arXiv:1812.04387v4 [math.NA] 14 Feb 2019

Rank adaptive tensor recovery based model reduction for partial differential
equations with high-dimensional random inputs

Kejun Tang?, Qifeng Liao>*

“School of Information Science and Technology, ShanghaiTech University, Shanghai, China
bSchool of Information Science and Technology, ShanghaiTech University, Shanghai, China

Abstract

This work proposes a systematic model reduction approach based on rank adaptive tensor recovery for partial differen-
tial equation (PDE) models with high-dimensional random parameters. Since the standard outputs of interest of these
models are discrete solutions on given physical grids which are high-dimensional, we use kernel principal component
analysis to construct stochastic collocation approximations in reduced dimensional spaces of the outputs. To address
the issue of high-dimensional random inputs, we develop a new efficient rank adaptive tensor recovery approach to
compute the collocation coefficients. Novel efficient initialization strategies for non-convex optimization problems
involved in tensor recovery are also developed in this work. We present a general mathematical framework of our
overall model reduction approach, analyze its stability, and demonstrate its efficiency with numerical experiments.
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1. Introduction

During the last few decades there has been a rapid development in surrogate and reduced order modelling for PDE
systems with random inputs. The PDE systems are fundamental mathematical models describing complex physical
and engineering problems, which can involve multiple disciplines, a large number of input parameters, and multiple
sources of uncertainty. A main challenge of surrogate modelling for these PDE models is the so-called curse of
dimensionality. First, due to the high complexity of practical problems, the random input parameters are typically
high-dimensional. Second, the standard output of these PDE models is the spatial fields (e.g., temperature, pressure
and velocity), and their fine resolution representation requires a large number of degrees of freedom, which make the
output high-dimensional.

A type of widely used surrogate modelling approach for these PDE models is the stochastic spectral methods
[, 12,13, 14, 5], while the high dimensionality of the random inputs causes difficulties in applying them. To alleviate
the difficulty, modifications of these methods have been actively introduced by exploiting certain properties of the
underlying problem. For example, sparse (generalized) polynomial chaos (gPC) expansions [, [7, 18, |9, 10, [L1] are
developed through using the sparsity in spectral approximations. Moreover, the stochastic collocation method [3,

12, 4] is reformulated as a tensor style quadrature problem in [[13], which shows that the corresponding collocation
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coefficients can be efficiently computed through tensor recovery techniques. On the other hand, the high dimensionality
in outputs poses challenges in both surrogate modelling and data storage. The surrogates proposed to resolve high-
dimensional inputs as discussed above are typically restricted to problems with a single output. Naively extending
them to high-dimensional outputs (building independent surrogates for multiple outputs) is computationally infeasible.
For making progress, dimension reduction methods for the outputs gain a lot of interests. For example, principal
component analysis (PCA) and kernel component analysis (kPCA) methods are successfully established for Gaussian
process surrogates [[14,[15]. Especially, since kPCA captures highly nonlinear low-rank structures in the output space,
it can provide dramatically tight representation of the outputs [16, [15].

In this work, we focus on tensor recovery based stochastic collocation. As discussed in [[13], gPC coefficients
in stochastic collocation can be computed through inner products of weight tensors and data tensors (see section
2.2 for details), where the weight tensors are given but the data tensors are expensive to obtain. Instead of directly
evaluating the expensive data tensor, tensor recovery here is to use a small number of entries of the data tensor to
recover the whole tensor [[17,[18,[19]. A popular recovery strategy is developed in [[17] based on canonical polyadic
(CP) decomposition. In this recovery approach, the CP rank of the underlying tensor needs to be known a priori,
which limits its application to our PDE models where the corresponding CP ranks are not given. For this purpose, we
develop a novel rank adaptive tensor recovery (RATR) approach, which do not require any prior information for the
tensor ranks. Moreover, as this kind of tensor recovery procedure requires solving a non-convex optimization problem
[13], initialization strategies for this kind of optimization problem are crucial for successful recovery. In our RATR
approach, new efficient initializaiton strategies are proposed based on a hierarchical rank-one updating procedure, and
their stability is theoretically proven in this work.

The aim of this paper is to develop a systematic model reduction framework to curb this challenging high-
dimensional input-output problem, and our overall procedure is as follows. First, kPCA is conducted for the outputs,
which gives their reduced-dimensional representations. After that, for each kPCA mode, RATR based stochastic collo-
cation is proposed to construct sparse gPC expansions for each kPCA mode. The inverse mapping method introduced
in [[16, [15] is finally adopted to construct an overall estimates of the outputs in the high-dimensional space. To sum-
marize, the main contributions of this work are three-fold: first, stochastic collocation methods are reformulated with
manifold learning for high-dimensional outputs; second, a novel rank adaptive tensor recovery (RATR) approach is
proposed to recover tensors without knowing their ranks a priori; third, new efficient initialization strategies for RATR
are proposed and their stability is analyzed.

The rest of the paper is organized as follows. In the next section, we formulate stochastic collocation methods for
stochastic PDEs based on manifold learning. Details of tensors and standard tensor recovery approaches are introduced
in sectionBl Our main algorithms and analysis for RATR and the overall RATR-collocation surrogate are presented in
section] In section[3] we demonstrate the efficiency of our RATR-collocation approach for stochastic diffusion and

incompressible flow problems. Finally section[6l concludes the paper.



2. Problem setting and stochastic collocation based on manifold learning

Let D denote a spatial domain (in R? or R*) which is bounded, connected and with a polygonal boundary D, and
x denote a spatial variable. Let £ be a vector which collects a finite number of random variables. The dimension of ¢
is denoted by d, i.e., we write £ = [£1,...,&,]". The probability density function of £ is denoted by 7(£). In this paper,
we restrict our attention to the situation that £ has a bounded and connected support. Without loss of generality, we
next assume the support of £ to be I where I := [-1, 1], since any bounded connected domain in R? can be mapped to
I?. The physics of problems considered in this paper are governed by a PDE over the spatial domain D and boundary

conditions on the boundary dD. This PDE problem is stated as: find u(x, &) : D x IY — R, such that

L Eux)=fx) VY, EeDxI, (1)

b, Eulx,é) =gx)  V(x,€eaDxI, 2)

where L is a partial differential operator and b is a boundary operator, both of which can have random coefficients. f
is the source function and g specifies the boundary conditions. We also define output quantities of interest. For each
realization of &, if the deterministic version of (I)—() is solved using a high-fidelity numerical scheme (simulator),
for example finite element and difference methods, a natural definition of the output is the discrete solution. A high-
fidelity discrete solution is also called a snapshot and can be represented as y = [u(x, €),...,u(x™, )17 € RM,
where u(x®, &),i=1,...,N;, denotes the value of u(x, €) at a specified location on a spatial grid and N, refers to the
spatial degrees of freedom. The manifold consisting of all snapshots is denoted by M c R™:, and it is assumed to
be smooth. A PDE simulator can be viewed as a mapping y : IY — M, where I¢ and M € R"" are the input space
and the output manifold respectively, and we denote it as y(&) = y = [u(xV, &), ..., u(x™, £)]T € M for an arbitrary
realization of the input & € I,

The goal of this study is to build surrogates for conducting uncertainty qualification (UQ) of the output y, given
limited training data points y = y(£&Y) for j = 1 : N, where N, is the size of a training data set. We focus on the
challenging situations that the input and the output are both high-dimensional. To make progress, we reformulate the
stochastic collocation surrogates [4, 3] based on manifold learning and tensor recovery quadrature. Manifold learning
gives a reduced dimension representation for the output space through kernel principal component analysis (kPCA)
and inverse mappings [20, 21l [15], and tenor recovery provides estimates of collocation coefficients associated with
high-dimensional random parameters through exploiting low rank structures in these coefficients [[13]. The rest of
this section is to discuss the manifold learning based collocation and the setting of tensor formulation, while detailed

tensor recovery methods and our new rank adaptive schemes are presented in the next two sections.

2.1. Kernel principal component analysis (kPCA)
To simplify the presentation, the given training data are denoted by y) = y(é) for j = 1,...,N,. Following
[20, 22,15], the kernel principal component analysis (kPCA) proceeds through two steps: mapping the training data

to a higher-dimensional feature space, and performing linear principal component analysis (PCA) in the feature space.



Denoting the feature space by 7, we define a mapping I' : M — F, which maps each training data point y € M to

I'(y¥) e F for j=1,...,N,. A covariance matrix of the mapped data is defined as

= Z </) </) (3)

where T(y?) = T(y’) — T and T = (1/N,) Zj:‘l I'(y). Eigenvectors of Cy can give a new basis to represent the
mapped data, and the eigenvectors associated with dominate eigenvalues can provide an effective reduced dimensional
representation for them.

However, the mapping I in practice is typically defined implicitly through kernel functions, and the eigenvectors of
C# are always replaced by eigenvectors of some centred kernel matrices. A kernel function in this setting is a mapping
from RV x RV to R, which is denoted by k(-,-). The kernel matrix associated with k(-, -) is denoted by K € RN>Ni

of which each entry is defined as
K;; = k(y?,y¥y for i,j=1,2,...,N,.

A standard choice of the kernel function is the Gaussian kernel
W _ |
N y y
k(y(l)’y(])) = exp[_” 2 ||2]9
20'g

where o is the bandwidth parameter. The centred kernel matrix is defined as

K = (K 1 K K11+1 Kll),

N
where IN% denotes the matrix with all entries equaling to 1/N,.

Leta = [ay,....an] € RNt collect the eigenvectors of K associated with eigenvalues 4; > Ay... > Ay,.
Basis functions of the mapped data in ¥ are defined as w, := Z?’:' | ajepf(y(i)), where @, = aj./ VA, and aj, is the
Jj-th component of «,, for e = 1,...,N;. A mapped training point F(y(j)) for j = 1,..., N, can be represented as
T(yY) = >N 7.(y")w,, where each coefficient 7.(y) is computed through

(/) Z a,le i 4)

To result in dimension reduction, the first N, dominant eigenvectors of K are selected as the the principal components,
with the criterion (Zi’ (Ae)/ (ZQ’; | Ae) > tolpca Where tolpca is a given tolerance. The basis functions associate with
the principal components are then w,, e = 1,...,N,, and each mapped training data point can be approximated as
Ty ~ ¥ 7.0,

It can be seen that the overall procedure of kPCA defines a mapping from the output manifold M to the reduced
feature space span{w;,...,wy,}. We denote this mapping as «(y) = Zi\” | Ye () we, where each coeflicient ¥.(y)
is obtained from (). The basis {we} , discussed above depends on the mapping T which are defined implicitly.
Collecting these coeflicients, a reduced output vector is denoted by #(y) := [¥1(y), ..., yn, ]! € R for any y € M.
The manifold consisting of all reduced output vectors is denoted by M,. We next denote ¥(€) := 7(y) € M, c RV
In summary, each training data point y) = y(&%) € M is mapped to y(£€)) := [y1(€D), ..., yn.(EN]T € M, for

Jj=1,..., N;. We next construct stochastic collocation surrogates for each component of y(§).



2.2. Stochastic collocation

For eachy,.(§),e = 1, ..., N,, a truncated generalized polynomial chaos (gPC) approximation [1,,2] can be written

as

P
Yel&) V@) = ) ca®ild), )

[IEll, =0
where i = [i, i, ..., i4]" € N?is a multi-index, llilly = i1 +i» + -+ +ig, and p is a given oder for truncation. Denoting
the set of the multi-indices by T := {i|i € N? and |ji||, = 0,..., p}, which implies that the number of basis function
is Y] = (p + d)!/(p'd!). The basis functions {®;(£)|i € Y} are orthogonal polynomials with respect to the density

function n(§)
(@,(6), Dy (£)) = fl DO OnEE = 5,

where § denotes the Kronecker delta function, i.e., §; = 1 if i is the same as i’ and §; = O otherwise. Each basis
function @;(§) can be expressed as the product of a set of univariate orthogonal polynomials, ®;(§) = szl ¢ (&0,

with each univariate orthogonal polynomial defined through a three term recurrence [23],

¢jr1() = (¢ = L@i) —1jpj-1(), j=12,....,p—1,
$0(&) =0, ¢1(5) =1,

where £; = [ éne©¢X©de] [ n@PE)dE, 7 = [ m @GO dE] [ me @ (©)dé, and 7 () s the marginal
density function of & (¢ denotes a component of &).

According to orthogonality of the gPC basis functions, the coefficients in (3) can be computed through

cui = fl Y ODUETEE. ©)

This integral can be computed through quadrature rules, and following [[13] we focus on the tensor style quadrature.

Let {£9, w‘j)};le denote n quadrature nodes and weights on the interval [—1, 1]. The quadrature form of (@) is
Ci= Y V& VE Wi e @)
1<jisejasn

where

£ _ [ (1) #) (ju)]T (8)

Jreda T 1 252 »:o005q |

Wi, = Wi ), 9)
for1 < ji,..., ja < n are the nodes and the weights spanned by the tensor product of the one-dimensional quadrature
rule.

Following [13], the quadrature form can be formulated as a tensor inner product as follows. For each e =
1,..., Ny, the values y.(§;, ;) for 1 < ji,..., ja < nform ad-th order data tensor X, € R™" of which each entry

is

Xe(jis-oonja) = ve(§j, i) (10)



For each multi index i with |[i]|; < p, the values (& ; wj, j, for 1 < ji, ..., ja < nform a d-th order weight tensor

W; € R™"™" with
Wi, oo ja) = Qi€ i)W .ju- (1)

Defining
i n n T n
P = gy, (€0) w0, gy, (€2)w®, 6 ()] € R, for k=1,....d, (12)
each entry of W; can be written as

A

Wijt jos .o ja) = WG (o) -+ wS(g) forall 1< ji<n k=1,....d,
and W; can be expressed as

Wi=w" oo cowl® with i=Ti....ial", (13)

@ 9

where “o” is the vector outer product. With the notation above, the coefficient c,; in (@) can be rewritten as the tensor
inner product

cei = (X, Wiy, (14’)

where the tensor inner product [24,25] is defined as,

(Xe, Wi) = zn: zn: a zn:Xe(jl,jZ’ s JOWi(ns 2, -5 Ja)- 5)

i Ja
The tensor norm induced by this inner product is denoted by ||-|| = ¢, M2 Details of tensor decomposition and

recovery are discussed in section[3and section [4]

2.3. Inverse mapping

After the gPC approximation (3) for eachy,, e = 1,..., N,, is constructed through the above collocation procedure,
the reduced output y(&) = ¥(y) = ¥(x(£)) € M, for an arbitrary realization of £ can be cheaply estimated through
this gPC surrogate. However, our goal is to quantify the uncertainties in the output y = y(£) € M, which requires an
inverse mapping «~! from the reduced output manifold M, to the original output manifold M. Following [21,115], an
inverse mapping can be obtained through an interpolation of neighbouring points in the training data set {y‘", ..., y™}.
That is, the Euclid distance between an arbitrary output y € M and each training point y (for j = 1,...,N,) is first

computed through

[ Y P _ 7}

d; = \|-20%0g (1 - 0.58),

where d; = 1+7(y)" K#(y)-27(») k. are computed through the kernel function, k,» = [k(y?, y™D), ..., k(y?, y™))]”
and k(-.-) is the given kernel function. The distances {d|, ..., dy,} are sorted next. Given a positive integer N,, the in-

dices with the smallest N, distances are collected in a set J C {1,..., N}, i.e., d; < d; for any j,i = 1,...,N; with

Jj€J buti ¢ J. After that, y can be approximated as

y(j)_ (16)



3. Tensor recovery based quadrature

It is clear that the main computational cost of the above collocation procedure based on manifold learning comes
from generating the gPC expansion (@) for each kPCA mode e = 1,..., N,, where evaluating each collocation coef-
ficient requires computing a tensor inner product (I4). When the input parameter £ is high-dimensional (d is large),
each data tensor X, € R™"”" is large (with n? entries). Evaluating each entry of X, requires computing a snapshot
(see (I0)), and it is therefore expensive to form these data tensors through computing snapshots for all entries. As
an alternative, tensor recovery methods provide efficient estimates of tensors using a small number of exact entries.
For forward UQ problems with a single output, when tensor ranks are given, a tensor recovery based collocation ap-
proach is developed in [13], which can be applied to construct the gPC approximation for each KPCA component (3)).
We here review this tensor recovery based collocation approach and provide new detailed computational cost assess-
ments. Since computation procedures for generating the gPC surrogates for each y,.(§), e = 1,..., N,, are identical,
we generically denote the data tensor X, defined in (I0) as Xexac in this section (i.e., the subscript e is temporally

ignored).

3.1. Canonical polyadic (CP) decomposition

Following the presentation in [25], the CP decomposition is reviewed as follows. For a d-th order tensor X €

R™>" its CP decomposition is expressed as

Z Doy o. oy (17)

where vg) e R"fork =1,...,d, R is the CP rank of X, and “o” is the vector outer product. The CP rank is defined as

Z " o --ov(r)}
s

R := rank(X) := min {R’

Figure [I] shows a third-order tensor with its CP decomposition. For each r = 1,...,R, v(lr) ) v(zr) 0---0 vﬁlr) in (IT7) is

(1) (R)
V3 V3
(D (R)

&) + e+ &)

X
(1) (R)
41 41

Figure 1: CP decomposition of a third-order tensor with rank R.

called a rank-one component. For each k = 1,.. ., d, the matrix A; = [v,(cl), v,(cz), .. (R)] € R™R is called the kth-order

factor matrix. With these factor matrices, the CP decomposition (L7) can be rewritten as

X =[[A1, A, ..., A4l (18)



From (I3), it is clear that each weight tensor is a rank-one tensor, and we here generically denote it as W := wj ow; o

--owy € R Following [23], the inner product of X, W (for computing (I4)) can be efficiently computed as

(X, W)

([[A1, Az, ..., Agll,wiowr0---0owg)
R

= Z(v(lr)ov(zr)o...ov(dr),wlowzo...owd>

= > T WG Y Gawr Grwa(ia) -+ waCja)

L ji,j2seesda

= Z{(Zﬁ”(ﬁ)wluo]b v;’><j2>wz<jz>]---[§ v§;><jd)wd(jd)]]
1 TG - -
R dj ' !
= Z[| |<V5f)’Wk>]~ (19)

The cost for computing the tensor inner product (X, W) through (I9) is O(dnR), while the cost is O(n?) if the inner

product is computed directly through its definition (I3).

3.2. Missing data tensor recovery
Denoting the full index set for a d-th order tensor in R as Ogy := {[j1, j2, . - » jd]T e N9 | Je=1,....,nfork =
1,...,d}, ® C Og denotes an observation index set, which consists of |®| <« d" indices uniformly sampled from ®gy;.

To numbering the elements in ©, the following sort operator is introduced.

Definition 1 (Sort operator). For a given finite set ® C N, we first sort its elements in alphabetical order: for any two
different indices}' = [}1, R fd]T and j = [ji,..., j41" belonging in ®, } is ordered before j if for the smallest number
k such that ji # Ji, we have ji < jr. Then for any j € ©, s(0©, j) € {1,...,|0|} is defined to be the position of j in the

sorted array.

A projection operator that takes tensor values over the observed indices are denoted by Pg: for any d-th order
tensor X € R, Po(X) := [py,... ,p‘@‘]T € R where Ps©,j) = X(ji,...,jq) for all j € ©. Tensor recovery here
is to find an approximation of the data tensor Xexaer based on the entries over the observation indices, i.e., Pg(Xexact)-
Since it is assumed that |®| < d", the cost for generating Pe(Xexact) 1s small compared with the cost for generating
the whole Xcxaci. When the CP rank of Xexaet (denoted by R) is given, Acar et al. [17] formulate the tensor recovery

problem as the following optimization problem

o1
min = [IPo(X) ~ Po(Xexaeol

st. X= Zv(r) ovg),

It is clear that evaluating Pg(X) requires O(|®|dR) flops.

(20)

To take the sparsity of gPC coefficients (3) into account (Cf. [6, 8] for sparse gPC approximations), a /; regularized

version of (20Q)) is formulated as follows [13]:

1 L
N minA J(A1,As, ... Ag) = 3 IPo ([[A1, Az, ..., AglD) — Po Kexac)ll3 + 8 Z [{[[A1, Az, ..., A4l Wi, 21)
lIEll; =0



where £ is a regularization parameter, p is a given gPC order, and Ay for k = 1,...,d are CP factor matrices of X (see
(8)). To solve (21)), the alternative minimization iterative method can be applied [13]. Letting Aiq) fork=1,...,dbe
the CP factor matrices at g-th iteration step (g > 0 is an integer), each CP factor matrix A,((qﬂ) at iteration step g + 1 is
obtained through

ALY = argmin JAY AT A A
k

b, @ LAY, (22)

which leads to a generalized lasso problem and is discussed next.

3.3. A generalized lasso problem

Let vec(A) denote the vector form of a given matrix A (as implemented in the MATLAB function reshape).

Following the procedures discussed in [13], (22) can be written as a generalized lasso problem
1
(g+DY _ : 2
vec (Akq ) = arg minz |Bs — bll5 + B||Fsll, , (23)

where B := Bo,([[AY", ... ATV 4, A9 . .., A1) with

Bo () and Frx() defined as follows (in Definition 2land DefinitionBlrespectively), and b = Po(Xexact) € R

A, F o= Fa([AVY, L, AD A A

Definition 2. For a given observation index set ® C N¢ and k € {1, ..., d), the operator Be . defines a mapping: for a
d-th order tensor [[A1, Ay, ..., Ag]] € R™" with rank R, entries of B := Be([[A1, Aa, . .., Agl]) € RO*™F gre zero

except

k—1 d
B(5(©,)),(r—Dn+ jo = [ At n) [ | AeGiesn), forallj=1ji,....jd €@andr=1,....R (24
k=1 k'=k+1

where (0, -) is the sort operator defined in Definition[l]

Proposition 1. Let @ be an observation index set, and [[A1, A, ..., A4l] € R™" be a d-th order tensor with rank

R. Letting Ajs := [A;, 6a] € R™®™D fori=1,2,....d, foranyk € {1,...,d}, we have that

Boi([A15, Azs, - - -, Ausl]) = [Box([[A1, Az, ..., Adl), Be([lda, ba, . .., 6a]])]. (25)
Proof. This proposition is straightforward since the matrix B is constructed by 24). O

Definition 3. Denoting the set of the multi-indices in 5) as T = {i|i € N and |i| = 0,..., p}, where p is a given
gPC order. The operator Fv . defines a mapping: for a d-th order tensor [[A1, A, ..., A4ll € R™" with rank R and
kefl,...,d}, entries of F := Fyx([[A1, A2, ..., A4l]) € RIT<R e specified as

k-1 d
Fs(0,0), (r = D+ mg) = w0 om) [ [(AeConwd?) T (e n i), (26)
k=1 k' =k+1

foralli=[iy,i,..., i e, m=1,...,nandr=1,...,R, where s(Y,-) is the sort operator defined in Definitionl[]]

and each Wf:") is defined in (12)).



The operation numbers to construct B and F are O(|®|Rd) and O(|'(|Rn’d) respectively. The generalized lasso
problem (23) can be solved by alternating direction method of multipliers (ADMM) [26] as follows. First, @3) is

rewritten as

1
min = [|Bs - bli5 + Blltll,
. 27)

s.t. Fs=t.

The augmented Lagrangian function of 27) is given by
L _1 2 e 2
(s.£.2,0) = 5 [|Bs — blly + Blitlly +(z. Fs = £) + Z |I[Fs — I

where z € R is the Lagrange multiplier, and 0 > 0 is an augmented Lagrange multiplier. Following [27], the

optimization problem (27) can be solved as
s = arg min L(s, t(i), z(i),g(i))
s
£ = are min L(s%D, £, 70, o®
g min L( z%,0")
2D = 70 4 gD (FgD _ gDy

Following [26], details of the ADMM algorithm for (27) are summarized Algorithm[I] and the soft-thresholding

operator S on line 4 of Algorithm[I]is defined as
4

The cost of using Algorithm[I] to solve (7)) is analyzed as follows:

e updating s**V line 3 of Algorithm [[requires a matrix inversion and matrix-vector products, of which the total

costis O(R? + n2R2(|0| + |Y])).
e updating the soft-thresholding operator and z**! requires O(||nR) operations.

Therefore, the total cost of Algorithm[T]is CAl = O(R> + n?R%(|0| + |Y])) + O(Y|Rn*d + |O|Rd).

The stopping criterion for the overall optimization problem (1)) is specified through three parts in [[13]: the relative
changes of factor matrices, objective function values, and gPC coefficients. The relative change of factor matrices
between iteration step ¢ and ¢ + 1 is defined as encior := (X0, 1A — AP|2)12 /(34 APIE)? where || - ||
denotes the matrix Frobenius norm. The complexity of computing €g,cior is O(dnR). Similarly, the relative changes of
objective function values and gPC coefficients are defined as €; := [J@*D — J@|/|J@| and ¢, := ||c9D — ¢ D||;/||cD]|
respectively, where || - ||; denotes the vector /; norm and ¢? collects the collocation coefficients (I4) obtained with
[[A(lq), cees AZ]) ]]. Since evaluating the objective function of includes computing the projection Pg and the tensor
inner products, the cost of computing €; and €. are O(|®|dR + |Y|ndR). For a given tolerance ¢, the optimization

iteration for I terminates if €peor < 6, €/ < § and €. < 6. The details for solving 1)) is summarized Algorithm[2]

which is proposed in [13]. The total cost of Algorithm[2lis CAZAZ] = dCyrg1 + O((n + |O] + |Y|n)dR).

10



Algorithm 1 ADMM for generalized lasso [26]

Input: B, F,b,5,v > 1 (for augment Lagrange multiplier)
1: Initialize 0@, s©, @ = Fs© and z@,i=0

2: while not converged do

3 s = (B"B + oF " F)'(BTb + oF"t" — FT7)

4: (D) = SS(FS(”I) + éz(i)) (element-wise)

. 20D = 20 4 o(Fs+) — gi+D)y

6 oD = oy

7: i=i+1

8: end while

Output: s* = s and A (the matrix form of s*).

Algorithm 2 Fixed-rank tensor recovery [13]

Input: CP rank R, initial rank R factor matrices A,(:)) fork=1,...,d,0, T and Pe(Xexact)-
1: Letg =0 and b = Pe(Xexact)-
2: Initialize €peror = 9, €7 = 0, €. > 6.

3: while €cior = 6, €7 > 5 or €. > 6 do

4: qg=q+1.

5: fork=1:ddo

6 B = Bo (A, AT A, A0 .. AL,
7: Fo= Fea([[AYD, A0 4,49 A9
8: Obtain factor matrix A" by Algorithm[I]

9: end for
10: Compute €ctors €7, €

11: end while

Output: CP factor matices Ay = A;{'p fork=1,2,---,d and the recovered tensor X = [[A1,...,A4]].

11



4. Rank adaptive tensor recovery for stochastic collocation

Our goal is to perform uncertainty propagation from a high-dimensional random input vector £ to the snapshot
y = [w(xD, &), ..., u(x™ )17 e R which is also high-dimensional. For this purpose, we develop a novel rank
adaptive tensor recovery collocation (RATR-collocation) approach in this section. We first present our new general
rank adaptive tensor recovery (RATR) algorithm for a general tensor, and then analyze its stability. After that, we

present our main algorithm for this high-dimensional forward UQ problem.

4.1. Rank adaptive tensor recovery (RATR)

As discussed in section[3] the standard tensor recovery quadrature requires a given rank of the data tensor, which
causes difficulties for problems where the tensor rank is not given a priori. Especially in our setting, tensor recovery
quadratures are applied to compute the gPC coeflicients for each kPCA mode (3), where the ranks of data tensors (I0)
are not given and the data tensor ranks associated with different kPCA modes can be different. To address this issue,
we develop a new rank adaptive tensor recovery (RATR) approach.

Our idea is that, starting with setting the CP rank R = 1, we gradually increase the CP rank until the recovered
tensor X approximates the exact tensor Xexaet Well. To measure the quality of the recovered tensor, the following

quantity of error is introduced

”IPG’ (X) - P@’ (Xexact)Hz
| |P®’ (Xexact) | |2 i

where © is the observation index set, ® is a validation index set (see [28] for validation) randomly sampled from

Ot = {Lj1»j2,..., jal” € Ndljk =1,...,nfork =1,...,d}, such that ® N ® = @ and |®’| < |®| <« d". Evaluating

go(X) =

(28)

the relative error £g (X) requires O((|®| + |®’|)dR) flops, which is discussed in section[3.2]

Since the optimization problem (Z1I)) is non-convex, initial factor matrices in Algorithm 2] need to be properly
chosen. We provide a detailed analysis of the initialization strategy in section @21 Here, supposing the tensor X® =
[[A1,...,Ag4]] is obtained, where {A1,..., Ay} is the solution of with rank R > 1, we consider one higher rank,
i.e., R+ 1. While an analogous approach for tensor completion using tensor train decomposition can be found in [29],
we here focus on CP decomposition and give the following scheme of rank-one update. The initial factor matrices for

rank R + 1 is set to the rank-one updates of the factor matrices of X® e,

AV = [A, éal, fork=1,....d, (29)
where da € R" is a random perturbation vector and Ay, ..., Ay are the factor matrices of X®  With these new initial

factor matrices, the recovered tensor X®*1) for rank R + 1 are obtained using Algorithm 2l To assess the progress
obtained through this update of the CP rank, the difference between the recovery errors of X1 and X® are assessed
through Ace = gor (X®) — go/ (X®DY, where eo/(+) is computed through @28). After that, we update the CP rank
R := R + 1, and the above procedure is repeated until Agg: < 0, i.e., o (XED) > o, (X®)),

Details of our RATR method are presented in Algorithm[3l The initial rank-one matrices A(lo), s A;O) in the input

are discussed in the next section. The other inputs are the observation index set @, the validation index set ®’, and
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entries of the data tensor (see (I0)) on these index sets (Po(Xexact) and P (Xexact)). To start the While loop of this
algorithm, Agg is initially set to an arbitrary number that is larger than 0 on line 1. The output of this algorithm gives

an estimation of the data tensor and its estimated rank. The cost of this algorithmis C,, D+ O(|®’|dR).

Algorithm 3 Rank adaptive tensor recovery (RATR)

Input: 0,0, 7, Po(Xexac)s Por (Xexacr), and initial rank-one matrices A\” fork = 1,--- ,d.
1: Initialize the CP rank R := 1 and set Aggr > 0.
2: Run Algorithmlto obtain XV,
: Compute gg/ (X(l)) by 28).
4: while Agg > 0 do

w

5: Initialize Af(o) = [Ag, 6a] fork = 1,...,d, where each A, is a factor matrix of X®.
6: Update the CP rank R := R + 1.
7: Run Algorithm[2to obtain X®,
8 Compute gor (X(R)) by @8).
9: Compute the relative change in errors Agg := €¢ (X(R_l)) - &o (X(R)).
10: end while
11: Let X := X&),
12: LetR:=R-1.
Output: the CP rank R and the recovered tensor X.

4.2. Numerical stability analysis for RATR

While the tensor recovery problem 1) is a non-convex optimization problem, the initial guesses for the factor
matrices need to be chosen properly. As discussed in section 3 2I)) is solved using the alternative minimization
iterative method, where the generalized lasso problem needs to be solved at each iteration step. As studied in
[30], 23D becomes ill-defined if B is ill-conditioned. Therefore, a necessary condition for the initial factor matrices
in 1) is that the resulting matrix B (see Definition 2)) needs to be well-conditioned. In this section, we first show
that if the initial factor matrices are sampled through some given distributions, the condition number of B is bounded
with high probability for the case of rank R = 1. Next, we focus on the rank-one update procedure in our RATR
approach (on line 5 of Algorithm[3)), and show that the condition number of B in (23) associated this update procedure

is bounded under certain conditions. We begin our analysis with introducing the following definitions.

Definition 4 (Uniform observation index set). An observation index set ® is uniform if and only if {j|j = [j1,- .-, jal €

®and j, =i}l =|O|/nforeachi=1,...,nandk =1,...,d, where | - | denotes the size of a set.

Definition S (d-th order ratio with m degrees of freedom). Let y,...,¥ -1 form a random sample from a given
distribution P and for a given positive integer d, let ¥ := ]—[jtll Y. For a given positive integer m, let ¥y, ...,"Y,, form

a random sample from the sampling distribution of ¥, and let & := Y], ‘I”,% The d-th order ratio with m degrees of
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freedom of P is

VVar(E)
=1 = 30
U EE) (30)

where E(Z) and Var(E) are the expectation and the variance of E respectively.

Note that g in (3Q) is typically called the coefficient of variation of = [31, p. 845-846].

Theorem 1. Let [[A1, ..., A4]] € R be a d-th order rank-one tensor and © be an observation index set. Suppose
that fori = 1,...,d, all entries of A; form a random sample from distribution P. Assume that the observation index
set © is uniform. For a given constant ¢c; > 1, if the d-th order ratio with |®|/n degrees of freedom of P satisfies
pu<l1, Q:=(;—1)/(ciu+p) > 1, then the condition number of B = B i([[A1, A2, ..., Agl]) fork =1,2,...,d (see
DefinitionD) satisfies cond*(B) < c¢| with probability at least 1 — 1/ Q>

Proof. Since the entries of B are zero except B (s(®, j), ji) for j = [ji,..., ja1' € O (see Definition ) where s(®, -)

is the sort operator, each row of B can have at most one nonzero entry. Therefore, B B is a diagonal matrix.

Since all entries of A; form a random sample from distribution P for i = 1,...,d, based on Definition 2 for
Jj= [jl,...,jd]T €0, k=1,...,dand jy = 1,...,n, we can express B(s(0®, ), ji) = ¥ = ff;lllpj, where
Yi,...,¥q- form arandom sample from P. We next denote Wy j j, := B (s(0, j), jr), where ¥ j),j form a random

sample from the sampling distribution of ¥ for j = [ji,... ,jd]T €0,k=1,...,dand j; = 1,...,n. Therefore, with
the assumption that @ is uniform, we have B'B = diag(&y,...,E,) with §; := Z'g{" (‘I’j-)2 fori=1,...,n, where ¥;
for j = 1,...,0|/n form a random sample from the sampling distribution of ¥.

According to the Chebyshev inequality,

— — — Var(2)
Prob (|2 - E(Z)| > @ {Var(®)) < PV
which is equivalent to
Prob (E(E) - Q0+Var(E) <E<EE) + Q\/Var(E)) >1- é 3D

Using diag(Z4,...,=,) = BT B gives

_max(E,.. .5} _EE)+QVVar® _ 1+ 0Qu
1’~'~7En} - E(E)—Q VVaI(E) I—Q/l'

Noting that Q := (¢; — 1)/(ciu + ) > 1 which gives ¢; = (1 + Qu)/(1 — Qu), combining (ZI)) and (32)) establishes

(32)

cond*(B) < ¢,
with probability at least 1 — 1/Q?. O

The conditions in Theorem[Tlrequire that u < 1 (u is defined in Definition[3)) and imply Qu < 1, such that cond(B)
is bounded above with probability at least 1 — 1/Q?. To achieve a high probability for a bounded cond(B), Q should
be large and y should then be small. So, the initial factor matrices (inputs of Algorithm[2)) should be generated using

realizations of a distribution P of which y is small. As an example, we show the estimated i (the d-th order ratio with
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Table 1: Examples of the d-th order ratio with |m| degrees of freedom for several standard distributions with d = 48 and m = 33 and the corresponding

values of cond(B).

Distribution P Estimated u = Average cond(B)

U(1,2) 0.0394 1.9031
N(9,0.1) 0.0242 1.1491
U(1,3) 0.1051 3.7348
N(9,0.5) 0.1390 1.1830
U0 2314262 227x10°
N(0, 1) 163.5804 1.89 x 10*

|m| degrees of freedom) for several standard distributions in Table[I] where we set d = 48 and m = 33. Here, U(ay, a,)
refers to a uniform distribution on the interval [a;, a;], and N(a,, a,) refers to a normal distribution with mean a; and
standard deviation a,. To compute the estimated  in Table[I} E(Z) and Var(E) in (30) are computed using the sample
mean and the sample variance of 10> samples of = (note that the relationship between = and P is stated in Definition
[B). In the procedure of generating each sample of =, the corresponding B is formulated and its condition number
cond(B) is stored (see Definition[3]and Theorem [ for the relationship between Z and B). The 10° samples of Z are
associated with 10° samples of cond(B), and Table [T] also shows the average of these samples of cond(B) associated
with each distribution. As shown in Table[I] the distributions listed above the dash line have u < 1, and they therefore
can be used to generate initial factor matrices, while U(0, 1) and N(0, 1) should not be used.

Next, our analysis proceeds through induction. That is, supposing for a rank R tensor X® = [[A1,..., A4l
its corresponding B (see Definition 2)) is well-conditioned, we show that the matrix B associated with X®*D =
[[A(lo), .. .,Ag))]] is also well-conditioned, where AZO) = [Ay,6a] for k = 1,...,d are the rank-one updates of the
factor matrices and da € R" is a perturbation vector. Before introducing our main theorem (Theorem[2), the following

lemma is given.

Lemma 1. Given two matrices X| € R and X, € R"™™ with full column ranks where n| > n, > n3, let their
singular value decompositions be X, = U121V{ and X, = UQZZVZT, where U; € R" X, e R""™ V| € R,
U, e R""™M X, € R" and V, € R™™, and let u(li) eR" fori=1,...,n and u(zj) € R" for j = 1,...,n; denote

the left singular vectors of X1 and X, respectively. Assume the following two conditions hold: first

X7 = diag(d, ..., 4,0, ,0), (33)
n3 ny—ns3
where A is a positive constant; second
(u(zj),u(li)) =0, forj=n3+1,....nandi=1,...,n;. (34)

Then X1 X! and X, X% commute, i.e., X, X! XX} = X, X7 X, X1,

Proof. Let P = UJU; € R™" X = PE,ETPT € R"™ and Z = XX,X] € R"*". Using (33), Z(i, j) = O for

j=n3+1,...,npandi=1,...,n, while Z(i, j) = AX(i, j)fori=1,...,n and j = 1,...,n3. Denoting the singular
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values of X; € R"™ by ¢y,...,0,, (note that n; > ny) gives

ny
X=) oippl, (35)

i=1
where p; fori = 1,...,n; are columns of P. Since p; = UzTu(li) fori=1,...,n,eachelementof p; is p;(j) = (uéj),u(li)).

Using (34) gives p;(j) = Ofor j = n3+1,...,nandi = 1,...,n;. Therefore, 33 gives X(i, j) = Ofor j = n3+1,...,m

and i = n3 + 1,...,n;. In summary, each entry of Z is

o AX(@i,j) fori<ns,j<ns,
Z(i,)) = (36)
0 otherwise.

Similarly, each entry of Z’ := T, X! X € R"*" is

o AX(@i,j) fori<ns,j<n;,
Z'(i,j) = 37
0 otherwise.

Combing (36)-(37) gives Z = Z’, and thus XX,X7 = £,£7 X, which leads to
VLU L 2T UT UL R = 5,2 U U X 2 UTU,.
Left multiplying both sides of the above equation by U, and right multiplying them by U ZT give
X X1 X.X7 = X, X1 x, X",
O

Theorem 2. Let ® be an observation index set, and [[A| ..., A4]] € R " be a d-th order tensor with rank R.
Suppose that A;, = [A;,0a] with éa = [1,..., 11" € R" is a rank-one update of A; fori = 1,...,d. Let B :=
Box([[Ai ..., All), 6B := Be([[6a,ba,...,8all), and Bs = Bo([A1s, . .., Ausl), and let uly and u'}) are the j-th
and the [-th left singular vectors of 6B and B respectively for j,l = 1,...,|0|. If the following three conditions hold:

1) the observation index set © is uniform as defined in Definitiond)

2) there exist positive constants c; and c3 which are independent of B, such that condz(B) = SIZnaX(B) / srzmn(B) <o
and |®|/ (nsrznin(B)) < ¢3, where Smax and Smin are the largest and the smallest singular values of B respectively,

3) Wl uly=0forj=n+1,...,10andl=1,...,|0],

then the condition number of Bs satisfies that

cond*(By) < ¢ + c3. (38)
Proof. By Proposition[I] we have Bs = [B,8B]. Note that the largest singular value of B satisfies that sﬁm(Bg) =
/lmax(BBT + 6B§BT). Using the min-max theorem,

Smax(Bs) = Hrnaxle(BBT + 6BSB )x

x]l,=

< maxx” (BBT)x + maxx” (6B6BT)x
[lx[l,=1 [lxll,=1

= Spax(B) + Sn0x (0B)
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Next we consider the smallest singular value of Bs under the above conditions. Let B = U X lVlT and 6B = UZZZV;

be the singular value decompositions of B and B, respectively.

By condition 1) and noting that a = [1,...,1]7, we have 2‘.22; = diag(|®|/n,...,10|/n,0,---,0). Since 2225 =
—_ — —
n |®|—n
diag(@l/n,...,10|/n,0, -~ ,0) and (), uly =0, j = n+1,...,1@,and! = 1,...,|©|. By Lemmalll BB” and §B§B”
| S et
n |®|-n

commute. Therefore, BB” and §BSB” can be simultaneously diagonalizable, i.e., there exists an orthonormal matrix

0 such that
max > “min

BB” = QAQ7, A = diag(s2,(B), ..., 52, (B),0, - ,0),
N——

|®]-nR

0BSBT = QAQ7, A, = diag(s>, (6B), . ..,s>. (6B),0,---,0).
N——

max > “min

|®]-n

Then it follows that BBT + 6BSB” = Q(A| + A»)Q, and s2. (Bs) = s>. (B), which gives that

min min
Smax(Bs)
2i0(Bo)
s2. (B) + sfnax(éB)

max

cond*(Bs) =

szmin(B) = cond’(B) + |®|/(ns12nin(B)) <cy+cs.

i

In summary, in our RATR algorithm (Algorithm [3), the fixed-rank tensor recovery algorithm (Algorithm Q) is
invoked. The stability of Algorithm[lis dependent on the observation index set ® and the initial factor matrices. From
our above analysis, if the observation index set ® is uniform, and the initial rank-one factor matrices are sampled
from the distributions given in Table [l with u < 1, the first tensor recovery step in RATR (on line 2 of Algorithm
[3) is stable with high probability. In the rank adaptive procedure, our analysis shows that the initial factor matrices
specified on line 5 of Algorithm[Blcan lead to stable tensor recovery on line 7 of Algorithm[3] if each B (see Definition
[I) associated with the data tensor obtained in the previous iteration step is well-conditioned. While the overall tensor
recovery problem (2I)) is solved using the alternative minimization iterative method, our analysis is restricted to the
first iteration step. To analyze the stability for the generalized lasso problem 23) for arbitrary iterations steps during
the alternative minimization procedure remains an open problem. Nevertheless, our analysis here gives a systematic
guidance to initialize the factor matrices for Algorithm [3] (also for Algorithm2)), and our numerical results in section

[3show that our RATR approach is stable and efficient.

4.3. RATR-collocation algorithm

Our goal is to efficiently conduct uncertainty propagation from the random input £ € I to the discrete solution
(which is high-dimensional) y = (&) = [u(x", &),...,u(x™, &)]" € M of (M)—@). The overall procedure of RATR-
collocation approach is presented as the following three steps: generating data, processing data to construct RATR-
collocation model, and conducting predictions using the RATR-collocation model.

For generating data, a tensor style quadrature rule [32] is first specified with n quadrature nodes in each dimension.

The full index set is then defined as Og := {[jl,jz,...,jd]T € Nd|jk =1,...,nfork = 1,...,d} and quadrature
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nodes are denoted as {fjl---jd’ forj = [j1, j2,...»jal’ € Orn). A observation index set ®, and a validation index
set ® are randomly selected from @y, such that @ N ® = @ and |®’| < |®| < n. After that, snapshots y(& i)
for j = [j1,j2,-..,jal’ € ® U@ are computed through solving deterministic versions of (1)) with high-fidelity
numerical schemes. At the end of this step, the snapshots are stored in a data matrix Y = [y, y® ... y®)] where
YOOI = y(&; ) forj =i, ja.- ... jal" € ® UG and s(-,-) is the sort operator defined in Definition Il

To process the data, kKPCA (see section P.1) is first applied to result in a reduced-dimensional representation of
Y—each y© = y(£?) € M is mapped to y(£?) = [y1(£D),...,yn.EN]T € M, forl = 1,...,N,. After that, for
each KPCA mode ¢ = 1,...,N,, an estimated data tensor (IQ) is generated through our RATR approach presented
in section .1l That is, through setting the observed data Pg(Xexaet) := p With p = [py,..., p|®|]T, where pyej) =
¥e (@) for j € ©, and the validation data Pe(Xexaer) 1= p With p = [p1,..., pie]”, where pyor.j) = 7. (§°©)
for j € ©’, Algorithm [3] gives an approximation of X,, which is denoted by X,. With this estimated data tensor,

each gPC approximation (see () y.(&) ~ y&C := f;\:o

c.i®i(§) for e = 1,...,N, is obtained with coefficients
computed through c,; := (X,, W;), where W; is defined in (I3). In the following, we call these gPC approximations
W) = |[;\=0 cei(l)i({f)}f?vz’1 the RATR-collocation model.

The above two steps for generating data and constructing the RATR-collocation model are summarized in Algo-
rithm @ For conducting a prediction of the snapshot for an arbitrary realization of £, we first use RATR-collocation

model to compute the output [yfpc(f), e, ylgvpc(f)]T in the reduced-dimensional manifold M,. With the reduced out-

put [yfpc(f), - ,ylg\,ljc(f)]T and the data matrix Y (generated in Algorithm[M), an estimation of the snapshot is obtained

through the inverse mapping (see section2.3]and [15]), which is denoted as yg xrg := YrRATR(E) € RN,

Algorithm 4 RATR-colocation in the reduced-dimensional manifold M,

Input: a full index set Oy, quadrature nodes {{f rda for j = [j1, j2, .-+, jd]T € @fuu}, an observation index set O, a
validation index set ®’, and a gPC order p.
1: Generate a data matrix ¥ = [y(”,y(z), - ,y(N')], where y((©@UO.) .= (fj]_'_jd) for j € @U@’ are obtained through
high-fidelity simulations for deterministic versions of (I)—-@)) and s(-, -) is defined in Definition[I]
2: Perform kPCA for ¥ to obtain y (6) = 1 (£7).....w, (gm)]T forl=1,...,N,.
3: fore=1:N,do
4: Define Po(Xexact) := p With p = [p1, ..., pje|l”, where pyo.j) = Ve (f“(@'j))) for j € ®.
5. Define Po/(Xexac) := p With p = [p1,..., pe]”. where pyor.j = ¥. (£5©) for j € ©'.
6: Generate an estimated data tensor X using Algorithm[3] and define X, := X.
7: Generate the gPC approximation y,.(§) ~ fPC = ﬂ)i\llzo cei®i(§) with ¢, 1= <Xe, W,-> fori e T = {i|li €
N? and llill, =O0,..., p}, where W; is defined in (13).
8: end for

Output: gPC approximations y’fpc(f), . ,yi,PC(f) and the data matrix ¥ = [y(”, yo, . y(N')].
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5. Numerical study

In this section, we first consider diffusion problems in section and section and consider a Stokes problem

in section[3.3l The governing equations of the diffusion problems are

V- [a(x,é)Vux,é)] =1 in  DxI (39)
u(x,€&)=0 on  dDpx I, (40)
W o on apyx I, (41)

on

where du/0n is the outward normal derivative of u on the boundaries, dDp N Dy = 0 and dD = dDp U dDy. In
the following numerical studies, the spatial domain is taken to be D = (0, 1) x (0, 1). The condition is applied
on the left (x = 0) and right (x = 1) boundaries, and @I is applied on the top and bottom boundaries. Defining
H'(D):={u:D — R, [[u*dD < oo, [ (u/dx)*dD < oo,l = 1,2} and H)(D) := {v € H'(D)|v = 0 on dDp)}, the
weak form of (39)—-EI) is to find u(x, &) € H(l)(D) such that (aVu, Vv) = (1,v) forall v € H(l)(D). We discretize in space
using a bilinear finite element approximation [33], with a uniform 65 x 65 grid (N, = 4225).

The diffusion coefficient a(x, €) in our numerical studies is assumed to be a random field with mean function ag(x),

standard deviation o~ and covariance function Cov(x, y),

e —yil |X2—)’2|)’ 2)

Cov(x,y) = o’ exp (— 7 ;
where x = [x1, %17,y = [yi,»]’ € R? and I, is the correlation length. This random field can be approximated by a

truncated Karhunen—Loe¢ve (KL) expansion [1]
d
a(x, &) ~ apx) + Y A&, (43)
i=1

where a;(x) and A; are eigenfunctions and eigenvalues of (@2), d is the number of KL modes retained, and {gi};lzl are
uncorrelated random variables. We set the random variables {&; }fz | to be independent uniform distributions with range
I = [-1,1], and set ap(x) = 1 and o> = 0.25. For test problem 1 (in section [3.1)), we set /. = 0.8 and d = 48, such
that at least 95% of the total variance is captured, i.e., (Zf'l:l A)/(D|g?) > 0.95, where |D| is the area of D. For test
problem 2 (in section[3.2), we set . = 1/16 and again set d = 48.

For all test problems, we set the gPC order p = 2 (see section 2.2) and take n = 3 Gaussian quadrature points
for each dimension, while ®g,; is constructed by the tensor product of these three points (|@¢y| = 3*%). As in the
input of Algorithm F] an observation index set ® and a validation index @’ are required. We test three cases of @
uniformly sampled from @y with sizes |®] = 100, 300 and 600 respectively, and generate ®" using 20 samples
uniformly sampled from @y, such that ® N ®’ = (. Note that the number of high-fidelity simulations (the finite
element methods here) in our RATR is |®| + |®@’|, while that in standard tensor grid collocation [[12] is |®gy| = 3*8 and
that in sparse grid collocation [3, 4] is still around 4705 (for a comparable grid level). So, the cost of RATR-collocation
is much smaller than the costs of both tensor and sparse grid collocation methods for high-dimensional problems.

For the diffusion test problems. The regularization parameter 8 in 1) is set to 0.01, the tolerance in Algorithm

is set to § = 1075, and the initial rank-one matrices for Algorithm [3] are generated with samples of U(1,2) which
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is an optimal initializaiton strategy as discussed in section [£.2] For kPCA as reviewed in section 2.1l we set the
criterion for selecting principal components to folpca = 90%, and set the bandwidth to o, = 5 for the diffusion test
problems. For a given realization of €, y := y(£€) denotes the finite element solution, and ygarr = XraTR() refers to a

RATR-collocation approximation solution (see section[4.3). A relative error is then defend as

”y - yRATR”2

Relative error =
Iyl

(44)

5.1. Test problem 1: diffusion problem with I, = 0.8 and d = 48

For each case of the observation index set ® (with N, := |®] = 100, 300 and 600 respectively), we first generate
the corresponding data matrix Y and apply kPCA for dimension reduction. For the given tolerance tolpca = 90%,
the number of kKPCA modes retained is N, = 4 for the three cases here (see section for the definitions of N, and
tolpca). For each kPCA mode, our RATR algorithm gives an estimation X, of the data tensor X, fore = 1,..., N, (see
line 6 of Algorithm[d), where X, is defined in (I0). Tabel 2l shows the estimated CP ranks of X, generated through
Algorithm[3] It is clear that, these estimated ranks of each X, are similar for the three cases of ®, and they are very

small—the maximum estimated CP rank for this test problem is four.

Table 2: Estimated CP ranks of each data tensor X, fore = 1,..., 4, test problem 1.

rank \e
1 2 3 4
©]
100 4 2 3 1
300 2 1 1 3
600 4 1 1 2

To assess the efficiency of our RATR procedure, we compare Algorithm [3 with the standard fixed-rank tensor
recovery approach (Algorithm ) to recover X; with |@] = 600 for this test problem. As discussed above, the initial
rank-one factor matrices for RATR are generated thorough the distribution U(1, 2). For Algorithm [2 for each given
rank R = 1,...,4, two distributions are tested for generating the initial matrices: U(1,2) and N(0, 1). Note that, as
discussed in section [£.2] U(1,2) is an optimal choice and N(0, 1) is a non-optimal choice for the situation that the
CP rank is one. In the following, the fixed-rank tensor recovery approach (Algorithm 2)) with initial factor matrices
generated through the optimal choice U(1,2) is denoted by FRTR-O, and that with initial factor matrices generated
through the non-optimal choice N(0, 1) is denoted by FRTR-N. Figure Rla) shows the validation errors (28) of the
recovered tensor generated by RATR, FRTR-O and FRTR-N respectively, where it is clear that for each rank R =
1,...,4, our RATR has the smallest validation error. As discussed in section the overall tensor recovery problem
@1 is solved through the alternative minimization iterative method (see (22)). Looking more closely, the validation
errors at each iteration step of the alternative minimization iterative method for R = 1,2, 4 are shown in Figure 2(b),

Figure 2A(c) and Figure 2I(d) respectively (since the results of R = 3 and R = 4 similar, we only show the results of
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R = 4). For R = 1 (Figure 2(b)), there is no rank adaptive procedure preformed in RATR, and the validation errors of
RATR and FRTR-O are the same, while it is clear that they are much smaller than the errors of FRTR-N. Moreover, the
validation error of FRTR-N can even become larger as the iteration step increases for R = 1, which is consistent with
Theorem[I For R = 2,4 (Figure 2lc) and Figure 2(d)), it can be seen that RATR has the smallest validation errors at
each iteration step, which shows that our rank-one updating procedure (on line 5 of Algorithm[3) gives efficient initial

factor matrices for the generalized lasso problem (23).
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Figure 2: Validation errors of rank adaptive tensor recovery (RATR), fixed-rank tensor recovery with initial factor matrices generated through

U(1,2) (FRTR-0O), and fixed-rank tensor recovery with initial factor matrices generated through N(0, 1) (FRTR-N), test problem 1.

While the sparsity of the gPC coefficients is taken into account in the tensor recovery problem (1)), we show the
absolute value of each the gPC coefficient c,; (see (6)) for each kPCA mode e = 1,...,4 and each gPC multi-index
i € T (see section in Figure 3l In Figure 3] the gPC multi-index set is labeled as ' = {i", ..., i}, where the
indices are sorted by the sort operator s(T, -) (see section Definition [[). From Figure 3 it is clear that the gPC
coefficients are sparse—absolute values of most coefficients are smaller than 1074, which is consist with the results in
[6].

Figure[ shows the finite element solution y and the RATR-collocation approximation yg org responding to a given
realization of &, where it can be seen that they are visually indistinguishable. Finally, we generate 500 samples of &,

and compute the relative error (@4) for the three cases (|@| = 100, 300 and 600 respectively). Figure [3] shows Tukey
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Figure 3: Sparsity of gPC coefficients for each kPCA mode, test problem 1.

box plots of these errors. Here, the central line in each box is the median, the lower and the upper edges are the
first and the third quartiles respectively, and the red crosses are the outliers where the relative errors are large. From
Figure [ it is clear that as the size of the observation index set (|®)]) increases, values of the median, the first and the

third quartiles of the errors decrease.

5.2. Test problem 2: diffusion problem with [. = 1/16 and d = 48

For this test problem, the correlation length is very small, and the diffusion problem becomes highly non-smooth.
Following the discussion procedure in test problem 1, we first generate the corresponding data matrix Y for the three
cases of ® (|@] = 100,300 and 600) and apply kPCA on it. For folpca = 90%, the number of kPCA modes retained
is N, = 7 for this test problem. Tabel 3] shows the estimated CP ranks of X, generated through Algorithm [3] for each
e =1,...,7, where it is clear that the estimated ranks are small (the maximum of the estimated ranks is seven). Figure
shows validation errors of our RATR, FRTR-O and FRTR-N (Algorithm [2] with initial factor matrices generated
through U(1, 2) and N(0, 1) respectively) for recovering X; (see (I0)) with |®] = 600 . From Figure[6(a), it can be seen
that our RATR has the smallest validation error for each rank R = 2,...,7. It is also clear that, as the ranks increase,
the error of RATR decreases, while the errors of FRTR-O and FRTR-N do not decrease. The other pictures in Figure[6]

show the validation errors at each iteration step of the alternative minimization iterative procedure for R = 1,2,3,4,7
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Figure 4: The finite element solution and the RATR-collocation approximation (with [®] = 600) responding to a given realization of &, test

problem 1.
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Figure 5: Relative errors of RATR-collocation approximation for 500 test samples, test problem 1.
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(since the errors for R = 5, 6 are similar to the errors for R = 7, they are not shown here). For the case R = 1 (Figure
[6lb)), while RATR is the same as FRTR-O, the error of RATR is larger than the error of FRTR-N, but the errors of
RATR and FRTR-N are both very large (larger than one), which implies that this rank (R=1) is too small to accurately
recover the data tensor. As the rank increases, for R = 2,3, 4,7, the validation errors of RATR are clearly smaller than
the errors of FRTR-O and FRTR-N, which is consist with the results in test problem 1. Figure[/] shows the absolute
values of the gPC coefficient c,; (see (@) fori € Y and e = 1,...,4 (the first four KPCA modes). It is clear that
absolute values of most gPC coefficients are very small. Therefore, the gPC expansions for these four kPCA modes
are sparse. For the other kPCA modes (e = 5, 6, 7), since the situation is similar to that of the first four kPCA modes,
their corresponding gPC coeflicients are not shown here, while these gPC expansions are also sparse. Finally, Figure
shows Tukey box plots of the relative errors for 500 test samples for this test problem, where the central line
in each box is the median, the lower and the upper edges are the first and the third quartiles respectively, and the red
crosses are the outliers. From Figure[§] it is clear that, as the size of the observation index set (|@|) increases, values
of the median, the first and the third quartiles of the errors decrease, which are all consistent with the results in test

problem 1.

Table 3: Estimated CP ranks of each data tensor X, fore =1,..., 7, test problem 2.

rank \e
1 2 3 4 5 6 7
1©]
100 7 1 3 2 1 2 1
300 6 3 1 1 7 1 1
600 7 1 4 3 7 1 3
5.3. Test problem 3: the Stokes equations
The governing equations for this test problem are
V- la(x, )Vu(x,€)] + Vp(x,€) =0 in DxI, (45)
Voulx,&)=0 in DxI, (46)
u(x,&) = g(x) on 0D xI, 47)

where D c R?, and u(x, &) = [u1(x, &), ua(x, &)]” and p(x, &) are the flow velocity and the scalar pressure respectively.
We consider the problem with uncertain viscosity a(x, €), which is assumed to be a random field with mean function
aop(x) = 1, variance o = 0.25, and covariance function @2). The correlation length is set to . = 0.8, and we take
d = 48 to capture 95% of the total variance as in test problem 1. We here consider the driven cavity flow problem
posed on D = (0, 1) x (0, 1). For boundary conditions, the velocity profile # = [1,0]” is imposed on the top boundary
(x» = 1 where x = [x;,x]7), and u = [0,0]7 is imposed on all other boundaries. We discretize in space using

the inf-sup stable O, — P_; mixed finite element method (biquadratic velocity—linear discontinuous pressure [33]) as
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Figure 6: Validation errors of rank adaptive tensor recovery (RATR), fixed-rank tensor recovery with initial factor matrices generated through

U(1,2) (FRTR-0O), and fixed-rank tensor recovery with initial factor matrices generated through N(0, 1) (FRTR-N), test problem 2.

implemented in IFISS [34] with a uniform 33 x 33 grid, which yields the velocity degrees of freedom N, , = 2178
and the pressure degrees of freedom N, , = 768. The output y here is defined to be a vector collecting both discrete
velocity and pressure solutions, and the overall dimension of y is then N}, = N, , + N}, , = 2946. For this test problem,
the regularization parameter 8 in (2I) is set to 0.1, and the tolerance in Algorithm[2is set to 6 = 10~>. The bandwidth
o of KPCA for dimension reduction is set to 10, and we again set folpca to 90%.

We first generate the corresponding data matrix Y for the three cases of ® (|®| = 100,300 and 600) and apply
kPCA on it. For tolpca = 90%, our results show that the number of kKPCA modes retained is N, = 9 for the case
|®] = 100, while N, = 10 for the cases |®| = 300 and |®| = 600, which implies that the sample size 100 may not
be large enough for an accurate dimension reduction. Tabel @] shows the estimated CP ranks of X, generated through
Algorithm 3 for each KPCA mode e = 1, ..., N,. Again, it is clear that, the estimated ranks are small—the maximum
estimated rank is only seven. This shows that the rank-one update produced in Algorithm[3]is performed seven times
at most, and it is therefore not costly.

Figure [0] shows the validation errors of our RATR (Algorithm [3] with initial factor matrices generated through
U(1, 2)), FRTR-O and FRTR-N (Algorithm[2] with initial factor matrices generated through U(1, 2) and N(0, 1) respec-
tively) for recovering X; (see (I0)) with |®] = 600. From Figure B(a), it can be seen that our RATR has the smallest
validation error for each rank. It is also clear that, as the rank increases from one to three, the errors of RATR reduces
significantly, while the iterations from rank three to seven are caused by our stopping criterion on line 9 of Algorithm
[ The other pictures in Figure @ show the validation errors at each iteration step of the alternative minimization itera-
tive procedure for R = 1,2, 3, 6,7 (while the errors for R = 4,5 are similar to the errors for R = 6, they are not shown

here). Similarly to test problem 1, for the case R = 1, RATR is the same as FRTR-O, and their errors are smaller
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than the error of FRTR-N. For R = 2,3, 6,7, the validation error of RATR is again clearly smaller than the errors of
FRTR-O and FRTR-N, which shows that our rank-one update procedure is efficient for this Stokes problem.

Figure [T0 shows the absolute values of the gPC coeflicients of the first four KPCA modes for this test problem. It
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Figure 7: Sparsity of gPC coefficients for each kPCA mode, test problem 2.
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Figure 8: Relative errors of RATR-collocation approximation for 500 test samples, test problem 2.
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is clear that absolute values of most gPC coefficients are small, and the gPC expansions for these four KPCA modes
are therefore sparse. For the other kPCA modes (e = 5, 6,7), while the situation is similar (the corresponding gPC
expansions are also clearly sparse), they are not shown here. Figure [T1] shows the flow streamlines and the pressure
fields generated by the mixed finite element method and RATR-collocation (see section [£.3)) responding to a given
realization of &. It can be seen that there is no visual difference between the results obtained through finite elements
and RATR-collocation. Finally, we generate 500 samples of £ and the compute the relative errors (#4). Figure[8shows
Tukey box plots of these errors, where the central line in each box is the median, the lower and the upper edges are the
first and the third quartiles respectively. It is clear that, as the size of the observation index set (|®|) increases, values
of the median, the first and the third quartiles of the errors decrease, which are all consistent with the results of the

diffusion test problems.

Table 4: Estimated CP ranks of each data tensor X, fore = 1,..., 10, test problem 3.

rank \e
1 2 3 4 5 6 7 8 9 10
©]
100 35 71 2 2 4 1 3 -
300 7 3 2 1 1 5 5 2 2 2
600 7 7 7 4 2 2 2 1 4 7
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Figure 9: Validation errors of rank adaptive tensor recovery (RATR), fixed-rank tensor recovery with initial factor matrices generated through

U(1,2) (FRTR-0O), and fixed-rank tensor recovery with initial factor matrices generated through N(0, 1) (FRTR-N), test problem 3.
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Figure 10: Sparsity of gPC coeflicients for each kPCA mode, test problem 3.

6. Conclusions

Exploiting potential low-dimensional structures is a fundamental concept of efficient surrogate and reduced order
modelling for high-dimensional UQ problems. With a focus on the tensor recovery based stochastic collocation, our
main conclusion is that our rank adaptive tensor recovery collocation (RATR-collocation) approach can efficiently ex-
ploit low-dimensional structures in this challenging problem in two aspects: first, we reformulate stochastic colocation
based on manifold learning, where nonlinear low-dimensional structures in the snapshots are captured through kPCA;
second, our novel RATR algorithm automatically explores the low-rank structures in the data tensors for computing
the collocation coefficients without requiring a given tensor rank. Moreover, another main contribution of this work
is the analysis of RATR, where the stability of our initialization strategies and the rank-one update procedure for the
non-convex optimization problems involved is proven theoretically, such that a systematic guidance to initialize the
the factor matrices is provided to result in efficient and stable recovery results. As the performance of RATR algorithm
depends on the CP rank of the data tensor (although it does not need to be explicitly given), our RATR-collocation
is efficient when the CP rank is small, while it may not be efficient for high-rank problems. A possible solution for
efficiently recovering high-rank tensors is to conduct adaptivity with respect to physical properties of the underlying

PDE models, e.g., domain decomposition methods. Designing and analyzing such strategies will be the focus of our
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future work.

Acknowledgments: This work is supported by the National Natural Science Foundation of China (No. 11601329)
and the science challenge project (No. TZ2018001).

References

References

[1] R. G. Ghanem, P. D. Spanos, Stochastic Finite Elements: A Spectral Approach, Courier Corporation, 2003.

[2] D. Xiu, G. E. Karniadakis, The wiener—askey polynomial chaos for stochastic differential equations, SIAM
journal on scientific computing 24 (2) (2002) 619-644.

[3] D. Xiu, J. S. Hesthaven, High-order collocation methods for differential equations with random inputs, SIAM
Journal on Scientific Computing 27 (3) (2005) 1118-1139.

[4] X. Ma, N. Zabaras, An adaptive hierarchical sparse grid collocation algorithm for the solution of stochastic

differential equations, Journal of Computational Physics 228 (8) (2009) 3084—-3113.

[5] C.Powell, H. Elman, Block-diagonal preconditioning for spectral stochastic finite-element systems, IMA Journal

of Numerical Analysis 29 (2009) 350-375.

[6] A.Doostan, H. Owhadi, A non-adapted sparse approximation of pdes with stochastic inputs, Journal of Compu-

tational Physics 230 (8) (2011) 3015-3034.

[7] J. Peng, J. Hampton, A. Doostan, A weighted /;-minimization approach for sparse polynomial chaos expansions,

Journal of Computational Physics 267 (2014) 92—111.

[8] L. Yan, L. Guo, D. Xiu, Stochastic collocation algorithms using /;-minimization, International Journal for Un-

certainty Quantification 2 (3).

[9] J. D. Jakeman, A. Narayan, T. Zhou, A generalized sampling and preconditioning scheme for sparse approxima-

tion of polynomial chaos expansions, SIAM Journal on Scientific Computing 39 (3) (2017) A1114-A1144.

[10] H. Lei, X. Yang, B. Zheng, G. Lin, N. A. Baker, Constructing surrogate models of complex systems with en-
hanced sparsity: quantifying the influence of conformational uncertainty in biomolecular solvation, Multiscale

Modeling & Simulation 13 (4) (2015) 1327-1353.

[11] L. Guo, A. Narayan, T. Zhou, A gradient enhanced /;-minimization for sparse approximation of polynomial

chaos expansions, Journal of Computational Physics 367 (2018) 49-64.

[12] I. Babuska, F. Nobile, R. Tempone, A stochastic collocation method for elliptic partial differential equations with

random input data, STAM Journal on Numerical Analysis 45 (3) (2007) 1005-1034.

30



[13] Z. Zhang, T.-W. Weng, L. Daniel, Big-data tensor recovery for high-dimensional uncertainty quantification of
process variations, IEEE Transactions on Components, Packaging and Manufacturing Technology 7 (5) (2017)
687-697.

[14] S. Conti, A. OHagan, Bayesian emulation of complex multi-output and dynamic computer models, Journal of

statistical planning and inference 140 (3) (2010) 640-651.

[15] W. Xing, V. Triantafyllidis, A. Shah, P. Nair, N. Zabaras, Manifold learning for the emulation of spatial fields
from computational models, Journal of Computational Physics 326 (2016) 666—690.

[16] X. Ma, N. Zabaras, Kernel principal component analysis for stochastic input model generation, Journal of Com-

putational Physics 230 (19) (2011) 7311-7331.

[17] E. Acar, D. M. Dunlavy, T. G. Kolda, M. Mrup, Scalable tensor factorizations for incomplete data , Chemometrics
& Intelligent Laboratory Systems 106 (1) (2010) 41-56.

[18] S. Gandy, B. Recht, I. Yamada, Tensor completion and low-n-rank tensor recovery via convex optimization,

Inverse Problems 27 (2) (2011) 025010.

[19] J. Liu, P. Musialski, P. Wonka, J. Ye, Tensor completion for estimating missing values in visual data., in: IEEE

International Conference on Computer Vision, 2013, pp. 2114-2121.
[20] R. Vidal, Y. Ma, S. S. Sastry, Generalized principal component analysis, Vol. 5, Springer, 2016.

[21] J.-Y. Kwok, I.-H. Tsang, The pre-image problem in kernel methods, IEEE transactions on neural networks 15 (6)
(2004) 1517-1525.

[22] B. Scholkopf, A. Smola, K.-R. Miiller, Nonlinear component analysis as a kernel eigenvalue problem, Neural

computation 10 (5) (1998) 1299-1319.

[23] W. Gautschi, On generating orthogonal polynomials, STAM Journal on Scientific and Statistical Computing 3 (3)
(1982) 289-317.

[24] L. D. Lathauwer, B. D. Moor, J. Vandewalle, A multilinear singular value decomposition, SIAM Journal on

Matrix Analysis & Applications 21 (4) (2000) 1253-1278.
[25] T. G. Kolda, B. W. Bader, Tensor decompositions and applications, SIAM Review 51 (3) (2009) 455-500.

[26] S. Boyd, N. Parikh, E. Chu, B. Peleato, J. Eckstein, et al., Distributed optimization and statistical learning via the

alternating direction method of multipliers, Foundations and Trends® in Machine learning 3 (1) (2011) 1-122.
[27] D. P. Bertsekas, Nonlinear programming, Athena scientific Belmont, 1999.

[28] S. Arlot, A. Celisse, et al., A survey of cross-validation procedures for model selection, Statistics surveys 4

(2010) 40-79.

31



[29] M. Steinlechner, Riemannian optimization for high-dimensional tensor completion, STAM Journal on Scientific

Computing 38 (5) (2016) 461-484.

[30] W. Deng, W. Yin, On the global and linear convergence of the generalized alternating direction method of mul-

tipliers, Journal of Scientific Computing 66 (3) (2016) 889-916.
[31] M. H. DeGroot, M. J. Schervish, Probability and statistics, Pearson Education, 2012.

[32] J.-P. Ryckaert, G. Ciccotti, H. Berendsen, Numerical integration of the cartesian equations of motion of a system

with constraints: molecular dynamics of n-alkanes, Journal of Computational Physics 23 (3) (1977) 327-341.

[33] H. Elman, D. Silvester, A. Wathen, Finite elements and fast iterative solvers: with applications in incompressible

fluid dynamics, Oxford University Press (UK), 2014.

[34] H. Elman, A. Ramage, D. Silvester, IFISS: A computational laboratory for investigating incompressible flow
problems, SIAM Review 56 (2014) 261-273.

32



	1 Introduction
	2 Problem setting and stochastic collocation based on manifold learning
	2.1 Kernel principal component analysis (kPCA)
	2.2 Stochastic collocation
	2.3 Inverse mapping

	3 Tensor recovery based quadrature
	3.1 Canonical polyadic (CP) decomposition
	3.2 Missing data tensor recovery
	3.3 A generalized lasso problem

	4 Rank adaptive tensor recovery for stochastic collocation
	4.1 Rank adaptive tensor recovery (RATR)
	4.2 Numerical stability analysis for RATR
	4.3 RATR-collocation algorithm

	5 Numerical study
	5.1 Test problem 1: diffusion problem with lc=0.8 and d=48
	5.2 Test problem 2: diffusion problem with lc=1/16 and d=48
	5.3 Test problem 3: the Stokes equations

	6 Conclusions

