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Abstract

Let O, be the n-dimensional hypercube: the graph with vertex set
{0,1}™ and edges between vertices that differ in exactly one coordinate.
For 1 < d < nand F C {0,1}* we say that S C {0,1}" is F-free if
every embedding i : {0,1}* — {0,1}™ satisfies i(F) € S. We consider
the question of how large S C {0,1}" can be if it is F-free. In particular
we generalise the main prior result in this area, for F' = {0, 1}27 due
to E.A. Kostochka and prove a local stability result for the structure of
near-extremal sets.

We also show that the density required to guarantee an embedded copy
of at least one of a family of forbidden configurations may be significantly
lower than that required to ensure an embedded copy of any individual
member of the family.

Finally we show that any subset of the n-dimensional hypercube of
positive density will contain exponentially many points from some em-
bedded d-dimensional subcube if n is sufficiently large.

1 Introduction

For n > 1let V;, = {0,1}™. The n-dimensional hypercube, Q,, is the graph with
vertex set V,, and edges between vertices that differ in exactly one coordinate.

An embedding of Q4 into Q,, is an injective map ¢ : Vy — V), that preserves
the edges of Q4. (Note that the image of V; under any such embedding consists
of 2¢ elements of V,, given by fixing n — d coordinates and allowing the other d
coordinates to vary.)

Given F C Vg, where 1 < d < n, we say that S C V,, is F-free if every
embedding i : Vg — V,, satisfies i(F') € S. For a family F of subsets of V; we
say that S is F-free if S is F-free for all F' € F. We define

exc(n, F) = max{|S|: S CV, is F-free}.
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It is easy to see (via averaging) that for any family F of subsets of V; the
ratio exc(n, F)/2™ is non-increasing and bounded below (by zero). Hence we
can define the vertex Turdn density by

MF) = tim & F)
n— o0 n
We write A(F)) instead of A({F'}).

If z € V, and i € [n] = {1,2,...,n} then x; € {0,1} denotes the ith
coordinate of z. The support of x € V,, is supp(z) = {i € [n] : z; = 1} and the
weight of x is x| = [supp(z)|. The set of all x € V,, of weight r is called the rth
layer.

The quantity exc(n, V2) was determined by Kostochka [I3] (and indepen-
dently by Johnson and Entringer [11]). They also showed that the unique largest
Va-free subset of V,, can be obtained by deleting every third layer of V,.

Theorem 1 (Kostochka [13]) For n > 2 we have exc(n,Va) = [2"T1/3]. If
S CV, is Va-free and |S| = exc(n, Va) then, up to automorphisms of Oy, S is

S; ={x €V, :|z| i mod 3}
for some i € {0,1,2}.

The problem of determining exc(n, Vy) has been considered by various au-
thors but mainly when d is close to n (see [12], [I7], [I9]) or when n is small
[10].

Recently, Alon, Krech and Szabé [I] described the problem of finding A(Vy).
Their motivation was a related question of Erdés [8] who asked for the largest
number of edges in a Qa-free subgraph of Q,,. The conjectured answer to this
is (1/2 + o(1))e(Qy) while the best upper bound is around 0.62256e(Q,,) due
to Thomason and Wagner [20] extending earlier work of Chung [5]. A result
relating the maximum density of edges of a Qg-free subgraph of Q, to the
analagous density for certain other forbidden subgraphs was proved by Offner
[16] using the supersaturation method. He also proved a vertex version of this
result although our notion of containment as an embedded copy is slightly dif-
ferent from his. The general vertex version of the problem which we consider
here is extremely natural but does not seem to have received attention.

2 Results

Our first result is a generalisation of Theorem [Il We show that asymptotically
the density required to guarantee a copy of V4 is sufficient to ensure copies of
other larger configurations.

The configuration G4 will be the set of all vertices of V; of weight zero or
one together with a set of vertices of weight two whose supports form the edge
set of a complete bipartite graph K ([d/2], |d/2]) (since all such configurations



Figure 1: Forbidden configurations Ga, G5 and G4 (black points)

are isomorphic the precise choice of bipartition is unimportant, we will take the
one given by parity of coordinates). Formally for d > 2 we define

Ga={zeVy:|z|=0,1o0r (Jz| = 2,supp(z) = {4,7}, i Zj mod 2)}.
For example
G: =V,, G3=1{(0,0,0),(1,0,0),(0,1,0),(0,0,1),(1,1,0),(0,1,1)}.

The relationship of our result to Theorem [l is rather like that of the Erd&s—
Stone theorem for 3-chromatic graphs to Mantel’s theorem in extremal graph
theory.

We also show that if S C V,, is GG4-free and near-extremal in size then S
must locally resemble the “two-out-of three-layers” extremal construction given
in Theorem [l

We require some notation. Denote the Hamming distance in Q,, by dist(z, y),
this is the number of coordinates in which z,y € V,, differ. For [ > 0and x € V,,
let T'y(z) = {y € V,, : dist(z,y) = l}. Given S C V,, we let hy(z) = |S N Ti(x)]
denote the number of elements of S at distance ! from z.

Although h;(x) depends on the set S, for ease of notation we will suppress
this. It will always be clear from the context what subset of V,, we are consid-
ering.

Forxz €V,, S CV, and ! > 1 it is natural to view SNT(x) as an [-uniform
hypergraph. Formally we define

S'(z) = {supp(z)Asupp(y) : y € S N Ty(z)}.

For a set X and integer » > 0 we write ()T() for the family of all subsets of X

of size r. So A € ([7;]) belongs to S!(z) if flipping all of the coordinates of =
indexed by A yields an element y € S.

The precise definition of local stability is given in Theorem [2] below but the
three conditions may be paraphrased as follows.

(a) For most x € V,, \ S, most of the neighbours of z (in Q,) belong to S.

(b) For most « € S, approximately half of the neighbours of z belong to S.



(c) For most = € S the graph S(?)(z) (corresponding to points at distance two
from 2 in S) is almost a clique on [n] with a clique on S™)(z) removed.

Theorem 2 Ifd > 2 and G4 is as defined above then

(i) (Vertex Turdn density)
2

(i1) (Local stability) If € > 0 there exists & = 0(e,d) satisfying lim, o+ d(e,d) =
0 and no = no(e,d) such that if n > ng and S C V,, is Gg-free with |S| >
(2/3 —€)2™ then locally S resembles the set So = {x € V,, : |z| Z 0 mod 3}
in the following sense. There exists T C V,, with |T| < §2" and

(a) hi(x) > (1 —=¥8)n forallz € V, \ (SUT).
(b) |h1(x) —n/2| < don for allz € S\T.

() ’52(35 ( GG <w>))’g5(g) forallz € S\ T.

Note that a “global” stability result cannot hold for this problem in the
sense that there exist near-extremal size Gg4-free subsets of V,, that cannot be
obtained from the “two-out-of-three-layers” construction by deleting/adding a
small number of points and taking an automorphism of the hypercube. For
example

S={zeV,:|z| <n/2,/|z| # 0 mod 3} U
{z eV, :|z| >n/2+3,|zA[n/2]| Z 0 mod 3}.

Our second result (Theorem B]) shows that the density required to ensure a
copy of at least one of a family of forbidden configurations may be significantly
lower than that required to ensure a copy of any individual member of the family.
This is in contrast to ordinary graph Turdn densities where the Erdés—Stone—
Simonovits theorem implies that for any family F of graphs 7 (F) = min{=(F) :
F € F} (where w(F) is the classical Turdn density of the family of graphs
F). This “non-principality” of the vertex Turdn density is analogous to that
previously observed for r-uniform hypergraph Turdn densities by Balogh [2] and
Mubayi and Pikhurko [15] when r > 3.

Let
F, ={(0,0,0),(1,0,0),(0,1,0),(0,0,1)},

F, ={(0,0,0),(1,1,0),(1,0,1),(0,1,1)}, F5={(0,0,0),(1,1,1)}.

Theorem [B] determines A\(F) for all families F C {Fy, Fy, F3}. In particular
)\({FQ,F?,}) < )\({Fl,FQ}) < min{)\(Fl), )\(FQ), )\(Fg)}



Figure 2: Forbidden configurations Fi, Fy and Fj

Theorem 3 If Fi, F» and F3 are as defined above then

AF) = A(Fs) = MFs) = A({FL, Fs)) =
MFLF)) = 5, M({Fe Fod) = (R B, Fs)) = ¢

Finally we consider the following question: given a subset of V,, of positive
density how many vertices must it contain from some d-dimensional subcube?
For1<t<dlet Fq,={F CVy:|F|=t}. If \(Fgq,) =0 then for any € > 0
and n > ng(e, d) sufficiently large, any subset of V;, of density at least e will
contain at least t vertices from some d-dimensional subcube. We would like to
determine the value of

p(d) = max{t : A(Fa,) = 0}.

The following construction does not contain vertices from more than one layer
of any d-dimensional subcube of Q,, and has density approximately 1/(d + 1)

Sit1={zx €V, :|x| =0 mod d + 1}.
Since the largest layer of V; has size (L dl/iQ J) this proves the upper bound in
Theorem [l The lower bound tells us that p(d) is exponential in d.
Theorem 4 Ifd > 2 then

tald) +1a(a) < @) < ().

where
. . 34/3, d=0 mod 3,
t2(d) :{ 0. W8] s odd gy = {4508 g=1 mod s,
’ ' 2.30@=2)/3  @=2 mod 3.



3 Proofs

We will make use of a number of classical results from extremal graph and
hypergraph theory.

Theorem 5 (Mantel [14]) If G = (V, E) is a triangle-free graph with |V| =n
then |E| < n?/4.

For s >t > 1 let K(s,t) denote the complete bipartite graph with vertex
classes of size s and ¢t. Forr >3 and t1 >ty > - > t,. > 1 let K(T)(tl, ceyty)
denote the complete r-partite r-graph with vertex classes of size t1, ..., ..

Theorem 6 (Erdés—Stone [9]) If G = (V,E) is a K(s,t)-free graph and
|V| =n then |E| = O(n?>~1/1).

Theorem 7 (ErdSs [7]) If the r-graph G = (V,E) is K")(ty,ta,. .., t,)-free
and |V| = n then |E| = O(n"—1/t),

We will make repeated use of the following special case of the Cauchy—
Schwarz inequality.

Lemma 8 Ifay,...,as € R and 137 a; > A then

1 S
- E a? > A2
s

i=1

For xz,y € V,, let hi(x,y) denote the number of elements of S at distance !
from both z and y, i.e.

hi(z,y) =[SO Ti(z) NTi(y)].
The following simple lemma underpins all our results.
Lemma 9 If SCV, andl > 1 then
(1)
IAHOEDY (2;) hoy(x) + O(n?=12m).

vEV, €S
(ii)
Z hi(v) = Z Z hy(z, z) + O(n*12m).

veES z€S ze SNy (x)

Proof: For (i) consider the sum

Z Z ha(y).

€S yel (z)



For each v € V;, the term h;(v) occurs once for each element of S at distance [
from v, i.e. h;(v) times. Hence

DY )= ki)

zeS UEF[ ) veV,

Moreover for a fixed choice of x € S the inner sum counts elements of S that can
be reached from z by flipping [ coordinates of x and then flipping ! coordinates
of the resulting point. Hence if 0 < k < [ then the sum counts those elements
of S at distance 2k from z precisely (zkk) ("liik) times. Thus

Z Z hu(y) Z Z (2k> ( 2k> how ()

zeS yel'(z) x€S k=0

= X (7)) rate) + 012,

zeS

since hay(z) = O(n?*) for any 0 < k <[ and |S| < 2". Hence (i) holds.
For (ii) consider the sum

Z Z hu(y)-

€S yeSNT(x)

For each v € S the term h;(v) occurs once for each element of S at distance [
from v, i.e. hj(v) times. Hence

S S =Y k)

€S yeSNT(z) vES

The same argument as used for (i) implies that the contribution to the LHS of
this sum from 2z € S satisfying dist(z, 2) < 21 is at most O(n?~12"). Finally
z € SNTg(z) contributes one to this sum for each choice of y € SNT(z) such
that dist(y, z) =, i.e. hi(z, z) times. The result follows. ad

Proof of Theorem[3: For the lower bounds note that the following sets are
Fi, Fy, {F1, F»} and {F3, F3}-free respectively:

Si={xeV,:|z|=0mod 2}, Sy={zxeV,:|z|]=0,1mod 4},

Sig={x €V, :|jz|]=0mod 3} S23={zxeV,:|z]=0mod4}.

Moreover these sets have asymptotic densities 1/2,1/2, 1/3 and 1/4 respectively.
Since S; is also F3-free and S 3 is also Fy-free it is sufficient to prove that these
values are also upper bounds for the vertex Turdn densities.



Let Ty be Fy-free with |T1| = a1 2". If € T} then hy(x) = |T1 NTy(z)| < 2,
hence

na 2" = Zhl(x)

zcVn
< 224— Z n
€T zeV,\T1

= 202" +n(l —a7)2".

So a3 < n/(2n —2) and hence A(Fy) = 1/2.
Similarly if T3 is Fs-free and |T5]| = a32™ then hg(z) = |T3 N T's(x)| = 0 for
all x € T5. Hence

(Z) 2" = ), ha(e) < (Z) Vo \ T3] = (g)(l — a3)2".

zeV,

Thus ag < 1/2 and hence A(F3) = 1/2.
Let Ty be Fy-free with |Ta| = ae2™. For z € T let

T3 (x) = {supp(z)Asupp(y) : y € To N Ta(z)}.

Consider the graph with vertex set [n] and edge set T3 (z). Since Ty is Fy-free
this graph is triangle-free (a triangle would correspond to a, b, c € T such that
{x,a,b,c} forms a copy of Fy in Ty). Hence, by Mantel’s theorem, |T%(z)| <
n?/4. Thus for x € Ty we have ha(x) = |T#(z)| < n?/4, so Lemma [ (i) with
[ =1 implies that
Z R3(z) < n?ae2™ ' + O(n2"). (1)
€V,

Since Y, ¢y, hi1(x) = nas2", Cauchy-Schwarz implies that
n?a22" < nay2" "t + 0(n2").

Hence as < 1/2+ 0o(1) and so A\(Fy) = 1/2.
Now let T3 2 be {F1, Fa}-free with [T} 2| = oy 22™. For each z € T3 » we have
both hi(z) < 2 and ha(x) < n?/4. So (@) holds with as replaced by a; 2 and

> (@) = (n - 2)a 2"
z€Vn\T1,2
Hence Cauchy—Schwarz implies that
_9 2
<w) (1—0a12)2" < n2a1722n71 + O(n2").
1-— aq .2

So a12 <n?/(2(n —2)2 +n?) + o(1) and A({F1, Fo}) = 1/3.
Finally let T5 3 be {Fs, F3}-free and [Tz 3] = a9 32™. Since Ty 3 is Fh-free,
(@ holds with aw replaced by asz 3.



Let Y ={z €V, : h1(z) > 3} and |Y| = 52™. Since >
and hq(z) <2 for x € V,, \ Y we have

zeV, hl (ac) = TLO(2)32"

D hi(x) > nags2" - 2(1 - B)2".

z€Y

Hence, using Cauchy—Schwarz,

Z h%(iﬂ) > Z hf(x) > (az,3n — 2ﬁ+ 28) 2n.

zeV, zeY
Thus 5
Qg3 < 5 =+ 0(1)

If we show that 3 < 1/2 we will be done. If 8 > 1/2 then |Y| > 2”1 and so
there exist y,z € Y such that dist(y,z) = 1. Let a,b,c € Ta 3\ {y, 2} satisfy
dist(a,y) = dist(b, z) = dist(c, z) = 1 (such points exist by the definition of ).
Now either dist(a,b) = 3 or dist(a,c) = 3 and so T3 3 contains a copy of Fj.
Hence 5 < 1/2 and so ag3 < 1/4+ o(1) and A({Fs, F3}) = 1/4. a

For d > 3 define
Fl={zeVy:|z|=0,1}, F={xeVy:|z|=0,d}.
Fy ={x e Vy: || =0 or (jz| = 2,supp(x) = {i, 5}, i # j mod 2)}.
The proof of Theorem [ is easily extended to give the following result.

Theorem 10 If di,d2,ds > 3 with d3 odd then

1

AF) = MFJ) = ME) = M(F F)) = 5.

1 1
M FY) = 50 AAFE FBY) = M{F R FBY) = 1.

In fact it is an immediate consequence of a result of Chung, Fiiredi, Graham
and Seymour [6] that exc(n, F{) = 277! for n sufficiently large.

Proof of Theorem [3: We start by proving A(G4) = 2/3. Since
So={z €V, :|z] Z0 mod 3}
is Gg-free we have A\(G4) > 2/3.
Let 2 < d <nand S CV, be Gg-free. If |S| = a2™ then we need to show

that a <2/3 + o(1).
For x € S and [ > 1 recall that

S'(z) = {supp(z)Asupp(y) : y € SN T(z)}.



The fact that S is G4-free implies that for any € S the graph with vertex set
S1(x) and edge set S?(x) is K([d/2], |d/2])-free and hence K (d, d)-free. Thus
the Erdés-Stone theorem implies that it contains at most O(n?~'/¢) edges.

Hence h
m) < (3) = (M57) + o @)
Applying Lemma [0l (i) with { = 1 we obtain
> hi) <) (n® = hi(x) + O 92, (3)
rcVy resS

Now let 8 be defined by > _¢hi(x) = Ban2™, so 0 < f < 1. Using (3]
and applying Cauchy-Schwarz to the sums - g hi(z) and 35,y \ 5 hi(2) we
obtain

(1—pB)an

2
T o > (1 —a)2™ < an?2™ + O(n?*~/d2m),

2%n%a2" + <
So
a(2-26—5%) <1-28%+0(1).
If 2 — 28 — 2 > 0 then

1-—2p32

and the RHS is maximised at 5 = 1/2 when it equals 2/3 + o(1). So suppose
that 2 — 28 — 82 < 0. Since 0 < 8 < 1 this implies that 8 > v/3 — 1.

If £ € S and z € SNTy(z) then hy(x,z) = |SNT1(z)NT1(z)| < 2. Moreover
since S is G4-free the Erdés—Stone theorem implies that

{z e SNTy(x) : hi(z,2) = 2} = O(n>~/?),
Finally

{z € SNTy(x): hy(x,2) = 1}| < (Z) - (hléx))

Hence Lemma [ (ii) with [ = 1 implies that

hi(x) _
2 < ny (M 2-1/dgny
S <3 ((5) - (7)) + 0w
€S €S
Using } g hi(v) = Ban2™ and Cauchy-Schwarz we obtain
362n2a2n—1 S n2a2n—l + O(n2—1/d2n)'

Hence 3 < 1/v/3 4 o(1) < v/3 — 1 for n large, and so A\(G4) = 2/3.

We now need to show that the local stability conditions hold. Suppose that
S C 'V, is Gg-free and has size |S| > (2/3 — €)2™ for some € > 0. For n large ()

10



implies that |S| < (2/3+ €)2". If € > 1/100 then we may take § = 1 and the
conditions hold trivially so suppose that ¢ < 1/100.

Since a > 2/3 — ¢, (@) implies that |3 —1/2| < /€ for n large. Let §; = 2¢'/4
and suppose there exists W C V,, \ S such that hi(z) < (1 —d1)n for allz € W
and |W| > 6;2". Then

> ha(z) < VA \(SUW)n+ (1= 6)n|W|
IJEWL\S
< (1 - 261/4) n2" 4 26Y/4(1 — 2¢/4yp2n
< (1 — 3\/E> n2"
3
But
Z hi(z) = (1 - B)an2™ > (% - %\/E) n2". (5)
z€V,\S

Hence (a) holds for any § > 2¢'/4.
For (b) we will require the following defect form of the Cauchy—Schwarz
inequality (cf. Bollobas [3] page 125).

Lemma 11 Ifay,...,as € R, 1 <t <5, 137 a; = A, 1 fla > A

t>~s and A’ > A+ n then
1 S
EZaf > A% + .
i=1

Let 65 = 2¢'/% and suppose there exists W C S satisfying [W| > §,2" and
|hi(x) —n/2| > dan for all x € W. Let

Wt ={zeW:hi(x) >n/2+dmn}

and W~ = W \ W*. Suppose that [WT| > 622771 (the case [W~| > 52" 1 is
similar so we omit it).

Now 1 1
n
— hi(x) = Bn, —— hi(xz) > = + dan
5] 2 @ A 2 M) 25
so using |8 — 1/2] < /e we have
1 1
W+ Z h1($)2§2h1($)+n(52—\/€)
| |meW+ | |z€S

Since [WT| > 622771 > 6,]5|/2, Lemma [[I] (with A = Bn, n = n(dy — 1/€) and
~ = d2/2) implies that

1

1 d2m*(d2 — V/€)?
S| '

S hia) > gn? +

€S

(6)

11



Using (@) and Cauchy—Schwarz (Lemma [B]) we also have
1
PRHE g (1 — 7€) n?2. (7)
z€V,\S
Now (@) implies that for n large
Z 2h3(x) + Z hi(x) < n?|S| + en?2".

zeS mEVn\S

Using (@) and (@) this yields

(1-7v8) < 5 +2

C¢0|P—‘

(; _6) (262 + 62002 — Vo)) +

Substituting do = 2¢/6 and using 8 > 1/2 — /€, € < 1/100 we obtain a contra-
diction. Hence (b) holds for any ¢ > 2¢'/6.
Finally for (c) let 35 = 4¢'/%. Since S is G4-free the Erd6s-Stone theorem

implies that for any = € S, S?(x) contains at most O(n?>~/?) edges from (512(9”)).

Hence () <Sl2(l‘))‘ = 0(n2 V) < 5—;(;),

for n large. So suppose there exists W C S such that |[W| > 632" and for all

() Ca7)wel=506)

Since () holds for all x € S, Lemma [ (i) with [ = 1 implies that

> M) < (07— hi(a) + O /) - 53 (Z) o

€V, z€eS

So for n large

2 hi(z)+ Y hilz) <n®lS|- 3 n?2".

z€S z€V,\S

Applying Cauchy—Schwarz to Y___¢ h?(x) and using (7)) we obtain

zeS

2

2ﬁ2a+%(1—7\/2)§a—%3.

However this gives a contradiction using |8 — 1/2] < /e, @ < 2/3 + € and
83 = 4€*/*. Hence (c) holds for any ¢ > 4¢'/4. Thus we can satisfy all of the
local stability conditions by taking § = 4¢!/6, which clearly also satisfies the
condition lim,_,o+ d(€) = 0. a

12



Proof of Theorem [{} Let d > 2 and € > 0 be given. Let n be large and
S C V, satisfy |S| > 2. For r > 1 we have

> e = (7)isl

zeV,

Hence |S| > €2™ implies that for any r» > 1 there exists « € V;, such that h,(x) >
(). Let r=[d/3] and 3> py > po > -+ > p, > 2 satisfy >;_;p; =d. If nis
sufficiently large relative to € and d then Theorem [7] implies that the r-graph

S"(z) = {supp(z)Asupp(y) : y € SN (2)}

contains a copy of K := K (py,pa,...,p,). It is easy to check that this r-graph
has t3 edges (where t3 is defined in the statement of Theorem M]). Moreover,
since K is an r-graph with d vertices, the corresponding subset of S lies in a
copy of Vy. Thus A(Fg.,) = 0.

If r = [d/3] is odd then ¢t = 0 and the proof is complete so suppose that
[d/3] is even. Now Lemma [ (i) (with | = r/2) followed by an application of
Cauchy—Schwarz implies that

(T;2) ZhT(:C) = Z hz/z(ac) +0(n""12m)

zeS zeV,
n\2
20n r—lon
2 2™).
(r/2) € +O(n )
Hence there is x € S such that
he(z) > GCL) +0mh.

The same argument as above implies that S"(z) contains a copy of K. Hence
there is a copy of V4 containing t3 + 1 points from S, so A(Fg,t5+t,) = 0. a

4 Questions

There are many open problems concerning the vertex Turdn density. We collect
what seem to be the most appealing ones here.

All of the constructions we have considered are of the form {z € V,, : |z| € I}
for some I C [n].

Question 12 Is it true that for any family F = {F1,...,Fy} of subsets of Vg
there are sets I, C [n] with

Sp={x eV, :|z| €L}
F-free for all n and
lim 1Su] = ANF)?

n—oo 2N

13



All of our results are for the vertex Turdan density, one could also ask for the
exact value of exc(n, F) and what the extremal examples are.

As we mentioned above the question of determining (or improving bounds
on) A(Vy) was posed by Alon, Krech and Szabé [1]. This is perhaps the most
natural forbidden configuration to consider.

Recall that Fgq, = {F C Vg : |F| =t} and p(d) = max{t : A(Fy4,) = 0}. By
Theorem [ we have p(d) < (Ld(/i2j)'

Question 13 Is it true that for all d > 2, p(d) = (Ld(;?J) ¢

Theorem M tells us that ©(3) = 3 and p(4) > 5. Whether or not u(4) = 6 is
unresolved.

5 Acknowledgement

We thank the two anonymous referees for a number of comments, corrections
and suggestions which greatly improved the presentation.

References

[1] N. Alon, A. Krech and T. Szabd, Turdn’s theorem in the hypercube, STAM
J. on Disc. Math. 21 (2007), 66-72.

[2] J. Balogh, The Turdn density of triple systems is not principal, J. Combin
Theory Ser. A, 100 (2002), 176-180.

[3] B. Bollobds, Modern Graph Theory, Springer, (1998).

[4] A. Brace and D. E. Daykin, Sperner type theorems for finite sets, In: D.J.A.
Welsh and D.R. Woodall, eds, Combinatorics (Proc. Conf. Combinatorial
Math., Math. Inst., Oxford), Inst. Math. Appl., Southend-on-Sea (1972), 18-
37.

[5] F. R. K. Chung, Subgraphs of a hypercube containing no small even cycles,
J. Graph Theory, 16 (1992), 273-286.

[6] F. R. K. Chung, Z. Fiiredi, R. L. Graham and P. Seymour, On induced
subgraphs of the cube, J. Combin. Theory Ser. A, 49 (1988), 180-187.

[7] P. Erdés, On extremal problems of graphs and generalized graphs, Israel J.
Math. 2 (1964), 183-190.

[8] P. Erdds, Some problems in graph theory, combinatorial analysis and com-
binatorial number theory, Graph Theory Combin, B. Bollobés, ed., Academic
Press (1984), 1-17.

[9] P. Erdds and A.H. Stone, On the structure of linear graphs, Bull. Amer.
Math. Soc. 52 (1946) 1087-1091.

14



. Harborth an . Nienborg, Some further vertex Turan numbers for cube
10| H. Harborth and H. Nienb S furth Tura bers f b
graphs, Utilitas Math. 75 (2008), 83-87.

[11] K. A. Johnson and R. Entringer, Largest induced subgraphs of the n-cube
that contain no 4-cycles, J. Combin Theory Ser. B, 46 (1989), 346-355.

[12] D. Kleitman and J. Spencer, Families of k-independent sets, Disc. Math.,
6 (1973), 255-262.

[13] E. A. Kostochka, Piercing the edges of the n-dimensional unit cube, Diskret.
Analiz Vyp. 28 Metody Diskretnogo Analiza v Teorii Grafov i Logiceskih
Funkeii (1976), 55-64. [in Russian]

[14] V. W. Mantel, Problem 28, Wiskundige Opgaven 10, (1907), 60-61.

[15] D. Mubayi and O. Pikhurko, Constructions of Non-Principal Families in
Extremal Hypergraph Theory, to appear Disc. Math.

[16] D. Offner, Some Turén type results on the hypercube, Disc. Math. (2008),
doi:10.1016/j.disc.2008.07.025

[17] A. Rényi, Foundations of Probability, Wiley New York, 1971.

[18] J. Schonheim, A generalization of results of P. Erdds, G. Katona, and D.
J. Kleitman concerning Sperner’s theorem, J. Combin. Theory Ser. A, 11
(1971), 111-117.

[19] G. Seroussi, N.H. Bshouty, Vector sets for exhaustive testing of logic cir-
cuits, IEEE Transactions on Information Theory, 34 (1988), 513-522.

[20] A. Thomason and P. Wagner, Bounding the size of square-free subgraphs
of the hypercube, to appear Disc. Math.

[21] P. Turdn, On an extremal problem in graph theory, Mat. Fiz. Lapok 48
(1941) 436-452 [in Hungarian].

15



	Introduction
	Results
	Proofs
	Questions
	Acknowledgement

