(A.3) X(sAT) T o(sA TR, X(sAT)) dW(s)}

<321/%.E K/OT Lgacry - (14 [X (s A Tn)|2>p_1 o (s A, X (s A7) ds)l/z] .

Moreover, Assumption and the inequality /z -y < x/(2p) + yp/2 for all z,y € [0,00) and
p € (0,00) yield

E[(/OT Loy (1 +[X (s A Tn)|2>p_1 o (s Ay X (s A )| ds) 1/2}

2\ P/2
Sc-E{( sup (1+|X(t/\7‘n)’ )
t€[0,T]

'/OT]l{sSm} . (1 + ’X(s A Tn)’2)§/2—1 . (1 + }X(s A Tn){%) ds) 1/2]

(A.4) B ’ 12
2\ P/2 2\ P/2
SC~E[< sup (1+|X(t/\7‘n)’ ) / ]l{ngn}-(l—l—‘X(s/\Tn)‘ ) ds) }
te(0,T] 0
1 2\ P/2
gm.]]i[tes;é%](l—&-’X(t/\Tn)‘) ]
—_ T 2 p/2
+c2.321/2.p/2.]1<:[/ n{ngn}.<1+]X(s/\rn)\ ) ds]
0
Note that

(A.5) E[/OT]I{KTH} (14 |X(s/\7-n)}2)p/2 ds} < ]E[/OT (1+ }X(s)|2>p/2 ds] <c

holds, again, due to Fubini’s theorem and ([2.2). Combining the inequalities (A.2), (A.3]), (A.4)),
and (A.5) shows

E[ sup (1+’X(t/\7‘n)}2)p/2}
te[0,T]

IN

1 o\ P/2
Z.ELES[%PT](l—I—‘X(t/\Tn)’) }—i—c.

To subtract the first summand of the right-hand side from the left-hand side, we need to ensure that
these quantities are actually not infinite. For this purpose, we employ (A.1) and Assumption
to conclude that

IE[ sup (1 + | X (tA Tn)}Q)p/Q} < E{ (1 + max {n, |§|}2)p/2} < 0.
t€[0,T]
Hence, we obtain

(A.6) ]E[ sup ’X(t/\Tn>‘p:| g}E[ sup (1+}X(t/\7‘n)|2>p/2] <ec.
te[0,T] t€(0,7]
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Using Fatou’s lemma, we derive from (A.6]) that

E[ sup ’X(t)‘p} :]E{ lim sup ’X(t/\Tn)ﬂ SliminfE{ sup ‘X(t/\Tn)‘F <e,
te[0,7] n=00 40,1 n—00 te[0,T)

which finishes the proof of this proposition. O

Next, we show an analogous result on moment bounds for the continuous-time tamed Euler
schemes.

Proposition 17. Let the Assumptions|(I,)], [(locL)} [K,)| and[(pGE)| be satisfied for some p € [2,00)
and r € [1,00) with p > r+1. Moreover, let the functions (un)Nnen and (on)nen be given by (6.3)).
Then it holds that

A7 supB| sup |Xn(t P < o,
(A7) p p | Xn(t)]
NeN te[0,T

Proof. First of all, note that in the given setting the growth condition also holds true.
Our main idea of proof is to show (A.7) by means of Gronwall’s lemma.

As a first step, observe that for each N € N the continuous-time tamed Euler scheme X N satisfies

(A.8) E[ sup ’)}N(t)’p] <00
t€[0,T]

due to the taming of the drift and the diffusion coefficients in its construction, cf. Remark 3 in

Sabanis [29]. Note that one can not guarantee at the moment that this bound holds uniformly

in N; yet, the estimate ensures the finiteness needed for applying Gronwall’s lemma later on.
The next step is to establish the moment bound

(A.9) sup sup E[’)?N(t)’p} <ec.
NeNte[0,T]

This is shown in a completely analogous manner to Lemma 2 in Sabanis [29], and we therefore omit
a proof.

We now turn to estimates which allow to apply Gronwall’s lemma in a final step. Put p :=
p—r+1¢€2,p]aswell as ty := [tN/T|-T/N for t € [0,T] and N € N. Fix ¢t € [0,T] and
N € N for the moment. First, applying It0’s formula to the Itd process and employing



STRONGLY ASYMPTOTICALLY OPTIMAL SCHEMES FOR SDES W.R.T. THE SUPREMUM ERROR 27

Assumption yield
p/ 2
IE{ sup (1 + |X N ]
]

wel0,t

E[(HIE\ ”2 +c IE{/ 1+|XN($)|2)(1)_2)/2'<1+|XN(3N)|2)]dS

t
+1E[/0 (1+ X))

: ()ZN(S) - XN(ﬁN))

(A.10)

T (s Xn(sy)
L+ (T/N)V2 - | Xn(sy)|

“ ~ (r-2)/
+p.E[ sup / (1+‘XN(8)’2)” 2)/2
u€|0,t]

s

U(§N7XN(§N))

- Xn(s) 1+ (T/N)V/2. |)?N(§N)|T

dW(s)].

By the Young inequality, we obtain

]E[/Ot (1+ |)~(N(s)|2)@_2)/2 (14 [ Xnton)]) ds]
< /otELZ?oI,)S] (1 + y)?N(u)\z)p/Q} ds.

Moreover, the Cauchy—Schwarz inequality, the triangle inequality, Assumption |(pG#)| the Young
inequality, and (A.9)) give
ds]

E[/Ot (14 PZN(S”Q)(@@/? _ ‘();N(S) _ Ry 1 sy Xn(sy))

+(T/N)V2 - | Xn(sy)|
(A12) <c- sup E{(lﬂgzv(u)ﬁ)p/ﬂ

w€e[0,T]

(A.11)

<ec.

Similarly to the derivations of (| and ( in Lemma one utilizes the Burkholder-Davis—
Gundy inequality, the Cauchy—Schwarz mequahty, the growth condltlon the inequality

VZy <z/(2p)+yp/2for all x,y € [0,00) and p € (0, 00), the Young mequahty, and (A.9) to show

. “ v 2\P-2/2 o 7. U(§N7XN(§N)) s
ELZ?&/O (1+ X)) AN T e |)?N(§N)|rdw( )}

(A.13) < 1@[ sup (1+|§N(u)y2)”/2} Ye- sup E[(lJr\XN )| )W] ds
"D u€l0,t] u€[0,T7]

1 ~ 2\ P/2
53 .E[usel[lg?t] (1—|— | X v (u)| ) } +c.

IN
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Combining (A-10), Assumption [T,)} (A11), (A12), and (A.13) yields
~ o\ P/2 t ~ 2\ P/2
E| sup (1+|XN(u)| ) Sc—i—c-/ E| sup (1+}XN(u)| ) ds.
u€0,t] 0 u€(0,s]

Applying Gronwall’s lemma finally finishes the proof of this proposition. O

Lastly, the following proposition states that the continuous-time tamed Euler schemes converge
strongly to the solution of the SDE ({2.1)) with order 1/2.

Proposition 18. Fiz g € [1,00) and let the Assumptions [(K,)l [(M,)l and |[(pL¥)| be
satisfied for some p,a € [2,00) and r € [0,00) such that p > 4r + 2 and ¢ < min{a,p/(2r +1)}.
Moreover, let the functions (un)nen and (on)Nen be given by . Then there exists C' € (0, 00)
such that for all N € N it holds that

<C-N7V2
L’I

sup ’X(t) — )N(N(t)‘
e[0T

Proof. Essentially, the proof of Theorem 3 in Sabanis [29] carries over here and is therefore omitted.
O

REFERENCES

1. Wolf-Jirgen Beyn, Elena Isaak, and Raphael Kruse, Stochastic C-stability and B-consistency of explicit and
implicit Euler-type schemes, J. Sci. Comput. 67 (2016), no. 3, 955-987.

, Stochastic C-stability and B-consistency of explicit and implicit Milstein-type schemes, J. Sci. Comput.
70 (2017), no. 3, 1042-1077.

3. Stamatis Cambanis and Yaozhong Hu, Ezact convergence rate of the Euler—Maruyama scheme, with application
to sampling design, Stochastics Stochastics Rep. 59 (1996), no. 3-4, 211-240.

4. Wei Fang and Michael B. Giles, Adaptive Euler—-Maruyama method for SDEs with non-globally Lipschitz drift,
Monte Carlo and Quasi-Monte Carlo Methods (Cham) (Art B. Owen and Peter W. Glynn, eds.), Springer
International Publishing, 2018, pp. 217-234.

5. Olivier Faure, Simulation du mouvement brownien et des diffusions, Theses, Ecole Nationale des Ponts et
Chaussées, 1992.

6. Siging Gan and Xiaojie Wang, The tamed Milstein method for commutative stochastic differential equations with
non-globally Lipschitz continuous coefficients, J. Differ. Equ. Appl. 19 (2013), no. 3, 466-490.

7. Qian Guo, Wei Liu, Xuerong Mao, and Rongxian Yue, The truncated Milstein method for stochastic differential
equations with commutative noise, J. Comput. Appl. Math. 338 (2018), 298-310.

8. Mario Hefter, André Herzwurm, and Thomas Miiller-Gronbach, Lower error bounds for strong approximation of
scalar SDEs with non-Lipschitzian coefficients, Ann. Appl. Probab. 29 (2019), no. 1, 178-216.

9. Norbert Hofmann, Thomas Miiller-Gronbach, and Klaus Ritter, Optimal approximation of stochastic differential
equations by adaptive step-size control, Math. Comp. 69 (2000), no. 231, 1017-1034.

10. , Step size control for the uniform approximation of systems of stochastic differential equations with
additive noise, Ann. Appl. Probab. 10 (2000), no. 2, 616-633.
11. , The optimal discretization of stochastic differential equations., J. Complexity 17 (2001), no. 1, 117-153.

12. Martin Hutzenthaler, Arnulf Jentzen, and Peter E. Kloeden, Strong and weak divergence in finite time of Euler’s
method for stochastic differential equations with mon-globally Lipschitz continuous coefficients, Proc. R. Soc.
Lond. Ser. A Math. Phys. Eng. Sci. 467 (2011), no. 2130, 1563-1576.

13. , Strong convergence of an explicit numerical method for SDFEs with nonglobally Lipschitz continuous
coefficients, Ann. Appl. Probab. 22 (2012), no. 4, 1611-1641.
14. , Divergence of the multilevel Monte Carlo Euler method for nonlinear stochastic differential equations,

Ann. Appl. Probab. 23 (2013), no. 5, 1913-1966.
15. Arnulf Jentzen, Thomas Miiller-Gronbach, and Larisa Yaroslavtseva, On stochastic differential equations with
arbitrary slow convergence rates for strong approximation, Commun. Math. Sci. 14 (2016), no. 7, 1477-1500.
16. Cénall Kelly and Gabriel J. Lord, Adaptive time-stepping strategies for nonlinear stochastic systems, IMA J.
Numer. Anal. 38 (2018), no. 3, 1523-1549.



17.

18.

19.

20.

21.

22.

23.
24.

25.

26.

27.

28.

29.

30.

31.

32.

STRONGLY ASYMPTOTICALLY OPTIMAL SCHEMES FOR SDES W.R.T. THE SUPREMUM ERROR 29

Peter E. Kloeden and Eckhard Platen, Numerical solution of stochastic differential equations, Springer-Verlag,
Berlin, 1992.

Chaman Kumar and Sotirios Sabanis, On Milstein approximations with varying coefficients: the case of super-
linear diffusion coefficients, BIT Numer. Math. 59 (2019), 929-968.

Gunther Leobacher and Michaela Szolgyenyi, Convergence of the Euler—Maruyama method for multidimensional
SDEs with discontinuous drift and degenerate diffusion coefficient, Numer. Math. 138 (2018), no. 1, 219-239.
Xuerong Mao, Stochastic differential equations and applications, 2nd ed., Horwood Publishing Limited, Chich-
ester, 2007.

, The truncated Fuler—Maruyama method for stochastic differential equations, J. Comput. Appl. Math.
290 (2015), no. C, 370-384.

Gisiru Maruyama, Continuous Markov processes and stochastic equations, Rend. Circ. Mat. Palermo. (2) 4
(1955), 48-90.

Grigori N. Milstein, Numerical integration of stochastic differential equations, Springer Netherlands, 1995.
Thomas Miiller-Gronbach, The optimal uniform approzimation of systems of stochastic differential equations,
Ann. Appl. Probab. 12 (2002), no. 2, 664—-690.

, Strong approximation of systems of stochastic differential equations, Habilitation thesis, TU Darmstadt,

2002.

Thomas Miiller-Gronbach and Larisa Yaroslavtseva, On the performance of the FEuler—Maruyama scheme for
SDEs with discontinuous drift coefficient, Ann. Henri Poincare (2020), To appear.

Hoang-Long Ngo and Duc-Trong Luong, Strong rate of tamed Euler—Maruyama approxzimation for stochastic
differential equations with Holder continuous diffusion coefficient, Braz. J. Probab. Stat. 31 (2017), no. 1, 24-40.
Hoang-Long Ngo and Dai Taguchi, Strong convergence for the FEuler—Maruyama approximation of stochastic
differential equations with discontinuous coefficients, Statist. Probab. Lett. 125 (2017), no. C, 55-63.

Sotirios Sabanis, Euler approximations with varying coefficients: The case of superlinearly growing diffusion
coefficients, Ann. Appl. Probab. 26 (2016), no. 4, 2083-2105.

Sotirios Sabanis and Ying Zhang, On explicit order 1.5 approrimations with varying coefficients: the case of
super-linear diffusion coefficients, J. Complexity 50 (2018), 84-115.

Michael V. Tretyakov and Zhongqgiang Zhang, A fundamental mean-square convergence theorem for SDEs with
locally Lipschitz coefficients and its applications, SIAM J. Numer. Anal. 51 (2013), no. 6, 3135-3162.

Larisa Yaroslavtseva, On non-polynomial lower error bounds for adaptive strong approximation of SDEs, J.
Complexity 42 (2017), 1-18.

Facurty oF COMPUTER SCIENCE AND MATHEMATICS, UNIVERSITY OF PASSAU, INNSTRASSE 33, 94032 PASSAU,

GERMANY

E-mail address: simon.hatzesberger@gmail.com



	1. Introduction
	2. Setting, Notations, and Assumptions
	3. The Classes of Adaptive and of Equidistant Approximations
	4. The Equidistant and Adaptive Modified EM Schemes
	4.1. The Continuous-time Modified EM Schemes
	4.2. The Equidistant Modified EM Schemes
	4.3. The Adaptive Modified EM Schemes

	5. Main Results
	6. Applications
	6.1. Euler–Maruyama Schemes
	6.2. Tamed Euler Schemes

	7. Proofs
	7.1. Asymptotic lower bounds
	7.2. Asymptotic upper bounds

	8. Future Work
	Appendix A. Properties of the Solution Process and of the Continuous-time Tamed Euler Schemes
	References

