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ARTICLE INFO ABSTRACT

Article history: This paper considers an accurate and efficient numerical scheme for solving
the radiative transfer equation (RTE) based on the discrete ordinates method
(DOM) in highly forward-peaked scattering media. The DOM approximates
the scattering integral of the RTE including the phase function into a quadra-
ture sum with the total number of discrete angular directions (TND) by a

Keywords: Radiative transfer equa-

tion, Discrete ordinates method, quadrature set. Due to large numerical errors of the scattering integral based
Highly forward-peaked scattering on the DOM in highly forward-peaked scattering, the phase function is renor-
phase function, Renormalization ap- malized to satisfy its normalization conditions. Although the renormalization

proach, Double-exponential formula approaches of the phase function improve the accuracy of the numerical re-

sults of the RTE, the computational efficiency of the RTE is still required.
This paper develops the first order renormalization approach using the dou-
ble exponential formula for three quadrature sets: level symmetric even, even
and odd, and Lebedev sets in a wide range of the TND from 48 to 1454. Nu-
merical errors of the three-dimensional time-dependent RTE are investigated
by the analytical solutions of the RTE. The investigation shows that the level
symmetric even set with the TND of 48 using the developed approach provides
the most accurate results of the RTE among the quadrature sets in the range of
the TND, while to obtain the same accuracy by the conventional zeroth order
renormalization approach, the TND needs to be larger than 360. The results
suggest the large reduction of computational loads by the developed approach
to less than 10 percent from those in the conventional approach.
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1. Introduction

Linear transport equation or linear Boltzmann equation in a random medium has been encountered in various
engineering and scientific fields such as biomedical optics based on radiative transfer, and nuclear reactor physics
based on neutron transport (Case, Kenneth and Zweifel, P, 1967). Especially, the radiative transfer equation (RTE)
attracted great interests in recent ten years because of the possibility as a forward model to describe photon migration
in biological tissue for optical computed tomography (diffuse optical tomography) (Gibson et al., 2005; Yamada
and Okawa, 2014), which has a potential to enable in-vivo imaging of various organs and tissue volumes such as
lung (Kannan, R. and Przekwas, 2011) and brain (Kannan and Przekwas, 2012) by irradiating near-infrared light in
the wavelength range from 700 nm to 1000 nm. Nevertheless, few groups in this field investigate the RTE-based
optical tomography now, because it is quite difficult to solve the RTE analytically or numerically. Although analytical
solutions of the RTE are given for simple geometries (Markel, 2004; Machida et al., 2010; Liemert and Kienle, 2012)
such as infinitely extended homogeneous media, it is not realistic to pursue analytical solutions for heterogeneous
media like animal and human bodies. Also, an accurate and efficient numerical solver of the RTE is requested
because of its more complex algorithm and higher computational loads than the diffusion approximation (DA) and
Monte Carlo simulations with the help of graphics processing units.

In numerical calculation of the RTE, it is necessary to discretize the spatial, angular, and temporal variables
because the RTE is an integro-differential equation for the multi-variable function of the light intensity. To attain
the accuracy of the numerical solution of the RTE, fast convergence of the numerical calculation of the scattering
integral with respect to the total number of discrete angular directions is crucial. Here, “convergence” means that the
numerical integration approaches toward a theoretical value when the total number increases, and “fast convergence”
means that the numerical integration approaches to the theoretical value at a small total number of discrete angular
directions. The discrete ordinates method (DOM) (Chandrasekhar, 1960; Carlson and Lee, 1961) is one of the gold
standards for angular discretization (Hardy et al., 2017), which approximates the scattering integral into a quadrature
sum by a quadrature set. It is known that the photon migration in biological tissue undergoes highly forward-peaked
scattering with the anisotropic factor ranging from 0.8 to 1.0 approximately (Cheong et al., 1990) unlike the neutron
transport, and the values of the phase function increase exponentially as the angle between the incident and scattered
directions approaches to zero. This behavior of the phase function results in slow convergence of the scattering
integral and large errors of the numerical solution of the RTE using the DOM.

To achieve fast convergence of the numerical calculation of the scattering integral for highly forward-peaked
scattering, in the research field of charged-particle transport, the Galerkin quadrature method (Morel, 1989; Morel
et al., 2017) and Boltzmann Fokker-Planck decomposition method (Landesman and Morel, 1989) have been devel-
oped, especially, to treat exactly the delta function scattering. On the other hand, in the field of biomedical optics or
radiative heat transfer, approaches for renormalizing the phase function have been developed (Wiscombe, 1976; Liu
et al., 2002; Boulet et al., 2007; Hunter and Guo, 2012). This paper focuses on the renormalization approach. The

renormalization approaches have several formulations: the zeroth order renormalization approaches by early studies
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(Wiscombe, 1976; Liu et al., 2002) to satisfy the zeroth order normalization condition of the phase function; and the
first order renormalization approach in implicit forms by Hunter and Guo (Hunter and Guo, 2012) to satisfy the zeroth
and first order normalization conditions. Recently, the authors have developed the first order approach in the explicit
form using the double exponential formula (DEF) for the quadrature set based on the extended trapezoidal rule (ETR)
(Fujii et al., 2016). The approach developed in the previous paper (Fujii et al., 2016) can reduce numerical errors of
the scattering integral and improve the accuracy of the numerical solution of the RTE compared with the zeroth order
renormalization approach in a range of the total numbers of discrete angular directions for the ETR set. Also, the
previous paper has shown that the total number needs to be more than 480 for the accurate numerical results of the
RTE. Despite the large reduction of the numerical errors by the previously developed approach based on the ETR set,
the necessity of the total number being larger than 480 still leads to high computation loads, and a further reduction
of computation loads is required. In the renormalization approach, a choice of the quadrature set is crucial because
the quadrature set strongly influences the numerical results of the RTE even when the same renormalization approach
is used. The strong influence has motivated this study to examine the compatibility of the renormalization approaches
for various quadrature sets in a wide range of the total number, and to explore an accurate and efficient quadrature set.

This paper develops the first order renormalization approach using the DEF in three kinds of quadrature sets:
the level symmetric even, even and odd, and Lebedev quadrature sets with the two cases of highly forward-peaked
scattering, and investigates the numerical errors of the scattering integral and numerical solution of the RTE. Then,
an accurate and efficient quadrature set using the first order renormalization approach is recommended. Furthermore,
the developed approach with the recommended quadrature set is tested for accuracy and efficiency by comparing with
the Galerkin quadrature method.

The following section describes the RTE and scattering integral, the conventional and developed approaches
for the renormalization of the phase function, a method of numerical calculation of the time-dependent RTE for
a three dimensional scattering medium using the DOM and finite difference method, and measurement quantities
and numerical conditions. Section 3 provides the numerical results for verification of the developed approach, and
the comparison study of the numerical errors between the developed approach and the Galerkin quadrature method.

Finally, conclusions are described. Appendix outlines the formulation of the Galerkin quadrature method.

2. The photon migration theory and numerical method of the RTE
2.1. The RTE and scattering integral

The time-dependent RTE is formulated in three dimensions (3D) as (Chandrasekhar, 1960),

% +Q-V+pu,r) +,us(r)] I(r,Q,1) = ,us(r)f dQ’ p(Q,QN(r,Q', 1) + q(r,Q,1), (1)
4n

where I(r, Q, t) in Wem™ sr~! represents the light intensity as a function of spatial location r = (x, y, z) in cm for a 3D
Cartesian coordinate system, angular direction (unit direction vector) £ = (,, Q,,Q.) = (sinf cos ¢, sin §sin ¢, cos 6)

(polar angle, 6 € [0, 7], azimuthal angle, ¢ € [0, 27] in sr), and time ¢ in ps. y,(r) and py(r) in cm~! are the absorption
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and scattering coefficients, respectively, v is the speed of light in the medium, p(€2, Q') in sr™! is the phase function,
and ¢(r, Q,¢) in Wem™2 sr! is a source function.

The phase function, p(€2, Q’), represents a probability of single scattering with the change in the direction from
the incident direction, £’, to the scattered direction, . Here, the phase function is assumed to be dependent only on
the polar scattering angle, ¢ = cos™' Q - ', resulting in p(Q, Q') = p(Q - Q). For the formulation of p(Q - ), the

Henyey-Greenstein phase function (Henyey and Greenstein, 1941) is widely employed,

l—g2

p2-Q) =~ )
4m(1+ g2 - 2gQ- )’

where g € [—1, 1] represents the anisotropic factor, defined by

2)

[, 49 p(Q-QHQ -
g§==" : 3)
[, 4 p@- Q)

While scattering in neutron transport can be treated as isotropic (g = 0.0) or weakly anisotropic (-0.5 < g < 0.5),
photon migration in biological tissue undergoes highly forward-peaked scattering (0.8 < g < 1.0) (Cheong et al.,
1990).

The scattering integral (first term of the right hand side of Eq. (1)) describes energy gain of photons by scattering,

and this term is approximated by the DOM as a quadrature sum,

Ng
e f QY p(Q - Q)I(r, Q1) ~ (1) D wi pur Iy (r, Q. 1), @)
4r =1

where wy is a weight for numerical integration; p;, &y, and I, are discrete forms of p, , and I, respectively; Ng is
a total number of discrete angular directions; the subscripts I’ and [ € [1,2, - - - No] denote the indices of the discrete
angular directions of the incident and scattered light, respectively.

In the DOM, a quadrature set of (w;,€;) should be given appropriately. Although many kinds of quadrature
sets for the DOM have been developed mainly in the field of the neutron transport (Fiveland, 1991; Carlson, 1971;
Balsara, 2001), the most common choice is the level symmetric even (LSE) quadrature set (Fiveland, 1991). The
LSE set is determined to satisfy the even-moment conditions, and invariant with respect to 90-degree axis rotation
and line reflection. Figure 1(a) shows an example of the distribution of (w;, ;) for the LSE set with N = 288 in the
first octant, where circles and colors represent €; and wy, respectively, and the values of €; and w; are calculated by
referring to the original paper (Fiveland, 1991). Recently, the even and odd (EO) quadrature set is developed to satisfy
both the even- and odd-moment conditions (Endo and Yamamoto, 2007) (the distribution with No = 288 is plotted
in Fig. 1(b)). The LSE and EO sets have limitations on Ng under the condition that w; is positive, i.e., maximum
values of N are 360 and 288 for the LSE and for the EO sets, respectively. On the other hand, it has been reported in
(Gregersen and York, 2005; Sanchez, 2012; Long et al., 2016) that the Lebedev quadrature set can provide the same
accuracy as the LSE set and at the same time reduce computation loads to two-thirds of that by the LSE set. The

Lebedev quadrature set is determined based on the spherical harmonics expansions to satisfy the invariance under
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Fig. 1. Distributions of the quadrature sets of (w;, Q;) in the first octant; (a) the LSE set with N, = 288, (b) EO set with N, = 288, and
(c) Lebedev set with No = 194. Circles and colors represent £; and w;, respectively. Calculations of (w;, ;) refer to the original papers:
(Fiveland, 1991) for the LSE set, (Endo and Yamamoto, 2007) for the EO set, and (Lebedev, 1975, 1977) for the Lebedev set.

10'F

100F = "g=08

=107

10-2 L

103" ' : ' '
a4 -05 0 0.5 1

Fig. 2. Henyey-Greenstein phase function as a function of Q - Q' = cos ¢ for isotropic scattering (¢ = 0.0), and highy forward-peaked
scattering (g = 0.8 and 0.9), in a logarithmic scale.

the octahedra group with its maximum value of N as large as 5808 (Lebedev, 1975, 1977) (the distribution with
Ng = 194 is plotted in Fig. 1(c)).

The above quadrature sets are given without considering the behavior of the phase function, p(€ - Q’), which
characterizes anisotropy of scattering. The Henyey-Greenstein phase function (Eq. (2)) is plotted in Fig. 2 as a
function of Q- Q' € [-1, 1] or cos ¢ (¢ € [0, ]) in a logarithmic scale. For isotropic scattering (g = 0.0) like neutron
transport, the phase function is constant over the whole domain of Q - Q’. For highly forward-peaked scattering (g =
0.8 and 0.9) like photon migration in biological tissue, meanwhile, the phase function tends to increase exponentially
as Q - ©’ approaches to unity (¢ approaches to 0). This feature of the phase function prevents fast convergence of

calculation of the scattering integral (Eq. (4)) because No must increase for highly forward-peaked scattering.

2.2. Conventional approach for calculation of the scattering integral

To achieve fast convergence of the numerical calculation of the scattering integral for highly forward-peaked
scattering, approaches for renormalizing the phase function have been developed (Wiscombe, 1976; Liu et al., 2002;
Boulet et al., 2007; Hunter and Guo, 2012), as discussed in the following.

The Henyey-Greenstein phase function (Eq. (2)) can be expanded in the series of the Legendre polynomials,

00

pQ-o)=>

n=0

2n+1

§"Py(Q2- ), ®)

where P, is the (unassociated) Legendre polynomials of order n € N. From Eq. (5), the phase function satisfies the
L-th order normalization conditions (L: nonnegative integer) for any nonzero value of g, in the following continuous

and discrete forms:
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No
gt f dQp(Q - QPR Q) ~ gty wipn P @) =1, 1=12 Na. (6)
an r=i

It has been reported that for weakly anisotropic scattering, the normalization conditions are satisfied by the quadra-
ture sets stated above, meanwhile for highly forward-peaked scattering the normalization conditions are not satisfied
anymore. In the early studies, zeroth order renormalization approaches of the phase function have been developed in
various formulations (Wiscombe, 1976; Liu et al., 2002). In these approaches, the renormalized phase function p;y
is introduced to satisfy the zeroth order normalization condition; Eq. (6) with L = 0 and replacing p; by py, i.e.
g0 2?’21 wy pir Py = 2?’21 wy pir = 1. Among them, Liu’s formulation (Liu et al., 2002) simply renormalizes the phase

function as

No -1
D = fipw, fi= [Z Wl’pll’} , 7

r=1
where f; is a renormalizing factor. The zeroth order renormalization approach can improve the accuracy of numerical

solutions of the RTE for highly forward-peaked scattering, but the higher order normalization condition of Eq. (6)
with L > 1 is still unsatisfied even by introducing p;y.

Recently, further improvement of the renormalization approach has been reported by Hunter and Guo (Hunter and
Guo, 2012). In their approach, so called the first order renormalization approach with L = 1, the renormalized phase
function is given by pyr = Wy pyr, where Wy represents the weight matrix determined by an inverse analysis so as
to minimize the numerical errors of the zeroth and first order normalization conditions of Eq. (6) with L = 0 and 1
when replacing p;r by p;r. Because W, is determined implicitly under an ill-posed condition, the values of Wy are
dependent on the inverse model. On the other hand, an explicit determination of the weight matrix like Eq. (7) is

convenient for examining the convergence of calculation of the scattering integral and useful for other researchers.

2.3. developed approach for calculation of the scattering integral
This paper develops the first order renormalization approach for the highly forward-peaked phase function ex-
pressed by the following equations:

-1

) ®)

Ng
Db = fiWu pi, fi= Z wr Wy pir
=

where pyy is again the renormalized phase function; and the renormalizing factor, f;, is determined to satisfy the zeroth
order normalization condition of Eq. (6) with L = 0 and replacing p;» by py, i.e. Z?’ﬁl wy pir = 1. The weight matrix,

Wi, is given explicitly by the DEF,

cosh(uyp ) exp[—2 sinh(u;p )]
{cosh[sinh(u; )] exp[— sinh(u; )]}
Wi = , ©)
cosh(ur) exp[—2 sinh(u)]
{cosh[sinh(u;)] exp[ - sinh(u,)]}

where u; = sinh_l(tanh_l(Q; - Qy)); and uy, (> 0) is a threshold of u;y for calculation of Wj. As shown in Eq. (9),

| < wg,

otz | > wg,

Wy varies with u; when |uyy| < uy,, and is kept constant when |uy| > uy;. Because our proposal employs the DEF
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heuristically and empirically, u,;, is not given theoretically unlike the original DEF (Takahasi and Mori, 1974; Mori and
Sugihara, 2001). In the developed approach, uy, is determined by fitting so as to satisfy the first order normalization
condition of Eq. (6) with L = 1 and replacing p;» by p;» under a well-posed condition; that is, u,, is determined so
that a numerical integral of S’] =g! Z?’fl wy pir €2 - €y converges to its theoretical value of unity.

The renormalized phase function p;r = fiWy pyr is calculated by the following steps:

Step (i) Selection of a quadrature set of (w;, ;) and a phase function of p: A quadrature set such as the LSE, EO,
or Lebedev set is selected and values of (w;, ;) refer to the original papers. Also, the phase function of p is
selected and discretized as p;r by using the selected quadrature set. In this study, the Henyey-Greenstein phase

function (Eq. (2)) is used.

Step (ii) Calculation of Wyy: wyp is calculated from €; - Q; and uy, is given as 0.5 for the initial value or a value

updated in Step (iv). Then, Wy is calculated from Eq. (9).

Step (iii) Calculation of f; and pyr: f; is calculated using the second equation of Eq. (8). Then, pj is currently

calculated using the first equation of Eq. (8).

Step (iv) Updating of u,,: To evaluate the first order normalization condition for the current values of py, the average
of L over/ = 1to No, S| = g7'Ng! Z;\f’l Z;Yﬁl wy Py - Qp is calculated. uy, is updated for S| to reach its

theoretical value of unity using the Levenberg-Marquardt method.

Step (v) Repetition from Step (ii) to Step (iv): Steps (ii)-(iv) are repeated until the difference of IS; = 1] is sufficiently

small. After the repetition, u,, and p; are determined.

The reasons of employing the DEF for the determination of Wy, are as follows. The DEF has been originally
developed for fast convergence of numerical integration with end point singularities (Takahasi and Mori, 1974; Mori
and Sugihara, 2001). For the case of highly forward-peaked scattering, the phase function exponentially increases
near the end point of €; - Q; = 1. Also, the weight matrix satisfies the symmetry condition of Wy = Wy, as clearly

seen from Eq. (9).

2.4. Finite difference method

In the finite difference method, x, y, z, and ¢ are discretized as x; = iAx (i € {0, ---, N}),y; = jAy (j €
{0, -+, My}, zx = kAz (k€ {0, ---, N;}),and t,, = mAt (m € {0, ---, N;}) with the constant step sizes of Ax, Ay,
Az, and At, respectively, and the numbers of the grid nodes and timesteps of N,, N,, N;, and N;, respectively.

The third order weighted essentially non-oscillatory (WENO) scheme (Jiang and Shu, 1996; Henrick et al., 2005)
is employed for spatial discretization in this study. For calculation of the advection term of Q - VI(r,€Q,¢) in the
RTE, the first order upwind (Klose et al., 2002; Fujii et al., 2014), diamond difference (Klose and Larsen, 2006), and
third order upwind (Fujii et al., 2016) schemes have been employed. The diamond difference and third order upwind
schemes can improve the accuracy of the numerical solution of the RTE when compared with the first order upwind

scheme, but these schemes produce numerical oscillations in the time period just before rapid increase of the light



170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

8 Hiroyuki Fujii et al. / Journal of Computational Physics (2020)

Table 1. Quadrature sets of (w;, Q) and total number of discrete angular directions, N
(wy, £) No
LSE (Fiveland, 1991) 48 80 120 168 224 288 360
EO (Endo and Yamamoto, 2007) | 48 80 120 168 224 288
50 86 110 146 170 194 302 350 434
590 770 974 1202 1454

Lebedev (Lebedev, 1975, 1977)

intensity, leading to loss of accuracy. In the field of computational fluid dynamics, high order schemes for calculation
of the advection term have been developed and the stability of the developed scheme have been investigated (Kannan,
2012). Among them, the WENO scheme can suppress the numerical oscillation by considering non-linear weights
based on the differences in the numerical solutions of the intensities between the neighboring nodes. In the third order
WENO scheme, the advection term of ;;(¢) at a spatial grid node of x; along the x-axis in the /-th discrete angular
direction €y, is given as follows:

ol

1
Q7= ~ Qi [vo,i + v3 — wivii — 2va; +v3,)], (10
ox 2 ’ ’

where v, ; (g = 1,2, 3) represents discretized gradients of the intensity,

vii = ior = Do)/ Ax,  vay = —Li-)/Ax, v = Ui — L)/Ax Q20 (11
vii = U2 — L) /Ax, vo; = pier — L)/ Ax,  va; = — L) /Ax - Qe <0
The non-linear weight, w;, is given so as to avoid overshoot and undershoot at a discontinuous region,
1 €+ (o —vi)?
o= ps ST (12)
1+ 21"5 €+ (V3,,‘ - V1,,‘)

where r; is a ratio of the smooth indicators; and € is a parameter to avoid division by zero and set as 10~ here, while
it is set as 107° in the original paper (Jiang and Shu, 1996). We confirmed that the numerical results of the RTE were
insensitive to the choice of e, either 10™* or 107°.

For temporal discretization, the third order TVD (total variation diminishing)-Runge-Kutta method (Gottlieb and
Shu, 1998) is employed. Refer (Fujii et al., 2017) for the details.

At the boundary of a medium, the refractive-index mismatched boundary condition is employed. Refer (Fujii
et al., 2014) for the details.

The finite difference method has several advantages; the programming code is easily implemented to improve the
accuracy by the high order schemes, the accessibility by parallel computing, and the efficiency by low data storage
format compared with the finite element and volume methods. A comparison study for numerical solutions of the

RTE using the several methods should be discussed in future.

2.5. Measurement quantities and numerical conditions

This paper considers three kinds of the quadrature sets: LSE (Fiveland, 1991), EO (Endo and Yamamoto, 2007),

and Lebedev (Lebedev, 1975, 1977) quadrature sets with various values of N as listed in Table 1, two kinds of
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z [cm]

Detector

@
p[cm.[

Source y [cm]

(0]

x [cm]

Fig. 3. Source and detector positions in the homogeneous cubic medium

renormalization approaches: conventional approach (Eq. (7)) and developed approach (Egs. (8) and (9)), and two

cases of highly forward-peaked scattering: g = 0.8 and 0.9.

2.5.1. L-th order normalization condition
To examine the L-th order normalization condition (Eq. (6)) of the renormalized phase function, we consider
numerical integration, S, defined as

Na

Sh=gt Y wepuPr( Q)  1=12,-- N, (13)
=1

which should ideally be unity. We calculated the mean value of S’L averaged over the whole range of /, defined as

§L = fi‘j S lL /Ng, and the mean absolute percentage error of S L' defined as
Na
er = Z ISt — 1] x 100/Naq. (14)

=1

Here, the results of the zeroth order normalization condition (Eq. (6) with L = 0) are not shown, but it was
confirmed that S, was unity and e, was zero for all the quadrature sets, for all the renormalization approaches, and

for all the cases of g.

2.5.2. Fluence rate
For examination of the accuracy of the numerical solution of the RTE using the renormalization approaches, we
calculated temporal profiles of the fluence rate, O(r, ) = Lﬂ dQI(r,Q,t) and compared the numerical solution of the

RTE with the analytical solution of the RTE for infinite homogeneous media.

Analytical solution of the RTE. Recently, the RTE with anisotropic scattering (g # 0) has been analytically solved in
time domain using a single-sided Laplace transformation of the spherical harmonics expansions (Liemert and Kienle,
2012). The analytical solution of the time-domain fluence rate, @y (1, t), for infinite media is given as

00

1
Rrre(rn) = 5 D wlho(0)sinor), (15)

k=1
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where r = |r|, R represents the radius of a large sphere, x discrete wavenumber, [,o(¢) the time-dependent mode
of the intensity, &, the positive root of the equation of jy(£,R) = 0 with jj being the zeroth order spherical Bessel
function of the first kind. The analytical solution (Eq. (15)) was verified by comparisons with Monte Carlo simulations
and experimental data (Kamran et al., 2015). Because Eq. (15) forms the summation over «, numerical calculation is
partially necessary. Hence, we employed an open source MATLAB code (Liemert and Kienle, 2012) for the numerical

calculation of Eq. (15).

Object for calculation. Figure 3 shows a homogeneous cubic medium with a side of 2.2 cm as an object, in which
a source was located near the center of the medium r; = (xy, ys, z5) = (1.10 cm, 1.10 cm, 0.88 cm), and a detector at
rg = (x4,¥5, 25 + p) with a source-detector distance of p = |ry — ry|. The reason why the source and detector were
located inside the medium is for comparison of the analytical solutions of the RTE in infinite media with the numer-
ical solutions of the RTE in finite media by suppressing the boundary effects. Our preliminary studies (unpublished
data) showed that numerical results of ® were little influenced in the time period of interest by changing the bound-
ary conditions from the refractive-index mismatching to the non-reentry boundary conditions, and by increasing the
medium size. These results confirmed the verification of comparing the analytical solutions in the infinite media with
the numerical solutions in the finite media under the conditions employed in this study.

Although data are not shown, the invariances of the numerical solutions with respect to 90-degree axis rotation
and line reflection were examined by comparing with the numerical solutions at six detector positions: (x; + 0, Vs, Zs),
(x5, Vs £ P, 25), and (xy, ys, 25 = p) When p was fixed. It was shown that the numerical solutions with the LSE, EO, and
Lebedev sets satisfied the invariances; they were the same for all the six detector positions with each quadrature set.

Hence, in this paper, only the numerical solutions detected at (x;, yy, Zs + p) are shown.

Evaluation of the numerical results. In this paper, we investigate the shape difference in the temporal profiles of the
fluence rate normalized by their peak values, <i), between the numerical and analytical solutions of the RTE, without
discussion of their magnitudes. This is because the normalized profiles are less sensitive to the differences in the
conditions between the numerical and analytical solutions; for example, the numerical scheme considers the source
profile as a pulse function, while the analytical scheme as a delta function. The difference in ® between the numerical

and analytical solutions of the RTE was evaluated by the mean absolute percentage error, eq

M,

1
T M, - M,

D" — Drrp(tn)
(i)RTE(tm)

% 100, (16)

€p

m=M,
where @ and ®g7£(1,,) represent the numerical and analytical solutions for ® at the m-th time step, 1,,, respectively;
and the summation with respect to m is over the time period from the time of #;, when Oprr reaches 10795 < 0.316
before the peak to the time of #);, when Bprr falls to 10715 « 0.032 after the peak. Here, a time period earlier than
ty, is excluded from the calculation of eg because the analytical solution (Eq. (15)) oscillates in the early time period
due to the spherical harmonics expansion, and because in the numerical solution the rise of the temporal profile from

zero is less sharp than in the analytical solution.
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Table 2. Optical properties of the numerical phantoms and source-detector distance, p

palem™]  pfem™ ¢ n plem]

Phantom 1 (Klose et al., 2002) 0.35 58.0 0.8 1.56 0.36
Phantom 2 (Bashkatov et al., 2011) 0.3 80.0 09 14 0.46
1 1
—AS of RTE —AS of RTE
0.8 —AS of DA 0.8 —AS of DA
%0.6 %0.6
< <
Eo4 Eo4
S &
0.2 02
0 0

0 100 200 300 0 100 200 300
(a) t[ps] (b) t[ps]

Fig. 4. Analytical solutions (AS) of the RTE (Eq. (15)) and the DA (Chandrasekhar, 1943) with the diffusion coefficient D = [3u,(1 — g)]‘l
for the infinite media: (a) Phantom 1 at p = 0.36 cm and (b) Phantom 2 at p = 0.46 cm, as listed in Table 2.

2.5.3. Optical properties and computation loads

Two examples of numerical phantoms are considered: Phantom 1 with the optical properties of a mixture of
SiO, particles and ink embedded in epoxy resin (Klose et al., 2002), and Phantom 2 with the optical properties of
background tissue of the human neck averaged over the muscle, adipose tissue, and bone (Bashkatov et al., 2011).
The optical properties of the two numerical phantoms are listed in Table 2. p were given as 0.36 cm and 0.46 cm
for Phantoms 1 and 2, respectively. Figures 4(a) and (b) show that the analytical solutions of the RTE and the DA
(Chandrasekhar, 1943) for the infinite media with the conditions as listed in Table 2, where the diffusion coefficient
D is given as [3u,(1 — g)]~! (Furutsu and Yamada, 1994). It is observed that the DA leads to large deviations from the
RTE.

The spatial and temporal step sizes were determined as Ax = Ay = Az = 0.02 cm and Az = 0.5 ps, respectively by
preliminary investigation of the numerical solutions of the RTE with different values of the step sizes. The preliminary
investigation showed that @ was unchanged even as the step sizes were finer than those given above.

The source code for the numerical calculation was written in the C programming language, and all the matrices
were compressed to vectors as the compressed row storage format. Also, parallel CPU programming was implemented
with 48 thread computers (Intel Xeon E5-2690v3@ 2GHz) by using the OpenMP, which is a portable and shared-
memory programming scheme.

Table 3 lists the matrix size (N,NyN.Nq X N.NyN.Nq) and computation time for calculation of @ in the time period
of [0 ps, 350 ps] with the LSE set using the conventional renormalization approach (Eq. (7)) for Phantom 1. The ratios
of the matrix sizes and computation times for the cases with N < 360 to those with Ng = 360 are also listed in Table
3. It should be noted that in our calculations, the computation times using the EO set and the developed approach are
almost the same as those listed in Table 3 when N, is the same, because the developed approach requires additional
computation time of only a few seconds over the conventional approach. Also, the computation times are independent
of the kinds of the numerical phantoms because the spatial and temporal sizes are fixed; the numbers of spatial grid

nodes (N,N,N;) and timesteps N, are 1030301 and 700, respectively.
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Table 3. Memory requirements and CPU times for the LSE set
Nq
48 80 120 168 224 288 360
Matrix size [x10'7]  0.025 0.068 0.153 0.300 0.533 0.881 1.376
Ratio of Matrix size 0.018 0.049 0.111 0.218 0.387 0.640 1.000
CPU time [hour] 3.33 5.44 6.29 10.30 18.24 2937 3493
Ratio of CPU time  0.095 0.156 0.180 0.295 0.522 0.841 1.000

-3 "mn A I 3t ' 10" &= :
- 10 = I f.
- 10 A‘A‘A“A e =" 10! A
= ' 10
2 10°} -B LSE ] 210 m---. 0100 200 400 19003
- - W N < A-A
@ EO0 q & 'i:‘i é‘A~ A-A A
10715 -4 Lebedev ) ] 10715k Y ‘«./ u
= 10° R0 g { T s tpee,  TLE
= ’2, = ATALT g exo
1072 \A\‘A i <1072 ‘_A\A“ Lebedev]
A 4 ‘A
107 . . . LA 10 . . . N
40 100 200 N 400 1000 40 100 200 N 400 1000
(a) Q (b) Q

Fig. 5. Evaluation of numerical integral of the first order normalization condition, S’l, for the three kinds of quadrature sets listed in
Table 1 in the case of g = 0.8 using (a) the conventional zeroth order renormalization approach (Eq. (7)) and (b) the developed first order
renormalization approach (Eqs. (8) and (9)). (Top row) mean values errors of Slv IS; — 1] and (bottom row) mean absolute percentage
errors of S 11 , €1, as a function of N, in the double-logarithmic scales. i, is plotted in the inset of the top row of the figure (b).

3. Numerical results

3.1. The case of g = 0.8

3.1.1. L-th order normalization condition

Firstly, we examine the first order normalization condition of the renormalized phase function (Eq. (6) with L = 1)
for the three quadrature sets listed in Table 1 in the case of g = 0.8. Figure 5(a) shows the results of IS1 — 1] and e,
using the conventional zeroth order renormalization approach (Eq. (7)). It is observed that as Ng increases, |S| — 1]
and e, approach to zero for all the quadrature sets. Also, it is observed that the convergences of [S; — 1| and e, for

the three sets are similar to each other while the accuracies of the quadrature sets are different from each other. The

‘I -m LSE N,=288
-@ EO N =288
[-A Lebedev N Q=1 94

011 5 LSE ¥ =288
|vl;‘ @ EO N =288
0.051 A Lebedev N =194

s

(a) (b)

Fig. 6. Evaluation of numerical integral of the L-th order normalization condition, S ’L, for the LSE set (Ng = 288), EO set (Ng = 288), and
Lebedev set (Ng = 194) using (a) the conventional renormalization approach and (b) the developed renormalization approach. (Top row)
mean value errors of S ’L, St — 1 and (bottom row) mean absolute percentage errors of S 1L, er.
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Fig. 7. Temporal profiles of the fluence rate, ®, normalized by their peak values in the case of Phantom 1 (g = 0.8) as listed at Table 2 using
(a) the conventional renormalization approach and (b) developed renormalization approach. The numerical solutions (NS) of the RTE for
the LSE set with different values of No = 48, 80 and 360; and the analytical solutions (AS) of the RTE (Eq. (15)).

similar behavior comes from the introduction of the renormalizing factor, f;, in Eq. (7).

Figure 5(b) shows the results using the first order renormalization approach, developed here as Egs. (8) and (9).
The results of [S; — 1| take values less than 10~ over all the values of Ng and over all the sets by adjusting uy, so
as to satisfy the first order normalization condition. The adjusted values of u,, with the three sets are shown in the
inset of Fig. 5(b) (top row), indicating that uy, is less dependent on the kinds of the sets. The inset also shows that
u,, decreases as Nq increases, meaning less contributions of the developed approach to the convergence because the
weight matrix, Wy, is constant for |u;y| > uy, as in Eq. (9). As shown in the bottom row of Fig. 5(b), the developed
approach can reduce the errors, e;, for No < 300 when compared with the conventional approach, while for No 2 300
the errors using the developed approach are almost the same as those using the conventional approach. These results
for N 2 300 comes from the fact that p; calculated using the developed approach is almost the same as that using
the conventional approach due to constant values of Wy over all the values of u;y. The bottom row of Fig. 5(b) also
shows that the results of e; using the developed approach depend on the kinds of quadrature sets, compared with those
using the conventional approach. This is because the values of W depend on the values of Q - ©’ unlike f;. Among
the three quadrature sets, the LSE and Lebedev sets can efficiently reduce the errors within 1% over all the values of
No.

It is observed in Figs. 5(a) and (b) that for Ng = 200, IS| — 1| and ¢, take values less than 1072 and 1, respectively
for the three quadrature sets and two renormalization approaches. Then, it is interesting to investigate whether the
higher order normalization conditions (Eq. (6) with L > 1) can be satisfied for Ng = 200. Figures 6(a) and (b) show
S — 1 and ¢, calculated with different values of L using the LSE set (N = 288), EO set (N = 288), and Lebedev
set (Ng = 194). As the order of normalization, L, increases, §L — 1 and ey, increase for both of the conventional and
developed renormalization approaches, although the developed approach can slightly reduce the errors for large L. In
future, a new renormalization approach should be developed to satisfy the higher order normalization conditions with

L>1.
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Fig. 8. The difference in ®, eg, between the numerical and analytical solutions of the RTE with different values of N for the three
quadrature sets using (a) the conventional and (b) developed renormalization approaches in Phantom 1 (g = 0.8) at the double-logarithmic
scales.

3.1.2. Fluence rate

In this subsection, we examine the numerical solutions of the RTE in Phantom 1 (g = 0.8) as listed at Table 2 for
the three quadrature sets with different values of Nq using the two renormalization approaches.

Figure 7(a) shows the temporal profiles of ® obtained by numerical solutions using the conventional approach
for the LSE set with three values of Ng = 48, 80, and 360; and by the analytical solution (Eq. (15)). As shown in
Fig. 7(a), the numerical solutions are strongly influenced by the values of Ng even though the spatial and temporal
step sizes are the same. The numerical solution with No = 360 agrees well with the analytical solution while the
numerical solutions with No = 48 and 80 significantly deviate from the analytical solution. These deviations are
attributed to the numerical errors of the normalization conditions of the phase function and of the scattering integral
(Eq. (4)).

Figure 7(b) shows the numerical solutions of the RTE using the developed approach under the same conditions
as the case of the conventional approach. In contrast to the results using the conventional approach, all the solutions
agree very well with the analytical solution. The results verify that the developed approach can improve the accuracy
of the numerical solutions for highly forward-peaked scattering.

Figure 8 shows the difference in @, e (Eq. (16)), between the numerical and analytical solutions for the three
quadrature sets with different values of N using the two renormalization approaches. As shown in Fig. 8(b), the
developed approach can reduce the errors within 6 % with all the values of Ng. The results of e are quite similar
to those of e; as shown in Fig. 5(b) (bottom row) with the exception of largest values of eq for the Lebedev set
while smallest values of e; for the Lebedev set among the three quadrature sets in the domain of N larger than 48.
Comparisons of e; and eg, especially focused on the results for the LSE set, show that e; needs to be reduced to less
than 1 % to attain the accurate numerical solutions with eq less than 2%. The requirement to e; seems very hard,
but this comes probably from the fact that e, (L > 1) for the higher order normalization condition is still large even
at the small values of e;. In addition, it is suggested that the positive correlation between e; and eg enables efficient
evaluations of the accuracy of the numerical solution without calculations of the RTE.

From the above results, the LSE set with No = 48 using the developed approach is the best choice for the accuracy
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Fig. 9. Results of IS1 — 1| in the case of g = 0.9 using (a) the conventional renormalization approach and (b) developed renormalization
approach. As a reference, the results for the Lebedeyv set in the case of g = 0.8 are plotted by open triangles. Other details are the same as
in Fig. 5.

and efficiency among the three quadrature sets because of the small errors of the numerical results and of the lowest
computation loads. When we compare the case for the LSE set with No = 360 using the conventional approach with
the case for the LSE set with N = 48 using the developed approach, the values of e¢ for both cases are almost the
same less than 2 % as shown in Fig. 8, while as listed in Table 3, CPU time in the case of the developed approach is

approximately ten times lower than that in the case of the conventional approach.

3.2. The case of g =0.9

3.2.1. L-th order normalization condition

In this subsection, we examine the first order normalization condition in the case of g = 0.9 for the three quadrature
sets as listed at Table 1 with different values of N, using the conventional and developed renormalization approaches.

The results of |[S| — 1| using the conventional approach are plotted in Fig. 9(a) showing the slower convergence
of S to unity with Ng, than those in the case of g = 0.8 (open triangles). To achieve the convergence, hence, the
maximum values of No = 360 and 288 for the LSE and EO sets are insufficient, and a larger value of N, for the
Lebedev set is required. Although data not shown here, the values of IS, — 1| with L > 1 in the case of g =09 are
also larger than those in the case of g = 0.8. These results come from the steeper change of the phase function toward
Q-Q’ = 1 in the case of g = 0.9 than in the case of g = 0.8 as shown in Fig. 2. Figure 9(b) shows the results of S| — 1]
using the developed approach and the adjusted values of u, (inset). Similarly to the results in the case of g = 0.8
(open triangles), it is observed that IS| — 1] take values less than 10~ with all the values of No, and u,, decreases as
Ng increases. Also, uy, in the case of g = 0.9 is larger than that in the case of g = 0.8 with the fixed values of Ny,
meaning that the phase function with g = 0.9 is renormalized in a wider range of €; - Q, than that with g = 0.8.

In Figs. 10(a) and (b), the results of e; using the two renormalization approaches are compared. Similarly to
the results in the case of g = 0.8 (bottom row of Figs. 5(a) and (b)), the developed approach can reduce the errors
compared to the conventional approach especially with the small values of Ng. As shown in Fig. 10(b), e; take values
less than 1 % for the LSE set with N = 48 and for the Lebedev set in the domain of Ng = 80. Also, the results
using the LSE set behave differently from those using the EO and Lebedev sets; e¢; using the LSE set increases as Ng

increases from 48 to 120 while e; using the EO and Lebedev sets tend to decrease. The reason of the behavior for the
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Fig. 10. Results of ¢; in the case of g = 0.9 using (a) the conventional and (b) developed renormalization approaches. Other details are the
same as in Fig. 9.

LSE set is discussed in the following. Because the developed approach determines the values of Wy as a function of
Q, - Q,, the distribution of €, especially its uniformity, affects the results of e;; the better uniformity tends to smaller
values of e;. This tendency is enhanced in the case of g = 0.9 compared with the case of g = 0.8. Although data are
not shown, for the LSE set with Ng = 48, the €;-distribution is completely uniform but with No = 80 and 120, the
uniformity becomes worse. These behaviors of the €;-distribution for the LSE set probably contribute to the increase
of e; with the increase of Nq.

From Fig. 10(b), it is suggested that the LSE set with No = 48 (denoted by the red arrow) can provide more
accurate numerical solution of the RTE with lower computation loads among the three quadrature sets over the whole
domain of Nq. The suggestion for the accuracy comes from the fact that e; is correlated with eq as discussed in the
above, and the suggestion for the efficiency comes from the fact that Ng, is directly related to computation loads as
shown in Table 3. This suggestion will be verified in the next subsection by examining the accuracy of the numerical

solutions of the RTE.

3.2.2. Fluence rate

Figure 11(a) shows the normalized temporal profiles of the fluence rate, ®, numerically calculated from the RTE
using the two renormalization approaches for Phantom 2 (g = 0.9) and compares them with the analytical solution of
the RTE (Eq. (15)). Here, the LSE set with N = 48 is chosen as stated above. As shown in Fig. 11(a), the numerical
solution using the developed approach agrees well with the analytical solution, while the numerical solution using the
conventional approach significantly deviates from the analytical solution. The result verifies the suggestion discussed
in the previous subsection. In Fig. 11(b), the errors, eg, using the conventional (gray marks) and developed (blue
marks) approaches are shown as a function of Ng for Phantom 2. The developed approach can reduce the errors
especially with the smaller values of Ngq; in the range of N < 100, eq for the developed approach decreases by one-
fourth of that for the conventional approach. From Fig. 11(b), it is found that over the whole domain of Nq except 48
and 302, the Lebedev set can provide the most accurate solutions of the RTE among the three quadrature sets in the

case of g =0.9.
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Fig. 11. (a) Temporal profiles of ® for numerical calculation for the LSE set with No = 48 using the two renormalization approaches in
Phantom 2 (g = 0.9) listed at Table 2. Other details are the same as Fig. 7. (b) The errors, e, using the conventional (gray marks) and
developed (blue marks) approaches in Phantom 2. Other details are the same as in Fig. 8.

Table 4. The numerical results for ¢;[%] and eq[%] using the Galerkin quadrature method and developed renormalization approach at
the LSE set with N = 48.

e1[%] eq[%]
g=0.38 g=09 g=08 g=09
Galerkin quadrature method (Morel, 1989) 036 x 10°5  0.36 x 10713 1.69 2.19
Developed renormalization approach 0.85 0.52 1.45 1.72

3.3. Comparison with the Galerkin quadrature method

We test the accuracy and efficiency of the developed renormalization approach by comparing with the Galerkin
quadrature method or the Galerkin approach for brevity. The Galerkin approach has been developed to treat highly
forward-peaked scattering of charged particles, and can provide the accurate and efficient numerical results (Morel,
1989; Morel et al., 2017). As a quadrature set, here, the LSE set with N = 48 is chosen for both approaches because
the set is best for accurate and efficient solutions of the RTE using the developed approach. The formulation of the
Galerkin approach is outlined in Appendix.

The numerical results of e; (Eq. (14) for L = 1) using the Galerkin and the developed approaches are listed in Ta-
ble 4 for the cases of g = 0.8 and 0.9. In the Galerkin approach, Eq. (13) for L = 1 is modified to g~! Z?]f] per P1(€Ly-
Q) without using the weight, wy, but with using the phase function matrix, p;. Compared with the developed ap-
proach, the Galerkin approach can reduce the errors remarkably for both cases of the g-values, suggesting the accuracy
and efliciency of the Galerkin approach for calculations of the scattering integral in highly forward-peaked scattering.
This superiority of the Galerkin approach is attributed to the fact that the Galerkin approach uses the orthogonality of
the spherical harmonics, while the developed approach does not.

Figure 12 plots the numerical solutions of the RTE using the Galerkin and the developed approaches, and the
analytical solutions (Eq. (15)), showing very good agreements between them for both cases of (a) g = 0.8 and (b) 0.9.
The numerical results of e (Eq. (16)) using the Galerkin and the developed approaches are listed in Table 4. It shows
that the errors using the Galerkin approach are similar to those using the developed approach, although the values of
e are quite different from each other. These results suggest that the values of e; less than 1% are sufficient to obtain

accurate solutions of the RTE.
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Fig. 12. Numerical results of the fluence rate, ®, normalized by their peak values using the Galerkin and the developed approaches at the
LSE set with N = 48 for (a) ¢ = 0.8 and (b) 0.9. Other details are the same as in Fig. 11(a).

The required memory and computation times for solving the RTE using the Galerkin approach are almost the same
as those using the developed approach, which are listed in Table 3 for the case of No = 48 because the computation
time to generate pg is few seconds.

From these results, it is suggested that the developed approach can provide almost the same accuracy and efficiency

of the numerical solutions of the RTE as the Galerkin approach.

4. Conclusions

We have developed the first order renormalization approaches of the highly forward-peaked phase function in
the RTE using the DEF for the three quadrature sets. We have compared the numerical solutions of the RTE using
the developed renormalization approach with those using the conventional zeroth order renormalization approach.
The comparative studies show that the developed approach can successfully reduce the numerical errors than the
conventional approach.

Among the three quadrature sets, the LSE set can provide more accurate results of e; and eq over the whole
domain of Ng in the case of g = 0.8, meanwhile the Lebedev set can in the case of g = 0.9. When we can choose
smaller values of Ng, the LSE set with No = 48 using the developed approach is found to be the best choice for
accurate and efficient calculation of the RTE (calculation of the fluence rate) in both cases of g = 0.8 and 0.9.

We have compared numerical results using the developed approach with those using the Galerkin approach, which
formulates the scattering integral in a different way from the renormalization approach, for the recommended set, the
LSE set with Ng = 48. It is found that the results of eq using both approaches are almost the same although the results

of e using the Galerkin approach are remarkably less than those using the developed approach.

Appendix A. Outline of the Galerkin quadrature method

We outline the formulation of the Galerkin quadrature method or Galerkin approach for brevity in a 3D geometry.
For the details of the method, refer the original papers (Morel, 1989; Morel et al., 2017). In the Galerkin approach,

it is required that the residual of the scattering integral is orthogonal to the weighting space, where the spherical



413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

Hiroyuki Fujii et al. / Journal of Computational Physics (2020) 19

harmonics form basis functions for 3D case. Based on the Galerkin approach, the matrix of the phase function pg at

a given spatial grid point is formulated as

pc = MED, (A.1)

where M is the moment-to-direction matrix, X the cross section matrix, and D the direction-to-moment matrix,
respectively. In the Galerkin approach, the relation of M D = I holds, where I is the unit matrix. Each element of the
moment-to-direction matrix, My, is calculated using the tesseral or real spherical harmonics of degree n and order m,
YWL.

n

My =Y, (), I=1,2,---,No, d=0,1,---,No—-1, (A.2)

where €; denotes the [-th discrete angular direction; and d corresponds to a combination of indices of n and m, sorted
in an arbitrary numbering order, e.g., d = 0 for (n,m) = (0,0), d = 1 for (n,m) = (1,—1), and so on. It is noted that
the Galerkin approach does not use the weight, w;, of the quadrature set for computation of p;. The number of the
discrete angular direction, Ng, is related to the maximum degree of Y,', N,, as No = N,(N, + 2) in the LSE set, e.g.,

Nq =48 for N, = 6. Y]'(€2)) is defined as

@ = 6,00 L Pl cos 6)) cos(mey)  m > 0

4r  (n+|m|)!

Y@ = : (A3)

2n+1 (n=lm)! .
== EZJZB, P"(cos 6)) sin(jm|¢)) m<0

where €, is represented by (6, ¢;) in a spherical coordinate. The number of the spherical harmonics of the degree
N, — 1 or less is Nf with —n < m < n, while Ngq is N,(N, + 2), meaning that the number of the spherical harmonics,
N2, is smaller than the number of the discrete angular directions, No. Then, the spherical harmonics of degrees higher

than N, — 1 are needed. The interpolation space spanned by Y] with the higher degrees is given as

-n<m<n 0<n<N,-1
':s-n<m<0and0<modd <n n=N, . (A4)
—-n<meven<0 n=N,+1

The cross section matrix X is given by the coefficients of the Legendre polynomial expansion. In the case of Henyey-

Greenstein phase function (Eq. (5)), X is calculated as

¥ = diag (gn(O)’gn(l), gD ’gn(Ng—l)), (A.5)
where n(d) represents the degree of Y, and is determined by the index d regardless of the order m, e.g., n = 0 for
(d,m) =(0,0),n = 1for (d,m) = (1,-1), and so on.

In this paper, the direction-to-moment matrix D is calculated by inversion of M using the LU decomposition. Us-

ing the matrix pg, the phase function matrix for the system is calculated as a block diagonal matrix. For computation
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of the RTE using the Galerkin approach, we employ the same numerical schemes as those developed in this paper

except generating the phase function.
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