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THREE-CLASS ASSOCIATION SCHEMES FROM CYCLOTOMY

TAO FENG AND KOJI MOMIHARA

ABSTRACT. We give three constructions of three-class association schemes as fusion schemes of the
cyclotomic scheme, two of which are primitive.

1. INTRODUCTION

Association schemes form a central part of algebraic combinatorics, and plays important roles in
several branches of mathematics, such as coding theory and graph theory. Two-class symmetric
association schemes are equivalent to strongly regular graphs, and are extensively studied. The
natural graph theoretical extension of strongly regular graph is distance regular graph, whose distance
relations form an association scheme. Distance regular graphs have attracted considerable attention,
and important progress has been achieved on this topic. We refer the reader to the book [7] and
the undergoing survey [I2]. There are not so many papers about three-class association schemes,
see the survey [II] by van Dam and the references therein. It is the purpose of this note to present
new constructions of primitive three-class association schemes using cyclotomy in finite fields. As
consequences, we obtain three new infinite families of three-class association schemes, two of which
are primitive.

Quite recently, there have been several constructions of strongly regular graphs with new param-
eters and skew Hadamard difference sets from cyclotomy, the latter giving rise to two-class nonsym-
metric association schemes, see [16] [I8] 20, 23] for strongly regular graphs and [9, 17, I8, 24] for skew
Hadamard difference sets. In [27], the authors discussed the problem when a Cayley graph on a finite
field with a single cyclotomic class as its connection set can form a strongly regular graph. Such
a strongly regular graph is called cyclotomic. They raised the following conjecture: if the Cayley
graph on the finite field F, of order ¢ = p/ with a multiplicative subgroup C of index M of F, as its
connection set is cyclotomic strongly regular, then either of the following holds:

(1) (subfield case) C' is the multiplicative group of a subfield of F,,
(2) (semi-primitive case) —1 € (p) < Z3,,
(3) (exceptional case) it is either of eleven sporadic examples of cyclotomic strongly regular graphs

(see [27, Table 1]).

This conjecture is still open but the authors gave a proof in a partial case assuming the generalized
Riemann hypothesis. On the other hand, in [16] 18] 20| 24], several of these sporadic examples
have been generalized into infinite families by taking a union of several cyclotomic classes and doing
detailed computations using Gauss sums. For other constructions of strongly regular graphs from
cyclotomy, we refer the reader to the references in [18].

Also, recently, skew Hadamard difference sets are currently under intensive study. There was a
major conjecture in this area: Up to equivalence the Paley (quadratic residue) difference sets are the
only skew Hadamard difference sets in abelian groups. This conjecture turned out to be false: Ding
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and Yuan [14] gave two counterexamples of this conjecture in finite fields with characteristic three.
Furthermore, Muzychuk [26] constructed infinitely many inequivalent skew Hadamard difference
sets in elementary abelian groups of order ¢*. Recently, in [9] [17, 18] 24], the authors constructed
further counterexamples of this conjecture by taking suitably a union of cyclotomic classes. See the
introduction of [I7] (or [9]) for a short survey on skew Hadamard difference sets.

Thus, a lot of strongly regular graphs and skew Hadamard difference sets have been obtained from
cyclotomy. Therefore, we can say that the cyclotomy is a quite powerful tool to construct two-class
association schemes. In this note, we shall try to construct three-class association schemes from
cyclotomy involving computations of Gauss sums based on the Hasse-Davenport theorem.

This note is organized as follows: In Section 2] we review about association schemes and characters
of finite fields. In Section 3, we introduce a partition of Z,;, and compute some group ring elements in
Z|Z ] based on the results in [I]. In Section [, we give three constructions of three-class association
schemes in finite fields with characteristic 2 as fusion schemes of the cyclotomic schemes. The
parameters of association schemes obtained in Section [l are listed in the appendix. We shall use the
standard notations on group rings as can be found in the book [6].

2. PRELIMINARIES

Let X be a nonempty finite set, and a set of symmetric relations Ry, Ry, -, Ry be a partition of
X x X such that Ry = {(z,x)|z € X}. Denote by A; the adjacency matrix of R; for each i, whose
(z,y)-th entry is 1 if (x,y) € R; and 0 otherwise. We call (X, {R;}%,) a d-class association scheme
if there exist numbers pi-f ; such that

d
ki
k=0
These numbers are called the intersection numbers of the scheme. The C-linear span of Agy, A1, --- , Aqg
forms a semisimple algebra of dimension d + 1, called the Bose-Mesner algebra of the scheme. With
respect to the basis Ay, Ay, -+, Ay, the matrix of the multiplication by A; is denoted by B;, namely

Ai(Ag, A+ Ag) = (Ao, Ay, -+, Ag)By, 0< i < d.

Since each A; is symmetric, this algebra is commutative. There exists a set of minimal idempotents
Ey, By, - -+, By which also forms a basis of the algebra. The (d 4+ 1) x (d 4+ 1) matrix P such that

(A07 A17 e aAd) = (EOa Ela o >Ed)P
is called the first eigenmatriz of the scheme. Dually, the (d 4+ 1) x (d 4+ 1) matrix @ such that

<E07E17"' 7Ed) AOuAla"' 7Ad>Q

1
=
X
is called the second eigenmatriz of the scheme. We clearly have PQ = | X|I.

We call an association scheme (X, {R;}% ) a translation association scheme or a Schur ring if X
is a (additively written) finite abelian group and there exists a partition Sy = {0}, Sy, - ,Sq of X
such that

R ={(z,x+y)|z e X,y € S;}.

For brevity, we will just say that (X, {S;}%,) is an association scheme.

Assume that (X, {S;}%,) is a translation association scheme. There is an equivalence relation
defined on the character group X of X as follows: y ~ x’ if and only if x(S;) = x/(S;) for each
0 <i <d. Here x(5) = > csx(9), for any x € X, and S C X. Denote by Dy, Dy, , Dy the
equivalence classes, with Dy consisting of only the principal character. Then (X, {D;}%,) forms a

translation association scheme, called the dual of (X,{S;}%,). The first eigenmatrix of the dual
scheme is equal to the second eigenmatrix of the original scheme. Please refer to [4] and [7] for more
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details.

A classical example of translation schemes is the cyclotomic scheme which we describe now. Let
p be a prime and ¢ = p/ (f > 1) be a prime power, M|q — 1, and v be a primitive element of the
finite field /' = F,. Define the multiplicative subgroup CéM’F) = (yM). Tts cosets CZ-(M’F) = viC’éM’F),
0 <i< M —1, are called the cyclotomic classes of order M of F. Together with {0}, they form an
M-class association scheme, which is called the cyclotomic scheme. To describe its first eigenmatrix,
we define the Gauss periods

Na = Z @D(l'),OSQSM—l,

reC(MF)

where 1) is the canonical additive character of F' defined by ¢ (z) = e%Tr(x), r € F. The first
eigenmatrix P of the scheme is

1 Tlo T M2 MM -1
Pp=1 m m mn - M . (2.1)
I oyt Mo om0 Mu—2

For each multiplicative character x of F, the multiplicative group of F', we define the Gauss sum
Gr(x) = Y _ v(@)x(x).
el
The following relation will be repeatedly used in this paper (cf. [22, P. 195]):
1 _ x
Y(z) = =1 Gr(x)x '(x), Yo € F*.
xeF*

Then, the Gauss period can be expressed as a linear combination of Gauss sums as follows:

n=v('C)

1 |
=— > Gelox ') Y x'(@)
17 e
1 M—-1
=37 2_ Gr(e7)o(r),
=0

where ¢ is a multiplicative character of order M of F™.

In this note, we are interested in the fusion schemes of the cyclotomic scheme, namely schemes
whose relations are unions of the relations in the cyclotomic scheme. We shall need the following
well-known criterion due to Bannai [3] and Muzychuk [25], called the Bannai-Muzychuk criterion:
Let P be the first eigenmatriz of an association scheme (X,{R;}o<i<a), and Ao := {0}, Ay, ..., Ay be
a partition of {0,1,...,d}. Then (X,{Rn, to<i<ar) forms an association scheme if and only if there
exists a partition {A;}o<i<ar of {0,1,2,...,d} with Ag = {0} such that each (A;, Aj)-block of P has
a constant row sum. Moreover, the constant row sum of the (A;, Aj)-block is the (i, j)-th entry of the
first eigenmatrix of the fusion scheme.

We close this section by recording the well-known Hasse-Davenport theorem on Gauss sums.
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Theorem 1. ([2, Theorem 11.5.2]) Let x be a nonprincipal multiplicative character of Fy = F,r and
let X" be the lifted character of x to the extension field Fy = F s, i.e., X'(a0) := X(NOrqu,/Fq(a)) for
any a € Fy,. Then, it holds that

G, () = (~1)" (G, (0))".

3s
3. A PARTITION OF Zy;, M = 2=

Let s be a positive integer, and set M := 223:__11. Denote by F' := Fgss, E := Fys the finite field

with 2%% and 2° elements respectively. Let
D:={ueF*: Trpp(u’) =0} (3.1)

This set D is E*-invariant, namely Dg = {dg : d € D} = D for any g € E*. Therefore ¢)(w*D)
depends only on @ (mod M). First, we show that ¢)(w*D), 0 < a < M —1, take exactly three values.
Since D is a union of E* cosets, we have

YD) = e 30 3 blawta)

ueD xeB*

=#{u:ue D, Trpp(wu) =0} — #{u:vwe D, Trpp(wu) #0}

25 —1
#{u:vwe D, Trpp(wu) = 0}.

s

25 —1

=—(2°4+1) +

. 2851 1
It is clear that =1 Trp/p(u™") = Trp/p(u

D={u€F*: Trppu't?)=0}.
Since Q(x) = Trp p(z't*) is a nondegenerate quadratic form, the corresponding quadric Q in
PG(2,2°) intersects 2° + 1 lines in 1 point, and 2%~ 4 257! lines in 2 points [19]. According to [I]
p. 328], the tangent lines are given by

Ly ={[z] : ® € F", Trp/g(ax) = 0}

with Trp/p(a) = 0, a # 0. Here we use [x] for the projective point corresponding to the 1-dimensional
subspace spanned by x for each x € F™*.
Therefore, the set

1+23)’ SO

So = {u: Trp/p(u'™®) =0, Trp/p(wu) = 0}
has size 0, 2° — 1 or 2(2° — 1), depending on whether L,. is a passant line, a tangent line or a secant
line. Denote by T (resp. T3) those a in Zj; such that S, has size 2° — 1 (resp. 2(2° — 1)). Then
|Ty| = 25+ 1, |Ty| = 2271 + 2571, Denote by T the remaining elements of Zj; other than Ty and 7.
We have |T3| = 22571 — 2571 To sum up, we have the following result.

Lemma 2. The sums p(w®D), 0 < a < M — 1, take exactly three values, which are
~1 if a €Ty,
bw'D)=4{2°—1  ifaeT,
21 ifaeTs

The sets Ty, Ty and T3 form a partition of Z,;. We now prove the following lemma, which is
essential for our construction.

Lemma 3. With the above notations, we have
(T, — T3) TV = 2°3, (3.2)
(Ty — T) TS Y =221 4 251 (Zy, — T7), (3.3)
(T — Ty)TY = 2271 4 9517, — ). (3.4)
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Proof: First we recall from [I], p. 327] that
Ty ={i € Zy : Tre/p(w') = 0}
by examining the tangent lines of the quadric Q. It is clear that T} is the classical Singer difference
set in Zyy, so it holds in the group ring Z[Zy,] that (see [@])
T =25 4+ Zy,. (3.5)

Moreover, we observe that {2i : ¢ € T} } is equal to T by the definition of T7.
We first show that

T? =Ty + 2Ts.
For any 7,5 € T}, the line
Lyivi = {[z]: € F*, Trp/p(w™z) = 0}
intersects the quadric Q at the points [w™] and [w™/], since the set of equations
Trpp(X™") =0, TrppW™X)=0

has the solutions X = w™% X = w™. It follows that if i,j are two distinct elements in Zj;, then
these two points are distinct and L,i+; is a secant line. Together with {2i : i € Ty} = T}, we
conclude that in T, each element of T} has coefficient 1, each element of T3 has coefficient 0, and
each element of Ty has even coefficient. Now write d; for the coefficients of ¢ in T} for each i € Zy,.

By direct computation, we have (T3 V)2 = 22 4 (228 4+ 3. 2% + 1)Zy;. Examining the coefficient of
the identity on both sides of the equation, we get
T3] 124+ d2 =22 320 4 1,
i€Th
which yields »7, ., d7 = 4|Tb|. Also, we have Y ..., d; = |T1|> — |T\| = 2|Ts|. Since d;/2 is a
nonnegative integer for each ¢ € Ty, and

> (%) —m Y (%) ~ 1),

i€Ty i€Ty

we immediately get d; = 2 for any i € T5.

We have Ty +2Ty = Zy, + (To—T3), TV Zys = (2°+1)Zys. Multiplying both sides of T? = Ty 4275
with Tl(_l), we get

Ty - (2° + Zag) = (2° + 1) Zpg + (Tp — T) TV,

The Eqn. (3.2)) then follows.

Since T} + Ty + Ty = Zyy, Eqn. B2) yields that (Ty — 13)(Zyr — To — T3) ™Y = 2°T}. On the other
hand, (Ty — T3)(Ty — T3)™Y = 22 by [1] p. 328]. Combining these equations, we get Eqn. (8:3) and
Eqn. [B.4). O

Remark 4. We deduce from Eqn. B2), Eqn. B3) and Ty + T + T3 = Zy that

T =2 Y o1z, — 2 (3.6)
NIy = =227 29717y — 227 (3.7)
The following equations then follow from direct computations:
721 = 25Ty + (2° + 1)Zy, (3.8)
TRTy Y =227t 4 (297 4 22z, — 27T, (3.9)

TRTyY = —ox T 4 92Ty, — 20T (3.10)
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TABLE 1. The values of ¢)(w*Ry)’s

Ry| R Ry R
w® =0 1 225 —1 28—1(228 _ 1) 28—1(28 _ 1)2
a=0 T[22 12 (+1) | 212 -1
a € —T 1| —1 [ 29527 —1) | =25 1(2° -1
ad—T,U{0}| T | —1 5T 25T

4. THREE-CLASS ASSOCIATION SCHEMES IN [Foss AND THEIR EXTENSIONS TO Foss AND Foos

2351
2517

We fix the following notations throughout this section: Let s be a positive integer, M =
and let 17, T, T3 be as introduced in the previous section. We define

H = FQQS, G = FQSS, F = FQSS, FE = ng.
Let C’i(M’F), C’i(M’G), C’-(M’H), 0 <1< M —1, be the cyclotomic classes of order M in F, G, H

respectively. Clearly CéM’F) is equal to E*, the multiplicative group of E. Let ¢, 9" 9" be the
canonical additive character of H, G and F respectively. Also, write n,, 1), 7, 0 < a < M — 1 for
their Gauss periods respectively. Fix a primitive element § of H and a primitive element ~ of G such
that Normy,p(8) = Normg,/p (), where Normy,p and Normg,p is the norm from H to F' and from
G to F respectively. Write

w = Normy,p(3) = Normeg/p(7),
which is a primitive element of F'.

4.1. Imprimitive Association Schemes in Fys. In this section, we construct an imprimitive
three-class association scheme in Foss. Now we prove the following theorem.

Theorem 5. Take the following partition of F':

={0}, Ri=J ™", Ry = | J M, Ry = | M

€T €T 1€T3

Then, (F,{R;}2_,) is a three-class association scheme, whose parameters are listed in the appendiz.

Proof of Theorem [Bt As before, it is easily verified that ¢(w“CéM’F)) = 2°—1 or —1 according to
Trp/p(w®) =0 or not, ie., a € Ty or a ¢ T1. Now, we compute that

'l/) aRk Z,l/) a-HC MF)
€Ty
=2°=D|TiNn(a+Ty)| — (Zy \T1) N (a+ Ty)|
=2°|Ty N (a+ Ty)| — |Tk|-

The term |77 N (a+ T})| is the coefficient of a in the group ring element TlT . We have computed
TlTlg_l), 1 <k <3,in Eqn. BR)-@B1). For each k£ = 1,2,3, the sum ¢ (w “Rk) is now computed
directly and listed in Table [l By the Bannai-Muzychuk criterion, (F,{R;}? ;) is a three-class
association scheme. O

Remark 6. By the proof of Theorem[d, the dual scheme of the association scheme in Theorem[H is
given by

Do = {0}, Dy = C"™"), Dy = Ui, ™)) Dy = Uscan Crnopon 0.
This scheme is imprimitive since Do U Dy = E. Their character values are listed in Table [3, which
we shall need later. Observe that Dy = D.



THREE-CLASS ASSOCIATION SCHEMES FROM CYCLOTOMY 7

TABLE 2. The values of ¢(w®Dy)’s

Dy | Dy D, Ds
wWr=0] 1 [29—1]2%—1[2%-2%-2°+1
acTy| 1 ]2°-1 -1 —2°+1
acTy| 1 -1 2° =1 —2°+1
acTy| 1 -1 | -2°-1 2°+1

4.2. Primitive Association Schemes in Foss and Foes. In this subsection, we construct primitive
association schemes in G = Fqoss and H = Foos.

Theorem 7. (i) Take the following partition of G:

Ry = {0}, & = |J o, Ry = J ¢, my= | .

€Ty 1€T> €T3

Then, (G,{R.}2_,) is a three-class association scheme, whose parameters are listed in the appendir.
(ii) Take the following partition of H:

Ry ={0y, B{ = J " Ry = J oM. Ry = (J

i€y i€y €T3
Then, (H,{R!'}2_,) is a three-class association scheme, whose parameters are listed in the appendiz.

Proof of Theorem [7] (i): For any ' of G such that Y™ = 1, there exists a character y of F'* such
that

xle- =1, X' = x o Normgp.

We first compute the Gauss periods 7, = 9/ (WQC(SM’G)), 0 <a < M — 1. By the Hasse-Davenport
theorem and Gr(x) = 2° >, X(7") (see [I5] Theorem 2.1] or [2, Lemma 12.0.2] for a proof), we
have

1 M

—1
Mo =77 2 Gal" W ()
=0

1 98 M-1

_ B —¢ lr, a—1i s

— _M+M( Gr(x )E X (W) +2 +1>
/=0 €Ty

where D is defined in ([31]). By Lemma [2] we obtain

25— 1 ifa ey,
n,=14-2%42 1 ifacTh,
925 495 — 1 if a € Ty
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TABLE 3. The values of ¢(v*R},)’s

I R, R R}
74 =0 I [(2%-1)(2%+1) 2571(2% —1)(2% + 1) 257128 — 1)2(2% + 1)
a=0 1 2% —1 25712 + 1)(—22 +2° — 1) | 25 1(2° — 1)(2% +2° — 1)
aeTy 1| —2%492% 1 25°1(2%5 — 1) 25°1(25 — 1)2
agTyU{0}] 1 2% —1 —251 25T (—25F1 4 1)
TABLE 4. The values of ¢(v*D},)’s
D}, D] D} Dj

V=01 -1+ [ -D2%+1) |22 -1)22¥ -2+ 1)

aeT| 1 25 —1 —235 + 2% 1 (2° —1)%(2° +1)

acTy | 1| 22 +2°—1 2% —1 —2° 41

a€Ty| 1 2% +2°5—1 2% —1 —2°+1)(2°TT = 1)

Now, we compute that
aR/ Zna-}-z
€Ty,
=2 =DTiNa+Ty| + (=2 +2° = )Ty Na+Ti| + (2% +2° — 1)|T3 N a + Ty
= (2° — D)|Ty| — 2%|Ty Na + Ti| + 2% |Ts N a + Tyl

Clearly, —22%|TyNa+Ty|+2%|TsNa+Ty| is the coefficient of a in the element —2% (T} —Tg)T,f_l). The
elements (75 — T3)T(_1) k =1,2,3, have been computed in Lemma[3l For each k =1,2,3, the sum
(w?Ry,) follows directly and is hsted in Table @ By the Bannai-Muzychuk criterion, (G {R’ 1) is
a three-class association scheme. O
Remark 8. By the proof of Theorem[7, the dual scheme of the association scheme in Theorem[3 is
given by

Dy = {0}, Dy =Gy, D =
Their character values are listed in Table [4].

C(M Q) (M,G)

, Dy = Uicum)\ [0y

ZETI

Next, we give a proof of the second statement of Theorem [ (ii).
Proof of Theorem [T (ii): For any multiplicative character x” of H such that x""
a character y of F* such that

= 1, there exists

xle- =1, X" = x o Normpy/.

We first compute the Gauss periods 7, = w”(vaCéM’H)), 0 <a< M —1. By the Hasse-Davenport
theorem and Gr(x) =2, x(w'), we have

// _ ¢//<5aCO(M,H))

MZG //Z //Zﬁa)
M-1
1
M GF —Z3Z )
=1
122 2N, -
:% MZG(XZ)ZXZ(W 7)
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TABLE 5. The values of ¢(8°R})’s

R RY R RY
B =0] 1 |2 D% 2%+ 1) |2 12" — (% + 2% 1 1) | 22 1(2° — 1)’(2% + 2% 1 1)
aeT) | 1 —235 1225 ] 25723 425 1) (22— 1) | =272 —1)(2%* - 2° + 1)
aeT | 1] 2°-1)(2% +2°+1) —2s=1(235F1 925 1+ 1) 257125 —1)?
a€Tz| 1 [ —(2°4+1)(2% —2°+1) 2571(2% — 1) 257 1(23sFL 4 9% 25T 4 1)
We have 271 — 925 4 95 _ 1 In this case, 17, 0 < a < M — 1, take more than three values.

Therefore, using Eqn (B8], we compute dlrectly

223 —
¢//(BGR//) (228 + 28 o 1 |T1| — Z GF —Z

W) 3 X

,j keTy
238 — B B 225 28 + 1 B ; a
ZQTZZX ) ZG D IReC
€Ty YAV,
= 238¢(w D) —2%(2° 4+ 1).

Recall that D = U;c_p, C’i(M’F). It follows that
W(BRY) = 2% —

By the character values of Lemma 2] we obtain

1+ 2% (wD).

—935 1 925 _ | if a € 11,
(B RY) = { 2%5(2° — 1) + 2% — 1 if a €T,
—(25+1)(2% —-2°+1) ifaeTs.

In exactly the same way, using Eqn. (8.9) and (BI0) we can compute ¢"(5°Ry) for k = 2,3 directly.
We record the result in Table {. By the Bannai-Muzychuk criterion, (H,{R/}?_,) is a three-class
association scheme, and the above is the first eigenmatrix of the association scheme; also, the scheme
is self-dual. O

5. CONCLUDING REMARKS

In this note, we gave three constructions of three-class association schemes from cyclotomy. In
general, one can obtain a three-class association scheme from a two-class association scheme (a
strongly regular Cayley graph) under a certain condition as follows: Let X be a (additively written)
finite abelian group and S be a subset of X \ {0} such that S = —S. Define Ry = {0}, Ry = S,
Ry = X*\ S. Assume that (X,{R;}2,) forms a two-class association scheme, i.e., Cay(X,S) is
strongly regular. Let (X, {D;}%,) be the dual of (X, {R;}% ), where we assume that R; is contained
in D;. Define

Ry ={0}, Ry = Ri, Ry = D1\ Ry, Ry = Ds.
Then, (X, {R/}?_,) is a three-class association scheme. This construction is essentially given in [21]
Corollary 3.2].

Our three constructions of three-class association schemes given in this note are not included in
this construction. In fact, the association schemes of Theorems [l and [1 (i) are not self-dual but
the association scheme obtamed from the above construction is self-dual. Furthermore, neither of
the relations of the association scheme in Theorem [7 (ii) is strongly regular but two relations of the
association scheme from the above construction are strongly regular.

An interesting question that is worth looking into is: what is the relations between the principal
part of the first eigenmatrices of these three schemes we constructed? According to [5], the principal
parts of the first eigenmatrices of the underlying cyclotomic schemes of the same order M satisfy the
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Hasse-Davenport property, namely, that of Foss (resp. Foos) is square (resp. cube) of that of Fgss up
to a sign. This property seems to be lost after taking fusion using the index sets T3, T, and T3. Our
schemes are interesting in that they can serve as examples to test such properties should there be
any.

Finally, we comment that the Gauss periods in consideration takes three values in Fyss and more
in Foos. It seems pretty hard to consider the fusions of the cyclotomic scheme in comparison with
the case where the Gauss periods take only two values. Hopefully this will yield us more examples
of primitive association schemes with new parameters. We will look into this problem in the future
research.

APPENDIX: PARAMETERS OF THE SCHEMES

Throughout this appendix, we write ¢ = 2°. In this appendix, we give computational results (by
Maple) for parameters of the three-class association schemes we constructed in the previous section.
The first and second eigenmatrices of the schemes have been obtained during the proofs.

(1) We have the following computational result for the scheme (F,{R;}}_,) of Theorem Bt Let
A; and A, denote the adjacency matrices of R; and D; respectively. With A;(Ag, A1, A, A3) =
(Ag, A1, Ay, A3) B;, we have

0 ¢2—-1 0 0
B — 1 g% -2 0 0
0 0  lP+le-n 1qlg—1) ’
0 0 Tqlq+1 3(@—2)(g+1)
0 0 1¢° - 3q 0
By —|© 0 %q(q2+q—2) 32%(q—1)
1 3 +3q-1 $(P+q—6)g 3(e*>—3q+2)q |’
0 3qg+1)  $@—2qlg+1) F(g—2)a(g+1)
0 0 0 3¢° — ¢ + 349
Bs— |0 0 1°(a—1)  3(¢® —3¢+2)q
0 talg—1) 1(q%> — 3¢ +2)q %(tf -3¢+ 2)q
1 2q-2)(g+1) 3(@—2ql@+1) 1q(¢*> —5q+6)

With A;(Aé]a Alla Al2> Aé) = (A6> A/1> A/2> Aé)L“ we have

0 ¢g—1 0 0

|1 ¢g=2 0 0
Li=1lo "0 0 q-1)
0 0 1 qg—2
0 0 ¢2-1 0
0 0 0 ¢ -1
L2: )
1 0 ¢g-2 q(g—1)
0 1 q —2+4¢%—¢
0 0 0 - —q+1
0 0 -1 -2 —q+2

L2 =
7 o g-1 gq@-1)  PF-202-q+2

1 g-2 -24+¢*—q 4+¢°-2¢°—¢
(2) We have the following computational result for the scheme (G,{R.}3_,) of Theorem [ (i):
Let A; and A} denote the adjacency matrices of R, and D respectively. With A;(Ag, A1, A, A3) =
(A(], Al, AQ, A3)BZ’, we have

0 ¢P+¢E-¢-1 0 0
B = |l @@t -2 7*(q> —1)/2 (¢* = 2q+1)¢°/2
0 (¢—1¢*@+1) (@—-D(*+d*-¢*+q+2)/2 (- 1)q(¢® —¢*> —q+1)/2 ’
0 (¢—1g*(g+1) W@ - —g+1)@+1)/2 (" -2-3¢3+3¢"+q)(g+1)/2
0 0 18— 3t + 17— Lq 0
By—|© 3632 - 1) %(q5—2q3+2q2+q—2)q (=14 q* + 29— 2¢°)¢?
1 3(a—-D@"+¢* - +a+2) 3(¢° -3¢ +3¢>+q—6)q La(@* —2-®+3q)(g— 1) ’
0 29— —q+D)@+1)  fql@*-2—-+39)(¢+1) Zad*—2-3¢+2¢>+q)(q+1)
0 0 0 —*+36° — " + 3a+ 59" + 34°
Bs— |0 3(q* — 20+ 1) 1(=1+a* +2q - 2¢°)¢ 1(q° — 4¢* 4+ 6¢° — 2¢> — 3q+ 2)q
0 2@—1a(® —¢* —q+1) Lot —2- +39)(q - 1) 70(¢* =2 -3¢ +2¢ + q)(¢ — 1)
1 3@ -2-3+3¢2+q)(qa+1) 1a(@*—2-33+22 +q)(a+1) 1a(¢®+6+7¢° — ¢> — 4¢* — 11q)
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With AJ(Af, AL, AS, AL) = (A, Al AY, AL) L, we have

0 ¢*—¢+q-1 0 0
= ¢ -2 a(¢* = 1) (¢* —2¢*> —q+2)q
0 q(g—1) *(g—1) (@ -a*—q+D(g-1) |’
0 (g—2)q @ —q*—q+1 ¢t —2¢3 +4g—2
0 0 P+ - -1 0
_1o q(¢®> — 1) ?(¢> - 1) P —aq* -2 +2¢ +q—1
Ly = 2 3 2 4 2 2 )
1 “(g—1) —¢+a+q =2 ¢la-1 -1
0 ¢#—¢*>—q+1 ?(¢> - 1) ® —q*—2¢®> +3¢> + q -2
0 0 0 ®—°+2¢°—¢*—q¢" —q+1
|0 (@=2-q+2)g P -¢"-2"+2° +q—-1 ¢°-2¢° —q* +6¢° — 20> — 4 +2
’ 0 (®-¢*—q+1)(g-1) ?g—1)(¢* - 1) (q—1)(¢° —q* —2¢3 + 3¢ +q¢—2)
1 q* —2¢® +4q -2 @ —q* =2 +3¢*+q—-2 ¢°—2¢° —q* +6¢® — 4¢*> — 6g + 4

(3) We have the following computational result for the scheme (H,{R!}3_,) of Theorem [T (ii): Let
A; and A’ denote the adjacency matrices of R! and D! respectively. Since this scheme is self dual, we
have Q =P (One can check directly that P2 = qu) With AZ’(A(), Al, AQ, Ag) = (A(), Al, AQ, Ag)Bi,

we have

0 q8+q5+q2_q6_q3_1 0 0
B — |1 0" —20°+2¢" = ¢® +¢% -2 3(6> —2¢° +2¢° — 1)g® (¢ —2¢* + 4¢> — 4q + 1)¢°
0 (¢° —2¢° +2¢° — 1)¢® 3¢° —°+® +5¢* — 3P+ +50-1  5(¢"—2°+4¢" —5¢° +¢* +20-1)g |’
0 (¢°—2¢°+2¢> +2¢—1)¢? 2(q" = 2¢° +2¢* + ¢® — 3¢ + 1)q 36° —q"+2¢° — 3¢ — 34° + 24 — 59— 1
0 0 —34— 30" +5¢° + 30° — 34" + 34° 0
0 1(@® —2¢3 +2¢> - 1)¢® 1@ =245 +2¢° + ¢* =3¢ +2¢*> + ¢ — 2)q 1(q" — 2% + 4¢* — 5¢° + ¢% + 29 — 1)¢?
1 3=+ + 3" -3+ +5a—1 1(®—2¢5+2¢° +2¢" —7¢° +5¢° + ¢ —6)g 5 (¢® —2q¢" +4¢° — 6" + 3¢> + 3¢> — 5+ 2)q
0 2(q" —2¢° +2¢* + ¢* — 3¢ + 1)q 3(q® — 25 4+ 2¢° — 3¢ +3¢> + ¢ — 2)q 1(q® — 29" +4¢° —4q* — ¢® + 5¢> —q—2)q
By =
0 0 30— >+ 34"+ 30° —° + 3d° — B+ 347 + §°
1(q° — 2¢* + 4% — 4q + 1)¢? 3(q" = 24° + 4¢* — 5¢° + ¢* + 29 — 1)¢? 1(6® — 49" +6¢° — 2¢° — 7¢* + 9¢° — 2¢*> — 3¢ + 2)q

3(0" = 2¢° +4¢" —5¢° + > + 2~ 1)q 1(0° —2¢" +4¢° —6¢* +3¢° +3¢> —5q+2)g  3(¢® — 49" +6¢° — 2¢° — 6q* + 9¢° — 3¢*> — 3¢ + 2)q
1" +2¢° -5t - 5P+ 27 —La—1  J(¢® 20" +4¢° —4¢* —® +5¢®> —q—2)q  (¢® —4q" +6¢° — 2¢° — 8¢* +13¢° + 3¢% — 11g + 6)q

In this case, we have A; = A, and B; = L; for 0 <i < 3.

[
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