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Abstract

We consider Erdos-Ko-Rado sets of generators in classical finite polar spaces.
These are sets of generators that all intersect non-trivially. We characterize
the Erdés-Ko-Rado sets of generators of maximum size in all polar spaces,
except for H(4n + 1,¢%) with n > 2.
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1. Introduction

Finding the largest sets of pairwise non-trivially intersecting elements is
one of the classical problems in extremal combinatorics. We first give the
original Erdés-Ko-Rado theorem, published in [9] in 1961.

Theorem 1. If S is a family of subsets of size k in a set Q with |Q] = n
and n > 2k, such that the elements of S are pairwise not disjoint, then
S| < (Zj) If n > 2k + 1, then equality holds if and only if S is the set of
all subsets of size k containing a fized element of €.

Variants of this theorem in a wide variety of contexts, including one
in projective geometry, were found subsequently. The projective geometry
PG(n — 1,q) consists of the lattice of subspaces of the vector space V' (n,q)
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of dimension n over F,. The number of subspaces of dimension k in V' (n, ),
with 0 < k < n, is given by the Gaussian coefficient:

[n] _ﬁanrli_l
kq_ qz—l

=1

(If n < k or k <0, then [Z]q is zero. Note that [Z]q = [nfk}q and [ﬂq =
-1 )
g—1"

In 1975, Hsieh proved the following g-analog of Theorem [1|in [12].

Theorem 2. If S is a set of k-dimensional subspaces in V(n,q), with n >
2k + 1, pairwise intersecting not trivially, then |S| < [Z:Hq. Equality holds
if and only if S is the set of all subspaces with dimension k, containing a
fized 1-dimensional subspace of V(n,q).

In this article, we will consider the analogous problem for generators in a
polar space. Classical finite polar spaces are incidence structures, consisting
of the subspaces of V := V(n,q) totally isotropic with respect to a certain
non-degenerate sesquilinear or quadratic form f. Incidence is the inclusion
relation. We will only consider classical finite polar spaces, and from now
on, polar spaces are implicitly assumed to be finite and classical. The rank
of the polar space is the algebraic dimension of the maximal totally isotropic
subspaces or generators. We explicitly list the different types of polar spaces
of rank N. For the sake of clarity, we give both the notation related to
Chevalley groups and the more geometric notation, based on the embedding
of the polar space in a projective space.

e the hyperbolic quadric Dy(q) or Q*(2N—1,q), with V = V (2N, q) and
f a non-degenerate quadratic form of Witt index N, with parameters
(g, 1),

e the Hermitian variety Aay_1(q) or H(2N —1,¢%), with V = V(2N, ¢?)
and f a non-degenerate Hermitian form, with parameters (¢2, q),

e the parabolic quadric By(q) or Q(2N,q), with V = V(2N + 1,q) and
f a non-degenerate quadratic form, with parameters (g, q),

e the symplectic space Cy(q) or W(2N —1,¢), with V = V(2N, q) and
f a non-degenerate symplectic form, with parameters (g, q),
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e the Hermitian variety 24Asx(q) or H(2N, ¢?), with V = V(2N + 1,¢%)
and f a non-degenerate Hermitian form, with parameters (¢2, ¢*),

e the elliptic quadric 2Dy1(q) or Q™ (2N + 1,q), with V = V(2N +
2,q) and f a non-degenerate quadratic form of Witt index N, with
parameters (q, ¢%).

The parameters (g, ¢°) listed above are such that each totally isotropic
2-space (or line) is incident with exactly ¢ + 1 totally isotropic 1-spaces (or
points), and every totally isotropic (N — 1)-space (or dual line) is incident
with exactly ¢¢ + 1 maximal totally isotropic subspaces (or generators). We
will also refer to totally isotropic 3-spaces as planes. The projective dimension
of a subspace is its dimension minus one. Polar spaces of rank two are also
known as classical generalized quadrangles.

Lemma 3 (3], Lemma 9.4.1). Let P be a polar space of rank N with param-
eters (q,q%). The number of totally isotropic subspaces with dimension m is
given by [ﬂq H?:Ol(qN_i_He +1). In particular, the number of generators

is (q°+1) - (g™ + ).

The previous lemma also allows us to compute the number of generators
through a fixed point in a polar space of rank N, as it is the number of
generators in the residual polar space of rank N — 1 and of the same type.

If two totally isotropic subspaces in a polar space intersect trivially, or
hence if they have no point in common, then we say that they are disjoint. It
is our goal to study sets of generators in a polar space pairwise not disjoint.
We will refer to such sets as EKR sets of generators. We will say that such a
set is a maximal EKR set of generators if it is not a proper subset of another
EKR set of generators. A simple example of an EKR set of generators is the
point-pencil construction, consisting of all generators through a fixed point.
We will prove in this paper that in many polar spaces, these are the unique
EKR sets of generators of maximum size.

In the case of (classical) generalized quadrangles, the generators are lines.
It is a trivial observation that the maximal sets of lines pairwise intersecting
in a generalized quadrangle are the sets of lines through a point, so we will
only focus on polar spaces of rank at least three.

This article is structured as follows. We will give some preliminary obser-
vations on maximal EKR sets of generators in Section 2] In Section 3, we will
approach the problem in a graph-theoretic way and give bounds on the size



of EKR sets of generators already found by Stanton in [I4]. We will give an
alternative proof in Section [4f for the characterization in those polar spaces
discussed by Tanaka in [I5]. Sections [5] [f] and [7] are devoted to a complete
characterization in all but one remaining case. Finally, we prove in Section
that in one particular type of Hermitian variety, the bound from [14] cannot
be reached, and we give a characterization for small rank.

An overview of our results is given in Section [9]

2. General observations on maximal EKR sets of generators

We will first obtain some results by use of purely geometric results, which
already hold for EKR sets of generators when only assuming maximality.

Lemma 4. Let ©,,m, and . be pairwise non-disjoint generators in a po-
lar space. The intersections w, N m, and m, N 7. cannot be complementary
subspaces of m,.

Proof. Suppose 7, N, and 7, N 7. are complementary subspaces of 7,. As
m, and 7. are assumed to meet non-trivially, they must have a point p in
common, not in m,. This point would be collinear with all points in 7,N7, and
with all points in 7, N7, and hence with all points in (7, N, 7, N 7.) = 7,
which would contradict the assumption that 7, is a maximal totally isotropic
subspace. O

Lemma 5. Let S be a mazimal EKR set of generators. If a dual line is
incident with at least two elements of S, then all generators through it are in

S.

Proof. Let pu be a dual line, incident with two distinct elements 7, and
of S. Suppose a third generator 7’ through u is not in S. As S is assumed
to be maximal, there must be a generator 7, € S disjoint from 7’ and hence
also from p, so it intersects m, in a point not on pu. The generators m,, m,
and 7, contradict Lemma [4] O

The previous lemma motivates us to introduce the following terminology.
We say that a dual line in a polar space is secant, tangent or external with
respect to a maximal EKR set of generators S if all, one or none of the
generators through it are in S, respectively.

Let S be an EKR set of generators in a polar space with 7 € S. Consider
all secant dual lines with respect to S in w. We will refer to their intersection
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as the nucleus of m (with respect to ), we will denote it by 7 and s will be
the projective dimension of ms. The nuclei of the elements of S will play a
crucial role in our characterization of the EKR sets of generators of maximum
size. In the following lemma, we prove fundamental properties of the nuclei.

Lemma 6. Let S be a maximal EKR set of generators in a polar space of
rank N and with parameters (q,q%). If ms is the nucleus of the generator
m €S, then the secant dual lines in m are those through ms, and the tangent
dual lines in m are those not through ms. The number of elements of S that
intersect m € S in a dual line is given by ¢° [fofl]q.

Moreover, if a generator ' € S meets 7 in just a point, then this point must

be in my.

Proof. Suppose 7 € S has nucleus 7, with projective dimension s. If 7/ € S
intersects 7 in a point p, then p must belong to every secant dual line p in 7
by Lemma [4] hence p € .

Let p be a dual line through m,. By Lemma 5] p is either secant or
tangent. Suppose that p is tangent, hence there exists a m; through p such
that m; ¢ S. Since S is maximal, there must be a my € S disjoint from 7,
but 7y must intersect m, so this intersection would be a point not in p and
hence not in 7y either, contradicting the above. So p is secant.

The number of dual lines in 7 through =, is given by [N 71871} , and
through each such dual line there are ¢° other elements of S, and hence there

are exactly ¢° [Nfls 71} . elements of S meeting 7 in a dual line. O

3. Graph-theoretic approach to polar spaces

Theorems (1| and [2| can be interpreted as results regarding the Johnson
and Grassmann graphs, respectively (see for instance Sections 9.1 and 9.3 in
[3]). In this article, we have to consider the dual polar graph, the vertices of
which are the generators of a polar space. Two generators are neighbors in
the dual polar graph if they meet in a subspace of codimension one and when
we say that two generators are neighbors, we will mean with respect to this
relation, unless stated otherwise. First, we need some algebraic background.

For any finite set €2, we can consider the real vector space RS2, which has
an orthonormal basis corresponding to the elements of €). For every subset
S C Q, we define the column vector xs € R as the characteristic vector of
S, with the entries of xg corresponding to an element of S equal to one, and
all other entries equal to zero.



Bose and Shimamoto [2] introduced the notion of a d-class association
scheme on a finite set 2 as a pair (2, R) with R a set of symmetric relations
{Ry, Ry, ..., Rq} on  such that the following axioms hold:

(i) Ry is the identity relation,
(i) R is a partition of Q2
(iii) there are intersection numbers pfj such that for (z,y) € Ry, the number
of elements z in Q for which (z, 2) € R; and (z,y) € R; equals pf;.

All the relations R; are symmetric regular relations with valency p%, and
hence define regular graphs on ).

With each relation R;, we can associate the (|€2| x |Q2])-matrix A;, the rows
and columns of which are indexed by the elements of Q and with (A4;),, =1
if (z,y) € R; and (4;),, = 0 if not. The axioms for an association scheme
immediately imply that all A; are symmetric, Ay is the identity matrix, the
sum of all A; is the all-one matrix and A;A; = ZZ:O pfjAk. Hence it follows
that the vector space spanned by { Ay, ..., Az} is closed under multiplication,
and we refer to it as the Bose-Mesner algebra. We also let o denote entrywise
multiplication of matrices. Now A; o A; = 0;;4;, and so the Bose-Mesner
algebra is closed under this multiplication as well.

It can be shown (see for instance [I]) that the real vector space R has
a unique orthogonal decomposition into d + 1 subspaces V;, all of them
eigenspaces (or subspaces of eigenspaces) for the relations R; of the asso-
ciation scheme. These subspaces are the strata of the association scheme.
The (d+1) x (d+ 1)-matrix P, where Pj; is the eigenvalue of the relation R;
for the eigenspace Vj, is the matriz of eigenvalues of the association scheme.
The matrices £; defining orthogonal projection onto the subspace V; also
span the Bose-Mesner algebra and are known as the minimal idempotents.

Now let I' be a connected graph with diameter d on a set of vertices
Q). For every i in {0,...,d}, we let I'; denote the graph on the same set
Q, with two vertices adjacent if and only if they are at distance ¢ in I', and
we write R; for the corresponding symmetric relation on V. The graph I
is said to be distance-regular if the set of relations { Ry, Ry, ..., Rq} induces
an association scheme on ). It can be shown (see Chapter 4 in [3]) that
this is equivalent with the existence of parameters b; and ¢;, such that for
every (v,v;) € R;, there are ¢; neighbors v;_; of v; with (v,v;_1) € R;_4, for
every i € {1,...,d}, and b; neighbors v;;; with (v,v;41) € R;y1, for every
i €{0,...,d—1}. These parameters b; and ¢; are known as the intersection
numbers of the distance-regular graph I'.
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Theorem 7 ([3], Theorem 9.4.3). Let I' be the dual polar graph of a polar
space of rank N with parameters (q,q%). This graph is distance-reqular with
diameter N, and two vertices are at distance i if and only if they meet in a
subspace of codimension i. The intersection numbers are given by:

' N —i .
bi:ql+e[ 1 Z:| ,VZG{O,,N—l},CZI|:1‘| ,\V/ZE{L,N}
q

q

The valency of T'; is given by []j]qqi(i’l)/zqie.
The vector space RS) orthogonally decomposes as Vo L Vi3 L ... L Vy,

where V; is an eigenspace of the dual polar graph for the distinct eigenvalues
N .
q |: lj:|q - [i}q

Note that Vj is, in this ordering, just the subspace spanned by the all-one
vector yq. This means that for every subset S, the characteristic vector xg
will have the component %XQ = %XQ in this Vj.

A subset S of vertices in a regular graph is a coclique if two vertices in S
are never adjacent. As EKR sets of generators are precisely the cocliques of
the disjointness relation, we are especially interested in the graph I'y. The
N+1 subspaces V; C RS2 from Theorem are the strata of the induced d-class
association scheme, and hence eigenspaces for all the relations I'g, 'y, ..., 'y.
Stanton [14] calculated the eigenvalues of the disjointness graph I'y between
generators in a polar space of rank N with parameters (g, ¢¢), and obtained

the eigenvalue
(—1)7gNWN+D/24(G=N=1)+{e=D)(N—j)

for the subspace V.
We will use the following result on cocliques in regular graphs (see for
instance Theorem 3.1 in [10]).

Theorem 8. If S is a coclique of a reqular graph T' on a set Q) with valency
k and smallest eigenvalue \ < 0, then:

2]

< .
|S|—1—k/)\

Moreover, if the bound is met, then xs can be written as a linear combination

%XQ + v, with v an eigenvector for .



Stanton [14] used the inequality from Theorem [§ to obtain upper bounds
on the size of EKR sets of generators in polar spaces.

Theorem 9. Let S be an EKR set of generators in a polar space P, and
consider the decomposition RQ =V, L ... L Viy as in Theorem[7

o I[fP=QT(2N —1,q), with N odd, then |S| is at most half of the total
number of generators, and if this bound is reached, then xs € (Vo L
Vn).

o I[f P =Q"(2N —1,q), with N even, then |S| is at most the number
of generators through a fized point, and if this bound is reached, then
xs € (Vo L Vi LVyoa).

o IfP=H(2N —1,¢%), with N odd, then |S| is at most the number of
generators in the polar space P divided by ¢~ + 1, and if this bound is
reached, then xs € (Vo L V).

o IfP=CQ(2N,q) with N odd, or P =W (2N —1,q), with N odd, then
|S| is at most the number of generators through a fized point, and if
this bound is reached, then xs € (Vo L Vi L Vy).

For all other polar spaces, the size of S is at most the number of generators
through a fixed point, and if this bound is reached, then xs € (Vo L V7).

Proof. This follows from Theorem [§ and the formula for the eigenvalue

(—1)7gNWHD/245G=N=D+(=DN=3) of the disjointness graph for V;. For j = 0,
one obtains the valency k. One must then consider the minimal eigenvalue
for each possible value of e: 0,1/2,1,3/2 and 2. This minimal eigenvalue
is obtained only for j = 1, except in the following cases: if ¢ = 0 (hence
if P =Q"(2N —1,q)) and N is odd for j = N, if e = 0 (hence if P =
QT(2N —1,q9)) and N iseven for j =1 and j = N — 1, if e = 1/2 (hence
if P = H((2N —1,¢%) and N is odd for j = N, and if e = 1 (hence if
P=W(E2N —-1,q) or P=Q(2N,q)) and N isodd for j=1and j=N. O

The phenomenon observed in Theorem [J]also has important consequences
for the opposite problem: finding the maximum size of cliques of the disjoint-
ness relation. Sets of generators that are all mutually disjoint are known as
partial spreads of the polar spaces. In [18], this was used to obtain a tight
upper bound for partial spreads in H(2N — 1,¢?) with N odd.

In light of the description of the characteristic vector from Theorem [g]
we give the following lemma.



Lemma 10. Suppose S is a set of vertices in a reqular graph I' with valency
k, with xs a sum of a multiple of the all-one vector and an eigenvector v of
some eigenvalue .

e I[fpe S, then p has |Q|(k: A) + A neighbors in S.

o Ifp¢ S, then p has Z(k — \) neighbors in S.

12l

Proof. Let A be the adjacency matrix of the graph I'. The results follow
immediately from:

S S S S
Axs = A(JQ“XQM) - k::anQJr/\v: (H(k )\)+)\>XS+|‘Q’|(I<:—)\)(XQ—XS),
recalling that yg = || |‘XQ + . O]

4. Classification of the Erdos-Ko-Rado sets of maximum size in
most polar spaces

As we will often compare the cardinalities of sets of geometric objects,
we need some analytic tools.

Lemma 11. Ifn>1,¢>2,e > 5 and ¢° > 2, then (1+q%)"'(1+#)<
2+qie, and in particular (1+ %) -+ (1 4 57) < 2.

Proof. As 1+ (}M is at most exp(#), the product (1 + qi) (1 qn%) is
ot most 1+ 2)exp( 1) < (14 2 xp(L).

As (1+z)exp(x) < 2+ x,Vx with 0 < z < 1/2, this completes the proof
of the general statement.

After taking ¢ = 3 and e = 1, one easily proves the last part as well by
verifying that Zglexp(é) < 2. O
Lemma 12. 1. For anyn >0 and g > 3, we have:

n

[1( +1) < 2g072,

i=1
1 e .
2. If N>3,q>2,e >3 and ¢° > 2, then:

N -1

(¢°+1) - - (qN+e—2+1>_|: . ] q(N—2)(N—3)/2+(N—2)e < 2q(N—1)(N—2)/2+(N—1)e'
q



Proof. 1. The result is obvious if n = 0. Suppose n > 1. When dividing
both sides by ¢""*1/2 we obtain the equivalent inequality:

1 1
(14+-)---(14+—) <2
q q"
As ¢ > 3, this is at most (1+ 3)--- (1 + 5r), which is in turn less than
2 because of Lemma [T1]

2. As [Nl_l}q > ¢V=2, the left-hand side is at most

1 1 1
q(N—l)(N—2)/2+(N—1)e<(1 + E) (14 W> — E)

We can now use Lemma (11| to complete the proof.
O

We also give the following general result on polar spaces (see for instance
Lemma 9.4.2 in [3]).

Theorem 13. Let P be a polar space of rank N with parameters (q,q°).
The number of generators meeting a fized totally isotropic subspace m,, with
dimension m in a subspace of codimension i in mw,, is given by:
m N—m—1
. i—1 .
qz(N—m—I—e-‘rT [Z } H (qN—m—j—1+e_|_ 1)
q

Jj=0
i(i—1) tie
For any generator, there are q~ =2
subspace of codimension 1.

generators intersecting it in a fived

We know from Theorem [9] that in most polar spaces, the maximum size of
an EKR set of generators is the number of generators through one point, and
that the characteristic vector of such a set also satisfies strong conditions.
We will now use this to obtain strong properties of such sets in these polar
spaces.

Lemma 14. Let P be a polar space of rank N > 3, either H(2N, ¢*), H(2N —
1,¢%) with N even, Q(2N,q) with N even, W (2N — 1,q) with N even or
Q (2N +1,q). If S is an EKR set of generators of P with |S| equal to the
number of generators through a fixed point, then for every element w € S, the

number of elements of S meeting ™ in a subspace of codimension v is given

by a; = [Ngl]qqi(z‘fl)ﬂqie.
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Proof. Theorem [J] yields that in these polar spaces, S must have a charac-
teristic vector in Vg L V;. We know that V;, and V) are not only eigenspaces
for 'y, but for all I';. For each I';, let k; denote the valency and A; the eigen-
value for V;. Lemma [10] yields that the number of elements of S, meeting a
generator 7 in a subspace with codimension ¢, is %(k’Z — )+ Nifres.
Instead of explicitly calculating these eigenvalues, we will derive these num-
bers by considering the point-pencil construction, consisting of all generators
through some fixed point p. If a generator 7 is through p, then the number
of generators through p, meeting 7 in a subspace of codimension i, is the
same as the valency of the i-distance relation I'; in the residual polar space
of the same type and of rank N — 1. Theorem [7] now gives us the desired
values. ]

As an example, we consider the elliptic quadric @~ (7, ¢) with N = 3 and
e = 2. Here, the upper bound for EKR sets of generators is (¢*+1)(¢*+1). If
it is reached, the constants (ag, ay, as, a3) will be given by (1, (¢+1)¢?, ¢°,0).

We will now characterize the EKR sets of generators of maximum size in
almost all polar spaces. These polar spaces are also treated in Theorem 1 in
[15], but we will use an alternative, more local approach.

Theorem 15. Let P be a polar space as in Lemmal[l] If S is an EKR set
of generators of P with |S| equal to the number of generators through a fixed
point, then S must be the set of generators through a fized point.

Proof. Let us assume that the polar space has parameters (g, ¢°).

Lemma [14]yields that for any 7 € S, the number of elements of S meeting
7 in a subspace of codimension i is given by ¢*=1/2¢ [N ] .- In particular,
the number of neighbors of 7 in S in the dual polar graph is ¢° [N n 1} " Hence,
Lemmal[6] yields that for any generator 7, the nucleus is a point. The number
of elements of S meeting 7 in that point is ay_q = gV "DWN=2)/2+(N=1)e,

Let m; be an element of S with nucleus p. Suppose that there is an
element 7’ € S not through p. Every n” € S that intersects 7 in just p has
the point p as nucleus as well, and hence 7" and 7" meet in at least a line. The
generators through p that meet 7’ in at least a line, correspond in the residual
geometry of p of rank N — 1 with those generators meeting a fixed generator
in a subspace of codimension different from N — 1 and N — 2. Their number
is (¢°+1) -+ (qN"2He 4+ 1) — gIN-DIN=2)/24(N=D)e _ (N=2)(N=3)/2+(N~2)e [N;l}

by Theorem [7} and hence we should have

q
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(1) (gN-2Fe 4 1) — gN-DIN=2)/2+(N=D)e _ ((N=2)(N=3)/2+(N-2)e [N;1L >

ay_y = qN"DW=2/2+(N=De byt this is false by Lemma [12)(2). This implies
that all elements of S are through p. O

The next sections will be devoted to the remaining polar spaces.

5. Hyperbolic quadrics

In the case of the hyperbolic quadric @T(2N — 1,q), there are two sys-
tems of generators of the same size. We will refer to them as the Latin and
Greek generators, and use the symbols €2; and €2y for these sets. They have
the property that two generators are in the same system if and only if the
algebraic dimension of their intersection has the same parity as N. Moreover,
a totally isotropic subspace of dimension N — 1 is contained in exactly two
generators: one in €y and one in §25.

The collineation group of Q*(2N — 1,¢) acts transitively on the gener-
ators, but the dual polar graph is bipartite with diameter N with the sets
of Latins and Greeks as the two bipartite classes (see for instance Theo-
rems 11.59 and 11.60 in [16]). Hence every collineation either stabilizes both
systems, or switches them.

For this particular dual polar graph, the eigenvalue for the subspace V;
from Theorem , with 0 < 7 < N, is given by [N;j}q — H] . Note that
the eigenvalues for V; and Vi _; are opposite. The following relation holds
between eigenspaces:

VN—j = {Ul — U2|U1 - RQl,UQ € RQQ)UI + Vg € V7}

In particular, Vy and Vi are one-dimensional eigenspaces of this dual polar
graph, with Vi = (xq, + Xa,) and Vy = (xa, — Xa,)-

Let us first consider the case where N is odd. Here, two generators of
the same system cannot intersect trivially, so the set of all Latins and the set
of all Greeks are both EKR sets, and their sizes meet the eigenvalue bound
from Theorem [9] The following algebraic argument quickly establishes that
this is the only possibility.

Theorem 16. Let S be an EKR set of generators in QT (2N — 1,q) with N
odd of size |)|/2, then S is one of the two systems of the hyperbolic quadric.
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Proof. Theorem [9] yields that xs € Vo L V. The eigenspace V} is spanned
by xao, + Xq,, while Vy is spanned by xq, — xq,. Hence xg can only be xq,
or Xq,- [

Next, we consider the case where N is even. Here, two generators of two
different systems cannot intersect trivially, so if S7 is an EKR set contained
in €1 and S5 is an EKR set contained in €25, S; U .S is still an EKR set for
the polar space. From now on, we will also denote the rank N by 2n + 2,
which will simplify some of our calculations. The upper bound from Theorem
9] for an EKR set of generators S in Q*(4n + 3,¢) is 2(¢ + 1) -+ (¢* + 1).
This bound can be reached by taking all generators through a single point,
but one could for instance also take all Latins through one point, and all
Greeks through another point to obtain an EKR set of generators. If S)
is a set of Latins, no two of which disjoint, and ¢ is any automorphism of
Q1 (4n + 3,q) switching the Latins and Greeks, then S; U SY is an EKR
set and hence 2|S;| < 2(¢ +1)---(¢** + 1). Hence the upper bound for
an EKR set of one given system is (¢ + 1)--- (¢*" + 1). The two systems of
generators are projectively equivalent, so it is enough to classify the EKR sets
of size (g+1) -+ (¢ + 1) of one system in QT (4n + 3, ¢). Therefore, we will
consider the half dual polar graph I", the vertices of which are the generators
of one system, with two of them adjacent when meeting in a subspace of
codimension two. We refer to 9.4.C in [3] for a discussion of this graph.

We will use similar techniques as those applied by Tanaka for the dual
polar graph in [I5]. Therefore, we will also need some more algebraic back-
ground. The association scheme induced by the dual polar graph has a
natural ordering for its relations, determined by the corresponding distance
from a given generator. One formulates this by saying it is P-polynomial. We
will now introduce the dual notion of )-polynomiality, which gives a special
meaning to a certain ordering of the strata instead. Let (Q,{Ry,...,R4})
be an association scheme with strata Vg, ...,V Let E; denote orthogonal
projection in RQ2 onto V;, and again let o denote entrywise multiplication of
elements of the Bose-Mesner algebra. We say that the ordering V), ..., Vy is
Q-polynomial if F; o F; is a linear combination of E;_;, E; and F;;; with
non-zero coefficients for £;_; and E;; for every j with 0 < 7 < d, where we
let E_; and E4.1 simply be zero.

For the following properties of the half dual polar graph, we refer to
Theorem 9.4.8 and Corollary 8.4.2 in [3].
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Theorem 17. Let I be the half dual polar graph, with set of vertices Q being
the set of the generators of one system in the hyperbolic quadric QT (2N —
1,q). This graph is distance-reqular with diameter d = L%J, and two vertices
are at distance i if and only if they meet in a subspace of codimension 2i.
The valency of I, is given by []2\2](1 ¢"®=V  and the intersection numbers

by: b; = ¢*t! [Ng%}q (0<i<d-—1)and ¢; = B’Jq (1<i<d).

The vector space RS orthogonally decomposes as Wy L Wy L ... L Wy,
where W; is an eigenspace of the half dual polar graph for the eigenvalue
¥l [N;%}q — ‘22;:11, and all d+ 1 eigenvalues are distinct. This ordering of
the spaces W; is QQ-polynomiall.

If T” is the half dual polar graph in QT(2N — 1,¢), then the eigenvalue
of I for the subspace W; is the same as the eigenvalue of the 2i-distance
graph I'y; of the original dual polar graph I' for both the subspace V; and
Vn_;. Hence, the ratio 1 — k/X from Theorem [§| remains the same, and
we find that an EKR set of generators of the same system has size at most
(g+1)---(¢*"+1), and this bound can only be reached if the characteristic
vector is in Wy L Wj.

It is our aim to show that an EKR set of generators of one system in the
hyperbolic quadric QT (2N — 1, ¢q), for even N > 6, consists of all generators
of that system through one point, and that for N = 4, there is only one extra
construction.

A consequence of Theorem 2 from [4] and Proposition 2 from [I5] yields
the following.

Theorem 18. Let I' be a distance-reqular graph with diameter d on a set ).
Suppose RS has an orthogonal decomposition Vo L ... L Vy into strata which
are QQ-polynomially ordered. For each subset S of Q) with xs € Vo L Vi, the
maximum distance between elements of S is at least d — 1, and if it isd — 1,
then the i-distance relations, with i € {0,...,d — 1}, induce an association
scheme with one class less, when restricted to the subset S. The parameters
of this scheme are independent of the subset S.

This allows us to obtain a result regarding convexity of EKR sets of
generators in the half dual polar graph, just as in [I5].

Corollary 19. Let S be a set of (q+1) -+ (¢** +1) generators of one system
in QT (4n + 3, q) pairwise not disjoint.
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1. The i-distance relations of the half dual polar graph with 0 < i < n
induce an association scheme on S with the same parameters as the
scheme induced by the half dual polar graph of Q@ (4n +1,q).

2. Suppose that w, and m, are two elements of S at distance 1 in the
associated half dual polar graph. If m is a neighbor of m, in the half
dual polar graph and at distance v — 1 from m,, then m must be in S as
well.

Proof. We know that the assumptions imply that ys € Wy, L Wy, with the
same notation as in Theorem [I7] Theorem yields that the i-distance
relations induce an association scheme on S.

Now let S’ be the set of all generators of the same system through a fixed
point. This set satisfies the same assumptions. We know that the association
schemes induced on S and on S’ have the same parameters, and the latter
is isomorphic to that on generators of one system in the hyperbolic quadric
Qt(4n+1,q).

Hence if two generators m, and m, in S are at distance ¢, the number of
generators in S at distance ¢ — 1 from 7, and at distance one from 7, is given
by: ¢; = [éi]q (see Theorem .

Moreover, [221] . is also the number of generators in the full half dual polar
graph, at distance ¢ — 1 from m,, and distance one from m,. Hence every such
generator in the half dual polar graph must belong to S. [

The proof of the following lemma is similar to the proof of Theorem 1 in
[15].

Lemma 20. Let S be a set of (q+1)---(¢*" + 1) generators of one system
of QT (4n + 3,q) pairwise intersecting. If m and wy are elements of S that
meet in just a line £, all the elements of S cannot be disjoint from (.

Proof. Let L denote the polarity associated to the polar space. Suppose m;
and 7y are elements of .S meeting in just the line ¢. Suppose 7 € S intersects
7 in a subspace p of codimension 2¢ in 7, skew to £. Let m be any line in
7, skew to £+ N7. Consider the generator 7’ = (m, m*Nm). This generator
meets 7 in a subspace of codimension two, skew to ¢, and is at distance 1 —1
with respect to the half dual polar graph from 7. Hence 7’ is in S as well,
because of Corollary [19] so 7’ and 75 must also meet non-trivially and the
triple (my, w2, ') would contradict Lemma ]

We now come to the main result concerning hyperbolic quadrics.
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Theorem 21. Let S be a set of Latins in Q1 (4n+ 3, q) pairwise intersecting
and n > 2 of size (q+1)---(¢*" + 1), then S is the set of Latins through a
fixed point.

Proof. Let wbein S. We know from Corollary[I9that the number of elements
of S meeting 7 in exactly a line is the same as the number of generators
in Q" (4n + 1,¢) that meet a fixed generator in exactly a point, so it is

[Z”f' 1]q q"?"1) (Theorem . On the other hand, Theorem 13| yields that

there are exactly ¢™(?"—1 generators of Q" (4n + 3,¢), intersecting 7 in just
a fixed line. Hence the set of lines A that are intersections of © with some
element of S has size at least [2"1+ 1]q, and we know from Lemma [20 that no
two of them can be disjoint. As n > 2, we can now apply Theorem [2| to see
that A is precisely the set of [2"1+ 1} . lines through some fixed point p in 7.
Now suppose 7’ is an element of S not through p. This means that
= mNx' is a subspace of codimension at least two in 7 and not through p.
Let ¢ be a line in A skew to u. Now £ is the intersection of two elements of

S, while 7’ is disjoint from ¢, contradicting Lemma O]

The hyperbolic quadric @1 (7, ¢) must be treated separately. Let Py be the
set of (g+1)(¢*>+1)(¢*>+1) points in Q7 (7, q), Py the set of (g+1)(¢*>+1)(¢>+1)
Latins, Py the set of (¢ + 1)(¢® + 1)(¢®> + 1) Greeks, and L the set of lines of
Q1 (7,q). We can define an incidence relation between two elements belonging
to any couple of sets: a Greek and a Latin are incident if they intersect in
a plane, and in all the other cases it is just symmetrized inclusion. There is
always a triality (see for instance Section 2.4 in [I7]): an incidence preserving
map 7 of order three that maps Py to Py, Py to Pa, Py to Py, and L to L.

Theorem 22. If S is a set of Latin generators of Q1 (7,q) pairwise inter-
secting and |S| = (¢ + 1)(¢> + 1), then S consists of all the Latins through
one point, or of all the Latins meeting a fized Greek in a plane.

Proof. Let S be a set of pairwise intersecting Latins, and let 7 be any triality.
Then S™ ' is a set of mutually collinear points. It is well known that in every
polar space the largest set of pairwise collinear points is the set of points in
a generator (see for instance Lemma 9.2 in [§]). Hence, there is a generator
7 containing all the (¢ + 1)(¢% + 1) points of S7 .

If  is a Latin, then .S itself consists of all Latins incident with the Greek
77, or hence of all Latins meeting 77 in a plane. If 7 is a Greek, then S itself
consists of all Latins through the point 7. O

16



6. The case Q(4n + 2, q) for all g, and W (4n + 1, q) for even q

We will now treat the problem in the parabolic quadrics of odd rank. The
bound from Theorem [9]is still reached by the point-pencil construction, but
the properties of the characteristic vector are a bit weaker. We will make
use of its embedding in the hyperbolic quadric. We have seen in Section
that @7 (7, q) is a special case, and therefore Q(6, ¢) will also be exceptional.
If q is even, parabolic and symplectic spaces with the same parameters are
isomorphic (see for instance Chapter 11 in [16]), and hence we will also be
able to obtain the classification in those spaces.

Theorem 23. Let S be an EKR set of generators in Q(4n+2,q), withn > 1
and |S| = (q+1)---(¢*" + 1), then one of the following cases must occur:

e S is the set of all generators through a fized point,
e S s the set of all generators of one system of an embedded Q* (4n+1, q),

e n =1 and S consists of one fixed generator and all generators meeting
it in a line.

Proof. Consider the embedding of Q(4n + 2,¢) in Q*(4n + 3,¢) as a non-
singular hyperplane section. Every generator of Q(4n + 2, q) is contained in
a unique generator of a fixed system of Q¥ (4n + 3,¢), so let S be the set of
Latin generators in Q*(4n + 3, ¢) through an element of S. The elements of
S cannot be disjoint either and |S| = |S| = (¢+1) -+ (¢*"+1). Theorems[2]]
and [22] then yield that S is either the set of all Latins through a point p in
Q7 (4n+3,q), or S is the set of all Latins meeting a fixed Greek v in a plane
with n = 1. Suppose that we are in the first case. If p is in the hyperplane
H, then S is simply the set of all generators through p in Q(4n + 2,q). If
p is not in H, then p* N H meets the parabolic quadric in a non-singular
hyperbolic quadric QT (4n+1,¢). Then S is one system of generators of that
hyperbolic quadric. Finally, in the second case we see that S consists of the
plane v N H and the (¢*> + ¢ + 1)q planes of Q(6, ¢) meeting that plane in a
line. O

We now consider Q(4n + 2,q) and W (4n + 1,q) with ¢ even. It is well
known (see for example Corollary 2 of Lemma 22.3.1 in [11]) that the pro-
jection from a point of PG(4n + 2,q), called the nucleus of the parabolic
quadric, on any non-singular hyperplane H gives an isomorphism between
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the polar spaces Q(4n + 2,q) and W (4n + 1,¢). In particular, if H is a non-
singular hyperplane intersecting the parabolic quadric in a hyperbolic quadric
Q1 (4n+1,q), then the generators of Q(4n + 2, q) in H will correspond with
those of an embedded Q" (4n + 1,q) in W(4n + 1,q).

Theorem 24. Let S be an EKR set of generators in W(4n + 1,q), with q
even, n > 1 and |S| = (¢ +1)---(¢* + 1). One of the following must hold:

e S is the set of all generators through a fized point,

e S is the set of all generators of one system of a hyperbolic quadric
Q1 (4n+1,q) embedded in W(4dn +1,q),

e n=1and S consists of one fixed generator and all generators meeting
it in a line.

Proof. This follows immediately from Theorem [23] O]

7. The case W (4n + 1, q) for odd q

In the polar space W (4n + 1, q), Theorem @ does not yield that the char-
acteristic vector yg of an EKR set of generators of maximum size is in the
span of the subspaces Vy and V;. This significantly weakens our control
over this set. We also don’t have an isomorphism between @Q(4n + 2, ¢q) and
W(4n + 1, q) if q is odd, but the parameters and the eigenvalues of the asso-
ciation schemes on generators are still the same (see for instance Section 9.4
in [3]).

With respect to the disjointness relation, we can still prove a strong prop-
erty.

Lemma 25. Let S be an EKR set of generators in Q(4n+2,q) or W (4n+1, q)
of size (q+1)---(¢* + 1). Every generator m & S is disjoint from exactly
q" >+ elements of S.

Proof. 1t follows from Theorem [9 that if [S| = (¢ + 1)---(¢*" + 1), then
xs € Vo L Vi L Vy, with V} as defined in Theorem m Here, Vi 1L Vi is an
eigenspace for the eigenvalue A = —¢"(?"*1) of the disjointness relation. We
can now use Lemma |10 with respect to the disjointness relation. Let k& denote
the valency of the disjointness relation. We obtain that each generator not
in S is disjoint from exactly %(k —A) = %(lﬁ — ) = =\ = ")
elements of S. O
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For any generator 7 and any subset S of generators in W(4n + 1, q), we
let (vrg); denote the number of generators in S meeting 7 in a subspace
of codimension i. Note that (vzg)o is 1 if 7 € S. We now use algebraic
techniques to obtain information on these vectors v, g.

We first consider the two known constructions of EKR sets of maximum
size S in W(4n + 1,q) (g even) or Q(4n + 2, q), together with some element
mes:

e Point-pencil construction: v, s = v; with (vy); = [Qf]qqi(iJrl)/Q (this
follows from Theorem .
For instance, in W (9, ¢) or Q(10, q):

c=a ol 2[00

e All Latins of an embedded QT (4n + 1,q): vrs = wve with (v2); =
(2] . ¢"~1/2 if § is even, 0 if 4 is odd (this follows from Theorem .

For instance, in W (9, q) (¢ even) or Q(10,q):

) )
=(1 6.0).
(%) ( 507 |:2:|qq705 |:4:|qQ70>

Theorem 26. Let S be an EKR set of generators in Q(4n+2,q) or W(4dn+
1,q) of size |S] = (g +1)---(¢** + 1). Then for every m € S, there is a
parameter T such that vy, g = Tvy + (1 — 7)vs.

Proof. We know that if |S| reaches the bound from Theorem [0} then xs €
Vo L Vi L Vy, with N = 2n + 1 in this case. Let €2 be the full set of
generators, and let P be the matrix of eigenvalues of the association scheme.
Let E; denote the orthogonal projection onto the space of eigenvectors V.
Lemma 2.5.1 (iii) from [3] implies that (v, sP~'); = (E;xs)r, where the
latter denotes the entry of the vector E;xg, corresponding to the generator
m. We note that FEj is just projection onto the all-one vector, so the first
entry (vr 5P Yo = (EoXs)r = (%XQ)W = |5]/|€2]. On the other hand,
Eqg+ - -+ Ey is the identity matrix, which means that the sum of all entries
of v, sP~! is given by ((Ey+ -+ En)Xs)r = (Xs)x, which is 1 as 7w € S.
Finally, as we know that F;xs = 0 unless j = 0,1, or j = N(=2n+ 1), we
have that (vy sP~'); = 0if j is not 0,1 or 2n + 1. Hence, we know that v, g
is given by (|S|/|9],t,0,...,0,1 —t —|S|/|2|)P for some real number t.
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As the parameters and the eigenvalues for generators in W(4n+1, q) and
Q(4n + 2, q) are the same, the vectors v; and vy that were given are both of
that form. This means that (v; —ve) P~1 is of the form (0, a,0, ..., 0, —a) for
some a # 0, and that (v, —v2) P! is of the form (0,b,0,...,0,—b). Hence
(vr.s —v9) Pt is a scalar multiple of (v; — vy) P~!. This means v, g — v can
be written as 7(v; — vy) for some 7 € R. O

Theorem 27. Let S be an EKR set of generators in W(4n + 1,q) of size
(q+1)---(¢* + 1), withn > 1. Let m be any element of S with nucleus 7.
The number of elements of S meeting w in a subspace of codimension 1,

s given by
¢ —12n i(i+1)/2
e —1 |i|?
q
if 1 is odd, and by

[2”] /2 ¢ (¢° - 1) l 2n ] PGEME
i 2 -1 |i—1
q q

if 1 1s even.
For every point of m,, there are exactly g™
7 in just that point.

n+1)=s elements of S meeting

Proof. We already know from Lemma [0] that if an element of S meets 7 in
exactly one point p, then p € ,, and that (v, g)1, the number of elements of

S meeting 7 in a dual line, is exactly [2"1_5}(] q.

Theorem [26|also yields that v, g can be written as 7v; + (1 —7)v, for some
parameter 7. In particular, (v, g); gives us the following equation: 7 [21" } e

(1—-7)0 = [2"178}(1(1, or hence: 7 = qZZZ‘f. For an odd i in general, this
means that (v;g); = qf;;s:ll [ ]qqi(i“)/ 2 since the corresponding entry of

vy is zero. If 7 is even, then (v, 5); = T [Ql-n]q g2 (1—7) [PH] -1/,

i

q
q
Using the identity [Z"ﬂ}q = [i"]qqi + [2" ]q, the latter can also be writ-

% i—1

ten as: [Zqui(”l)/Q + % {ianl]qqi(ifl)m. In particular, we find that

(Ux,5)2n, the number of elements of S meeting 7 in just a point, is exactly

[s—;l} qn(2n+1)75'
q

For any point p in 7y, let f(p) denote the number of elements of S meet-
ing 7 in just p. Consider any hyperplane m,_; of m,. We want to obtain
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> per._, J(p). Consider any generator 7' meeting 7 in a dual line but meet-
ing 7, in just ms_;. As 7’ is not in S, Lemma [25| implies that 7’ is disjoint
from exactly ¢"(>**1 elements of S, all necessarily meeting 7 in just a point
in ms\ms_1. Conversely, any generator of S that meets 7 in just a point of
s \ms—1 must be disjoint from 7' because of Lemma [l Hence > . f(p),
the number of elements of S that meet 7 in just a point of m,_;, is given by

[SJ{IL g"Cnt)=s _ gn(ntl) — [ﬂq ¢"?"+t1)=5 Now let H denote the set of all

hyperplanes in 7, and consider any point pg in 5. We obtain:

> Xiw)=a( X W)

heH,pogh peh pETs\{po}
U
S S nlsn —S S—
e([(]=) = ( X s00)
? pETs\{po}
Hence f(po) _ Zpeﬂs f(p)_zpem\{po} f(p) _ [s—;l}qqn(Qn—‘rl)—s_ [ﬂqqn(2n+1)—s+1 =
qn(2n+1)—5_ ]

We will characterize the EKR sets of generators in W(4n + 1, ¢q) by ex-
cluding values for the dimension of the nucleus of an element of S. For that
purpose, we will also need parameters with respect to dual lines instead of
generators. Therefore, we require more properties of the strata of the as-
sociation scheme induced by the dual polar graph. Our techniques will be
similar to those used for other association schemes in [5] and [7].

Consider a general polar space of rank N with parameters (¢, ¢°). We
define the incidence matrix Cy n—_1) as follows. The columns are indexed by
the generators and the rows by the dual lines. The entry (C(y,n—1))i; is 1 if
the corresponding dual line and generator are incident, and 0 otherwise.

We already know from Theorem [7] that the eigenvalues of the dual polar

graph are given by ¢° [Nl_j]q — HL? with 0 < 7 < N. We denote each corre-
sponding eigenspace by V;. In particular, — m] ]q is an eigenvalue, obtained
when 7 = N. The following lemma characterizes the eigenvectors of this last

eigenvalue.

Lemma 28. The eigenspace Vi of the eigenvalue — []f]q of the dual polar
graph is the kernel of the incidence matriz C(y n—1)-
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Proof. Let A denote the adjacency matrix of the dual polar graph. We con-
sider the product (C(n,n—-1))'C(n,n—1), which has the same kernel as Cy, y_1).
As every generator contains []Y ]q dual lines, while two distinct generators

contain either a unique common dual line (if they are adjacent in the dual po-

lar graph) or none (if they are not adjacent), we can write: (C(y,n-1))'C(n,n-1) =
[]Hq [+ A. This means that Vy = ker(A—(— []Hq) I) =ker((Ciw,n-1))'Cinvn-1)) =
ker(C'(MN_l)). ]

We now generalize our incidence matrix. For each i € {0,..., N — 1}, we
let CZ'M n_1y denote the (0, 1)-matrix, the columns of which are indexed by the
generators of the polar space, and the rows by the dual lines. An entry is 1 if
the corresponding generator and dual line meet in a subspace of codimension
1 in the dual line, and zero otherwise. In particular: O(ON,N—l) = Cn,N-1)-
Note that the matrices C(lN, N-1) add up to the all-one matrix.

Lemma 29. Consider a polar space of rank N and an eigenspace V; of the
dual polar graph. Thére exist scalars /\;" such that CZN,N—l)U = Az'C(N,N—l)Ua Yv €
V;. In particular: CEN,NA)U =0,Vv € Vy.

Proof. We again let A denote the adjacency matrix of the dual polar graph.
For any ¢ € {0,..., N — 2}, consider the product CgN,N—mA Consider a
generator m and a dual line my_;. There can only be neighbors of m meeting
Tny—1 in a subspace of codimension i, if 7 and 7w_; meet in a subspace of
codimension 7 — 1,7,7 + 1. We denote the number of such neighbors in these
cases by z;,y; and z;, respectively (we let zo be zero), and these numbers only
depend on ¢ and not on 7 or mx_;. Forevery i € {0,...,(N—1)—1}, we have
2 # 0, and we can write CZN,N—l)A = xiC(i];}N_l) + i ZN,N—l) + ziC(i]JQ}N_l),
with C'(_N{ N-1) defined as zero.

If v € V}, then v is an eigenvector of A for some eigenvalue X of the dual
polar graph, and hence:

CZ]J{/}N_l)U = (OgN,N—1)(AU) - miCZ‘]:f}N_l)v — 4iCln.n-1)0)/%i-

Induction on ¢ now allows us to prove that there are scalars )\;- such that
C(NN 1Y = MCvn-1yv, Yo € Vj for every ie{0,...,N—1}. If j = N,
then it follows from Lemma 28 that C{y ;v = 0. O

The scalars /\3'» from Lemma [29| will play a role that is somewhat similar
to that of eigenvalues.
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Now let S be a set of generators in a polar space, and let 7wy _; be any dual
line in the polar space. We define the vector v, _, s as follows: (v, , )i =
{m € S|dim(mNmy_1) = (N —1) —i}|. Note that the entries of v,,_, s add
up to |5].

Theorem 30. Let S be a set of generators in a polar space of rank N, and
let )\é be scalars as provided by Lemma . Suppose xs € (V;|j € J) with

J C {0,...,N}. Then for every dual line mn_y, the vector vg,_,.s can be
written as a linear combination of the vectors of scalars ()\?, ey )\;V’l), with
Jje JJ\{N}.

Proof. We first note that (v, _,.s); can be expressed algebraically as
(Xgry_11)! C( NN-1)XS- Now suppose xg has the following orthogonal decom-
position into eigenvectors of the dual polar graph: ys = Zj ey Vi withv; € V.
Lemma [29) yields that we can write for every ¢ € {0,..., N — 1}:

CgN,N—l)XS - ZCgN,N—1)Uj = Z A§O(N,N—1)Uj = Z /\;'-wj,

JjeJ jeJ\{N} jeJ\{N}

with w; = C’?MN_I)vj = C(n,n—1)v;. This allows us to write:

(UWN 1,8 ) X{ﬂ'N 1} Z Y wJ - Z )‘z X{FN 1}) w])

]EJ\{N} JEJ\{N}
O

Theorem 31. Let S be an EKR set of generators of size (q+1) -+ (¢** +1)
in W(4n+1,q). For each secant dual line mn_1, the entry (v.y_, s): is given
by [0, 0+ 1 49

Proof. We know from Theorem [9 that ys € Vo L Vi L Vy, with N =
2n + 1. Applying Lemma [30] this means that for any dual line my_; the
vector v;,_, s can be written as a linear combination of two certain vectors of
scalars (A), ..., A2") and (\?,..., \?"). Instead of explicitly calculating these
scalars, we COHSldel" two particular vectors spanned by these two vectors. Let
So be the set of all generators through a fixed point py. This is certainly
an EKR set of generators of the maximum size. Let v; denote the vector
Ury_,.8, for some dual line through p, and let v, denote that vector for some
dual line not through py and not spanning a generator with py either. In
the first case, the dual line is secant, and in the second case it is external,
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so (v1)o = ¢+ 1 and (vy)p = 0. Hence the vectors v; and v, are certainly
different. So for any EKR set of generators S of the maximum size, and for
any dual line my_; we can write: v, _, ¢ = Tv; + 7'v9 for some parameters
7 and 7'. We know that the entries of v,,_, s, v1 and v, must all add up to
|S|, and hence 7/ = 1 — 7. If the dual line 7y _; is assumed to be secant, then
(Uny_1,8)0 = ¢+ 1, and hence 7 =1 and so vy, _, .5 = V1.

Now we explicitly calculate (vq);. Considering the residual geometry of
Po, which is isomorphic to W (4n — 1,¢), we can obtain this using Theorem

13l O

We will also need the following lemma on projective geometries.

Lemma 32 ([3], Lemma 9.3.2 (ii)). If W is a subspace of dimension m in
V(n,q), then the number of subspaces of dimension n—m meeting W trivially
18 qm(”_m).

The following result is a first step towards our characterization of EKR
sets of maximum size of generators in W (4n + 1, q), ¢ odd. We prove that if
S is an EKR set of maximum size and 7 € S, then not all the neighbors of
7 are in S, except in the smallest case W (5,¢). In other words, if 7y is the
nucleus of 7, then s # —1, unless n = 1.

Lemma 33. Let S be an EKR set of generators of size (q+1) -+ (¢*"+1) in
W(4n +1,q), with n > 2. There is no element w € S with a trivial nucleus.

Proof. Let m € S and let 7y be the nucleus of m. Suppose that s = —1.
Theorem yields that no element of S meets 7 in just a point, exactly
g1 [in-l—l]q meet 7 in a line, and exactly ¢* [%'] — ¢**! meet 7 in a
subspace of codimension two. We know from Theorem that there are
¢"*"~1) generators meeting 7 in a fixed line, and hence the set of lines A in 7

appearing as such an intersection has size at least [2"1+ 1} " Now consider any

subspace p with codimension 2 in 7. There are exactly ¢ generators meeting
7 in just p. This implies that B, the set of all subspaces with codimension
two in 7 arising from the intersection with an element of S, has cardinality
at least [22" }q — ¢* 2. Lemma {4 also yields that every element of A meets
every element of B.

As there are only [2"

1
be on all lines in A. If a point p is not on a line £ € A, then it follows from

Lemma [32] that there are precisely [%'] - ¢*"* subspaces with codimension

]q lines through a point in PG(2n, ¢), no point can
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two in 7 through p that meet ¢, which is less than |B| as n > 2. Hence we
can conclude that no point on 7 is on all elements of B. Since all elements
of A must meet every element of B, there can be at most [2”1_ l}q elements
of A through each point of 7.

Now let i be any hyperplane of 7. Let X denote the subset of elements of
B contained in u. We know from Theorem [31| that exactly [2”1_ 1} . (g+1)¢?
elements of S meet u in a hyperplane of p. These elements of S either meet
7 in some element of X, or meet 7w in some hyperplane, different from pu.

Hence, we have:

2n —1 2 1
[”1 ] <q+1>q2s|X\q3+({”j ] 1)g
q q

yielding: | X| > [Q”fQ}q.

Next, consider two distinct lines ¢; and /5 in A and a hyperplane pu of 7,
meeting these lines in the points p; and py respectively. We know from the
above that p contains at least [2"72}(1 elements of B. These elements must

1
hence contain the points p; and ps, and hence they are precisely the [2"1_ 2}

hyperplanes of p through the line (p;,ps). Let p be a fixed hyperplane of p
not through the line (py, ps). As p ¢ B, there is certainly a generator 7’ with
p=mNn" and 7 ¢ S. Lemma [25 implies that there are exactly ¢"(?"+1)
elements of S that are disjoint from n’. These elements must meet 7 in a
line, disjoint from p. Hence we obtain at least ¢"?"+1 /¢"?n=1) = 42 Jines of
A in 7 that meet p in just a point. As these lines must meet all elements of
B, and hence certainly all hyperplanes of p through (p;, p2), they must meet
4 in a point of that line, not on p. But through each of those ¢ points on
(p1,p2), there are at most [2"_1}(1 elements of A. This yields ¢*" < ¢ [2"_1]q,

1 1
which is clearly a contradiction. O

Even though W(4n+1,q) and Q(4n+2, q) are isomorphic if and only if ¢
is even, the parameters of the corresponding association scheme are the same,
regardless of the parity of q. However, we want to prove that the construction
using an embedded QT (4n+1,¢q) in Q(4n+2, q), which appeared in Theorem
has no analog for W(4n + 1,q) if ¢ is odd. We will need the following
fundamental result on the associated classical generalized quadrangle W (3, q)
(see 1.3.6, 3.2.1 and 3.3.1 in [13]).
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Theorem 34. If three lines are pairwise skew in W(3,q), then the number
of lines of W (3,q) meeting all three is 0 or 2 if q is odd, and 1 or ¢+ 1 if q
15 even.

This can be used to prove the following lemma.

Lemma 35. Suppose S is an EKR set of generators in W (4n + 1, q) of size
1S|=(q+1)---(¢* +1), withn > 1 and q odd. Then there are at least two
elements of S intersecting in a space of codimension one.

Proof. Suppose that the elements of S never intersect in a subspace of codi-
mension one. Lemma [6] yields that in this case each element of S is its own
nucleus. Hence Theorem 27|implies that for each m € S, the vector v, g is vs.
In particular, the elements of S cannot meet in a subspace with odd codi-
mension. Let 7 be any element in S. We know that exactly (vq)s = [2"; 1}61 q
elements of S meet 7 in exactly a subspace of codimension two. As there are
only [2”; 1}({ subspaces with codimension two in 7, there must certainly be a
subspace p of codimension two in 7, such that at least ¢ > 3 elements of S
meet 7 in just p. Let m; and 75 be two such elements. Note that they cannot
meet in more than just p, because their intersection cannot be a dual line as
they are both in S. Hence the three generators m, 7 and m correspond with
three mutually skew lines ¢, /1 and /5, respectively, in the residual geometry
W (3,q) of p.

Now let Sy denote the subset of generators in S, meeting 7 in just a point,
not in p. Such a generator must meet both m; and 75 in a subspace of even
codimension and skew to p, thus in just a point not in u. For every my € Sy,
the generator (u,ut N m) through p corresponds with a line meeting ¢, ¢
and ¢y in W(3,q). As ¢ is odd, there are at most two such lines, by Theorem
34l Hence, there are at most two possibilities for the generator (u, u* N ).
As o is skew to p, it must meet (u, ut N ) in a line. There are precisely
¢*"~2 lines in a PG(2n, q), skew to a given subspace with codimension two
(Lemma . Finally, we consider the generators of Sy that can go through
that line. Since the elements of S pairwise meet in a subspace with even
codimension, all these generators must meet in at least a plane, and hence in
the residue of that line, which is isomorphic to W (4n — 3, q), we obtain a set
of generators, all meeting in at least a point. This implies that we can apply

the upper bound from Theorem @ for EKR sets of generators in W(4n—3, q),
2n—2

and see that there are at most H (¢" + 1) elements of Sy through each such
i=1

26



2n—2
line. Hence, we see that |Sy| < 2¢""2 H (¢"+1).
i=1
Let us now explicitly calculate |Sp|. Theorem yields that through
each point of 7, not in p, there are precisely ¢"**+1)=2" elements of S that

meet 7 in just that point. Hence, |Sy| = ([2”#}(] — [2"1_1}q)q2"2_” =

(" + ¢ )¢, and thus we obtain the inequality: (¢ + ¢ )2 " <
2n—2 2n—2

92¢2 H (qi + 1), which is equivalent to %QZ”Q*%H < H (qi +1). As
i=1 =1

2 < Z£1 this contradicts Lemma (1) O

We now prove a result on the nuclei of two neighbors of an EKR set of
generators in the dual polar graph.

Lemma 36. Let S be an EKR set of generators in W(dn + 1,q) of size
(q+1)---(* + 1), withn > 1. If m and m are neighbors and both are
elements of S with a non-trivial nucleus, then they have the same nucleus.

Proof. Let 7 and my have nuclei 7, and 7, with projective dimensions s > 0
and t > 0, respectively. It follows from the definition of nuclei that 7w, and
7, are both in m N my. If w4 is not contained in 7y, then |m \m| > ¢°. We
know from Theorem [27|that for every p € 7,\m, there are ¢"*"*1~% elements
of S meeting m in just p, and by Lemma [f] these elements cannot meet o
in just p. As m Ny is a hyperplane in 7y, we see that these elements meet
7y in exactly a line. We also know from Theorem [27] that there are exactly

2n—t __ _ . . .
‘*’(ﬁ—llq”@" ) elements of S meeting 75 in a line, and hence:

@nt1)-s < ¢t -1

4+ n(2n-1)
=T y= 1

°q" q" ;

which yields: ¢** < qQZ:t1—17 and that is a contradiction as ¢ > 0. Hence

ms C 7, and in a completely similar way we can show that m; C ;. O

Theorem 37. Let S be an EKR set of generators in W(4n+1,q), q odd, of
size (q+1)---(¢* + 1). Suppose that there is a m € S with a point p := m
as nucleus. Then S is the set of generators through p.

Proof. By Theorem , there are ¢"®"*1) elements of S meeting 7 exactly
in p. Suppose that there exists a generator 7’ through p not in .S, then by
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Lemma , there are ¢"("*1) elements of S disjoint from 7’ that hence cannot
be through p. So there are ¢"?"*t1 elements in S not through p and ¢""+V
through p, hence |S| > 2¢"?"*Y > (g4 1)---(¢*" + 1) for ¢ > 3 by Lemma
12, which is a contradiction. O

Lemma 38. Let S be an EKR set of generators in W (4n + 1,q), q odd, of
size (q+ 1)+ (¢>" + 1), withn > 1. If 7 € S has nucleus 7, with projective
dimension s, then s € {—1,0,1,2n}, and if s = 1, then for every dual line
w with s C p C m, an element of S meets m in just a point if and only if it
meets [ 1n just a point.

Proof. Suppose s < 2n. Then 7y # 7, and consider any dual line p with

7, C u C 7. Lemma [6] implies that u is secant. We know from Theorem

that [SJ{IL ¢"?"*t1)=5 clements of S meet 7 in exactly a point of 7, and

ence must meet p in exactly a point as well. Theorem [31] also yields that

exactly (g + 1)g®"~ D+ clements of S meet p in just a point. Hence we
obtain:

qs+1 -1

qg—1

which is equivalent with s < 1. If s = 1, then the two sizes are equal,

and hence generators in S meeting p in just a point must be precisely those

meeting 7 in just a point. O

qn(2n+1)75 < (q + 1)q(2n71)(n+1)

Y

We can now finally complete the classification of EKR sets of generators
in W(4n + 1, q) with ¢ odd.

Theorem 39. Let S be an EKR set of generators in W (4n + 1,q) of size
(q+1)---(¢* +1), with q odd and n > 2. Then S is the set of all generators
through some point.

Proof. Let m € S and let w4 be the nucleus of 7. By Lemmas [33] and [38]
s €{0,1,2n}. If s =0, then by Theorem , S consists of all the generators
through a point. Hence, from now on we can assume that s € {1,2n} for
every m € S. First suppose some m € S has nucleus 7y with s = 1. Now
consider any dual line p with 7, € p C m. Theorem |27] yields that there is
certainly an element 7’ € S meeting 7 in just a point of m,. Consider the
generator 7’ = (u, ut N 7’), which meets 7’ in a line. As 7 is through the
secant dual line y, it is also in S. Since by Lemma [33| 7” has a non-trivial
nucleus, Lemma[36] yields that 7 also has 7, as nucleus. But this contradicts

28



Lemma , as we now have the generator 7’ € S meeting u in just a point,
while it meets 7" € S in a line.

Hence the dimension of the nucleus is 2n for every element of S, which
contradicts Lemma |35 as ¢ is odd. O

Just as for Q(6, q), there is an extra construction for EKR sets of gener-
ators of the maximum size for W (5, ¢), and hence this case must be treated
separately.

Theorem 40. Suppose S is an EKR set of (q+1)(¢*>+1) planes in W(5,q),
q odd. Then the elements of S are either all generators through a fized point,
or S consists of the plane m and all the planes meeting it in a line.

Proof. By Lemma [35], there are at least two generators 7 and 7 intersecting
in a subspace of codimension one, hence the nucleus 7, of 7 is at most a
line. Lemma [0 yields that if an element of S meets 7 in a point p, then
p € 7, and that the elements of S meeting 7 in a line, are precisely those
meeting 7 in a line through 75. Obviously, s € {—1,0,1}. If s = —1, then
all ¢(¢*> + q+ 1) =|S| — 1 planes meeting 7 in a line, are in S, and hence S
consists of these planes and 7 itself. If s = 0, then 7, is a point contained in
all elements of .S, and hence we are done again. Finally, suppose s = 1. Let a
and b be distinct points on the line ;. Theorem [27] yields that through both
points, there are precisely ¢? elements of S, meeting 7 in just that point.
Suppose 7, m, € S with 7, N7 = {a} and m,N7 = {b}. As 7, and 7, cannot
be disjoint, by Lemma [4] they must meet in precisely one point ¢, necessarily
outside of 7. The points a,b and ¢ span a plane 7’ in S by Lemma [6] as
s = (a,b) C 7', Since 7’ N7 = (a,b), 7’ N7, = (a,c) and 7' N, = (b, c), T
has trivial nucleus and hence S consists of 7" and all the planes meeting 7’
in a line. O

8. The case H(4n + 1, ¢?)

In H(4n+1,¢?), the set of generators €2 is of size (¢+1)(¢®>+1) - - - (¢*" T+
1). The number of generators through one point is |Q|/(¢***! + 1), but the
eigenvalue bound from Theorem [9]is [Q[/(¢>"*! + 1) in this case, which is
much larger.

In H(5,q?), there are (¢+1)(¢*+1)(¢° +1) generators, and (¢+1)(¢>+1)
generators through one point. The upper bound arising from eigenvalue
techniques in this case is (¢ + 1)(¢° + 1). The following example shows
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that the point-pencil construction is in this case indeed not of maximum
size. Let m be a plane in H(5,¢%). Let S consist of 7, together with all
planes meeting 7 in a line. Now |S| = ¢(¢* + ¢*> + 1) + 1, and in particular:
(¢+1(¢*+1) <[S] < (g+1)(¢" +1).

It is possible that there is no simple answer for H(4n + 1,¢?) in general.
However, we can already exclude the possibility of reaching the upper bound
from Theorem [9l

Delsarte developed a very general theory of regular semilattices in [0],
which gives a special meaning to the eigenspaces of the dual polar graph.
We now give a short proof for a very specific case.

Theorem 41. Let €2 be the set of generators of a polar space of rank N
with parameters (q,q%), and consider the orthogonal decomposition of RS
into ergenspaces of the dual polar graph:

RO=Vy, LV, L... L Vy,

with the same ordering of the eigenspaces V; as in Theorem @ If the char-
acteristic vector of a set of generators S satisfies xs € Vo L Vi, then every
dual line is in exactly %(qe + 1) elements of S.

Proof. We know from Lemma [2§| that Vi is the kernel of the incidence matrix
Civv—1y. If Qn_1 denotes the full set of dual lines, and ys decomposes as
151

g Xe T UN with vy € Vi, then:

S Sl .
Cvn-1Xxs = Cvn-1) <||§||XQ + UN) = H(q + 1)xoy_,-

This means that every dual line is in exactly %(qe + 1) elements of S. [

Theorem 42. Let 2 be the set of generators in H(2N — 1,¢?) with N > 3
odd. Let S be a set of generators, all meeting in at least a point. Then
S| < 191/(aV +1).

Proof. We already know from Theorem [ that |S| < |Q|/(¢"V + 1), with
equality if and only if yg € Vy L Viy. Suppose equality holds. In that case,
every dual line would be incident with exactly q?v+4rl1 elements of S, because
of Theorem A1} As N > 3, this yields a contradiction as this number is not
an integer. O
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Nevertheless, we can determine the maximum size of an EKR set of planes
in H(5,q?). We first state a general theorem on generalized quadrangles (see
for instance 1.2.4 in [13]).

Theorem 43. Let a,b and c be three mutually non-collinear points in a gen-
eralized quadrangle with parameters (s,s*). The number of points collinear
with a,b and c is exactly s + 1.

Dualizing, this yields the following result for the generalized quadrangle
H (3, ¢*) with parameters (¢2, q).

Corollary 44. If (1,05 and U3 are three mutually skew lines in H(3,q?), then
there are precisely ¢ + 1 lines of H(3,q?) meeting all of them.

Theorem 45. Let S be an EKR set of planes in H(5,q¢?). Then |S| <
¢® + ¢+ q+ 1, and this bound can only be reached if S consists of a plane 7
and all planes meeting 7 in a line.

Proof. Assume that S is a maximal EKR set of generators.

Suppose that m € S meets some element of S in a line. Lemma [0] yields
that the nucleus 7w, of m has projective dimension s < 2.

If s = —1, then Lemma [f] yields that S contains all ¢(¢* +¢*> +1) + 1
planes that are equal to or meeting 7 in a line, while there are no planes in
S meeting 7 in just a point.

If s =0, then all elements of S must be through the point 7, and hence
S| < (¢ +1)(¢® + 1), which is less than ¢° + ¢ + ¢ + 1.

Now suppose s = 1. If no element of S meets 7w in a point, then all
other elements of S meet 7 in the line m; and hence |S| < ¢+ 1. Similarly,
if all elements of S either contain 7; or meet 7 in the same point p, then
again |S| < (¢4 1)(¢* + 1). Finally, suppose that 7’ and 7" are elements of
S, meeting 7 in different points p’ and p” of the nucleus of 7, respectively.
Lemmal[d]yields that 7/ and 7" meet in just a point, say p. Consider the plane
(p',p", p), which is in S since it is through the nucleus of 7. Its nucleus is the
empty set since m, 7’ and 7 intersect it in three non-concurrent lines. Lemma
[6] again yields that S consists of (p/,p”,p) and all the planes intersecting it
in a line.

In the remainder of this proof, we can suppose that all elements of S
meet in just a point. We will also assume that |S| is at least the desired
bound ¢° + ¢® + ¢ + 1, and prove that this leads to a contradiction. Suppose
m € S and let p be a point on 7. In the residual geometry of p, isomorphic
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to H(3,¢?), the elements of S through p correspond with different mutually
skew lines /1, ...,¢;. Lemma [3|yields that there are (¢* + 1)(¢*> + 1) points
in H(3,¢*) and hence t < ¢> + 1. Hence there are at least ¢° + ¢ elements of
S not through p. The elements of S not through p are projected onto lines
in the residual geometry H(3,¢?). In each plane of H(5,¢?*) through p, there
are ¢* lines skew to p. Since two elements of S cannot meet in a line, at most
q* elements of S can be projected on the same line of H(3, ¢?), so we have at
least ¢+1 lines, namely m;, j = 1,...,¢+1. Since the elements of S pairwise
intersect only in one point, an element of S through p cannot be projected
onto any of the m;, so ¢; # m;, Vi, j. As the elements of S cannot be pairwise
disjoint, the lines /; and m; must intersect in the residual geometry H (3, ¢*).
If m; N'my, is a point, then a line ¢; in H(3,q?) intersecting both of them
must pass through their intersection point. As the lines ¢; are pairwise skew,
t is thus 1 in this case and so through p there can be at most one element of
S. If all these lines m; are pairwise skew, then there are at most ¢ + 1 lines
meeting all of them because of Corollary [44] so there are in this case at most
q + 1 elements of S through p. Hence through every point of 7 there are at
most ¢+ 1 elements of S, but |S| > ¢°+ ¢* + ¢+ 1 implies that through every
point of 7 there are exactly ¢+ 1 elements of S and |S| = ¢°+¢*+¢q+ 1. So
now we can consider a point p € m € S and two other elements of m,m € S
through p, such that 7,7, and 7y correspond with three skew lines ¢, ¢; and
{5, respectively, in the residual geometry of p. In this geometry, only ¢ + 1
points of ¢, corresponding to the plane 7, are on a line meeting ¢, ¢; and /5,
and hence only the points on the corresponding ¢ + 1 lines through p in 7
can be on a plane meeting the planes 7, 7 and my. This contradicts the fact
that there are g + 1 elements of S through each point in the plane 7. O

9. Summary

We will now summarize our results for polar spaces of rank at least three.
In the following table, we will write p.-p. to denote the point-pencil construc-
tion of an EKR set of generators consisting of all generators through a fixed
point. We also let {2 denote the full set of generators and for the hyperbolic
space of even rank we will focus only on one system of generators, namely
the Latins. Finally, base will refer to the construction in a polar space of
rank three, consisting of one base plane and all those meeting it in a line.
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’ Polar space

‘ Maximum size

Classification

Q- (2n+1,q) (@P+1)---("+1) p.-p., Thl15

Q(4n,q) (g+1)---(¢® 1 +1) p.-p., Thl15

Q(4n+2,q),n > 2 (g+1)---(¢> +1) p.-p., Latins Q" (4n + 1, q),
Th ]3]

Q(6,4q) (¢+1)(¢° +1) p--p, Latins Q7 (5, ),
base, Th

Qt(4n+1,q) (g+1)---(¢* +1) one system, Th16|

Latins QT (4n +3,¢q), | (¢+1)---(¢>" + 1) p.-p., Th

n > 2

Latins Q" (7, q) (q+1)(?+1) PP
meeting Greek in plane,
Th]22|

W(Hn+1,9),n>2, [(g+1)---(¢*"+1) p.--p-, Th

q odd

WHEn+1,9),n>2, |(g+1)---(¢* +1) p.-p., Latins QT (4n + 1, q),

q even Th

W(5,q),q odd (g+ 1D (g®> +1) p.-p., base,
Th[40]

W(5,q),q even (g+1)(g®> +1) p--p., base,

Latins Q1 (5, q),Th

(4n+3 q) (q+1)--- (& +1) p.-p., Thli5
H(2n,q¢%) (@+1)(P+1)(¢® 1 +1) | p-p., Thil5
H(4n + 3,¢°) (q+D(®+1)---(¢"™F T +1) |p-p., Thli5
Hn+1,¢%),n>2 [ <Q]/(¢®FT+1) ?, Thj42)
H(5,q%) gt + P +1)+1 base, Th45]
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