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Abstract

In this paper, we present a much simpler, direct and elegant approach to the
equivalence problem of measure many one-way quantum finite automata (MM-
1QFAs). The approach is essentially generalized from the work of Carlyle
[J. Math. Anal. Appl. 7 (1963) 167-175]. Namely, we reduce the equivalence
problem of MM-1QFAs to that of two (initial) vectors.

As an application of the approach, we utilize it to address the equivalence
problem of Enhanced one-way quantum finite automata (E-1QFAs) introduced
by Nayak [Proceedings of the 40th Annual IEEE Symposium on Foundations of
Computer Science, 1999, pp. 369-376]. We prove that two E-1QFAs A; and A,
over X are equivalence if and only if they are n? + n3 — l-equivalent where n;
and ny are the numbers of states in A; and As, respectively.

Keywords: quantum finite automata, measure-many one-way quantum finite

automata, enhanced one-way quantum finite automata, equivalence

1. Introduction

The theory of quantum computing is unquestionably one of the hottest and
front research fields in the theory of computing [1-3]. There exist a few works de-
veloped quantum computation model, such as quantum Turing machines [5, 6],

Quantum circuits [7, 8], and the quantum generalizations of finite automata, i.e.,
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Quantum finite automata (QFAs) [9-16, 22]. In particular, the study of QFAs
provides a good insight into the nature of quantum computation, since QFAs
can be viewed as the simplest theoretical model based on quantum mechanism.

The so-called measure-many one-way quantum finite automata (MM-1QFAs),
introduced in [10], is a kind of QFA model whose tape head is subjected to mov-
ing one cell to the right at each computation step, and measurement is performed
after every computation step. There exist a few works dealt with the language
recognized ability of MM-1QFAs, such as [10, 11, 14, 17-21]. Incidentally, the
so-called enhanced one-way quantum finite automata (E-1QFAs) introduced by
Nayak [22] can be viewed as a generalization of MM-1QFAs.

Just as the equivalence problem of the classical finite automata [23-25, 34,
35], the concept of “equivalence” gives us a classification of the elements of the
set of MM-1QFAs over the same alphabet. On the equivalence issue of MM-
1QFAs, Li and Qiu [26] have shown, with the help of the so-called 1gfa with
control language [11], that two MM-1QFAs A; and A; over the same alphabet
are equivalent if and only if they are 3n? + 3n3 — l-equivalent where n; and
no are the numbers of states in A; and As, respectively, and factor 3 is the
numbers of states in the minimal DFA [23-25] recognized the regular language
g*af{a,g,r}*. Incidentally, there exist some works dealt with the equivalence
issue with respect to other quantum finite automata [27-30]. However, the
equivalence problem of E-1QFAs is still open thus far. A more comprehensive
survey on this subject is [31] by Gruska.

We note that the method to the equivalence problem of MM-1QFAs, at-
tributed to Li and Qiu [26], is roundabout and somewhat complicated. There-
fore, the first aim of this paper is to present a much simpler, direct and elegant
approach to the equivalence problem of MM-1QFAs. We summarize our moti-
vations as follows. (1) As we know, the mathematical method is the essence of
mathematics. The mathematician usually investigates the same problem with
different mathematical methods and different concepts to fully understand it.
This method can be followed; (2) It is an interesting work of its own to find

a more general method to address the equivalence problem for MM-1QFAs;



(3) We want to know whether the upper-bound 3n? + 3n3 — 1 can be further
improved. Such considerations lead us to transform the word function of MM-
1QFAs defined in a “cumulation” manner (described in the sequel) to another
version which is in a “non-cumulation” manner. Then, we improve the previous

upper-bound to n? + n3 — 1 by showing the following

Theorem 1. Let A; = (Qi,{Ui(0)}oexugsy: Imi), 0i), i = 1,2, be two MM-
1QFAs over . Then Ay and As are equivalent iff they are (n? + n3 — 1)-

equivalent, where ny and ny are the numbers of states in Ay and As, respectively.

As mentioned earlier, the E-1QFA model [22] can be seen as a finite memory
version of the mixed state MM-1QFA. Thus, the approach to the equivalence
problem of MM-1QFAs also can be applied to that of E-1QFAs. Therefore, as
our second aim, we utilize the above approach to solve the equivalence problem

of E-1QFAs, which remains open so far, by showing the following

Theorem 2. Let Ai = (QiuQacc,iuQrej,ia {Mtgi)}geEu{#ﬁ}apiaOi);i = 172; be
two E-1QFAs over ¥. Then Ay and Az are equivalent iff they are (n? +n3 —1)-

equivalent where ny and ne are the numbers of states in Ay and As, respectively.

The remainder of the paper is organized in the following way: Section 2 is
the preliminary part where basic concepts and notations used in the sequel are
reviewed. Section 3 and Section 4 are devoted to the proofs of Theorem 1 and

Theorem 2, respectively. Section 5 is the concluding section.

2. Preliminaries

For convenience, we briefly review some basic notions needed in the sequel.
To a more exhaustive illustration about linear algebra, we refer to [32]. Also,

we refer to [1-3] for a through treatment on the quantum theory.



2.1. Some notation on Linear algebra

Let C denote the field of complex number, M a complex matrix, i.e.,

Am1
with a;; € Cforall 1 <i¢<mand 1l < j <n. Some times, we use (@i;)mxn

to denote M. In particular, 1 x n (resp. n x 1) complex matrices are called n
dimensional row vectors (resp. column vectors). If m = n, then M is called a
complex square matriz of order n (or m), and sometimes M is called a n-order
(or m-order) complex matrix. Let M = (ai;j)mxn be & m X n complex ma-
trix, then the transpose of M is denoted as M, i.e., M" = (aj;)nxm, and the
conjugate-transpose of M is denoted as M. In this paper, the set of all n-order
complex matrices will be denoted as M, (C). For any H € M, (C), H is said
to be Hermitian if H = H, and is said to be Unitary if H'H = HH' = I,
where I,, denotes the n-order identity matrix. Suppose that A and B are m and
n-order complex matrix, respectively, we define the “diagonal sum” of A and B

to be

A 0
0 B

A®B £

Therefore, A® B is a (m + n)-order complex matrix.
Let A = (a;;) be an n x n matrix over C, let Tr(A) denote the trace of A,
ie, Tr(A) = > ai. Tt is well known that

=1

Tr(AB) = Tr(BA), and Tr(AMA+ A2B) = AMTr(A) + \Tr(B)

where \; € C.
Let V be a finite dimensional vector space over C, and B = {n1,n2,- -, s}
a basis for V over C. This means that for any vector a € V, it has a unique

expression as a linear combination
a = cnten -t T+ e

where ¢; € C. The dimension of V', denoted by dimV, is defined to be the
cardinal number of B. Let span{B} denote the vector space generated by the

Q1n

amn



vectors in B. Then, as a matter of fact, V =span{B}. Furthermore, M, (C) is a

vector space over C with the dimension n?.

2.2. Some notation on Quantum mechanics

In quantum theory, for any isolated physical system, it is associated with a
(finite-dimensional) Hilbert space, denoted as H, which is called the state space
of the system. In Dirac notation, the row vector (resp. column vector) ¢ is
denoted as {p| (resp. |¢)). Incidentally, (| is the conjugate-transpose of |¢),
i.e., {¢| = |p)T. The inner product of two vectors |p) and |)) is denoted as
(p|). The norm (or length) of the vector |p), denoted by |||)]], is defined

as |||}l = /{(plp). A vector |p) (resp. (¢]) is said to be unit if [||)| = 1
(resp. [[{glll = 1).

Suppose that Q = {q1, g2, - -, ¢m } is the basic state set of a quantum system.
Then the corresponding Hilbert space is H,, = span{|¢;) |¢; € Q,1 < i < m}
where |¢;) = (0,---,0,1,0,---,0)" is a m dimensional column vector having
only 1 at the (i,1) entry, together with the inner product (:|-), defined to be
(aB) = >, afy; where \* stands for the conjugate of A for each complex
number A € C, |a) = (21,22, -+, 2) and |B) = (y1,y2, -, ym) are two
vectors in H,,. At any time, the state of this system is a superposition of |g;),
1 <4 < m, and can be represented by a unit vector |¢) = Y7 ¢;|¢;) with
¢; € C such that ;" |¢;|* = 1. One can perform a measure on H,, to extract
some information about the system. A measurement can be described by an
observable, i.e., a Hermitian matrix O = APy + --- + AsPs where )\; is its
eigenvalue and P; is the projector onto the eigenspace corresponding to A;.

The above mathematical descriptions of quantum system are based on “pure
state”. We need some descriptions based on “mixed states”. In mixed states
picture, the states of quantum device are represented by density operator p €
L(H), i.e., p is self-adjoint, p > 0 (semi-positive definite) and Tr(p) = 1. The
evolution of a closed quantum system is characterized by a unitary operation U
which maps p to UpUT. However, a general quantum operation ¢ from L£(H;)

to L(H2) is a trace-preserving completely positive mapping [1-3] with the form



U(p) = ZMipMJ for any p € L(H1), where {M;} are Kraus operators of U
satisfyingZ > MZTMl = lgimn,.- Let H=P  ® P, @ ---® P; be a decomposition.
Then, for any p € L(H), Tr(Pjp) (equivalent to Tr(P; pP;)) is the probability
that the property P; is observed.

2.8. On relevant definitions of MM-1QFAs

For any finite set S, |S| denotes the cardinality of S. Throughout this paper,
> denotes the non-empty finite alphabet. A word over the alphabet X is a finite
sequence of symbols chosen from . Let ¥* denote the set of all words over X.
For any word w € ¥*, |w| denotes the length of w. Let ™ denote the set of all
words of length n over ¥ where n is a non-negative integer. Then ¥X* can be
represented as ¥* = e UX U X2 U- - - where € denotes the empty word.

For a fixed alphabet X, let M (z;), where x; € X, be complex square matrices

1
indexed by z;. For convenience, we define the formal product [] M (x;) by

1
I M) & M@n)M(zn1) - M(z).

i=n

Now, we state the definition of MM-1QFA as follows.

Definition 1. Formally, an MM-1QFA with m states on the alphabet X is a

quadruple tuple

A = (Q7{U(0)}U€EU{$}7 |7T>7O)

where Q = {q1,q2, -+, qmn} is the basic state set, |r) is the initial state vector
with [||m)|| =1, $ ¢ ¥ is an end-mark, for each 0 € XU {8}, U(0) € M,,,(C) is
an unitary matrix, and O is an observable with results in {a,r, g}, completely

described by the projectors P(a), P(r) and P(g).

The projectors P(a), P(g) and P(r) are given by
Pa)= > la)a,  Ple= > laa, P = > la)dl
q€Quace q€EQnon qEQrej
where Qnon = Q\(Quce U Qrej) is the set of non-halting states, Quec € Q and

Qrej € Q (With Quee N Qrej = 0) are the sets of accepting states and rejecting



states, respectively, and |¢)(g| denotes the matrix product of column vector |g)
and row vector (g|.

Fed with z1x2 -+ - x,$ where z125 - - -z, € X*, A computes as follows: start-
ing from |7), U(xy) is applied and a measurement of O is performed reaching
a new current state. If the measurement result is ‘g’, then U(z2) is applied
and a new measurement of O is performed. This process continues as far as
measurements yields the result ‘g’. As far as the result of measurement is ‘a’,
the computation stops and the word is accepted. If the measurement result is
‘r’, then the computation stops and the word is rejected. Therefore, A induces

a word function p4 : ¥*$ — [0, 1] in a “cumulation” manner, i.e.,

n+1 1 2
palmimy - 2,8) = Y P(G)U(Ik)< 11 (P(Q)U(ilfi))> ) (1)
k=1 i=k—1

1
where ;41 denotes $. By [] (P(g9)U(z;)) we mean that
i=0

1

H(P(Q)U(fﬂi)) = Iy

i=0
i.e., the m-order (m = |Q|) identity matrix. Further, the probability of A

accepting the word z1xs - - -, is defined as
Pa(zrxe--xy) = pa(zime---2,9%). (2)

Definition 2. Two MM-1QFAs A; and Ay over X are said to be equivalent
(resp. t-equivalent) if P 4, (w) = Pa,(w) for all w € ¥* (resp. for all w € £* with

|w] < ¢).

The probability P4(w) of A accepting the word w given in terms of Eq. (2)
is somewhat complicated. Now, we define another “probability function” of A

‘accepting’ the word w as follows.

Pa(xiza - xn) — Pa(z1Za - Tp_1), W=2T1T2" - Tp;
Falw) = (3)
Pale), w = €.



Remark 1. Note that, if n = 1 in Eq. (3), then 2125 - - 29 denotes the empty
word e. More specifically, we define F4(z) to be the value: Pa(x) — Pa(e) for

any r € 2.

For readability, we introduce the concept of “S-equivalence” for MM-1QFAs

in terms of Eq. (3) as follows.

Definition 3. Two MM-1QFAs A; and As over the same input alphabet 3 are
said to be S-equivalent (resp. t-B-equivalent) if Fu, (w) = Fa,(w) for all w € ¥*
(resp. for all w € ¥* with |w| < 1).

The following Theorem is the basis that allowed us to present a much simpler

approach to the equivalence problem of MM-1QFAs.

Theorem 3. Let Ay and As be two MM-1QFAs over 2. Then Ay and As are

equivalent iff they are B-equivalent.

Proof. We show first the “only if” part. Assume that A4; and As are equivalent,

then we have
PAI(W) = 73,42((,0) (Vw S E*). (4)

We assert that Fa, (w) = Fa,(w) for all w € ¥*. By Eq. (3) and Eq. (4), the
assertion is obvious when w = ¢; For the case when w = x125 - - -z, with n > 1,

by Eq. (4) we have
Pay (@1 xn) = Pay (@1 2n1) = Pay(zr---an) = Pay(z1 - 2p-1)

ie., Fa,(z1- - 2p) = Fa,(x1---x,). Thus the assertion holds for all w € T*.

We show next the “if” part of the Theorem. By hypothesis
]:-Al (w) = ]:Az (w) (Vw € E*) (5)

Also, it is clear that P4, (w) = P4, (w) when w = e. Assume that w = x5 -+ - 2

with n > 1. For simplicity, denote

anp = PAl (171 e In)



and
bn - PA2(171 c In)

for all n > 1. Setting ap = Pa,(¢) and by = P,(€), then by Eq. (3), we find

that
Fa,(x1 xp) =ap — ap-1 and  Fa,(x1--2n) =by — bp_1.
Thus,
Pa(@1--xn) = a0+ Y (ar —ag-1)
k=1
= ]:-Al(e) +Z]:A1(‘T1 xk)
k=1
= Fa(©+Y Fa(zi-—ax)  (by Eq. (5))
k=1
= bo + Z(bk — bkfl) = 73_,42(1171 . :Z?n)
k=1
Theorem 3 follows. [ |

Remark 2. In fact, it is clear that the proof of Theorem 3 can be extended to
prove that two MM-1QFAs A; and As are t-equivalent if and only if they are

t-B-equivalent.

For convenience, we expand Eq. (3) as follows. Note that, if w = z1z9 - - - 7,

then we have

Falw) = Palziza---xn) —Palziza- - xp_1)



Setting A(c) = P(g9)U(o) for each o € ¥ and noting that P(a)?> = P(a),
P(a)" = P(a), we find that

Falw) = (wna(w)|m) (6)
where
( -:ﬁ,l A(:vi))TéA(:vn)( -:ﬁ,l A(xi)), W= T1T2 - Ty € X"
nalw) =
U($)TP(a)U($), w =€

and 0.4 (zy,) is given by
Salx,) = Ulzn)Pa)U(x,) + Alx,) U (S) P(a)U($)A(zn) — U(S)TP(a)U($).
We further introduce the following auxiliary definitions needed in the sequel.

Definition 4. Let A; = (Qi, {Ui(0)}oexugsy, Imi), 0i), i = 1,2, be two MM-

1QFAs over the alphabet X, where O; = {Py(a), P1(g), P1(r)} and Oz = {P2(a), P2(g), P2(r)}.
The diagonal sum of A; and Az, denoted by A; & Az, is an MM-1QFA, defined

to be

A=A ¢ A = (Q, {U(U)}aezu{$}7 10), 0)

where Q = Q1UQ2 with Q1NQ2 = 0, U(o) = U1(0)@®Usz(0) for each o € LU{$},
|U) € H|Q,|+|q.| is an arbitrary unit vector and O = {Pi(a) ® P(a), Pi(g) ©
Py(g), Pr(r) @ Pa(r)}

It should be noted that the initial vector |) of A is arbitrary. Of particular

importance are the following two vectors

=™ = ). @)
0 |72)

With respect to the above vectors, we introduce the following technical def-

inition.

10



Definition 5. Let A; = (Qi, {Ui(0)}oexugsy, Imi), 0i), i = 1,2, be two MM-
1QFAs over ¥. Let A = A; @ Az. Then, the vectors |p) and |)), defined in
Egs. (7), are said to be equivalent with respect to A (resp. t-equivalent with

respect to A), if

(Plna(@)le) = (@lna@)ly) (8)

for all w € * (resp. for all w € ¥* with |w| < t).

Remark 3. In fact, the left side of Eq. (8) is Fua,(w), and the right side of
Eq. (8) is Fa,(w). To see this, one can verify without difficulty that

) = M@0 )
0 77_,42((,0)

for all w € X*. Hence, it is clear that

(pInaw) ) = (mi|na, (W) [m1) = Fa, (W)
and

(Y] na(w) [¥) = (w2 na, (W) [m2) = Fa,(w).

Let A = (Q,{U(0)}sexuqs), IT), O) be an MM-1QFA. Suppose that w =

r1Te - T, € X* and y € X are arbitrary. It should be noted that

1 t 1
<_H A(m) Al)| dalen) K 11 A(m) Aly)

i=n—1

nalyw) =

Il
b
—~
<
SN—
=
YN
—~
=
=
<
v
=
(=%
b
=
3
SN—
<
— -~
b
—
=
<
v
=
<
N—

= A(y) na(w) Aly) (10)

Remark 4. Eq. (10) pays a key role in the proof of Lemma 5 in the sequel,
and is inspired by the proof of Lemma 8 in [27] attributed to Li and Qiu, and
by the proof of Theorem 1 in [4] attributed to Carlyle.

11



2.4. On relevant definitions of E-1QFAs

As mentioned earlier, an E-1QFA is a theoretical model for a quantum com-
puter with finite workspace [22] which can be seen as a generalization of MM-

1QFA. In what follows, we first state the definition of E-1QFA as follows.

Definition 6 (modification of [22]). An E-1QFA defined on the alphabet ¥ is

a sextuple

A = (Qv Qace; QT€j7 {Z/{U}UEZU{#,EB}a Ps O)

where @ is a finite set of states, and Qucc € @, Qrej C @ are the accepting and
rejecting states sets, respectively; For each symbol o € ¥ U {#, $} where # and
$ are, respectively, the left and right end-marker, A has a corresponding “su-
peroperator” ! U,; The density matrix p = |go){qo| (qo € Q) is the initial state
of A, and O = {P,, Py, P,} where P,, P, and P, are the orthogonal projection
onto span{|q)|q € Qacc}, span{|q)|q € Q\(QuccUQre;)} and span{|q)|q € Qre;},

respectively.

The computing procedure of an E-1QFA is similar to that of an MM-1QFA.
For more details, we refer to [22] (cf. [22], section 3.2). Therefore, for a word

w=x122 Ty € X%, an E-1QFA A induces a word function as follows

n+1 0
pa#HwS) = ﬁ(Z(Paoumo[H (Pyoly,)

k=0 i—=k—1

(p)> (11)

where 9 = ‘#’, w11 = ‘¢’. The probability of A accepting w thus can be
defined as

Palw) = pa(F#w$). (12)

1Here, the “superoperator” [22] is given by a composition of a finite sequence of unitary
transformations and orthogonal measurements on the space C? (i.e., H(, see subsection 2.2).
However, if we allow any POVM measurements instead of orthogonal measurements, then the

set of “superoperators” consists of all possible quantum operations (superoperators) [33].

12



0
In Eq. (11), the formal product [] U; is given by

=m
0
HUi = UpoUp 10---olp.
i=m
0
By [ (PyoU,,) we mean Z, i.e. the identity superoperator from L(Hg) to
i=—1

L(Hg). The term P, o U is defined by the following rule

Pgol(p') = a(Zﬁmm@)ﬁ
= Y [ (P ]

for any p' € L(Hg), where {M;} are Kraus operators of . Also, P, oU is

defined similarly.

Definition 7. Two E-1QFAs A; and A over the same alphabet ¥ are said to
be equivalent (resp. t-equivalent), if P4, (w) = Pa,(w) for all w € £* (resp. for
all w € ¥* with |w| < 1).

Similarly, the probability P4(w) of A accepting w given by Eq. (12) is in
a “cumulation” manner. We can define another version which is in a “non-

cumulation” manner as follows

Falw) = Pa(ias - an) — Pa(@122 Tn_1), W =102 Tn; ”
Pae), I

Similar to the case of MM-1QFAs, we define the concept of “B-equivalence”
for E-1QFAs in terms of Eq. (13) as follows.

Definition 8. Two E-1QFAs A; and Ay over the same alphabet . are said
to be fS-equivalent (resp. t-f-equivalent) if Fa,(w) = Fa,(w) for all w € T*

(resp. for all w € ¥* with |w| < t).

The following Theorem allows us to apply the approach to the equivalence

problem of MM-1QFAs to that of E-1QFAs.

13



Theorem 4. Let Ay and As be two E-1QFAs over the same alphabet 3. Then
Ay and Ay are equivalent (resp. t-equivalent) iff they are B-equivalent (resp. t-
B-equivalent).

Proof. The proof is similar to that of Theorem 3, and the detail is omitted. H

Note that, if w = zy29- -z, with n > 1, then F4(w) can be reduced as

follows

]:A(w)—Tr<(Paolxlxn+(Paou$)o(PgoL{zn)—PaoL{$)o ﬂ (P olU, ) )) (14)

i=n—1

We could rewrite Eq. (14) as

Fa@) = To((Pyolls, +(Paolls) o (Pyolly,) — Paolhs)(o)))
where
0
pl = H (‘Pgou;m)(p)
1=n—1
= Y BM, ) | | SR el (PG| | (B, )Y

Il
]
1]
=
5

L) (oM o) aol (Py M, )+ (P, M, )]

Setting P,M; = A; and P,M; = Bj for all M;, then a simple calculation

leads to the following

Te(Pyoly, () = Tr Z Z "'ZAianizn,l "'Bz'zo|QO><QO|BLO "'Bz'Tzn, Al

1 Tay

ton ten g Lag

(by the commutative law of Tr, we have)

= Tr (gl |> > ZBZIO ..BLMAL" A, Bi. B, | lao)
7’5"0 Ztn 1 7‘1'71 i

= q0| Z Z BZIO 'LG 1 Z A 7‘1'71 Bimn71 T Bimo |q0>7
tag oy _q lag |

14



Tr(Pyols o Pyoly,(p') =

(ol [D--- > BL B [ ZBJMAI%HA“"HB% Bi, - Bi,y | lqo);

tag oy lap Gagyq
and
vt = ol | BBl (Sl A BB |
iz (2 [2E

It is easy to verify that

Faw) = Tr(Pioly,(p)+Tr((Paols)o (Py oUs,)(p")) — Tr (P, oUs(p'))

= qol |D_--- > BL Bl alwn) Bi, - Bi, | lao)

iz (I
where £4(x,,) is given by

ZAjzn Ty, +Z Z Blzn Izn+1 lmn+lBimn - Z Ajzwrl Aiwn+l'

Lap Zﬂn 7’anrl @41

Since an E-1QFA has a left end-marker ‘#’ which is different from an MM-
1QFA, the approach to the equivalence problem of MM-1QFAs may not be
applied directly to that of E-1QFAs. We need a more careful pre-treatment.
Thus, denote

Ialw) = Z Z Bz];l "'szn,lgA(x")Biznfl - By,

iml izn,l
and
ba) = D Bl |X_ - 3o BL Bl €al@a)Bi., - Bi, | By,
izo Zwl lmn 1
= ZBLOﬁA(w)BZ‘IO (15)
iz

for any w = z1xo -, € X*.
The following technical definition of “diagonal sum” of E-1QFAs will pay
the same role as the definition of “diagonal sum” of MM-1QFAs.

15



Definition 9. Let Ai = (Qi7 Qacc,iu Qrej,iu {ué’i)}geEU{#ﬁ}u Pis 01)7 1= 17 27 be
two E-1QFAs over ¥ where O; = {Péi),Pg(i),PT(i)}, and p; = |‘J((Ji)><q(()i)|. The
diagonal sum of Ay and Asy, denoted as A; @ As, is defined to be

A £ AL @ Ap = (Qv Qaccv Qreja {L{U}UEEU{#,$}5 9, O)

where Q@ = Q1 U Qs with Q1 N Q2 =0, U, =UV ©U? 2, o € L(Ho,uq,) is an
arbitrary density matrix, and O = {Pél) &3] PéZ), Pél) &) Pf), PV PT(2)}.

Also, as the case of MM-1QFA, the initial state o of A is arbitrary. Of

particular importance are the following

o0 0 0
= , IS ) (16)
0 0 0 po

Similarly, we introduce the following definition.

Definition 10. Let A; = (Qi,Qacc7i,Qrej7i,{uc(ri)}gegu{#ﬁ},pi,oz'), i =12,
be two E-1QFAs over ¥ where O; = {Péi), Péi), P,Si)}, and p; = |q(()i)><q(()i)|. Let
A = A; ® Ay. Then the density matrices ¢ and v, defined in Egs. (16), are said
to be equivalent with respect to A (resp. t-equivalent with respect to A), if

a6
(g6"1,0) fa@) | = (0,4a8”) balw) | ) (17)
lag ")
for all w € * (resp. for all w € ¥* with |w| < ).
Remark 5. Also, It is easy to find that
0 0
haw) = a9
0 6‘A2 (w)

2Here, if Zx{él) and Z/{(§2) are given by the operators sets {F;} and {Z;}, respectively, then
Uy can be defined to be given by the operators set {M;} = {E; ® Z;}. It is not hard to see that

EtE; 0 Eip B 0
> MM, = R and Us(p) = i B By =
0 >, 212 0 S Zip22)
(1)
Us " (p1 0
( 0( ) u(?)( ) ) for any p = p1 @ p2.
o (P2
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for all w € ¥*. Thus,
(1)

(a1, 0) 0.a(w) 7)) _ (@V 104, (@)a§") = Fa, ()
and
2 0 2 2
(0. (")) () W | (45”100 (@)la6”) = Fan ().
90

Namely, the left side of Eq. (17) is Fa,(w), and the right side of Eq. (17) is
Fa,(w).

In the following, we derive a relation which is similar to Eq. (10). Let
Ai = (Qi, Queeis Qrejis (U Ysesupssy pis Oi), i = 1,2, be two E-1QFAs, and
A= A; & As. Suppose that w = z129-- 2, € X and y € X are arbitrary.
Then, it is clear that

dalw) = D3 -+ 30 BLBL Bl €a@a)Bi,_, - B, B,
Ty gy top 1
- ZBZTy Z .. Z Bsz1 ...sznflgA(xn)Biwn—l By, | By,
Ty toy top 1
= Y Bl 9a(w)B,. (19)

Remark 6. Just as the relation: Eq. (10), will play an important role in the
proof of Lemma 5, this relation, i.e., Eq. (19), will play a similar role in the

proof of Lemma 8.

3. Proof of Theorem 1

In this section, we present our approach to the equivalence problem of MM-
1QFAs. Let us first introduce some convenient notation.

For each i > 0, let H4(i) denote the set {na(w)lw € T* |w| < i} where
H4(0) = {U($)"P(a)U($)}, and V4(i) the vector space spanned by H 4(i), i.e.,
V(i) =span{H 4(¢)}. Then it is clear that V(i) € Va(i + 1) since H4(i) C
H (i +1). We prove

17



Lemma 5. Let A = (Q,{U(0)}sexuysy 7)), O) be an MM-1QFA. Then there
exists an integer | < |Q|?, such that V4(1) = V(L +j) for all j > 1.

Proof. We show first that there exists an integer [ < |Q|? such that Va(l) =
VA(l 4+ 1). Suppose there exists no such an integer, then for all ¢ > 0 we find
that Va(i) # Va(i + 1). This gives

V4(0) C V(1) C --- C Myg((C).

Since dimMq|(C) = |Q|* and dimV4(0) > 1, we have dimV4(|Q[*) > |Q* + 1
which contradicts the fact that V4(|Q[?) € Mq(C).

We show next that V4(I) = Va(l + j) for all j > 1 by induction on j. For
j = 1, we have shown in the above. Assume it is true for j < m (m > 1) and
consider the case j = m. Note that H4(l4+m) = H4(l4+ (m —1)) U{na(w)|w €
¥, |lw| =14+m} and V4(I+m) = span{H4(I+m)}. Thus, for all n € VA(I4+m),

n can be written as
no= Z Ay WA(Wil) + Z Ay nA(wiz)
il 7;2

where na(w;,) € Ha(l+ (m — 1)) and na(w;,) € {na(w)lw € X%, |w| = I+ m}.
Clearly, >, aina(wi,) € Va(l + (m —1)). We assert that >, a;,na(wi,) €
Va(l + (m — 1)). To see this it suffices to prove that, for each na(w;,) €
{na(w)lw € ¥*, |w| = I+ m}, it can be expressed as na(wi,) = >, b.na(w:)
with n4(w,) € Ha(l+ (m — 1)) and b, € C. This can be deduced as follows.

Note that w;, can be written as w;, = y;,w;, with y;, € ¥ and |wj,| =
I+ (m—1) < I+m. By induction hypothesis, n4(w;,) € Va(l) = Va(l+(m—1)).
Thus,

nA(oJ;Q) = chnA(wZ’-Z)k) (%2,1@ IS |w§27k| <land ¢ € C). (20)
k
It follows that

nalwi,) = nalyi,wi,)

= Ayi)"na(wi,)A(ys,)  (by Eq. (10))

18



= Ady)" (Z cmu(%,ﬁ) Alyi,)  (by Eq. (20))
k
= > el As) nalwl, D) AW:,))

k

= > emalyiuwi,,)  (by Ea. (10)
k

which means that 74 (wi,) € Va(l 4+ 1). Hence, the asserted result holds. |

Remark 7. Further, it should be noted that, if A; = (Q:, {Ui(0)}sexugsy [mi), Oi),
1= 1,2, are two MM-1QFAs over ¥, and A = A; ® As is the diagonal sum of A;
and As, then dimV (i) < n? + n3 for all i > 0, where n; = |Q1] and na = |Q2|.

To see this, let
B = {Ej|1<ij<ni}U{Ejlm+1<ij<ni+na}

where the elements in B are (ny 4+ nz)-order matrices having only 1 at the (7, j)

entry and 0’s elsewhere. Since, for all w € 3*, 74(w) are of the form

- A, (w) 0
nalw) =
0 na,(w)

where 74, (w) and 74, (w) are ny-order and ng-order complex matrices, respec-

tively, one can easy verify that
Va(i) < span{B}  (Vi=0)

This implies dimV4(i) < nf + n3 for all i > 0. Hence, by replacing Mq(C)
with span{B} in the proof of Lemma 5, we have [ < n? +n3. The above remark

shows the following

Corollary 6. Let A; = (Qi,{Ui(0)}sesutsy, |mi), Oi), i = 1,2, be two MM-
1QFAs over X, and A = Ay ® Az. Then there exists an integer | < n? + n3
where ny = |Q1] and ny = |Q2|, such that VA(l) =Va(l+j) forallj>1. W

By virtue of Corollary 6, we prove the following
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Theorem 7. Let A; = (Qi,{Ui(0)}oesugsy: Imi), 0i), @ = 1,2, be two MM-
1QFAs over 3, and A = Ay @ Az. Then the unit vectors |¢) and |¢), defined
in Eqs. (7), are equivalent with respect to A iff they are n? + n3 — 1-equivalent
with respect to A, where ni and no are the numbers of states in Ay and As,

respectively.

Proof. The “only if” part is obvious, we show the “if” part. Suppose that
lo) and |p) are n? + n2 — l-equivalent (with respect to A), then for all w =
T1T2 - Ty € XF with |w| < n? +nZ — 1, Eq. (8) holds. Namely,

(plna)le) = @Wna@))  (Vnalw) € Ha(ni +n3 —1)) (21)

By Corollary 6, for allw € £*, na(w) € Va(ni+nj—1) = span{Ha(n?+n3—1)}.

Hence,
nalw) = Z aina(wi)  (na(wi) € Ha(nf +n3 —1)) (22)

where a; € C. It follows that

(plna(w) |e) (¢l (Z ai m(w)) le)  (by Eq. (22))

>ai ((plna@)le))  (na(ws) € Ha(nd +n3 - 1))

i

> ai (Winaw) [¥))  (by Eq. (21))

2

(Y[ na(w)[¥).

This means that Eq. (8) holds for all w € ¥*. Thus |¢) and [¢)) are equivalent
with respect to A. [ |

Now, we can present the proof of Theorem 1 as follows.

Proof of Theorem 1. By Theorem 3, we only need to show that A; and Az
are fB-equivalent if and only if they are (n? + n3 — 1)-B-equivalent.
Since it is obvious that if A; and As are S-equivalent then they are (n? +

n3 — 1)-B-equivalent, we only need to show that if A; and Ay are (n? 4+ n3 —1)-
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[B-equivalent, then they are S-equivalent. Let A = A; & As. By Remark 3,

Fa(w) = (plna@)le) (23)

and

Fa(w) = (¥[na(w) ) (24)

for all w € ¥*, where |p) and |¢)) are defined in Egs. (7).

Suppose that A; and As are (n? + n3 — 1)-B-equivalent. Then, we have
]:-Al (w) = ]:Az (w) (25)

for all w € ¥* with |w| < n3 + n3 — 1. It follows from Eq. (23), Eq. (24) and
Eq. (25) that

(plnaw)le) = @lnaw)ly)  (wl <ni+ni-1)

This implies that |¢) and |¢) are n? + n3 — l-equivalent with respect to A.
Thus, by Theorem 7, |p) and |[¢) are equivalent with respect to A. This implies
that (¢| na(w)|p) = (W na(w)|¥) for all w € 3*, ie., Fa, (w) = Fa,(w) for all
w € ¥*. Hence, A; and As are S-equivalent. |

Someone may argue that the improvement from 3n? 4+ 3n3 —1 to n? +n3 —1
is not essential, since they are both quadratic. We conjecture that the upper-
bound n? + n3 — 1 can not be further improved to linear bound. However, we

have no ability to prove it.

4. Proof of Theorem 2

In this section, we investigate the equivalence problem of E-1QFAs. For
convenience, we will use the following notations.

For any i > 0, we let H4(i) denote the set {f4(w)lw € *, |w| < i}, Va(i)
the vector space spanned by H (i), Ka(i) the set {d4(w)lw € E*, |w| < i},
and S4(i) the vector space spanned by K 4(i). Also, the following relations are

obvious
Hu(i) C Ha(i 4+ 1), Va(i) CVa(i +1)

Ka(i) C Ka(i+1), Sa(i) SSa(i +1).
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Lemma 8. Let A; = (Qi,Qacc7i,Qrej7i,{Z/{c(ri)}gegu{#ﬁ},pi,oz'), i = 1,2, be
two E-1QFAs over ¥, and A = Ay & As. Then, there exists an integer | <
n? + n3, where n1 = |Q1| and ny = |Qal, such that Sa(l) = Sa(l + j) for all
j=>1

Proof. The proof of this lemma is similar to that of Lemma 5. First, we remark

that, if A;, i = 1,2, are two E-1QFAs over ¥ and A = A; & As, then

pa) = 0
0 Yaw)
for all w € ¥*. Hence, by the argument similar to Remark 7 we find that
dimS (i) < n? + n3 for all i > 0.

Then by using the same argument that we have just used in the proof of
Lemma 5, we see that there exists an integer | < n? + n3 such that S4(I) =
Sa(l+1).

Next, we show that Sa(l) = Sa(l + j) for all j > 1 by induction on j.
For j = 1, we have done. Assume it is true for j < m (m > 1) and consider
the case j = m. Since S4(l + m) = span{K (Il + m)} and Ks(l + m) =
KA(l+(m-1)U{da(w)|lw € X*, |w| =l +m}, thus, for any 9 € Sa(l+m), 9

can be written as
9 = D ai Yalwi) + D ai, Valws,)
i1 7;2

where 9 4(w;,) € Ka(l+ (m —1)) and Y4(wi,) € {0a(w)|w € ¥, |w| =14+ m}.
We must to show that ¥ € Sa(I+ (m —1)). For this, we only need to prove that

> ai, Va(wi,) € Sall+(m—1)). (26)
i
Note that |w;,| = [+m. Assume that w;, = yr122 - - - T;4 (m—1), then, we get

Va(wi,) = Z B;ryﬁA(iElxz Ty (m—1)) Bi, (by Eq. (19))

(by induction hypothesis, we have)

> Bl (Z azﬁA(wz)> Bi,  (9a(w.) € Ka(l))

Ty
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Z a Z BgyﬁA(wz)Biy

Ty

Z a; Va(yw,) (by Eq. (19))
with Jyw,| <1+ 1 and a, € C, as required. |
Now, we can prove the following

Lemma 9. Let A; = (Qi, Qace,ir Qrejis {Z/{tg’i)}aeEU{#ﬁ}vpiv 0;) be two E-1QFAs
over 8, and A = Ay © As. Then, Va(n? +n3 —1) = Va((n? +n3 — 1) +3) for
all 7 > 1.

Proof. For any w € ¥* with |w| = (n? +n3 — 1) + 4, we have

Oa(w) = > Bl daw)Bi,  (byEq. (15))

ZL-O

(by Lemma 8, we have)

= DB, (Zazm wz> i (Palws) € Kalnd 403~ 1))

ZL-O

= Zaz ZBT Ja(w:)Bi,,

ZL-O

= Z a, 6‘A wz (by Eq' (15))

where |w.| < n?+n3 —1 and a, € C. Hence, Va((n? +n3 — 1) +j) = Va(n? +
n3 — 1). The above argument holds for all j > 1. The lemma follows. |

Remark 8. It should be noted that we achieve the proof of Lemma 9 by dint
of Lemma 8. The reason for this is that an E-1QFA has the left end-mark ‘#’,
which prevents us from achieving the proof directly. This is also the reason for

why the formula 6 4(w) is given in the form of Eq. (15).

The proof of the following theorem and the proof of Theorem 2 are similar
to the proof of Theorem 7 and the proof of Theorem 1, respectively. Since our

presentation here is self-contained, we present the proofs in detail.
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Theorem 10. Let A; = (Qi, Quce,is Qrejis {Ugi)}gegu{#ﬁ},pi,(’)i), i=1,2, be
two E-1QFAs over 3, and A = Ay & Ay. Then the density matrices ¢ and 1,
defined in Eqs. (16), are equivalent with respect to A iff they are n3 +n3 — 1-
equivalent with respect to A, where nq and no are the numbers of states in A

and Ag, respectively.

Proof. The “only if” part of the theorem is trivial, we only need to show the
“if” part. Assume that ¢ and 1 are n? +n3 — l-equivalent. Then, for all w € ¥*
with |w| < n? +n3 — 1, Eq. (17) holds. Namely

1
las")

("1, 0)84(w) ; = (0,{g5”)0a(w) (27)

la5”)

for all 6 4(w) € Va(n? +n3 —1).

By Lemma 9, for all w € ¥*, we have

ZaﬂA(wi) (04(wi) € Ha(n? +n32 —1),a;, €C) (28)

Thus

((a")], 0)0.4 (w) ) ((g5"1,0) (Zw wi) ") ) (by Eq. (28))
= Zaz ((a5")],0)0.a(wi) )
_ Zal 0, (@ )0.4(ws) ) ) (by Eq. (27))
= (0] <Za19A (wi)
= (0,7 )0a(w) |q(2)> (by Eq. (28))

This implies that Eq. (17) holds for all w € ¥*. Thus, by Definition 10, ¢ and
1 are equivalent with respect to A. [ |
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Finally, we present the proof of Theorem 2 as follows.

Proof of Theorem 2. By Theorem 4, we only need to show that A; and As
are B-equivalent if and only if they are (n? + n3 — 1)-B-equivalent.

Also, it is clear that if A; and Aj are S-equivalent then they are (nf+n3—1)-
B-equivalent. Let A = A; & As. Suppose that A; and Ay are (n? +n3 — 1)-6-

equivalent. Then for all w € ¥* with |w| < n? 4+ n3 — 1, we have

Fa(w) = Falw) (lwl<ni+ni—1) (29)
By Remark 5,
_ la6)
Fa,(w) = ({g5°1,0) 0a(w) 0 (30)
Falw) = 0.7 0a) | o (31)
|QO )

Egs. (29), (30) and (31) imply that ¢ and ¢ are n? + n3 — l-equivalent with
respect to A. By Theorem 10, ¢ and 1) are equivalent with respect to A, which
means that Fa, (w) = Fa,(w) for all w € *. ie., A; and Az are S-equivalent.
Theorem 2 follows. |

5. Conclusions

In this paper, it has shown that two MM-1QFAs A; and Ay over the same
alphabet ¥ are equivalent if and only if they are (n? +n3 — 1)-equivalent. Our
result indicates that the upper-bound for the equivalence problem of MM-1QFAs
is irrelevant to the numbers of states in the minimal DFA recognized the regular
language g*a{a,r,g}*. The approach used in this paper is similar to the work
of Carlyle [4]. Also, comparing with [26], the reader may find that the approach
used in this paper is much simpler, direct and elegant.

As an application of the approach, we utilize it to address the equivalence
problem of E-1QFAs which has not been answered previously by showing The-

orem 2.
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As mentioned earlier, from the algebraic point of view, the concept of “equiv-
alence” provides us a classification of the elements of the set of MM-1QFAs over
the same alphabet. Let A be an MM-1QFA over %, and let A denote the set
of MM-1QFAs over X which is equivalent to A. Then, a natural question to
be asked is whether there exists an MM-1QFA A’ € A with least (minimal)
numbers of basic states? If such an element exists, then how to construct it? It

is our future work to consider these interesting and more challenging problems.
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