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Abstract

A regularization algorithm allowing random noise in derivatives and inexact function val-
ues is proposed for computing approximate local critical points of any order for smooth
unconstrained optimization problems. For an objective function with Lipschitz continuous
p-th derivative and given an arbitrary optimality order ¢ < p, it is shown that this al-

_ _p+1
gorithm will, in expectation, compute such a point in at most O((minj€{17,,.7q} ej) P*q“)

inexact evaluations of f and its derivatives whenever ¢ € {1,2}, where ¢; is the tolerance
_alpt+1)
for jth order accuracy. This bound becomes at most O((minje{l,,,,,q} Ej) P inexact

evaluations if ¢ > 2 and all derivatives are Lipschitz continuous. Moreover these bounds
are sharp in the order of the accuracy tolerances. An extension to convexly constrained
problems is also outlined.

Keywords: evaluation complexity, regularization methods, inexact functions and
derivatives, stochastic analysis.

1. Introduction

We consider the evaluation complexity of an adaptive regularization algorithm for com-
puting approximate local minimizers of arbitrary order for the unconstrained minimization
problem of the form

min f(z), (L1)

where the objective function f is sufficiently smooth and the values of its j-th derivatives
Vi f are subject to random noise and can only be computed inexactly. Inexact values of the
objective function are also allowed, but their inaccuracy is assumed to be deterministically
controllable.
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Motivation and context. Without further comments, this statement of the paper’s
purpose may be difficult to interpret, and we start by clarifying the notion of “evaluation
complexity”. Since the computational cost of nonlinear optimization algorithms for the
local solution of ([I.T]) is typically dominated by that of evaluating f(z) and its derivatives,
and since these evaluations are fully independent of the algorithms (and unknown to the
algorithm designers), classical concepts of total computational complexity are difficult to
apply to such algorithms, except for the simplest casedl]. This difficulty is at the origin of the
now standard concept of “evaluation complexity” (sometimes called “oracle complexity”)
where the cost of running an algorithm is approximated by the total cost of evaluating
the objective function and its relevant derivatives (the oracle), which is then measured
by counting the total number of such evaluations. This concept has a long history in the
optimization research community, and has generated a vast literature covering many kinds
of algorithms and problems types (see [28, 135, 136, 29, 130, [13, 14, [9, 21] and the reference
therein for a limited sample of this vibrant research area). Of course, like the classical
notion of complexity, this approach only applies when a class of problems is well identified
and when the algorithm’s termination rules are clear. In our case, these rules need to
reflect the notion of approximate local solution of problem (I.T]), and will be detailed in
due course (in Section ).

The class of problems of interest here (as summarized above) is the approximate local
minimization of smooth functions whose values (and that of its derivatives) can only be
computed inexactly. Before providing more technical detail on exactly what this means,
it is useful to briefly review the existing contributions in this domain. Indeed, solving
optimization problems involving inexact evaluations is not a new topic and has already
been investigated in two different frameworks. The first is that of (deterministic) explicit
dynamic accuracy, where it is assumed that the accuracy of f and its derivatives can be
controlled by the algorithm (see [20, Section 10.6], [26], [25] or [4] for example). In this
context, accuracy requirement are proposed that guarantee convergence to approximate
local solutions, and evaluation complexity of the resulting algorithms can be analyzed [4],
indicating a very modest degradation of the worst-case performance compared with the case
where evaluations are exact [16,[17]. A drawback of this approach is that nothing is said for
the case where the requested accuracy requirement cannot be met or, as is often the case,
cannot even be measured. This problem does not occur in the second framework, in which
the inexactness in the function (and possible derivatives) values can be seen as caused by

'For example, consider the typical optimization problem in deep learning applications, where the cost
of the objective function depends on the size, depth and structure of the neural network used, all things
that are not known by the algorithm. Or optimization of large inverse problems like weather forecasting,
where evaluating the objective function depends on solving a complicated multidimensional time-dependent
partial-differential equation, whose dimension, domain shape, horizon, level of discretization and nonlin-
earity are also unknown and may vary from application of the algorithm to the next.

2We focus here on algorithms whose definition only involves quantities that are known to the user. In
particular, we explictly avoid requiring the knowledge of the problem Lipschitz constants for the definition
of the algorithm.



some random noise, in which case the algorithm/user is not able to specify an accuracy
level and poor derivative approximations might result. The available analysis for this case
differ by the assumptions made on the distribution of this noise. In [32], the authors
consider the unbiased case and estimate the evaluation complexity a linesearch method for
finding approximate first-order critical points. Here, we assume that derivatives values can
be approximated within a prescribed accuracy with a fixed, sufficiently high probability,
conditioned to the past. A similar context is considered in [§], where the objective function
values are inexact but computed with accuracy guaranteed with probability one, and in
[32], where the authors consider the unbiased case. A trust-region method (see [20] for a full
coverage of such methods) is also proposed in [19], where it is proved to converge almost-
surely to first-order critical points. Using similar assumptions, the approach of [18] includes
the use of random first-order models and directions within line search method as well as
probabilistic second-order models in Adaptive Cubic Regularization (ARC) algorithms. In
both cases, the authors employ exact function evaluations. A general theory for global
convergence rate analysis is also provided. More recently, [11] proposed an evaluation
complexity analysis for a trust-region method (covering convergence to second-order points)
using elegant properties of sub-martingales, and making no assumption on bias. A recent
overview of this active research area is proposed in [22].

Contributions. As suggested above, this paper deliberately considers the well-established
concept of evaluation complexity, measuring the number of calls to user-supplied proce-
dures for computing approximate function and derivatives values, irrespective of internal
computations within the algorithm itself. Of course, the authors are fully aware that total
computational complexity (as opposed to evaluation complexity) is a different question.
Fortunately, the difference is well-understood when searching for first- or second-order ap-
proximate local minimizers, in that moderately costly methods are available for handling
the algorithm’s internal calculations (see |12, 15, 133]). In other situations, the results
presented here give an admittedly idealized but hopefully interesting estimation.

Having set the scene and clarified our objective, we now make the contributions of this
paper more precise.

e We consider finding approximate local solution of problem (II]) assuming that the
objective function values can be computed within a prescribed accuracy, while at the
same time allowing randomly inexact evaluations of its derivatives, thereby using a
mix of the two frameworks described above. This work thus extends the analysis
provided in [3, 4, 137] for adaptive regularization algorithms.

Our assumptions on the type of inaccuracy allowed for the objective function com-
plements that of |2, 18], allowing for more inexactness, but in a deterministic context.
This is a realistic request in applications such as those where the objective function
value is approximated by using smoothing operators and the derivatives are approx-
imated by randomized finite differences [8, [7, 27, 131].

e Asin 4,116, 17], we propose a regularization algorithm which is based on polynomial
models of arbitrary degree. This obviously allows us to seek for first- and second-



order critical points, as is standard, but we may also seek critical points of arbitrary
order (we define what we mean by that in Section [2). In this respect we improve
upon the algorithms with stochastic models such as [18, 2,15, [11, 22].

e We establish sharp worst-case bounds (in expectation) on the evaluation complexity
of computing these (possibly high-order) approximate critical points, depending on
the order and on the degree of the polynomial model used. Remarkably, these bounds
correspond in order to the best known bounds for regularization algorithms using
exact evaluations.

These results are obtained by a novel combination of the probabilistic framework of [18§],
the approximation results of [4] and the proof techniques of [17].

Outline. The paper is organized as follows. Section 2 discusses optimality measures for
arbitrary order and introduces the regularization algorithm and the associated probabilistic
assumptions. Its evaluation complexity is then studied in Section [l We finally present
some conclusions and perspectives in Section [3l

Notations. Unless otherwise specified, || - || denotes the standard Euclidean norm for both
vectors and matrices. For a general symmetric tensor S of order p, we define

1S < max [S[v]?| =  max  |Sor, ..., 0| (1.2)

flvll=1 o1 ll=-=llvpl|=1

the induced Euclidean norm (see |38, Theorem 2.1] for a proof of the second equality). We
denote by V* f(x) the (-th order derivative of f evaluated at x, noting that such a tensor
is always symmetric for any ¢ > 2. The notation V*f(z)[s]* denotes this ¢-th derivative
tensor applied to ¢ copies of the vector s. All inexact quantities are indicated by an overbar.
For a symmetric matrices M, Apin(M) is the smallest eigenvalue of M. We will also use
the function '
deof o
GO @20, (1.3
=1

where j > 1. We use the notation E[X] to indicate the expected value of a random variable
X. In addition, given a random event A, Pr(A) denotes the probability of A, while 14
refers to the indicator of the random event A occurring. The notation A° indicates that
event A does not occur.

2. A regularization algorithm with inexact evaluations

2.1. The problem class

We first make our framework more formal by detailing our assumptions on problem

(TI).



AS.1 The function f is p times continuously differentiable in IR". Moreover, its j-th order

derivative tensor is Lipschitz continuous for j € {1,...,p} in the sense that there
exist constants Ly, > 0 such that, for all £ € {1,...,p} and all z,y € R",
IVef(@) = Vo f)ll < Lyglla —yll. (2.1)

AS.2 fis bounded below in IR", that is there exists a constant fi,, such that f(x) > fiow
for all z € IR"™.

Because of AS.1, the ¢-th derivative of f exists for £ € {1,...,p} and is a symmetric tensor
of dimension ¢, which we denote by

‘ def o'f
Vil (@) = <8xi1 - .01',-[) | | ().

i;€{1,...,n},i€{1,....6}

Moreover, the p-th degree Taylor series of f at a point x and evaluated for a step s is
well-defined and can be written as

Typ(w5) ™ f() + 3 Var @)l (2.2

where V¢ f(z)[s]* denotes the scalar obtained by applying the ¢-dimensional tensor V% f(x)
to £ copies of the vector s. Because we will reuse this notation later, note that the first
subscript in T%,(x, s) is the function whose Taylor expansion is being considered, while the
second is the degree of the expansion. The argument x is the point at which derivatives
of f are computed and s is a step from x so that Ty ,(x, s) approximates the value of f at
the point x + s. We will also make frequent use of the Taylor decrement defined as

ATy, (z,8) = Ty, (z,0) — Thp(z, 5) Z glvf (2.3)

We will also rely on the following well-known but important consequence of AS.1.

Lemma 2.1. Suppose that AS.1 holds. Then, for all z,s € IR",

L
ot s) < Typars) + oL ol 2.4)
and
L -
IVES (0 +5) = YTyl )| € 22 slP 4 forall £€{Lop) (25)
Proof. See [16, Lemma 2.1]. O



2.2. Optimality measures

We now turn to the important question of defining what we mean by (approximate)
critical points of arbitrary order but first address the motivation for considering this issue.
In the standard exact case, it has long been known that using Newton’s method (i.e. a
model of degree two) practically outperforms the steepest descent method (which only
uses a model of degree one), even for computing first-order approximate critical points.
More recently, it was shown in [10] that using a model of degree p > 2 (if possible)
results in further improvements in evaluation complexity. However, if an algorithm uses
a model of degree p > 2, why should it be constrained to seek only for first- or second-
order approximate critical points? As it turns out, this question raises a number of issues,
the first being to define what is meant by an approximate critical point of general order
q < p. In the rest of this paper, we use the concept of approximate minimizers discussed
in [17]. Specifically, given “accuracy requests” € = (ei,...,¢,) and “optimality radii”
d=(d1,...,0,) with

¢; € (0,1] and §; € (0,1] for j € {1,...,q},

we say that x is a ¢-th order (¢, d)-approximate minimizer (or (e, d)-approximate critical
point) for problem (LT if

, & ‘
o7,@) S g2 for je{l..qh (2.6)
j!
where 5 iy
o7 (@) = f(x) — IIZIIIHS%j Ty (x,d) = ngﬁgcj ATy j(x,d), (2.7)

where, as is standard, the min and max are considered global. Note that gb‘}’ j (x) is nothing
but the largest decrease obtainable on the j-th degree Taylor expansion of f in a neigh-
bourhood of size ¢;. As such, it is always well-defined for functions satisfying AS.1 and is
always non-negative. Also note that, because of the Cauchy-Schwarz inequality,

¢ (2) = maxl(—Vif(x)[d]) = Vo f (@)l o, (2.8)

and we immediately see that (20), when specialized to first-order, is identical to the
classical condition asking that |[V.f(z)| < €. Similarly, it is easy to verify that, when
V1>f(xz) =0, the second-order version of (2.6]) gives that

7a(2) = max (—1V: f(x)[d]?) = $max [0, —\ [V f(2)]] 63

lld||<d2
where A\;[V2f(z)] is the leftmost eigenvalue of the Hessian V2 f(z), so we obtain that (2.0))
is the same as the classical condition that the absolute value of this eigenvalue is less than

€9 in this case. For example, the origin is both an (e, 1)-approximate first-order and an
(€9, 1)-approximate second-order minimizer of function 123 for any €y, ¢; € (0, 1], but is not



an (€3, d3)-approximate first-order one for any €3, d3 € (0, 1]. We refer the reader to |17] for
a more extensive discussion.

The condition (2.0) has clear advantages over the more usual definitions for first- and
second-order approximate critical points: it is well defined for all orders and it is a con-
tinwousd function of z. Moreover, its evaluation is straightforward for j = 1 (see (2.8)))
and easy for ¢ = 2 (it then reduces to the standard trust-region subproblem whose cost is
comparable to that of computing the Hessian’s leftmost eignevalue, see |20, Chapter 7).
However, its evaluation may actually be extremely costly for j > 2. From a formal point of
view, this does not affect the evaluation complexity of an algorithm using it because it does
not involve any new evaluation of f and its derivatives. We also note that we could con-
sider an approximate version of (2.6]), where we would require that, for each j € {1,...,q},
there exists a d; such that ||d;|| < 6, and

J

V(b(;{j(x) < ATy (x, di) < Ejﬁ, (2.9)

where v is a constant in (0,1]. Note that (2.9) does not assume the knowledge of the
global minimizer or gb‘}ﬂa:), but merely that we can ensure the second part of (2.9]) (see
[23, 24, 134] for research in this direction). Note also that, by definition,

5 5 &
ATy (x,dj) < uejﬁ implies ¢} ;(z) < ejﬁ
and this approximate and potentially less costly variant of (2.6) could thus replace it at
the price of multiplying every €; by the constant v. We will however ignore this possibility
in our analysis, keeping (2.6]) for simplicity of exposition.

2.3. The regularization algorithm

We are now in a position to describe our adaptive regularization algorithm IARgp whose
purpose is to compute a g-th order (e, d)-approximate minimizer of f in problem (L.TI).
The vector of accuracies € is given, together with a model degree p > ¢, corresponding
to the maximum order of available derivatives. If values of the objective function f and
its derivatives of orders ranging from one to p were known exactly, a typical adaptive
regularization method could be outlined as follows. At iteration k, a local model of the
objective function’s variation would first be defined by regularizing the Taylor series of
degree p at the current iterate x;, namely

g
mi(s) = =ATpp(en: ) + g lsl™, (2.10)

3Difficulties with the standard definition already start with order three because the nullspace of V2 f(z)
is not a continuous function of z.



where oy is a regularization parameter to be specified later. A step s, would next be
computed by approximately minimizing my(s) in the sense that my(s;) < mg(0) = 0 and
J

5
Ok k,
G i (51) < erj—!J> (2.11)

for some 6 € (0, 1) and ), € (0,1]9. In this condition,

2

¢5k,j (Sk) = max Aka,j(Skad)

Mthod ]| <6k ;

is the j-th order optimality measure (2.7)) for the model ([ZI0) computed at s, in which,
for j €{1,...,q},

Ok
(p+1)!

j
1
Ty (58, d) = M) + EV{;TM(% se)ld]" +

(=1

j
1
> aVillsl i’ (212)
=1 "
for d € IR™ and thus
71 |
AT, j(sp,d) == @VﬁTﬁp(!Eka si)[d]" — TSN > EV{;HSkHPH[dV
=1 " p =1

(note the reuse of the notations introduced in (Z2]) and (23], but for the function my(s)
instead of f(x)). The values of f(xx+s;) and {VL f(zx+si)})_,4q Would then be computed
and the trial point x; + s; would then be accepted as the next iterate, provided the ratio

_ fa) = fla )
ATf’p(SL’k, Sk) ’

is sufficiently positive. The regularization parameter o, would then be adapted/updated
before a new iteration is started, providing the “adaptive regularization” suggested by the
name of the method. (See |16] for the complete description of such an algorithm using exact
function and derivatives values.) The IARgp algorithm follows the same lines, except that
the values of f(xy), f(zx + si) and ATy, (zk, i) are not known exactly, the inexactness in
the latter resulting from the inexactness of the derivatives {V! f(z1)})_, . Instead, inexact
values f(zy), f(xx + s,) and AT, (zy, sx) are now computed and used to (re)-define the
model

mi(s) = —AT ¢ (x), ) + s|[Pr. 2.13

1(8) = =BT gy ) + gl (213)
In particular, setting
0 < w < min L= 1 (2.14)
B B 3 Y 2 Y °

the approximations f(xy) and f(x) + si) are required to satisfy the accuracy conditions
‘T(Z'k) — f(l’k)} S wﬁﬁp(xk, Sk), (2.15)
‘f(xk + Sk) — f(SL’k + Sk)‘ < wﬁﬁp(:ck, Sk). (216)

8



In what follows, we will consistently denote inexact values by an overbar.
The model (2I3)) is then approximately minimized by the feasible step s in the sense
that the trial point xy + sj satisfies

mk(sk) S mk(()) =0 (2.17)
and _
J
o () = AT, ki
Omy.g(5k) = max AT, j(sp,d) < 0=, (2.18)

for j € {1,...,q} and some § € (0,1) and & € (0,1]%. The values f(z), f(zr + si)
and AT, (z1, sx) are also used to compute the ratio py, the value of which decides of the
acceptance of the trial point. The IARgp algorithm is detailed as Algorithm 2.I] on the
following page.

We first verify that the algorithm is well-defined.

Lemma 2.2. A step s, satisfying (ZI7) and (ZI8) for j € {1,...,¢} and some 0 €
(0, 1]7 always exists.

Proof. The proof is a direct extension of that of [17, Lemma 4.4] using inexact models.
It is given in appendix for completeness. O

Some comments on this algorithm are useful at this stage.

1. It is important to observe that the algorithm is fully implementable with existing
computational technology in the very frequent cases where ¢ = 1 or ¢ = 2. Indeed the

—5 . . .
value of ng,ﬁ;il can easily be obtained analytically. When ¢ = 2, the same comment

m,.1» While the value 5%;2 can be computed by a standard
trust-region solver (whose cost is comparable to that of the more usual calculation
of the most negative eigenvalue), again making the algorithm practical. We refer the
interested reader to [6] for the presentation of numerical results in the framework of
finite sum optimization for automatic learning.

In other cases, the computation Ef,f;] may be extremely expensive, making our ap-
proach mostly theoretical at this stage. However, we recall that, since evaluations
of the objective function and its derivatives do not occur in this computation (once
the approximate derivatives are known), its cost has no impact on the evaluation
complexity of the IARgp algorithm.

2. We assume in what follows that, once the inexact model my(s) is determined, then the
computation of the pair (sg,dy) (and thus of the trial point xy 4 si) is deterministic.
Moreover, we assume that the mechanism which ensures (Z.15)-(2.16]) in Step 3 of the

obviously applies for ¢ '

9



Algorithm 2.1: The IARgp Algorithm

Step 0: Initialization. An initial point xy € IR", an initial regularization parameter
0o > 0 and a sought optimality order g € {1,...,p} are given, as well as a vector
of accuracies € € (0,1]9. The constants 6 € (0,1), n € (0,1),7 > 1, a € (0,1),

1-n 1

0 < w < min [T, 5] and o, € (0,00) are also given. Set k = 0.

Step 1: Model construction. Compute approximate derivatives
{VEf(zr)}eeq,.. py and form the model my(s) defined in (2.13).

Step 2: Step calculation. Compute a step sy, satisfying [2.17) and 2.I8)) for j €
{1,...,q} and some 6 € (0,1]% If AT, (xk,sx) =0, go to Step 4.

Step 3: Function estimates computation. Compute the approximations f(zy)

and f(zp + s;) of f(x1) and f(z) + si), respectively, such that ([Z.I5)(Z16) are
satisfied.

Step 4: Acceptance test. Set

T
Pk = AT p(xr, 51) ' 7@k, 5) > 0,

—00 otherwise.

(2.19)

If pr > n (successful iteration), then define xp1 = xy + si; otherwise (unsuc-
cessful iteration) define xy 1 = k.

Step 5: Regularization parameter update. Set

1 .

oL >

Ot = max |:Um1n7 fyo-k] ) lf Pk = 1, (220>
YOk, it p <.

Increment k by one and go to Step 1.

10




algorithm is also deterministic, so that p, and the fact that iteration £ is successful
are deterministic outcomes of the realization of the inexact model.

3. Observe that, because we have chosen my to be a model of the local variation in f
rather than a model of f itself, f(z;) is not needed (and not computed) in Steps 1
and 2 of the algorithm. This distinguishes the IARgp algorithm from the approaches
of [11, [19].

In what follows, all random quantities are denoted by capital letters, while the use of small
letters is reserved for their realization. In particular, let us denote a random model at
iteration k as M}, while we use the notation my for its realizations. Given z, the source
of randomness in my comes from the random approximation of the derivatives. Similarly,
the iterates Xj, as well as the regularization parameters Y, and the steps S are random
variables (except for initial values zy and o for the former two) and zy, o) and s; denote
their realizations. Moreover, J, denotes a realization of the random vector A, arising in
(2.18). Hence, the IARgp Algorithm generates a random process

{ Xk, Sk, My, Z, Ag}. (2.21)
where Xy = ¢ and Xy = 0¢ are deterministic.

2.4. The probabilistic setting

We now make our probabilistic assumptions on the IARgp algorithm explicit. For k£ > 0,
our assumption on the past is formalized by considering A} | the -algebra induced by
the random variables My, M;,..., My_y, with AY = 6(zy). In order to formalize our
probabilistic assumptions we need a few more definitions. We define, at iteration k£ of an
arbitrary realization,

dy; = argmax AT, i(si,d) (2.22)
ldll<6%,;

the argument of the maximum in the definition of qﬁifl;j’j(xk), and

dy.; = argmax AT, ;(sg,d) (2.23)
ldll <0k, ;

that in the definition of 5(:5:79'(%)- We also define, at the end of Step 2 of iteration k, the
events

M AN, (ME M) if g€ {1,2)

M, =
MY A mPn N </\/l,(€2; N MS’;) otherwise,

(2.24)

with

M = (BT (X, Si) = ATy (X, Sp)l < wBT 1 (Xe, Sp) }

Mk,) {|ﬁmk7j(5k’ Dk,j) - Aka,j(Sh Dk7j)| < wﬁmkvj(sk’ Dk,j)a
M/(j = {|ATo, ;j(Sk; Drj) = AT, j(Sk; D )| < WAT, ;(Sk; D),
M = {maxiega,..p IVEFO0)] < ),

11



for some © > 0. Note that O is independent of k and does not need to be known explicitly.
Moreover, ./\/1,24) is not involved in the definition of My if ¢ € {1,2}. In what follows, we
will say that iteration k is accurate, if 1, = 1, and iteration £ is inaccurate, if 1pq, = 0.

The conditions defining M, may seem abstract at first sight, but we now motivate
them by looking at what kind of accuracy on each derivative V£ f(x)) ensures that they
hold.

Lemma 2.3. For each k£ > 0, we have the following.

1. Let

Tk 4 max {||Sk||, max
j

Digjll, 1Dy 2.25
e{1,..., q}[H ’”H’H /w”]} ( )

and

AT min {Hﬁpm, S, min [T, (50 D). BT (55, EW»)H

"je{l o}

(2.26)

Then /\/l,(:), {/\/l,(f;}‘jzl and {/\/l,(f’;}gzl occur if

7 £ 4 Hk,min
I\VEF(XK) — Vo f(Xp)|| Sw ot for ¢e{1,...,p}. (2.27)
k

2. Suppose that AS.1 holds. Then /\/l,(f) occurs if

IVEF(Xp) = Vo f (X)) <Oy for £e{2,...,p} (2.28)

and some constant ©g > 0 independent of k and £.

12



Proof. Consider the first assertion. That M,gl) occurs follows from the inequalities

/
ﬁﬂﬁﬁﬁw—ﬂhﬂ%&ﬂiéiﬂknﬁ” Xu) — VEF(X0)]

IA

Z HW( k) = Vol (Xi)]

Z 1

W o—
Z 60! k,min
/=1

p
W —
> i AT (X, Sk)
/=1 )

< Exp(D)w AT, (X, Si)

IN

IA

< wﬁﬁp(Xk, Sk)

where we have used (2.25)), m (2:26) and the fact that x,(1) < 2. The verifica-

tion that {./\/l,(fz and {./\/l k.j)j—1 also occur uses a very similar argument, with one
additional ingredlent employmg the triangle inequality, (2.I3]), we have that, for all

Ee{l""7p}’

I:Sk]I**
t— 0

Considering now D = Dy ; or D = Dy ; and using the above inequality, (2.25), [Z27),
(2:26) and the facts that x;(1) <2 and x,-¢(1) < 2, we have that

| V27 (55, 0) = V4T, 550, 0) | < D IVEF(X0) = VEF (X0
t={

‘Hmk,j(skv D) - AkaJ(Skv D)‘

J DIt
< Z H EIH Hvamk ](Sk’ ) Vngk’j(Sk’O)H
e:1
|| ||Z p ¢ ||Sk||t ‘
< Z i Z [Ver ) = Vet X | =
z -1
t
L T,
< Z 7 Z |VEF(Xk) — V5 F(X4)|| t _kg)l
=1 """ t=t .
< J 1 Ld 1 Hk,mm
< — w
— 1l — (tff)! 6
1 A7 ~ 1
< gw Tk,minz E(l +xp(1))
=1
< WHka(SkuD)?



as desired. To prove the second assertion, observe that AS.1 implies that ||V f(X;)|| <
Loy for j € {2,...,p}, and thus, using ([2.28), that, for £ € {2,...,p},

IVEF (X))l < IVEF(Xi)l| + IIVEF(Xk) — VEF(XR)]
< Lye 1+ 6y

This gives the desired conclusion with the choice © = maxycfo . py L1 + Op. O

Of course, the conditions stated in Lemma are sufficient but by no means necessary to
ensure M. In particular, they make no attempt to exploit a possible favourable balance
between the errors made on derivatives at different degrees, nor do they take into account
that MS), Ml(f) and Ml(f’; only specify conditions on model accuracy in a finite, dimension-
independent subset of directions. Despite these limitations, (2.27) and (2.28)) allow the
crucial conclusion that M does occur if the derivatives V3 f(X}) are sufficiently accurate
compared to the model decrease. Moreover, since one would expect that, as an approximate
minimizer is approached, ||Sk||, |[Dk ;|| and |[Dg || (and thus 74) become small, they also
show the accuracy requirement becomes looser for derivatives of higher degree.

We now formalize our assumption on the stochastic process generated by the IARgp algo-
rithm.

AS.3
For all k > 0, the event M, satisfies the condition

pamp = Pr(MEARL)) = E[Lag |AL] > p. (2:29)
for some p, € (4,1] independent of k.

AS.3 is realistic for instance in cases where derivatives are approximated by randomized
finite differences or by subsampling in the context of finite sum minimization.

We observe that, in contrast with [11, [19], the definition of M} does not require the
model to be “linearly/quadratically” accurate everywhere in a ball around zj, of radius
at least ||sg||, but merely that their variation is accurate enough along s, (as specified in

./\/l,(:)) and along dy, ; and dj ; (as specified in ./\/l,(f; and ./\/l,(fz )H forall j € {1,...,q}. The

need to consider ./\/l,(f; and ./\/l,(fz for j € {1,...,q} in the definition of M results from
our insistence that g-th order approximate optimality must include j-th order approximate
optimality for all such j. AS.3 also parallels assumptions in |11, [18,19,132] where accuracy
in derivatives’ values is measured using the guaranteed model decrease or proxies given by
the (p 4+ 1)-st power of the trust-region radius or the steplength. Finally, the conditions

imposed by ./\/ll(fg and MS’; are only used whenever considering the value of Eff;; ;(sk), that
is in Lemma B.1] itself only called upon in Lemma in the case where ||Si|| < 1. As a

consequence, they are irrelevant when long steps are taken (||Sk| > 1).

4A slightly stronger assumption would be to require a sufficient relative accuracy along s; and in a
(typically small) neighbourhood of s.
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3. Worst-case evaluation complexity

Having set the stage and stated our assumptions, we may now consider the worst-
case evaluation complexity of the IARgp algorithm. Our aim is to derive a bound on the
expected number of iterations E(N,) which is needed, in the worst-case, to reach an (e, d)-
approximate ¢-th-order-necessary minimizer. Specifically, N, is the number of iterations
required until (2.6]) holds for the first time, i.e.,

A Aj j
N, =inflk>0 | qafj*l’j(Xk)gej% for je{l,...,q} 5. (3.1)

Note that qﬁ?;’” (X%), the j-th order optimality measure at iteration k, uses the optimality
radii Ay_y ; resulting from the step computation at iteration k —1, as is the case in [4, [16].
Now recall that the trial point Xj;_; 4+ S,_1 and the vector of radii A;_; are deterministic
once the inexact model at iteration k£ — 1 is known. Thus these variables are measurable
for AM | and because of our deterministic assumptions on the accuracy of f, the event
{Xy = Xy_1+ Sk_1} (which occur when iteration k& — 1 is successful) is also measurable
for AM,. As a consequence and since gb?;’l’j (Xk) uses exact derivatives of f, the event
{N, = k} is measurable with respect to A} . The definition (B.I]) can thus be viewed as
that of a family of e-dependent stopping times for the stochastic process generated by the
IARgp algorithm (see, e.g., [18, section 2.3]).

3.1. General properties of the IARgp algorithm
We first consider properties of “accurate” iterations, in the sense that My occurs,
and start with the relation between gﬁif;j’j(sk) and its approximation. The next lemma is

inspired by Lemma 3.2 in [4], but significantly differs in that it now requires considering
both directions dj ; and dy, ;.

Lemma 3.1. Consider any realization of the algorithm and assume that M, occurs.
Then, for j € {1,...,q},

(1= w)oms (1) < 002 (1) < (1+w)or s (s1) (3.2)

Proof. Letj e {1,...,q}. Consider dj ; defined in ([2.22)). From (2.I8)), we have that

AkaJ(sk’ dk,j) < Akavj(sk’ dk,j) + |Aka7j(sk’ dk,j) - ﬁmkd’(sk’ dk,j)|

IN

1+ w) AT, (81 di )

IN

ldll <, ;

(
(l—l—w) max AT, ;(sk,d)
(1 + w)ﬁmk,j(skagk,j>
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where we used the fact that My occurs to derive the second inequality and considered
dy,; defined in (223)). Therefore

k. —8k.;
O (58) = AT, (51, dig) < (1+w) P (51):

This proves the rightmost inequality of (3.2)). Similarly, using our assumption that M
occurs, we obtain that

> (1= w)ATy, ;(sk di;)

and hence, from (2.7) and (2.I8)), that

— 51 k.
(1 —w)dps(sx) < max AT, ;(se,d) = G (1),

S FEE N
which concludes the proof of (3.2)). O

The next step is to adapt an important property of Ay ; in the exact case to our inexact
framework.

Lemma 3.2. Suppose that AS.1 holds. Then, for any j € {1,...,q},

1. if j € {1,2}, Ay ; can always be chosen equal to one;

2. in the other cases, and assuming that M, occurs, then, either [[sg]| > 1 or
Ay ; <1 can be chosen such that

A]w' 2 /~€5(O’k)€j, (33)

where r5(0) € (0,1) is independent of € and decreasing when o grows.

Proof. The proof broadly follows the developments of |17, Lemmas 4.3 and 4.4],
except that it now uses the model involving approximate derivatives and that L, the
upper bound of the derivatives of f at x, derived from AS.1 is now replaced by O, as
guaranteed by ./\/l,(:l). The details (including the reason for the dichotomy between the
two cases in the lemma’s statement) are provided in appendix. O

In what follows, we will assume that, whenever ¢ > 2, the 1ARgp algorithm computes a pair
(sk, Ox) such that, for each j € {1,...,q}, dx; is always within a fraction of its maximal
value, thereby ensuring (3.3]). We now prove a crucial inequality relating the step length
to the accuracy requirements.

16



Lemma 3.3. Consider any realization of the algorithm. Assume that My occurs, that
iteration k is successful and that, for some j € {1,...,¢}, [2.0) fails for (z411,0x;).
Then either ||s| > 1 or

5i i L¢, + og
(1 —29)ejj,—i3 < qu+1 P Hs [Pt (3.4)

Proof. [See |17, Lemma 5.3] for the composite unconstrained Lipschitz continuous
case.| Suppose that ||s;|| < 1. Since (2.0) fails at (2441, k), we must have that

J

5 J k7 j
@17 (Thar) > ejT" >0 (3.5)
for some j € {1,...,q}. Define d to be the argument of the minimum in the definition
of qﬁfﬁf]’-j(xkﬂ). Hence,
0 <|ldf| < 0y, (3.6)

Using (3.3), (Z7) and the triangle inequality, we thus obtain that

O3 (@) = ATy y(wpsr,d) < [ATy(wps1,d) = ATy s (sp, d)| + AT (5, ). (3.7)
Recalling now from [16, Lemma 2.4]) that

p+1
A e Y

we may now use the fact that z;,1 = xp + s; since iteration k is successful, (23] in
Lemma 211 (2.12), (B:6) and the triangle inequality to obtain that

J é
ATy (w11, d) = AT, (s, d) Z%fom Vf;Tf,p(xk,sk)H
/=

p+1 ,Z ||VZ||8 P (38)
Liy+op < _ﬁ
< _Zip T Y kg p—L+1
= g+ 1) ; g e
Moreover, using (2.18)), (3.2) and the fact that w < 1 (see (2.14))), we deduce that
5]’
Ok,
ATy, i(sk,d) < gbmk;“j(s ) < (1 +w)gz5 i(8k) < 20e;—= j! ) (3.9)

Substituting (8.8) and (3.9) into (B.7) and using ([B.6) and (3.5), we obtain (B.4). O
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Lemma 3.4. Suppose that AS.1 holds and consider any realization of the algorithm.
Suppose also that M, occurs, that iteration k is successful and that, for some j €

{1,...,q}, 20) fails for ()41, 0 ). Then

[skllP* > p(ow)er (3.10)
where 41
pgTI if g e{1,2} ,
@ = X (3.11)
% otherwise.
and
. 1—20)(p—q+ D)\~ .
min {1,<( q!(L)fz]j,jL(c]f;L )) } if g € {1,2} ,
Y(o) = ’ (3.12)
(1-20)(p—q+ 1)k (O’)q_l “
min [1, < 5 (L;] — U‘) s ) } otherwise.
: P

Proof. [See |17, Lemma 5.4].] If ||sx| > 1, the conclusion immediately follows.
Suppose therefore that ||sx|| < 1 and consider j such that (3.4 holds. Recalling the
definition of x; in (L3), (84) can be rewritten as

) Ok
Q€5 5% < lskllP g <||s;:||) (3.13)

where we have set
(1-20)(p—q+1)

gLy, +ox)
In particular, since x;(t) < 2t/ for t > 1, we have that, when ||sx|| < 0,

A =

1Y .
cuey <20l (o) =2l (3.14)
k

Suppose first that ¢ € {1,2}. Then, from our assumptions and Lemma B2 5 ; = 1
and ||sgl| < 1 = 0x;. Thus [BI4) yields the first case of (BII)-(BI2). Suppose now
that ¢ > 2. Then our assumptions imply that (B.3]) holds. If ||si|| < &, we may again
deduce from (BI4]) that the first case of (BII)—(B.12) holds, which implies, because
ks(o) < land 1/(p—j+1) < j/p, that the second case also holds. Consider therefore
the case where ||sj|| > d; ;. Then (BI3]) and the fact that x;(¢) < 2t for ¢t € [0, 1] give
that

. S
ag€; 07 < 2| sk|lPT! (—J)
J Vk,j || || ||$k|| )
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which, with (3:3), implies the second case of (B.11)-(3.12) as requested. O

Note that ¢)(¢) is decreasing as a function of o in both cases of ([B.12). We now investigate
the decrease of the exact objective function values at successful iterations.

Lemma 3.5. Suppose that AS.1 holds and consider any realization of the algorithm.
Then

Ok p+1 Omin
ol = e

where o, is defined in Step 0 of the IARgp algorithm. Moreover, if iteration k is
successful, then

ATy p(xr, s1) > P

[k > 0, (3.15)

o) = flaonn) 2 P2 g o, (3,16

Proof. The inequality (3.15) immediately follows from ([2.13), 2I7), (2.20). Now
the fact that iteration k is successful, together with (214)) and (ZI5)—(2.I6), imply that

flg) = f(ar) > 7(%) - ?(Ikﬂ) - QWHf,p(Ik, Sk)
Z T]Hﬁp(l’k, sk)—2wﬁf,p(:ck, Sk),
yielding (B.16]) using (3.15) and (2.14). O

We finally conclude our analysis of “accurate” iterations by proving a standard result in the
analysis of adaptive regularization methods. A similar version of this result was presented

in [4, Lemma 4.2] for the case where both function values and models are sufficiently
accurate.

Lemma 3.6. Suppose that AS.1 holds and let 8 > 1 be given. Then, for any realiza-
tion of the algorithm, if iteration k is such that M, occurs and

o L
or > 0y 2 max [ﬁao, 1—7]%3@0} : (3.17)

then iteration k is successful.

Proof. Suppose that ([BI7) holds. Thus, using successively (2.19), the triangle
inequality, the fact that My occurs, (2.4), (3.15), 2.14), 2I8)-216) and B.IT), we
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deduce that
o — 1] < m [(7(1%) — f(xk)) + (f(xk +s3) — flae + 3k>)
+( — far + si) + f(an) — ATy (24, sk))

+ (Avap(% si) — ATy (@, Sk))]

1 —_—

S AT, (o er) - T 3w|AT

B ATfp(xka k) [|f(xk + Sk) f,P(xka Sk)| + (.U| f,p(zka Sk)”

= SE||PT + 3w AT Tk, S

a ATf,p(xka Sk) {(p +1)! I | fvp( k> Sk)|

Ly,
< U_kp + 3w
< 1-—n.
Therefore p,, > 1 and iteration k is successful. O

3.2. Bounding the expected number of steps with Xy > oy

We now return to the general stochastic process generated by the IARgp algorithm aiming
at bounding from above the expected number of steps in the process generated by the
algorithm with >, > o,. To this purpose, for all 0 < k < ¢, given £ € {0,..., N, — 1}, let
us define the events

A = { iteration k is such that 3 < o, }, A§ = { iteration k is such that X, > o,
S = { iteration k is successful },

and let
Ne—1 Ne—1

Ny & Z Ly,  Nae =) I, (3.18)

be the number of steps, in the stochastic process induced by the IARgp algorithm, with
Y < o, and X > o0, before iteration N, is reached, respectively. In what follows we
suppose that AS.1-AS.3 hold.

We may now follow the argument of [18] to derive an upper bound on E[Njc|. In
particular, the argument unfolds as follows:

(i) we apply [18, Lemma 2.2 to deduce that, for any ¢ € {0,..., N, — 1} and for all
realizations of the IARgp algorithm, one has that

+1
Z Iyels, < —+ (3.19)
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(ii) as in [18], we note that both 6(1,) and o(1a¢) belong to A’ as the random
variable Ay is fully determined by the first £ — 1 iterations of the IARgp algorithm.
Then, setting £ = N. —1 we can rely on [18, Lemma 2.1] (with W}, = 1,¢) and ([2.29)
to deduce that

Ne-1 Ne—1 Ne-1
E Z Iagly, | 2 E Z PM,klAg] > pE Z ﬂA;] ; (3.20)
k=0 k=0 k=0

(iii) as a consequence, given that Lemma ensures that each iteration k where M
occurs and o, > o, is successful, we have that

N.-1 Ne—1 N

€
Z Iae I, < Z Iyels, < 5
k=0 k=0

in which the last inequality follows from (3I9]), with ¢ = N, — 1. Taking expectation
in the above inequality, using (3.20) and recalling the rightmost definition in (B.I8]),
we obtain, as in |18, Lemma 2.3|, that, for any realization,

1
E[N,.] < —E[N.]. 3.21
[Nae] < 5 B[N (3:21)
The remaining upper bound on E[N,] will be the focus of the next subsection.

3.3. Bounding the expected number of steps with Xy < oy

For analyzing E[N,], where N, is defined in (B8I8), we now introduce the following
variables.

Definition 1. With reference to the process (221) generated by the |1ARqp algorithm, let us
define:
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e A\, = {iteration k is such that ¥ < o4};
Ne—1

o Ny = Z Iz, Lae : the number of inaccurate iterations with Xy, < oy;
k=0
Ne—1

o Ny = Z Iz, L, : the number of accurate iterations with Xy < og;
k=0
Ne—1

o Nyg= Z Iz, Inm, Ls, the number of accurate successful iterations with Xy < og;

k=0
Ne—1

o Nyy= Z Lp, Im, s the number of accurate unsuccessful iterations with Xy, < og;

k=0
Ne—1

e Nig = Z 1z, Lyl the number of inaccurate successful iterations with Xy < os;

k=0
Ne—1

e Ng = Z Iz, Ls, : the number of successful iterations with ¥ < o;
k=
Ne—ol

o Ny = Z Iy, Lse the number of unsuccessful iterations with ¥ < os.
k=0

(3.22)

Observe that Ay is the “closure” of Ay in that the inequality in its definition is no longer
strict.

We immediately notice that an upper bound on E[V,] is available, once an upper bound
on E[N;] 4+ E[N4] is known, since

Ne—1 Ne—1 Ne—1
ENA<E | Y 1 | =E|> Iglue+ > IxLa | =E[N]+E[N4.  (3.23)
k=0 k=0 k=0

Using again [18, Lemma 2.1] (with W}, = 15 ) to give an upper bound on E[N/], we obtain
the following result.

Lemma 3.7. [18, Lemma 2.6] Let M, be the sequence of events in (2.24)) and assume
that (2.29) holds. Let N;, N4 be defined as in Definition [l in the context of the
stochastic process (2.21]) generated by the IARgp algorithm. Then

1—p,

D+

E[N;] < E[N,]. (3.24)

Turning to the upper bound for E[N,4], we observe that
E[N4] = E[Nas] + E[Nay] < E[Nys] + E[Ny]. (3.25)
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Hence, bounding E[N;] can be achieved by providing upper bounds on E[N 4¢] and E[Ny].
Regarding the latter, we first note that the process induced by the IARgp algorithm ensures
that Y is decreased by a factor v on successful steps and increased by the same factor
on unsuccessful ones.Consequently, by virtue of |18, Lemma 2, 5], we obtain the following
bound.

Lemma 3.8. [18, Lemma 2.5] For any ¢ € {0,..., N, — 1} and for all realisations of
the 1ARgp algorithm, we have that

l ¢
o
> tats < Y I 1, + o, (2]
k=0 k=0

From this inequality with ¢ = N, — 1, recalling Definition [I] and taking expectations, we
therefore obtain that

E[Ny] < E[Ns] + [logy <Z—Oﬂ = E[Nas] + E[N;s] + [logy <Z—Oﬂ . (3.26)

An upper bound on E[Nys] is given by the following lemma.

Lemma 3.9. Let Assumption AS.1 and AS.2 hold. For all realizations of the 1ARgp
algorithm we have that

(fO_flow)(p“—]-)! . =
Fllas] = (1 — 2w)omint(0s) <je%,l.].f.l,q} “ ) h (3.27)

where w, ¥(0) and oy are defined in (B11]), 312) and (BI7), respectively.

Proof. For all realizations of the IARgp algorithm we have that:

e if iteration k is successful, then (8:16) holds;

e if iteration k is successful and accurate (i.e., 1g 1r, = 1) and (2.6]) fails for
(k11,0 ), then (BI0) holds;

e if iteration k is unsuccessful, the mechanism of the IARgp algorithm guarantees that
x = x4 and, hence, that f(zx1) = f(zk)-
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Therefore, for any ¢ € {0, ..., N. — 1},

l
2w Jmln

fo—fiow = fo— f(Xe) Z]lsk f(Xk+1)) 22 Tl)ﬂskﬂpﬂ

> Zl 1y, L2 200 o (3.28)

> Sk Mk Gt k .

= SEMETT O ) ( +1) jella)

> Sn Ty 1 (”_2“)0“‘%(2) i )

N min e€;

R o S R D] et

> = 2)omin oo ) §11 g, Ix (3.29)

= Ty DY) (& s ) '

having set f, & f (Xo) and where the last inequality is due to fact that ¥ (o) is a
decreasing function. We now notice that, by Definition [,

Ne—2

Nig—1< Z Iy, L, Ls,.
k=0

Hence, letting ¢ = N, — 1 and taking expectations in (3.29]), we conclude that
(1 — 2w)omin ( . )w
— flow = (E|Nag| — 1)——F——(0, min €; ,
fo—h (E[Nas] = 1) TSN Y(os) | 2o
which is equivalent to (3.27). O
While inequalities (B:27) and (3.26]) provide upper bounds on E[N4¢] and E[Ny], as desired,

the latter still depends on E[N;g], which has to be bounded from above as well. This can
be done by following |18] once more: Definition [, (8.24) and (8.25]) directly imply that

1—p, 1—
Pegivyg < —2
Px Px

E[N;s] < ;p: _p*l (2E[NAS] + [log,y (Z—O)D (3.31)

follows from (B.26) (remember that 1 < p, < 1). Thus, the right-hand side in ([3.24]) is in

E[N;s] < E[N;] < = (E[Nas] + E[Ny]) (3.30)

and hence
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turn upper bounded by virtue of (3:25)), (3:26), (331) and [B21), giving

E[Na] < E[Nas]+E[Ny] < 2E[Nas] + E[Nrs] + [logw (Zo)-‘

1—
< 1 2E|N 1
< (2 (e s (2)])
& Os
= 2E[N 1 —
o (20l [ ()
D« (.fO - flow)(p + 1)' —W U
< ; 1 2
- 2p* -1 [ (7] - 2w)0minw(as) ]6?1171-{17 “ Ogﬁf 0o -
This inequality, together with (3.23) and ([B.24]), finally gives the desired bound on E[N,]:

s v < AL ) o (2] ]
(3.33)

(3.32)

We can now express our final complexity result in full.

Theorem 3.10. Suppose that AS.1-AS.3 hold. Then the following conclusions also
hold.

1. If ¢ € {1, 2}, then

E[N] < r(p.) (2(f0 — fiow)(p +1)! Q;ﬁ@?}q} €j) ptL

(77 - 2w)0min¢(08)

2. If ¢ > 2, then

E[N] < k(p«) (i;@;gﬁigﬁ;@gl <j€?11,i.{1,q} K )_q(p”“) {logy <Zo>—‘ " 2)

with x(py) o o 2p @2 and N, (o), o defined as in (B.1)), (B12)), (B.17), respectively.

Proof. Recalling the definitions ([B.I8]) and the bound (B.2I]), we obtain that

B[N = EINY] + EINA] < 500 + E[N,),

*
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which implies, using (3.33)), that

2p, — 1 1 2(fo — fiow)(p + 1)! i = O
2p. B[N < 2p. —1 ( (N = 2w)omint(0s) (je?ll,l..r.l,q} “ ) * [log”’ (0_0)} * 2) '

This bound and the inequality ! < p, <1 yield the desired result. O

Since the IARgp algorithm requires at most two function evaluations and one evaluation of
the derivatives of orders one to p per iteration, the bounds stated in the above theorem
effectively provide an upper bound on the average evaluation complexity of finding (e, §)-
approximate ¢-th order minimizers.

Theorem generalizes the complexity bounds stated in [17, Theorem 5.5] to the case
where evaluations of f and its derivatives are inexact, under probabilistic assumptions on
the accuracies of the latter. Remarkably, the bounds of Theorem [B.101 are essentially
identical in order of the tolerance € to those obtained in (17, Theorem 5.5/, in that they
only differ by the presence of an additional term in |log(minjei,. g €;)|. Moreover, it was
shown in [17, Theorems 6.1 and 6.4] that the evaluation complexity bounds are sharp in €
for exact evaluations and Lipschitz continuous derivatives of f. Since the 1ARgp algorithm
reduces to the algorithm proposed in that reference when all values are exact, we deduce
that the lower bound on evalution complexity presented in this reference is also valid

in our case. Thus, considering that, for small €;, the term |log(minjegi,.. g3 €;)| is much

smaller that the terms in minje g ej_(pﬂ)/(p_qﬂ) or minjeqr, . g} ej_q(pﬂ)/p, we conclude

that the the presence of random noise in the derivatives and of inexactness in function
values does not affect the evaluation complexity of adaptive regularization algorithms for
the local solution of problem (II). In addition, we also deduce that the complexity bounds
of Theorem [310 are essentiallgﬁ sharp in order of €.

It is interesting to compare our results with those of [1]. These authors mention an
“elbow effect” for algorithms using randomly perturbed derivatives in that they state a
lower bound on evaluation complexity for second-order approximate minimizers of O(e;*)
for all p > 2, in contrast with our smoothly decreasing O(minle;, e5]~P+H/®P=1) hound.
However, their framework is very different. Firstly, they assume the a priori knowledge
of the Lipschitz constants, which makes monitoring of the function values unnecessary in
an adaptive regularization algorithm, an assumption we have explictly avoided for consis-
tency. Most importantly, their accuracy model is significantly more permissive than ours,

as it allowdd derivatives’ estimates of the form V4 f(x) = (2/u)Vif(x) where z is a (0,1)
Bernoulli random variable of parameter p . Although unbiased and of bounded variance
under AS.1, such estimates result, for nonzero V7 f(z), in an infinite relative error with
probability 1 — p. Since they consider values of p of the order of €2, this is clearly too loose
for AS.3 to hold. This illustrate that, unsurprisingly, the evaluation complexity bound for

5Modulo the negligible logarithmic term.
6See definitions (76) and (87) in [1].
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algorithms using inexact information strongly depends on the specific (potentially proba-
bilistic) accuracy model considered.

We conclude this section by noting that the complexity bounds we have derived depend
on the smallest of the accuracy thresholds €;. We could therefore derive the complete theory
with a single € for all optimality orders, marginally improving notation. We have refrained
from doing so because users of numerical optimization algorithms very rarely makes this
choice in practice, but typically uses application- and order-dependent thresholds.

4. Extension to convexly constrained problems

As it turns out, it is easy to extend the above results to the case where the problem is
convexly constrained, that is when (LT) is replaced by
i 4.1
min f(z), (4.1)
where X is a convex subset of IR". We have refrained from considering this problem

from the start for clarity of exposition, but we now review the (limited) changes that are
necessary to cover this more general problem.

1. We may first weaken AS.1 to require that f is p times continuously differentiable
in an open convex neighbourhood of X and that the Lipschitz conditions (Z.1I) only
hold in that neighbourhood.

2. We must then revise our approximate criticality measure (Z71) to reflect the con-
strained nature of (4J]). This is done by considering the Taylor decrement which
is achievable only for displacements d which preserve feasibility. We may therefore

replace gbf{ () in 2.1 by

qﬁf{j () = max ATy ;(z,d)

z+deX, ||d]|<d;

for x € X. This new definition is then used in (B.I]) to obtain a new family of stopping
times.

3. We next insist that feasibility is maintained throughout the execution of the algo-
rithm, in that we require that zy € X and that s, is computed such that the trial
point x; + sy is also feasible. Moreover, our criterion for terminating the step search

. . . . . . —Ok,j .
must also reflect its constrained nature, which is obtained by replacing ¢n§,f7j(8k) in
2.18) by

5k,j
(ﬁ A S = max AT i\S d
mk’]( k> Tp+sp+deX, |d|| <oy, ; ka( k) )

for xp + s € X.

4. The theory is then unchanged for this new context, with one caveat. We note that
the proof of Lemma for the case where ¢ € {1,2} does depend on the fact that
T, (8%, d) is a convex function of d for j € {1, 2} because of the unconstrained opti-
mality conditions. Obviously, while maintaining convexity is possible in the convexly
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constrained case when ¢ = 1, it may now fail for ¢ = 2. As a consequence, this case
must be considered in the same way as for other larger values of ¢q. This then imposes
that we have to change the condition “if ¢ € {1,2}” or “if j € {1,2}" to “if ¢ =1
or “if j =17, respectively, in (2.24]), the first statement of Lemma [3.2] (B.11]) and its
proof, and in the first statement of Theorem [3.10l

It is remarkable that no further change is necessary for deducing Theorem B.I0 for problem
(41). This extension to the convexly convex case is also a novel feature for algorithms
considering randomly perturbed derivatives.

5. Conclusions and perspectives

We have shown that the IARgp algorithm, a stochastic inexact adaptive regularization
algorithm using derivatives of order up to p, computes an (€, d)-approximate g-th order
minimizer of f in problem ([[LI]) in at most O(e_PfiTH) iterations in expectation if ¢ is
either one or two, while it may need O(G_WTTD) iterations in expectation in the other
cased]. Moreover, these bounds are essentially sharp in the order of € (see [17]). We
therefore conclude that, if the probabilities pr s in AS.3 are suitably large, the evaluation
complexity of the IARgp algorithm is identical (in order) to that of the exact algorithm in
[17]. We finally provided an extension of these results to the convexly constrained case.

We also note that the full power of AS.1 is only required for Lemma[3.2] while Lipschitz
continuity of V2 f(z) is sufficient for all subsequent derivations. Thus if suitable lower
bounds on Ay, ; can be ensured in some other way, our development remains valid (although
the precise complexity bounds will depend on the new bounds on Ay ;). In AS.1, we have
also required (Lipschitz) continuity of f and its derivatives in IR". This can be weakened
to requiring this property only on the “tree of iterates” Ug>o[zk, Tk + Sk, but this weaker
assumption is often impossible to verify a priori. In the same vein, it also is possible to avoid
requiring that ([B.3]) is always ensured by the IARgp algorithm whenever ¢ > 2 by instead
redefining M, to also include the satisfaction of this condition. We have preferred using an
explicit assumption because this approach better differentiates deterministic requirements
on the algorithm from stochastic assumptions more related to the problem itself.

We finally recall that [17] also derives complexity bounds for the (possibly non-smooth)
composite optimization problem. We expect that the theory presented here can be ex-
tended to also cover this case.

An analysis covering adaptive regularization algorithms where the objective function
evaluations are also subject to general random noise, parallel to that provided for trust-
region methods for low order minimizers in |11}, remains, for now, an open and challenging
question.

"These simplified order bounds assume that ¢; = € for j € {1,...,q}.
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Appendix

Proof of Lemma
Let s} be a global minimizer of my(s). By Taylor’s theorem, we have that, for all d,

p
1 2l *
0 < mu(sp+d) —mr(sp) =) EvﬁTf,p(xka so)ld)’
=1
, 1 (A1)
o iy +1)! Z (IsklP*t) [d)f + i 1)!V’s’+1 (Is% +7dl|P*) [d]p“]

for some 7 € (0,1). We may now use the expression of V¢ (||s;[[**!) given by [16, Lemma 2.4] in (&)
and deduce that, for any j € {1,...,q} and all d,

J J
1_,— Ok
= SV Tk, si)ldl — —= > VilsillP* [d)f
o /! f,P( k k)[ ] (p+1)| ~ || kH [ ]

» » (A.2)
- N1 Ok 1 P+l p+1
< Y LT sl + —2 | S Lot 1 pap
— (! (p+1)! — /!
l=j+1 l=j+1
It is now possible to choose dy ; € (0, 1] such that, for every d with ||d|| < dk,;,
SN - ok 1
> GV Trplon sl + % | Y sk + |d||P+1]
f=j+1 P f=j+1 (A.3)
5
k.j
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We therefore obtain that if d; ; is small enough to ensure (A.3)), then (A.2)) implies that

1.6,
_ e__ 9k £l g% ||PT1 ~ e oI
> 9T s ey S VlsiP e < o L
=1 =1
and therefore that, for all j € {1,...,q},
1 6
max AT, (s, d) < =0e; —2L.
s, AT mea sk d) < 506
Thus the pair (s}, dx) is acceptable for Step 2 of the algorithm. If we assume now that zj + sj; is not an
isolated feasible point, the above inequality and continuity of Ty ,(zx, s) and its derivatives with respect
to s then ensure the existence of a feasible neighbourhood N} of s in which
(5j
max AT, (s, d) < fe; — A5
o BT, y(5.d) < ey - (A.5)

for all s € Nj¥. We may then choose any s; in NV}* such that, in addition to satisfying (ABH) and being
such that xy, + sy is feasible, (2Z2I7)) also holds. Thus the definition of ¢mk ' i(sk) in [ZIB) gives that

J

— 0k, 5/@7’
Bti(on) < ey % v
and every such (s, dx) is also acceptable for Step 2 of the algorithm.

Proof of Lemma
Let s; be a global minimizer of my(s). We first consider the case where ¢ € {1,2}. Then it is easy

to verify that, for each j € {1,..., ¢}, the optimization problem involved in the definition of 5%,’;]‘(5}:) (in
([211)) is convex and therefore that Jx,; can be chosen arbitrarily in (0, 1]. The first case of Lemma[3.2]then

follows from the continuity of (bmk ]( s) with respect to s. Unfortunately, the crucial convexity property is
lost for ¢ > 2

Unfortunately, the crucial convexity property is lost for ¢ > 2 and, in order to prove the second case,
we now pursue the reasoning of the proof of Lemma We start by supposing that ||s}| > 1. We may
then reduce the neighbourhood of s; in which sj can be chosen enough to guarantee that ||sx|| > 1, which
then gives the desired result because of (A5). Suppose therefore that ||si|| < 1. The triangle inequality

then implies that
P

IVET ¢ p @k, s3))| Vi f(ae)| Isil
=L

for € {q+1,...,p}, and thus, using, AS.1 and [16, Lemma 2.4], we deduce that

P
h vﬂsznpﬂw]
=j+1

* || p—0+1

”SkH i o lskl
Z ||v Tl + 22|

p
1 23l *
> VTl s +

t=j+1
Z ||d|\é

l=7+1

We now call upon the fact that, since ¢ > 3 and My, occurs by assumption, M,(f) also occurs. Thus

Z Villsi I ]]

Py
> EvﬁTf,pm,s;;)[d]f

£=j+1 p+1
p é 0+1
Hsklll UkHsk”p
<
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We therefore obtain from (A3]) that any pair (s}, ds ;) satisfies (A4) for ||d|| < ds,; if

LA p 1 ) P ”S*”p—f-i-l p+-1 1 59
%7 1@ Y | Pl Lt k%% B < ey 22, AT
> Z(i_e)!”sk” to—r | T =279 (A7)
l=j+1 1=0
which, because ||s}|| <1, is in turn ensured by the inequality
PS5t P 1 p+-1 1 59
> 1O D) < —fe; L. A8

Observe now that, since d5 ; € [0,1], (5£)j < (55;1 for e {j+1,...,p}. Moreover, we have that,

p 1 p+1
Z(i_£>!§e<3, (Cel{j+1,...,p+1}), ZE§6—1<2
1=0 l=j+1
and therefore (AZ8) is guaranteed by the condition
1
j!(6@+20k)55,j S §9€ja (Ag)

which means that the pair (s}, d;) satisfies (A4) for all j € {1,..., ¢} whenever,

1 def Oe;
58 i < _6min = 7]-
7 =2 - 2¢!(60 + 20y,)

As in the proof of Lemma 2.2] we may invoke continuity of the derivatives of my(s) with respect to s

to deduce that there exists a neighbourhood N;' of s} such that (AJB) holds for every s € N} and every

0k,j < Omin,k- Choosing now s to ensure (ZI7) in addition to (A, we obtain that the pair (sy,dk, ;)
satisfies both (217 and

J

ok o7, ;

Doy i (sk) < Oe; j—,j

The desired conclusion then follows with

v

rs(0) = q!(60 + 20)

for any constant v € (0, 1). Moreover, ks(o) is clearly a decreasing function of o.
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