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On flag-transitive 2-(v, k, 2) designs
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Abstract

This paper is devoted to the classification of flag-transitive 2-(v, k,2) designs. We
show that apart from two known symmetric 2-(16,6,2) designs, every flag-transitive
subgroup G of the automorphism group of a nontrivial 2-(v, k, 2) design is primitive of
affine or almost simple type. Moreover, we classify the 2-(v, k,2) designs admitting a
flag transitive almost simple group G with socle PSL(n, q) for some n > 3. Alongside
this analysis we give a construction for a flag-transitive 2-(v, k — 1,k — 2) design from
a given flag-transitive 2-(v, k, 1) design which induces a 2-transitive action on a line.
Taking the design of points and lines of the projective space PG(n — 1,3) as input to
this construction yields a G-flag-transitive 2-(v, 3, 2) design where G has socle PSL(n, 3)
and v = (3" —1)/2. Apart from these designs, our PSL-classification yields exactly one
other example, namely the complement of the Fano plane.
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1 Introduction

A 2-(v,k, \) design D is a pair (P, B) with a set P of v points and a set B of blocks such
that each block is a k-subset of P and each two distinct points are contained in A\ blocks.
We say D is nontrivial if 2 < k < v, and symmetric if v = b. All 2-(v, k, \) designs in this
paper are assumed to be nontrivial. An automorphism of D is a permutation of the point
set which preserves the block set. The set of all automorphisms of D with the composition
of permutations forms a group, denoted by Aut(D). For a subgroup G of Aut(D), G is said
to be point-primitive if G acts primitively on P, and said to be point-imprimitive otherwise.
A flag of D is a point-block pair («, B) where « is a point and B is a block incident with a.
A subgroup G of Aut(D) is said to be flag-transitive if G acts transitively on the set of flags
of D.

A 2-(v,k, \) design with A = 1 is also called a finite linear space. In 1990, Buekenhout,
Delandtsheer, Doyen, Kleidman, Liebeck and Saxl [5] classified all flag-transitive linear spaces
apart from those with a one-dimensional affine automorphism group. Since then, there
have been efforts to classify 2-(v, k,2) designs D admitting a flag-transitive group G of
automorphisms. Through a series of papers [24], 25|, 26 27], Regueiro proved that, if D is
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symmetric, then either (v, k) € {(7,4), (11,5), (16,6)}, or G < AT'L(1, g) for some odd prime
power q. Recently, Zhou and the second author [I5] proved that, if D is not symmetric and
G is point-primitive, then G is affine or almost simple. In each of these cases G has a unique
minimal normal subgroup, its socle Soc(G), which is elementary abelian or a nonabelian
simple group, respectively.

Our first objective in this paper is to fill in a missing piece in this story, namely to treat the
case where (G is flag-transitive and point-imprimitive and D is a not-necessarily-symmetric
2-(v, k, 2) design. Such flag-transitive, point-imprimitive designs exist: it was shown in 1945
by Hussain [12], and independently in 1946 by Nandi [19], that there are exactly three 2-
(16,6, 2)-designs. O’Reilly Regueiro [24, Examples 1.2] showed that exactly two of these
designs are flag-transitive, and each admits a point-imprimitive, flag-transitive subgroup of
automorphisms (one with automorphism group 2%Sg and point stabiliser (Zy x Zg)(S4.2)
and the other with automorphism group S¢ and point stabiliser S;.2, see also [23, Remark
1.4(1)]). We prove that these are the only point-imprimitive examples, and thus, together
with [I5, Theorem 1.1] and [24, Theorem 2|, we obtain the following result.

Theorem 1.1. Let D be a 2-(v, k, 2) design with a flag-transitive group G of automorphisms.
Then either

(i) D is one of two known symmetric 2-(16,6,2) designs with G point-imprimitive; or
(ii) G is point-primitive of affine or almost simple type.

Theorem [[T] reduces the study of flag-transitive 2-(v, k, 2) designs to those whose auto-
morphism group G is point-primitive of affine or almost simple type. Regueiro [24] 25| 26], 27]
has classified all such examples where the design is symmetric (up to those admitting a one-
dimensional affine group). In the non-symmetric case, the second author and Zhou have
dealt with the cases where the socle Soc(G) is a sporadic simple group or an alternating
group, identifying three possibilities: namely (v, k) = (176,8) with G = HS, the Higman-
Sims group in [15], and (v, k) = (6, 3) or (10,4) with Soc(G) = A, in [16]. Our contribution
is the case where Soc(G) = PSL(n, ¢) for some n > 3 and ¢ a prime power. In contrast to the
cases considered previously, an infinite family of examples occurs, which may be obtained
from the following general construction method for flag-transitive designs from linear spaces.

Construction 1.1. For a 2-(v, k, 1) design S = (P, L) with k > 3, let
B={(\{a} | el acl}
and D(S) = (P, B).

We show in Proposition ] that D(S) is a 2-(v,k — 1,k — 2) design, and moreover,
that D(S) is G-flag-transitive whenever G < Aut(S) is flag-transitive on S and induces a
2-transitive action on each line of S. In particular, these conditions hold if S is the design of
points and lines of PG(n — 1, 3), for some n > 3, and Soc(G) = PSL(n, 3) (Proposition [.T]).
Apart from these designs, our analysis shows that there is only one other G-flag-transitive
2 — (v, k, 2) design with Soc(G) = PSL(n,q), n > 3.

Theorem 1.2. Let D be a 2-(v, k,2) design admitting a flag-transitive group G of automor-
phisms, such that Soc(G) = PSL(n, q) for some n = 3 and prime power q. Then either
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(a) D ="D(S) is as in Construction [T, where S is the design of points and lines of PG(n —
1,3); or

(b) D is the complement of the Fano plane (that is, blocks are the complements of the lines
of PG(2,2)).

The designs in part (a) are non-symmetric (Proposition [41]), while the complement of the
Fano plane is symmetric, and arises also in Regueiro’s classification [26] Theorem 1| (noting
that the group PSL(3,2) is isomorphic to the group PSL(2,7) in her result).

The proofs of Theorems [[.1] and [[.2] will be given in Sections [ and E, respectively.

2 Preliminaries

We first collect some useful results on flag-transitive designs and groups of Lie type.

Lemma 2.1. Let D be a 2-(v, k, \) design and let b be the number of blocks of D. Then the
number of blocks containing each point of D is a constant r satisfying the following:

(i) r(k = 1) = Alv = 1);
(ii) Ok =

(iii) b >0 and r > k;
(iv) r2 > \v.

In particular, if D is non-symmetric then b > v and r > k.

PrOOF. Parts (i) and (ii) follow immediately by simple counting. Part (iii) is Fisher’s
Inequality [28, p.99]. By (i) and (iii) we have

rir=1)2r(k-1)=AMv—-1)

and so 72 > Av+7r— . Since D is nontrivial, we deduce from (i) that r» > X. Hence r? > Av,
as stated in part (iv). O

For a permutation group G on a set P and an element « of P, denote by G, the stabiliser
of a in G, that is, the subgroup of G fixing . A subdegree s of a transitive permutation
group G is the length of some orbit of GG,. We say that s is non-trivial if the orbit is not
{a}, and s is unique if G, has only one orbit of size s.

Lemma 2.2. Let D be a 2-(v,k,\) design, let G be a flag-transitive subgroup of Aut(D),
and let o be a point of D. Then the following statements hold:

(i) |Gal® > AGI;
(ii) r divides ged(A(v — 1), |Gal);
(ili) r divides Aged(v — 1, |Gal);



(iv) r divides s ged(r, \) for every nontrivial subdegree s of G.

PROOF. By Lemma 21 we have 2 > Av. Moreover, the flag-transitivity of G implies that
v =|G|/|Gy| and r divides |G|, and in particular, |G,| = r. It follows that

_ AC|

Gol? =7 > M
o= G

and so |G |*> > M\ G|. This proves statement (i).
Since r divides r(k — 1) = A(v — 1) and r divides |G,|, we conclude that r divides

ng(A(U o 1)7 |Ga|>7 (21>
as statement (ii) asserts. Note that the quantity in (21I) divides
ged(A(v — 1), AlGal) = Aged(v — 1, |Gul).

We then conclude that r divides A ged(v — 1, |G,|), proving statement (iii).
Finally, statement (iv) is proved in [8 p.91] and [9]. O
For a positive integer n and prime number p, let n, denote the p-part of n and let n,
denote the p’-part of n, that is, n, = p' such that p' | n but p'** { n and n, = n/n,. We will
denote by d the greatest common divisor of n and ¢ — 1.

Lemma 2.3. Suppose that D is a 2-(v, k, 2) design admitting a flag-transitive point-primitive
group G of automorphisms with socle X = PSL(n,q), where n > 3 and q¢ = p’ for some
prime p and positive integer f, and d = ged(n,q—1). Then for any point o of D the following
statements hold:

(1) |X] < 2(df)*|Xal;
(ii) r divides 2df|X,|;
(iti) if p | v, then ry divides 2, r divides 2df| Xay, and |X| < 2(df )*| Xal2] Xal-

PROOF. Since G is point-primitive and X is normal in G, the group X is transitive on the
point set. Hence G = XG,, and so

Gol __1Gul _ IXGu| _ |G|
X TXAG] T XX

Moreover, as Soc(G) = X = PSL(n, q), we have G < Aut(X). Hence |G,|/|X.| = |G|/|X]
divides | Out(X)| = 2df. Consequently, |G,|/|Xa| < 2df. Since Lemma 2.2(i) yields

21X|Gal

|Gal® > 2|G| = =5+,
| Xal

it follows that
|Gl

| Xal

2
21X < | XallGal? = ( ) Xl < (2dF)2I X"
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This leads to statement (i). Since |G,|/|X,| divides | Out(X)| = 2df and the flag-transitivity
of G implies that r divides |G,|, we derive that r divides 2df|X,]|, as in statement (ii).

Now suppose that p divides v. Then the equality 2(v — 1) = r(k — 1) implies that r,
divides 2. As a consequence of this and part (ii) we see that r divides 2df|X,|,. Since
r? > 2v by Lemma 21I(iv), and v = | X|/| X,| by the point-transitivity of X, it then follows
that

21X
(2df| Xl )? > 20 = 221
g | Xal
This implies that 2(df)?|Xo[2|Xa| > [ X[, completing the proof of part (iii). O

Lemma 2.4. Suppose that D is a 2-(v, k, 2) design admitting a flag-transitive point-primitive
group G of automorphisms with socle X = PSL(n,q), where n > 3 and q¢ = p/ for some
prime p and positive integer f, and d = ged(n,q — 1). Let o and 8 be distinct points of D,
and suppose H < Go . Then r divides 4df | X,|/|H|.

PROOF. By Lemma Z2(iv), r divides 2|3%| = 2|G4|/|Gas|. Since |G| divides 2df| X,| (see
proof of Lemma 2.3)) and H divides |G, gl, it follows that r divides 4df|X,|/|H|. O
We will need the following results on finite groups of Lie type.

Lemma 2.5. Suppose that D is a 2-(v, k, 2) design admitting a flag-transitive point-primitive
group G of automorphisms with socle X = PSL(n,q), where n > 3 and q¢ = p/ for some
prime p and positive integer f, and r is the number of blocks incident with a given point. Let
a be a point of D. Suppose that X, has a normal subgroup Y , which is a finite simple group
of Lie type in characteristic p, and Y is not isomorphic to As or Ag if p=2. Ifr, | 2,, then
r is divisible by the index of a proper parabolic subgroup of Y .

PROOF. Since G is flag-transitive, we have r = |G,|/|G4 5|, where B is a block through .
Since X, <G, | Xa|/|Xa, 5| divides r. Now since Y <.X,,, we also have that |Y|/|Yp| divides
r. Let H := Yp. Since r, | 2,, we have that |Y:H|, < 2,. We claim that H is contained in a
proper parabolic subgroup of Y. First assume |Y:H|, = 1. Then by [29, Lemma 2.3], H is
contained in a proper parabolic subgroup of Y. Now suppose |Y:H|, = 2. Then p = 2 and
41 |Y:H|, and so by [26, Lemma 7], H is contained in a proper parabolic subgroup of Y. So
the claim is proved in both cases. It follows that r is divisible by the index of a parabolic
subgroup of Y. 0

Lemma 2.6. ([I, Lemma 4.2, Corollary 4.3]) Table [l gives upper bounds and lower bounds
for the orders of certain n-dimensional classical groups defined over a field of order q, where
n satisfies the conditions in the last column.

We finish this section with an arithmetic result.

Lemma 2.7. ([4, Lemma 1.13.5]) Let p be a prime, let n,e and f be positive integers such
thatn > 1 and e | f, and let gy = p° and q = p’. Then

O T ey~ ()
(ii) ¢+1 chzQ+1);

lem(go+ L, (g + 1)/ ged(m g+ 1)) o \""go+1




Table 1: Bounds for the order of some classical groups

Group G | Lower bound on |G| Upper bound on |G| Conditions on n
GL(n,q) |>(1—¢' =g g <(1-g¢gH1—g g n>2
PSL(n,q) | > ¢* 2 <(1—g gt n>2
GU(n,q) |>1+¢H1—qg ¢ |[<A+g¢HA-g)(A+q)q" n>2
PSU(n,q) | > (1—¢ ")g" <(1=g (1 +q %) nz3

Sp(n,q) | > (1—q2—¢ gz ) | < (1—g2)(1 — g gz n>4

(iii) If f is even, then ¢*/* = p?/? and a1 = ged (n, g% — 1).

lem(q'? +1,(q — 1)/ ged(n, q — 1))

3 Proof of Theorem [1.1]

Let D = (P,B) be a 2-(v, k,2) design admitting a flag-transitive group G of automor-
phisms. If G is point-primitive, then by [I5] and [24], G is of affine or almost simple type.
Thus we may assume that G leaves invariant a non-trivial partition C = {A;, Ag, ..., Ay}
of P, where

v =xy. (3.2)

with 1 <y < wvand |A;| =« for each 7. If (v, k) = (16, 6) then by Lemma [ZT] it follows that
D is symmetric and hence, in the light of the discussion before the statement of Theorem [L.1],
in this case Theorem [[1I(i) holds. Hence we may assume further that (v, k) # (16,6). Our
objective now is to derive a contradiction to these assumptions. Our proof uses the facts,
which can easily be verified by MacMmA [3], that for each 2-transitive permutation group of
degree 2p = 10 or 22 there is a unique class of subgroups of index 2p and each such group
is almost simple with a 2-transitive unique minimal normal subgroup (its socle). In fact the
socle is one of PSL(2,9) or Ajg (for degree 10), or Mys or Agy (for degree 22).

First we introduce a new parameter ¢: let & € P and A € C such that o € A; choose
B € B containing «, and let ¢ = |B N A|. It follows from [23, Lemma 2.1] that, for each
B’ € Band A’ € C such that B'NA’ # (), the intersection size |B'NA’| = ¢, so that B’ meets
each of exactly k/¢ parts of C in ¢ points and is disjoint from the other parts. Moreover,

(|k and 1</ <k. (3.3)

(Note that the proof of [23] Lemma 2.1] uses flag-transitivity of D, but is valid for all 2-
designs, not only symmetric ones.)

Claim 1: (v,b,r, k, ) = (22, %ﬁ;l), 2r — 2, ¢+ 2,2), and x = 2p with p € {5,11}.
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Proof of Claim: Counting the point-block pairs (o/, B) with o/ € A\{«a} and B’ containing
a and o/, we obtain
2 —1)=r{—1). (3.4)

It follows from ([B2) and Lemma [ZT|(i) that
r(k—1)=2(xy—1)=2y(zx —1)+2(y — 1),
which together with (B4) yields
rk—1)=yr({—1)+2(y—1). (3.5)

Let z = k—1—y(f —1). Then z is an integer and, by &3]), rz = 2(y —1) > 0 so z is a
positive integer and

rz + 2

y=— (3.6)

This in conjunction with (B3] leads to

rk—1)+2=y(r((—1)+2) = (”+2)(T(2€_1>+2).

Hence
2k =0 —2)=rz({—1). (3.7)

Since k < r (Lemma 2[(iii) ), we have
kz(0 —1)<rz(l —1)=2(k— 1 —2) < 2k,

and hence z = 1 and ¢ = 2. Then ([B4]) becomes r = 2z — 2, and so ([B.0]) gives y = = (and
hence v = x?) and the definition of z gives k = x + 2. Tt then follows from r > k that z > 4,
and from (3.3) that &, and hence also x, is even. Finally by Lemma 2.1Iii),

or 2?2z — 2) 24

b= —=""_"""=2" 62 +12— ——

k T+ 2 v x+2
and hence (z + 2) | 24. Therefore, z = 4, 6, 10 or 22, but since we are assuming that
(v, k) # (16,6) the parameter x # 4. If x = 6, then (v,b,7, k) = (36,45, 10, 8), but one can
see from [6], I1.1.35] that there is no 2-(36,8,2) design. Thus x = 10 or 22, and Claim 1 is
proved. O

Claim 2: For A € C, the induced group G4 is 2-transitive. Moreover the kernel K :=
Gy # 1, C is the set of K-orbits in P, and K* and its socle Soc(K)* are 2-transitive with
2-transitive socle PSL(2,9) or Ajg for degree 10, and Mas or Ay, for degree 22.

Proof of Claim: Since each element of GG fixing « stabilises A, we have the inclusion G, <
Ga. Let 8,7 be arbitrary points in A \ {«}, and consider B; € B containing « and f3,
and By € B containing o and 7. Since G is flag-transitive, there exists h € GG, such that
Bl' = By, and in particular, 3" € B,. As £ = 2 (by Claim 1), each block of D through «
contains exactly one point in A\ {a}. Since " € (A\ {a})" = A\ {a}, it then follows
that 8" = ~. This shows that G, is transitive on A\ {a}, and hence G& is 2-transitive and
hence primitive.



By Claim 1, each non-trivial block of imprimitivity for G in P has size v = /v = 2p
(with p = 5 or 11), and hence the induced permutation group G¢ on C is primitive. Suppose
that K = 1, so G¢ = G. Since G is point-transitive and v = 4p?, it follows that |G| = |G| is
divisible by p?, and hence G§ = G has order divisible by p (since |G : Ga| = 2p). Thus G
contains an element of order p which acts on C as a p-cycle fixing p of the parts. Then by a
result of Jordan [30, Theorem 13.9] we have G = Ay, or Sy, and thus Ga = GCA = Ay, Or
Sop—1. The kernel of the action of Ga on A is normal in Ga and so can only be 1, Ay, ; or
Sop_1. Since G is transitive of degree 2p > 2, this kernel must be trivial. Hence G = G4
is primitive of degree 2p and neither Ay, ; nor Sg,_; has such an action, for p € {5,11}.
This contradiction implies that K # 1.

Since K # 1 and K is normal in G, its orbits are nontrivial blocks of imprimitivity for
G in P, and by Claim 1, they must have size x = 2p. Hence the set of K-orbits in P is
the partition C. Since 1 # Soc(K) < G it follows that Soc(K)® # 1 and hence Soc(K)>
contains the socle of G}, which is 2-transitive on A (see above). Therefore Soc(K)* is 2-
transitive, and so also K is 2-transitive. By Burnside’s Theorem (see [22, Theorem 3.21]),
since |A| = 2p is not a prime power, G5 , K and Soc(K)* are almost simple with 2-
transitive nonabelian simple socle. As mentioned above these 2-transitive groups must have
socle PSL(2,9) or Ajg for degree 10, and My, or Ay for degree 22, and that socle is also
2-transitive on A. !

Claim 3: The group K is faithful on A, so K is almost simple with nonabelian simple socle.

Proof of Claim: Let A € C and suppose that A = K(a) # 1. Let F' denote the set of fixed
points of A, so A C F. If € Fand g € A’ € C, then since K is transitive on A’ (Claim 2)
and A < K, it follows that A fixes A’ pointwise. Thus A < K(ar), and since Ka), Kar) are
conjugate in G we have A = K(an. Therefore I is a union of parts of C.

If g € G, then AY has fixed point set 'Y and FY is a union of some parts of C. Thus if
F N F9 contains a point 5 and 3 € A" € C, then by the previous paragraph A = Ky = A9
and so F' = FY9. It follows that F'is a block of imprimitivity for G in P, and F' is non-trivial
since A # 1. Thus C' := { FY9 | g € G} is a non-trivial G-invariant partition of P. By Claim
1, |F| = z, and since F contains A we conclude that F' = A. This means that A% # 1 for
each A’ € C\ {A}, and since K2' is 2-transitive (Claim 2), it follows that A%" is transitive.
Now choose a, 8 € FF' = A and let By, By € B be the two blocks containing {c, 5}. Then
A < Gop, and Gup fixes By U By setwise. By Claim 1, there exists A’ € C \ {A} such
that [BiNA'| = ¢ =2, and |[BoNA'| = 0 or 2. Thus (B; U By) N A’ has size between
2 and 4 and is fixed setwise by A. This is a contradiction since A is transitive on A’ and
|A'] = 2p > 10. Therefore A = 1 so K is faithful on A. By Claim 2, K = K% is almost
simple with nonabelian simple socle. O

Since K is 2-transitive of degree ¢ = 2p, as mentioned above, K has only one conjugacy
class of subgroups of index 2p, and so K has a unique 2-transitive representation of degree
¢, up to permutational equivalence. It follows that, for a € A, the stabiliser K, fixes exactly
one point in each part of C. Let 8 be another point fixed by K,. Let By, Bs € B be the two
blocks containing {a, #}. By Claim 1, |B; N A| = 2 for each i and hence K,z fixes setwise
(B1UBy) N A, aset of size 2 or 3. On the other hand K,3 = K, since [ is a fixed point of
K,, and by Claim 2, K is 2-transitive on A, so the K,-orbits in A have sizes 1,¢ — 1. This
final contradiction completes the proof of Theorem [Tl



4 Proof of Theorem

Our first result in this section proves that the designs arising from Construction [[L1] are
all 2-designs, and inherit certain symmetry properties from those of the input design. In
particular we show that the designs coming from projective geometries over a field of three
elements give examples for Theorem [[.2

Proposition 4.1. Let S = (P, L) be a 2-(v, k, 1) design, { € L and G < Aut(S).

(i) Then the design D(S) given in Construction[I1 is a non-symmetric 2-(v, k— 1,k —2)
design and G is a subgroup of Aut(D(S));

(ii) Moreover, if G is flag-transitive on S and G, is 2-transitive on {, then G is flag-
transitive and point-primitive on D(S);

(i) In particular, if S is the design of points and lines of the projective space PG(n —1,3)
(n = 3), and G = PSL(n, 3), then D(S) is a non-symmetric G-flag-transitive, G-point-
primitive 2-(v, 3,2) design.

PROOF. Let D = D(S) with block set B = {{\ {a} | ¢ € L, a € (}, so D= (P,B). Let
a, B be distinct points of P. Then there exists a unique line ¢ € L, such that o, 3 € . As
|¢| = k, exactly k — 2 blocks of B contain o and 5. Thus, D is a 2-(v,k — 1,k — 2) design,
which is nontrivial provided that 3 < k. By Lemma 2] applied to S, |£| > v, and since
|B| = k|L] > | L] it follows that D is not symmetric. Moreover, for all B = ¢\ {a} € B and
for all g € G < Aut(S), we have 9 € £ and of € (9, and so BY = ((\{a})? = (9\{a9} € B.
Thus, G < Aut(D) and part (i) is proved.

Now assume that G is flag-transitive on § and G, is 2-transitive on £. Let a € ¢ and
B = ¢\ {«a}. From the flag-transitivity of G, we know that G acts primitively on the point set
P by [11l, Propositions 1-3], and G acts transitively on the block set B of D. Furthermore,
Gy < Gp. Since Gy is 2-transitive on £, Gy, is transitive on B. Hence G'p is transitive on
B, and so G is flag-transitive on D and part (ii) is proved.

In the special case where & is the design of points and lines of the projective space
PG(n —1,3) (n > 3), and H = PSL(n,3), H is flag-transitive on S and H, induces the
2-transitive group PGL(2,3) = S, on ¢. Thus part (iii) follows from part (i) and (ii) for any
group G such that H < G < Aut(G). O

4.1 Broad proof strategy and the natural projective action

In the remainder of the paper we assume the following hypothesis:

Hypothesis 4.1. Let D = (P, B) be a 2-(v, k, 2) design admitting a flag-transitive point-
primitive group G of automorphisms with socle X = PSL(n, q) for some n > 3, where ¢ = p/
with prime p and positive integer f.



Observe that G N PI'L(n,q) has a natural projective action on a vector space V of
dimension n over the field F,. Consider a point a of D and a basis vy, vs,...,v, of the
vector space V. Since G is primitive on P, the stabiliser G, is maximal in G, and so by
Aschbacher’s Theorem [2](see also [14]), G, lies in one of the geometric subgroup families
Ci(1 < i < 8), or in the family Cy of almost simple subgroups not contained in any of these
families. When investigating the subgroups in the Aschbacher families, we make frequent use
of the information on their structures in [14, Chap. 4]. We will sometimes use the symbol
H to indicate that we are giving the structure of the pre-image of H in the corresponding
(semi)linear group.

In the next proposition we treat the case where P is the point set of the projective space
PG(n — 1, q) associated with V.

Proposition 4.2. Assume Hypothesis 1], and that P is the point set of the projective space
PG(n —1,q), with G acting naturally on P. Then either

(a) g =3, k=3, v=(3"—1)/2 and D = D(S) from Construction [, where S is the
design of points and lines of PG(n — 1,3); or

(b) g=2, k=4, v=2 and D is the complement of the Fano plane (that is, blocks are the
complements of the lines in PG(2,2)).

PROOF. Let «a, 8 be distinct points. Since A = 2, there are exactly two blocks B; and B,
containing o and 3. Moreover, G,z fixes By U By setwise, so By U By is a union of G, -
orbits. Let ¢ be the unique projective line containing o and 5. Then G, s is transitive on

the v — (¢ + 1) points P\¢ and on ¢\{c, 8}. Hence, either
1. (Bl U Bg)\{O&, 5} D) 79\6, or
2. BiUB, = V1.

Suppose first that (B; U B2)\{«a, 5} 2 P\¢. Then 2k —2 > |ByUBy| =2 2+v—(q¢+ 1),
thatisk—1> (v—q¢+1)/2. Now r(k—1) =2(v—1) (Lemma21)) and v = (¢" —1)/(¢ — 1),

so that
_2v=1) 4wl 4.<1+ ¢=2 ><8. (4.8)

k—1 “v—q+1 P2

Since r > k, we have that k < 7. Now combining this with k — 1 > (v — ¢+ 1)/2, we have
that 12> 2(k—1) > ¢" '+ +¢®+2. Ifn > 4, then 12 > ¢" '+ +*+2 > P+ +2 >
23 4+ 22 + 2 = 14, a contradiction. So n = 3 and 12 > ¢* + 2, which implies that ¢ < 3. If
qg=3,thenv=13,and 6 > k—1 > (v—q+1)/2 implies that k = 7. Now r(k—1) =2(v—1)
implies that r = 4, contradicting » > k. Hence (n,q) = (3,2). Then v =7, k —1 > 3, and
r=2uv—1)/(k—1) <4, and so r <4 < k. Since r > k, we get that r = k = 4, and thus
b= (vr)/k = 7. Thus, D is a symmetric 2-(7,4,2) design with X = PSL(3,2). Since k = 4,
and Gp is transitive on the block B, it follows that B does not contain a line of PG(2,2).
The only possibility is that B = P\, where ¢ is a line of PG(2,2), that is, the blocks are
complements of the lines of PG(2,2). Hence D is the complement of the Fano projective
plane and (b) holds.
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Now assume that By U By = ¢, and every block is contained in a line of the projectice
space. We get 2k —2 > |By U By| =g+ 1, while g+ 1= || > |B;| = k. Hence ¢ >k —1>
(¢+1)/2>q/2.

Assume that there are s blocks of D through « contained in the projective line . Since
G acts flag-transitively on the projective space PG(n — 1,¢), for any projective line ¢ and
any point o € ¢, there are s blocks containing o’ that are contained in ¢'. Since for any
two distinct points, there is a unique projective line containing them, the sets of blocks
on « that are contained in distinct lines ¢, ¢ through « are disjoint. Note that there
are (¢"' — 1)/(q¢ — 1) projective lines through «, so the number of blocks through « is
r=s(g"t=1)/(¢—1).

Asr(k—1) =2(v—1), it follows that s(k—1)(¢" ' —=1)/(¢—1) =2((¢"—1)/(¢—1) = 1),
so s(k — 1) = 2¢. Then it follows from ¢ > k —1 > ¢/2 that 1 > 2/s > 1/2, and so s = 3.
Thus there are 3 blocks through a contained in ¢, and k — 1 = 2¢/3, so ¢ = 3/ for some f,
and k=2-3/7t +1.

Assume that there are ¢ blocks of D contained in the projective line ¢. Since G acts
transitively on the projective lines, for any projective line ¢, there are ¢ blocks contained in
¢'. Now, counting the number of flags (v, B) in two ways, where v € £ and B C / for a fixed
line ¢, we have that 3(q + 1) = ck, so 3(3/ + 1) = ¢(2 - 3/7! 4 1), which can be rewritten as
3/719 — 2¢) = ¢ — 3. Suppose f > 2. Then 3 divides ¢: when ¢ = 3, the equation cannot
hold, and when ¢ > 6 the left hand side is negative while the right hand side is positive.
Hence f =1, ¢ = 3, k = 3, and ¢ = 4. Therefore, the blocks contained in ¢ are all the sets
\{~}, for v € £, and this implies that B = {{\{~}|¢ € L,y € £}. Therefore, D = D(S) is
the design in Construction [T, where S is the design of points and lines of PG(n—1,3). O

In what follows, we analyse each of the families C;—Cy for G,,.

4.2 (Cy-subgroups

In this analysis we repeatedly use the Gaussian binomial coefficient [’ﬂ . for the number

of i-spaces in an m-dimensional space F7", where 0 < i < m. A straightforward argument

counting bases of ;" and its subspaces shows that, for 7 > 1,

(@ =D =) (¢ =g I PRICEE V= S

[W] I Vi) R Ut B U 1 e N L |

We use this equality without further comment. We also use the facts that [ﬂq = [ " ]q,

that the number of complements in ;" of a given i-space is ¢~ and hence that the
number of decompositions U @ W of F* with dim(U) = i is [’?]q gt m),

Lemma 4.1. Assume Hypothesis Il If the point-stabilizer G, € Cy, then G, is the stabiliser
in G of an i-space and G < PT'L(n, q).

ProoF. If G < PT'L(n, q) then G, is the stabiliser in G of an i-space, for some i, so assume
that G £ PT'L(n, ¢). Then G contains a graph automorphism of PSL(n, ¢), so in particular
n > 3, and G,, stabilizes a pair {U, W} of subspaces U and W, where U has dimension i and
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W has dimension n — ¢ with 1 < i < n/2. It follows that G* := G N PI'L(n, ¢) has index 2
in G. Moreover, either U CW or UNW = 0.
Case 1: U C W.

In this case, v is the number [ " ] of (n —i)-spaces W in V, times the number ["i—i]q of

~ilg
i-spaces U in W so

o nln(nz—i—]_li zz—i—]_l
[ n n—i q q\"
METRTS ey

1 j=1

_<q"+j—1>/ (f[wﬂ'—l)-H(qj—l))

Jj=1 Jj=1

Gt —1 n—2i g¥ti — 1

o ¢l

Then, using the fact that ¢" — 1 > ¢™ (¢’ — 1), for integers 1 < j < m,

n—2i

v > Hq H q22 _ z 242i(n—2i) __ qi(2n—3i).

Consider the following points of D: a = {U, W}, where W = (vy,v9,...,v,_;) and
U = (v1,vg,...,v;), and g = {U', W}, where U = (v1,v,...,0;—1,0;41). Then the G¥-
orbit A containing [ consists of all the points {U”, W} such that the i-space U” C W and
dim(UNU") =i — 1. Thus the cardinality |A| is the number [Z._’Jq of (i —1)-spaces UNU"

in U, times the number ["_21”1}(1 — 1 of 1-spaces in W/(U NU") distinct from U/(U NU").

Therefore, since L._il]q = m .

i n—2i+1 ¢ —1 q(g?-1)
LG = 1A= 1] = : .

Note that GG, contains a graph automorphism, and each such graph automorphism in-
terchanges U and W, and hence does not leave A invariant. Thus the G,-orbit containing
$ has cardinality 2|A| (a subdegree of G), so by Lemma 22(iv), r divides

(" = 1)(¢" = 1)
(q—1)? '

Note that (¢7 —1)/(q — 1) < 2¢~! for each integer j > 0. It follows that

4 n—21 __ 7 . . .
r < q( ) q — ) < 4q . Qqn—Qz—l X 2q2—1 — 16qn_l_1-

(g —1)

Combining this with 2 > 2v and v > ¢*®" 39 we see that 162¢>" =1 > 24°>»=3) that is,

4JAl =

9T < q2(i—1)n—3i2+2i+2 > Q2= )n—3i742i+2, (4.9)
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Since n > 2i, it follows that 2(i — 1)n — 31 +2i + 2 > 4i(i — 1) — 3i* + 20 + 2 = 4% — 2i + 2,
and so 1% — 2i — 5 < 0, which implies ¢ < 3.

Subcase 1.1: 7 = 3.

Then n > 2i = 6. From ([LJ) we have 27 > ¢'"~1% > 2%~19 which implies n < 6, a
contradiction.

Subcase 1.2: i = 2.

Then n > 4. From ({39) we have 27 > ¢*"=¢ > 22"=6 which implies n = 5 or 6. Then
r | 4q(q+ 1)"* (for n = 5 or 6) and v > ¢'""'2. Combining this with 72 > 2v, we deduce
16¢%(q+1)*78 > 2¢*~12 that is, 8(¢+1)?"® > ¢~ . For n = 6, this gives 8(¢+1)* > ¢'°,
which is impossible. Thus n =5 and 8(¢+ 1)*> > ¢ so ¢ =2 and v =5-7-31. On the one
hand 7 | 24 and on the other hand the condition r? > 2v implies r > 47, a contradiction.

Subcase 1.3: 7 = 1.

Then n > 2, r divides 4¢(¢" > —1)/(¢ — 1), and

(" = 1)(¢" "= 1)

(g —1)2
Combining this with the condition r | 2(v — 1), we seee that r divides
4q(¢g" % -1
R:=gcd (2(@—1),—q(q 1 ))
q —_—

1,
(g—1)2 qg—1
2q

= (q — 1)2 . ng (q2n—2 _ qn—l _ qn—2 —q ‘l’ 2’ 2(q _ 1)(qn—2 o 1)) )

9 gcd ((q" — D@ -1 20" - 1)) |

Since
@ =" =" =4 +2) - (=1 ="+ —q—1) ("= 1)
is divisible by (¢ — 1)(¢" 2 — 1), we see that

ged ("2 = q" =" —q+2,(¢—1)(¢"* = 1)) divides (¢ — 1)?,
and so
ged ("2 = ¢" = q" P —q+2,2(¢—1)(¢" > — 1)) divides 2(q — 1)*.

Therefore, R divides
2q

(¢ —1)

Combining this with r | R, 7 > 2v and v > ¢*"73, we deduce 16¢*> > 2¢**~3. Therefore,

8 > ¢?"=% > 2275 which leads to n = 3, and ¢ < 8. Note that v = (¢* + ¢+ 1)(q + 1), so

R = ged (2(v—1),4q) = 2gcd (q(¢® +2q + 2),2q) = 2qged (¢% + 2¢ + 2,2). When ¢ is odd

we see that R = 2¢. Then r? > 2v leads to 2(¢*> + ¢ + 1)(q + 1) < r? < R? = 4¢?, which is
not possible. Hence ¢ € {2,4} and R = 4q.

First assume that ¢ = 4. Then v = 105 and R = 16. Combining this with r | R and

r? > 2v, we conclude that r = 16. Then it follows from r(k —1) = 2(v — 1) and bk = vr that

2(q—1)* = 4q.

13



k = 14 and b = 120. Since G is block-transitive, it follows that X := Soc(G) = PSL(3,4)
has equal length orbits on blocks, of length dividing b = 120. This implies that X has a
maximal subgroup of index dividing 120, and hence by [7, page 23], we conclude that X is
primitive on blocks, that the stabiliser X g of a block B is a maximal Cs-subgroup stabilising
an Fo-structure Vo = F3 < V, and Xp has two orbits on 1-spaces, and on 2-spaces in V.
An easy computation shows that Xz has precisely four orbits on the point set P, of lengths
14, 14, 21, 56: these are subsets of flags {U, W} determined by whether U NV} contains a
non-zero vector or not, and whether W NV} is a 2-space of V;, or not. Since Xpg preserves
the &k = 14 points of B, it follows that B is equal to one of the Xpg-orbits of length 14, so
that X acts flag-transitively and point-imprimitively on D, contradicting Theorem [Tl (In
fact G interchanges the two X pg-orbits of length 14 and so G does not leave invariant a
point-subset of size 14.)

Thus ¢ = 2. Then v = 21 and R = 8 and G = PSL(3,2).2 = PGL(2,7). This together
with r | R and r* > 2v implies r = 8. Then we derive from r(k — 1) = 2(v — 1) and bk = vr
that £ = 6 and b = 28. However, one can see from [6, I1I.1.35] that there is no 2-(21,6,2)
design, a contradiction. We also checked with MAGMA that considering every subgroup of
index 28 as a block stabiliser, and each of its orbits of size 6 as a possible block, the orbit of
that block under GG does not yield a 2-design.

Case 2: V=UpW.
In this case the number v of points is the number mq of i-spaces U of V, times the

number ¢*"~9 of complements W to U in V, so

g — 1

¢ —1

Y

j=1

so in particular p | v, and by Lemma 223(iii), 7, divides 2.
Note that ¢ —1 > ¢"7(¢’ — 1), for integers 7 > j. Thus

v > qz(n—z) H qn—i _ qz(n—z) (qn—2>z _ q2z(n—2)
j=1

We consider the point @ = {U, W} with U = (vq,...,v;), W = (vi41,...,v,) and the G-
orbit A containing § = {U’', W'} with U’ = (vy, ..., v;_1,vi41), W = (v;, Viyo,...,v,). Then
A consists of all {U”, W"} with dim(U"NU) = i—1, dim(W"NW) = n—i—1,dim(U"NW) =
dim(W”NU) = 1, so |Al is the number mqw]"_l of decompositions U = (U"NU)&(W"NU),

times the number ["l_i}q - q"~1 of decompositions W = (U" N W) & (W” NW). Thus

* * j— qZ —1 —i—1 qn—i —1 —2 (ql - 1)(qn—z - 1)
Ga : Ga = |A| = qZ ! ' qn ! = qn )
| ol =14 q—1 q—1 (¢—1)

and G has a subdegree |A| or 2|A|. By Lemma 2.2(iv), r divides 4|A|. Since 7, | 2, we
deduce that r divides 4(¢* — 1)(¢"* —1)/(¢ — 1)? (and even 2(¢* — 1)(¢"* —1)/(¢—1)*if ¢
is even). Let a = 1 if ¢ is even and 2 otherwise. Then r divides 2%(¢* — 1)(¢" " —1)/(q — 1)?
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Considering the inequality 72 > 2v > 2¢%®™~% and the fact that (¢’ —1)/(¢ — 1) < 2¢’~!
for each integer j > 0, it follows that

i(n—i a— (ql B 1)2(qn—z B 1)2 a— i— n—i— a n—
q2( ) < 22 1 (q — 1)4 < 22 1(2(] 1)2(2q 1)2 _ 22 +3q2 4. (410)

Thus 220¢+3 > q2n(i—1)—2i2+4 > 22n(z'—1)—2i2+47 so (since n > 2i)

20— 2> 2n(i — 1) — 2i* > 4i(i — 1) — 2i* = 2i(i — 2).

Hence 7 = 1 or 2, and the case ¢ = 2 only happens if a = 2, that is if ¢ is odd.
Assume i = 2, so0 ¢ is odd. Then 2 > 2n(i—1)—2i%> = 2n—8, son < 5. On the other hand
n > 2i,son =5 By @I0) ¢* < 27¢% so ¢° < 27, a contradiction since ¢ > 3. Therefore

% and we compute that v — 1 = %11_1 “(¢"4+q—1). Since

r | 2(v—1), r divides gcd(Q%ll_l-(q"—i-q—1),4qnq7_11_1) = 2‘17:11_1 ged(g"+q—1,2) = 2%11_1.
In other words a = 1 in the computation above whether ¢ is odd or even. Then by (410
P < 2(¢" 7 = 1)% /(g — 1)? < 2(2¢"2)? = 23¢***, which can be rewritten as ¢® < 23,
so ¢ = 2. Thus v = 2"71(2" — 1) and r divides 2(2"7! — 1), so r* > 2v implies that

22n=l _on=1 < 9(on=1 —1)2 = 22n=1 _ 9n+1 4 9 which is impossible. O

i = 1. In this case v = ¢" !

Lemma 4.2. Assume Hypothesis[{.1], and that the point-stabilizer G, € C;. Then either

(a) D ="D(S) is as in Construction[I1], where S is the design of points and lines of PG(n—
1,3); or

(b) D is the complement of the Fano plane.

PrROOF. By Lemma [41] G < PT'L(n,q), and G, = P; is the stabiliser of a subspace W of
V' of dimension ¢, for some i. As we will work with the action on the underlying space V'
we will usually consider a linear group G satisfying X = SL(n,q) < G < I'L(n, q), acting
unfaithfully on P with kernel a subgroup of scalars. By Proposition [1.2] we may assume that
i > 2. Also, on applying a graph automorphism that interchanges i-spaces and (n—i)-spaces
(and replacing D by an isomorphic design) we may assume further that i < n/2. Then v is

the number of i-spaces:
n |
[l
q

i e
Using the fact that ¢ — 1 > ¢" (¢’ — 1), for integers i > 7, it follows that v > ¢*®=.
Consider the following points of D: o = W, where W = (v, vy,...,v;), and 8 = W',
where W' = (v, v, ..., v;1,011). Then the G,-orbit A containing 3 consists of all the
points W” such that dim(W N W"”) =i — 1. Thus the cardinality |A| is the number [z’—ZJq
of (i — 1)-spaces W NW” in W, times the number ["_frl}q — 1 of 1-spaces in V/(W N W")

distinct from W/(W N W"). Therefore, since [i_qu = Hq,

1

A = mq ([n—;’ﬂ]q_l) _ald' —(ql)_(q:);i—n_
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Since (i is flag-transitive, r divides 2|A| (by Lemma 22(iv)). Combining this with 72 > 2v
(Lemma 2.1](iv)) we have that

2¢°(¢' = 1)*(@" " = 1)* ("= 1)---(¢" 1)
(g —1)* (¢ =1)---(g—=1)
Since 2¢° ' > (¢ — 1)/(q¢ — 1) for all j € N, it follows that

2¢°(q" = 1)%(¢" " — 1)
(q—1)*

> qz(n—z)

ql(n—z) < < 2q2(2qi—1)2(2qn—i—1)2 _ 32q2n—2 < q2n+3 (411)

Hence
2n +3 > i(n —1) (4.12)

and so 2 + 3 > n(i — 2) > 2i(i — 2), which implies that i < 4. Note from Lemma 2] that
r|2(v—1). Let R =2gcd(|A|,v —1). As r divides 2|A|, it follows that r divides R and
hence r < R.
Case 1: 1 = 4.
In this case, we derive from ([ALI2)) that n < 9. This together with the restriction n =
2i = 8 leads to n = 8 or 9. We also deduce from [@ID) that 32¢*"2 > ¢*™=4 that is
32 > ¢?" 1. First assume that n = 8. Then 32 > ¢%, so ¢ < 5. We get

Al =1
Al =——7
(¢—1)
and 8 7 6 5
(" =D =" -1)(¢" = 1)
(¢* = 1)(¢® = 1)(¢* = 1)(q — 1)
We easily compute that R = 4,6,40,10 when ¢ = 2,3,4,5 respectively, in each case

contradicting r? > 2v, since r < R.
Next assume n = 9. Then 32 > ¢*, so ¢ = 2. We get

_qlg* = 1)(¢° - 1)
A1 = (g—1)?

V=

=930

and

b, (@ =D - D¢ —1)(¢" 1) _ 3309747,

(¢" =D(¢® = D(¢? =g - 1)
Therefore R = 124, again contradicting r? > 2v.
Case 2: 1 = 3.
In this case, we derive from ([AI2]) that n < 11. Together with the restriction n > 2i =6
leads to n € {6,7,8, 9 10 11}

For n =6, \A|— )12) =q(¢* + ¢+ 1)2, while

(- -1 -1
(@ -1 -1)(g—-1)

v-1= —1=q(¢" +q" +2¢" +3¢° + 3¢" + 3¢° + 3¢° + 2¢ + 1).
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Thus R = 2gcd(|A],v—1) = 2qged((¢* +q+1)2, ¢®+q" +2¢° +3¢° + 3¢ +3¢3 +3¢> +2q + 1).
Using the Euclidean algorithm, we easily see that

ged(®+q+ 1,8+ ¢ +2¢° +3¢° + 3¢" + 3¢° + 3> + 2¢ + 1) = 1,

so R = 2q, contradicting r? > 2uv.
3 4
For n =7, |A] = LU0 — ¢(¢* + g+ 1)(q + 1)(¢* + 1), while
(¢ —1)(¢° —1)(¢" — 1)

—1=q(@P+D)(°+®+¢"+2¢°+3¢° +2¢* +2¢° +2¢° +2q+1).
@)@ =1)g=1) ¢+ +0 +q"+2¢"+3¢°+2¢" +2¢"+2¢"+2q+1)

v—1=

Thus
R =2gcd(|A],v—1) = 2¢(¢*+1) ged((¢*+¢+1)(¢+1), ¢°+¢°+¢"+2¢°+3¢°+2¢" +2¢° +2¢°+2¢+1).
Using the Euclidean algorithm, we easily see that

ged(® +q+1,¢" + ® +¢" +2¢° +3¢° + 2¢" + 2¢* + 2> +2¢ + 1) = 1

and
ged(g+1,¢° +¢® +¢" +2¢° +3¢° +2¢* +2¢° + 2¢* +2¢+ 1) =1,

so R = 2q(¢* + 1), contradicting r? > 2uv.

Assume now that 8 < n < 11. We deduce from @II) that 32¢*"2 > ¢33 that is
32 > ¢" 7. So there are only a finite number of cases to consider and we easily check that
for all of them, R? < 2v, a contradiction.

Case 3: 1 = 2.

In this case, the point set is the set of 2-spaces and n > 4, but the above restrictions on
r do not lead easily to contradictions as they do for larger values of i. So we have a different
approach. Recall that X = SL(n,q) < G < T'L(n, ), acting unfaithfully on P (with kernel
a scalar subgroup of G~’) First we deal with n = 4. In this case

,_ @ =D =1) (PP g+ 1) IA‘:q(q

(¢ =1)(g—1) (q— 1)

and by Lemmas 2.1 and 22, r? > 2v and r divides

e =q(g+1)?

2ged(v — 1,]|A|) = 2ged(¢" + ¢ + 2¢° + ¢, q(¢ + 1)?)
=2qged(¢® + ¢ +2¢+1,(g+1)?)
=2¢ged((g+1)*(¢— 1) +3¢+2, (¢ +1)%)
= 2¢ged(3g+ 2, (¢ +1)%) = 2¢q

which implies 4¢> > 72 > 2v > ¢*, a contradiction. Thus n > 5.

Let H := GNGL(n,q). Then setwise stabiliser Hy, gy of the points o = W = (v, v,) and
B = W' = (vy,vs), fixes setwise the two blocks By, By of D containing {a, 3}. Also Hy, g
leaves invariant the spaces Y = W + W' = (vy,v9,v3) and Y/ = W N W' = (vy), induces
GL(n—3,q) on V/Y (since even SL(V)N(GL((v1)) X GL((vy, . .., v,))) induces GL(n — 3, q)
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on V/Y). Moreover Hy, g is transitive on V'\ Y, and has orbits of lengths 1,2¢, ¢*> — ¢ on
the 1-spaces in Y. Since Hi, gy N éBl = Hy,p N Hp, is normal of index 1 or 2 in Hy, g,
it follows that Hy, gy N Hp, also induces at least SL(n — 3,¢) on V/Y and is transitive on
V' \'Y. Hence the only non-zero proper subspaces of V' left invariant by Hy, gy N Hp, are
Y, W, W'Y’ and if ¢ = 2,3 then possibly also the ¢ — 1 other 2-spaces of Y containing Y.

We claim that Hp, is irreducible on V. Suppose to the contrary that Hp, leaves invariant
a nonzero proper subspace U. Then also Hy, gy N Hp, leaves U invariant. We see from the
previous paragraph that U must be contained in Y. If U = Y, then as G B, 1s transitive
on the set [B] of points of D incident with By, it follows that all such points must be 2-
spaces contained in Y. This is impossible since dim(Y) = 3, while some block, and hence
all blocks, must be incident with a pair of 2-spaces which intersect trivially. Thus U is a
proper subspace of Y. The only 1-space invariant under Hy, gy N Hp, is Y, and if U =Y
then the same argument would yield that all 2-spaces incident with B; would contain Y7,
which is not true since some block, and hence all blocks, must be incident with a pair of
2-spaces which intersect trivially. Thus dim(U) = 2, and U is a 2-space of Y containing Y.
Since Hp, does not fix « or f, it follows that U # W or W’  and hence ¢ = 2 or 3, and
U is one of the ¢ — 1 other 2-spaces containing Y. Again, since G B, is transitive on [B],
each 2-space o € [B] intersects U in a 1-space. Let v = W” be a 2-space which intersects
a = W trivially, and let B be a block of D containing {a,~}. Then Hp leaves invariant a
2-space, say U’, and we have shown that both W N U’ and W” N U’ have dimension 1, so
U’ is contained in the 4-space W @ W”. Now the subgroup induced by H, -, on W & W”
contains GL(W) x GL(W"). The orbit of U’ under this group has size (¢+ 1)?. However the
group Hy, - N Hp has index at most 2 in Hy, .} and fixes U’, so we have a contradiction.
Thus we conclude that Hp, is irreducible.

The irreducible group Hp, has a subgroup Hy, gy N Hp, inducing at least SL(n —3,¢) on
V/Y. We will apply a deep theorem from [2I] which relies on the presence of various prime
divisors of the subgroup order |Hg,|. For b, e > 2, a primitive prime divisor (ppd) of b —1 is
a prime r which divides b° — 1 but which does not divide b’ — 1 for any i < e. Such ppd’s are
known to exist unless either (b,e) = (2,6), or e = 2 and b = 2° — 1 for some s, (a theorem
of Zsigmondy, see [21l, Theorem 2.1]). Each ppd r of b¢ — 1 satisfies r = 1 (mod e), and if
r > e+ 1 then r is said to be large; usually b¢ — 1 has a large ppd and the rare exceptions
are known explicitly, see 21, Theorem 2.2]. Also, if b = p/ for a prime p then each ppd of
p/® —1is a ppd of b° — 1 (but not conversely) and this type of ppd of b° — 1 is called basic.
We will apply [21l, Theorem 4.8] which, in particular, classifies all subgroups Hp, with the
following properties:

1. for some integer e such that n/2 < e <n —4, |Hp,| is divisible by a ppd of ¢° — 1 and
also by a ppd of ¢*T! — 1;

2. for some (not necessarily different) integers €’,¢” such that n/2 < ¢ < n — 3 and
n/2 < " < n—3,|Hp,| is divisible by a large ppd of ¢* — 1 and a basic ppd of ¢¢" — 1.

Since |Hp,| is divisible by [SL(n — 3, ¢)|, it is straightforward to check, using [21], Theorems
2.1 and 2.2], that Hp, has these properties whenever either n > 11 with arbitrary ¢, or
n € {9,10} with ¢ > 2. In these cases we can apply [2I, Theorem 4.8] to the irreducible
subgroup Hp, of GL(n,q). Note that H does not contain SL(n, ¢) since it fixes [B;] setwise;
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also, since e, e+ 1 differ by 1 and e+1 < n—3, H is not one of the ‘Extension field examples’
from [21], Theorem 4.8 (b), see Lemma 4.2], and finally since n > 9and e+ 1< n—3, H is
not one of the ‘Nearly simple examples’ from [21] Theorem 4.8 (c¢)]. Thus we conclude that
either n € {9,10} with ¢ = 2, or n € {5,6,7,8}.

Finally we deal with the remaining values of n. Since H, gy N Hp, has index at most 2 in
Hy, gy it follows that Hp, has a subgroup of the form [¢**=3)].SL(n—3, q) which is transitive
on V'\ 'Y, and hence Hp, has order divisible by ¢® with « = z(n) = 3(n — 3) + (*}°) =
(n —3)(n + 2)/2; also Hg, does not contain SL(n,q) since it fixes [B;] setwise. It follows
that Hp, NSL(n, ¢) is contained in a maximal subgroup of SL(n, ¢) which is irreducible (that
is, not in class C; in [4]) and has order divisible by ¢*™. A careful check of the possible
maximal subgroups in the relevant tables in [4], as listed in Table [ shows that no such

subgroup exists. This completes the proof. O

Table 2: Tables from [4] to check for the proof of Lemma 2] Case i = 2

x(n) | Tables from [4] for n
7 Tables 8.18 and 8.19
12 | Tables 8.24 and 8.25
18 | Tables 8.35 and 8.36
25 | Tables 8.44 and 8.45
33 | Tables 8.54 and 8.55
42 | Tables 8.60 and 8.61

—_
S ©oow-o oS

4.3 (Cy-subgroups

Here G, is a subgroup of type GL(m, ¢)1S;, preserving a decomposition V=V, &--- @V,
with each V; of the same dimension m, where n = mt, t > 2. We can think of the pointset of
D as the set of these decompositions (for a fixed m and t). Note that graph automorphisms
swap i-spaces with n — i-spaces, so G < PI'L(n,q) unless t = 2. When ¢t = 2 we have to
consider that GG could contain graph automorphisms, and so could G,.

Lemma 4.3. Assume Hypothesis[{.1. Then the point-stabilizer G, ¢ C.

PROOF. Recall that we denote ged(n, g—1) by d. By Lemma20], | X| = |[PSL(n, ¢)| > ¢**~2,
and by [I4] Proposition 4.2.9],

_GLomtg)l e IX] G g

YT lGLim, )ttt v dlq—1)

Case 1: m = 1. .
Then n =1t > 3, so G < I'L(n,q). Take « as the decomposition &} ,(e;) and [ as the
decomposition (e1 + e3) @ (B, (e;)). The orbit of § under GG, consists of the decomposition
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(e; + Nej) @ (Prsiler)), which has size s := n(n — 1)(¢ — 1). Thus by Lemmas 2I|(iv)
and [2Z2(iv), and Table [T

2

GLOLg)| _, "

An’n—12%qg—12>= (22 >r>>20=2
win =1 g = 1) = @s) >r ! (¢ —1)"n! 4(q — 1)"n!

so 8n2(n—1)%n! > ¢** /(g—1)"*2 > ¢"*~"=2, This implies that either (n, q) = (5,2) or (4,2),
orn=3and qg <5.

Suppose first that n = 3. Then v = ¢*(¢* + ¢+ 1)(¢+1)/6 and r < 2s = 12(¢— 1). Since
r? > 2v we conclude that ¢ = 2 or 3. In either case v is divisible by ¢, and since r divides
2(v —1) (Lemma 1)), r is not divisible by 4 if ¢ = 2, and not divisible by 3 if ¢ = 3. Hence
r divides 6(¢ — 1) if ¢ = 2, or 4(q — 1) if ¢ = 3 (Lemma 22)), and then r? > 2v leads to a
contradiction. Thus ¢ = 2 and n is 4 or 5. In either case, v is divisible by 4, so 4 does not
divide r (Lemma [23). Then, since r divides 2s = 2n(n — 1), we see that r divides 6 or 10 for
n = 4,5 respectively, giving a contradiction to r? > 2v. Thus we may assume that m > 2.

Case 2: t = 2.

Next we deal with the case where G may contain a graph automorphism, namely the
case t = 2, so n = mt > 4, and G acts on decomposition into two subspaces of dimension
m = n/2. Let a be the decomposition V; @ V5 where

Vi=(v1,...,0m), Vo= (Unt1,...,02m).

Leet 3 be the decomposition V/@®Vy, where V] = (v1, ..., U1, Umy1) and Vi = (U, Ui, - - - Vo) -
Let G* :== G NPI'L(n,q), so |G : G*| < 2. Since G is point-primitive, G is point-transitive,
and so |Gy, : Gi| = |G : G*| < 2.

Moreover, let G7, v, be the subgroup of G, fixing Vi and Vi, so GY, y, has index at
most 2 in G%. If m > 2, then we are in the same situation as in Lemma ] (Case 2) with
i=m=n/2 and

m o __ 2 m 2
‘5GS\F/1,V2| = qn_27(q 11 = q2(m—1) (7q 12 .
(¢—1) (¢—1)
If m = 2, then we have double counted (as G, y, does not fix each of the spaces V; N V};

in fact it contains an element z : v, <> va, v3 > v4), and |3F 2| = ¢2m—D) (2(1(2—_11))22' In both

cases, |f%| | 4q2(m_1)%. By Lemma 22(iv), r divides 2|3%|, and hence

Note that , ,
oo XL _ @ =D (g" 1) g
| Xal 2(gm—1)---(¢—1) 2
and in particular p | v. By Lemma [23[(iii), r, divides 2, and hence r divides 8((‘1;_;)12)2. This
together with 72 > 2v leads to
64(¢™ — 1)* 2m?
T ) 2 413
(¢ —1)* (#13)
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It follows that 64 - (2¢™ 1)* > ¢*™ and so

2 2_
910 o q2(m 2m+2) 5 92Am?—2m+2)

Hence 10 > 2(m? — 2m + 2) and so m = 2 and 7 | 8(¢ + 1)?. Then we deduce from [EI3)
that 64(q + 1)* > ¢®, which implies that ¢ = 2 or 3. Assume g = 2. Then r, | 2, so 7 divides
2(q+1)% = 18, contradicting the condition 72 > 2v = 560. Hence ¢ = 3, r | 27 and v = 5265.
Combining this with r | 2(v — 1) we conclude that r divides 2°, again contradicting the
condition 72 > 2v. Thus ¢ > 3 and in particular n = mt > 6 and G < I'L(n, q).

Case 3: t > 3.

Since |GL(m, q)| < ¢™, we have

t1|GL(m, q)|" _ tg /!
d(g—1) dlg—1)

|Xa| =

Combining this with the assertion |X| < 2(df)? X,|® from Lemma 23|(i), we obtain

2f2(t!)3q3n2/t

X
X] < d(g—1)3

< 2(t)3g* 0,

It then follows from |X| > ¢"° =2 that ¢""~2 < 2()3¢*""/!, that is,
g D72 <o) (4.14)
Since n > 2t, we derive from (LI4]) that
QUI=8)=2 =)= < n(1=0)=2 < o(11)3, (4.15)

Hence either t = 3 or (¢, q) = (4,2). Consider the latter case. Here (fI4) becomes 2"°/4~2 <
2 (4!)? and hence n < 8. Asn > 2t = 8, we conclude that n = 8 and m = 2. However, then
| X| = |PSL(8,2)| and |X,| = 24|GL(2,2)|*, contradicting the condition |X| < 2(df)* X,.|® =
2| X, |? from Lemma 2.3(i).

Thus ¢t = 3, and « is a decomposition Vi @ Vo @ V3 with dim(V}) = dim(V3) = dim(V3) =
m =n/3. Say

‘/1:<U1,...,Um>, ‘/2:<Um+17---7v2m>7 ‘/3:<U2m+17---7v3m>-
Let 5 be the decomposition (v1, ..., Un_1,Vmi1) ® (Um, Umaa, - - -, Vo) B V3. Arguing as in
Case 2 we find that [f¢v2vs| = qQ(m_l)% if m > 3, or [f%12vs| = qz(m_l)%

if m = 2. Now Gy, v,.v, has index dividing 6 in G4, so |3%| divides 6¢*™~V (‘(I;n__l;%z. By

Lemma 2.2/(iv), r divides 2|3%|. Since v = %, it follows that p divides v and so by
Lemma [2.3] 7, divides 2, and hence

(¢" —1)°

| 127((] —r

so 72 < 144(2¢™1)* = 230441,
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Note that

_ |GL(3m> Q)| _ q3m2 - 2m+z -1 ﬁ q 1q3m2+2m-m+m-m _ q6m2
|GL(m, q)[33! 6 -1 ¢—1 13 q’—l 6 6’
and since 72 > 2v, we get
6m?2
—q3 < 20 < 7% < 2304¢"™ 4,
and so 6912 > ¢om*—4m+4 > gbm?—4m+d > 920 4 contradiction. O

4.4 (Cs-subgroups
Here G, is an extension field subgroup.
Lemma 4.4. Assume Hypothesis[{.1. Then the point-stabilizer G, ¢ Cs.
PROOF. By Lemma we have | X| > ¢" 2, and by [T4, Proposition 4.3.6],
Xo = Z,PSL(n/s, q°).Zy.Zs,

where s is a prime divisor of n, d = ged(n,q—1), a = ged(n/s,q—1)(¢* —1)/(d(g—1)), and
b=ged(n/s,q® —1)/ged(n/s,q —1). Thus,

SIGL(n/s. )

el =)

Case 1: n =s.
Here n is a prime, |X,| =n(¢" —1)/(d(qg — 1)), and by Lemma 2.3i),

2 2,3 n_ 1 3
‘X|<2(df)2|Xa|3I fdn (Qq_l) <2q2n3.(2qn 1) —16713 3n—1

Combining this with | X| > ¢"°~2 we obtain
¢V < 1607, (4.16)

and so 27731 < 16n3, which implies n < 5.

Subcase 1.1: n = 5.

In this case ({I6) implies that ¢? < 16-5%, which leads to ¢ = 2. However, this means that
| X| = |PSL(5,2)| and |X,| =5 - 31, contradicting the condition | X| < 2(df)*| X.|* = 2| X,.|?
from Lemma [Z3[(1).

Subcase 1.2: n = 3.

Then X = PSL(3,q), | X.| =3(¢* + ¢+ 1)/d and so v = ¢*(¢> — 1)(¢ — 1)/3. Tt follows
from Lemma 23(ii) that r divides 2df|X,| = 6f(¢> + ¢ + 1). Combining this with r* > 2v,
we obtain that 54 f2(¢> + ¢+ 1)* > ¢3(¢* — 1)(¢ — 1), that is,

R

5412 >
> e rasiy
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Table 3: Possible values of ¢, v and R

q v R q v R

2 8 14 8 75264 146
3 144 26 9 155520 182
4 960 14 16 5222400 182
5 4000 186 32 346390528 6342
7 32928 38

This inequality holds only when
q€42,3,4,5,7,8,9,16, 32}.

Let R=ged(6f(¢*> +q+1),2(v —1)). Then r is a divisor of R. For each ¢ and f as above,
the possible values of v and R are listed in Table B Hence the condition r? > 2v implies
that ¢ € {2,3,5}.

Assume ¢ = 2. Then v = 8 and r and divides 14. From r(k—1) =2(v—1)andr > k > 3
we deduce that » = 7 and k = 3, which contradicts the condition that bk = vr. Similarly,
we have ¢ # 5 (two cases to check: (r, k) € {(186,44), (93,87)}.) Hence ¢ = 3. By Table [3]
v = 144 and r divides 26. Then from r(k — 1) = 2(v — 1), bk = vr and r > k > 3, we
deduce that r = 26, k = 12 and b = 312. Since |X,| = 39, Lemma 22(ii) implies that
G > X. Since Out(X) has size 2, we must have G = X.2 (with graph automorphism). By
flag-transitivity, a block stabiliser must have index 312 and have an orbit of size 12. We
checked with MAGMA, considering every subgroup of index 312, and only one has an orbit
of size 12 (which is unique), and the orbit of that block under G does not yield a 2-design.

Case 2: n > 2s.

By Lemma 2.6 we have

s|IGL(n/s,¢")| _ s(1—q*)(1 —q*)q"/* . sq" 1
dig—1) d(g—1) d(g—1)

Moreover | X,|, = s,-¢""9/2* and | X|, = ¢"""Y/2. We deduce that p divides v = |X : X,
so by Lemma 2.3|(iii), r, divides 2, and

‘Xa‘ =

2f2$3q(3n2/8)—n(n—5)/3 n_3q(2n2/s)+n

X| < 2(df)? X251 X = 2(df)2 | X132 /| X, 2 <
| X[ < 2(df)*| Xaly| Xal = 2(df)*| Xal /| Xal, < (5, (g — 1 1

For the last inequality, we used that s < n/2 and f? < (¢ — 1)®. Combining this with
|X| > ¢" =2 we obtain
4q(1—2/s)n2—n—2 < nd. (4.17)

Subcase 2.1: s > 3.
Then n > 2s > 6 and (EI7) implies that

n3 2 4q(1—2/5)n2—n—2 2 4q(n2/3)—n—2 2 2(”2/3)—77/.
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We easily see that this inequality only holds for n < 6. Therefore n = 2s = 6, and so (£I7)
implies that ¢ = 2. Tt follows that X = PSL(6,2) and |X,| = 3|GL(2,8)| = 23-3%- 7% s0 we
can compute v = | X|/|X,| =2'%-3-5-31 and v —1 = 11-173149. We know that r | 2(v —1).
By Lemma 23[(iii), we also know that r | 2df|X,|, = 2 - 3% - 7% thus r | 2, contradicting
r? > 2u.

Subcase 2.2: s = 2.

Then n = 2m > 4 and n is even,

X = 2|GL(n/2,¢*)|  2¢"" 4 (q" = 1) ("2 = 1)+ (¢* — 1)
Y dg-1) d(g—1) ’

and

oo O =g P 1) (¢ = D(g = 1)

2

As we observed, 7, | 2. Also v is even, and so, from r(k —1) = 2(v — 1) we deduce that 4 { r.
First assume that n = 4. Then

¢ =D+ _d@-1-1)
d 2 '

By Lemma 23(iii), r divides 2df|X,|,y and hence 7 | 2f(¢*—1)(g+1), which can be rewritten
as | 2f(¢* +1)(qg—1)(g+ 1)* . Note that

2q
|X0c| -

(q+1)(¢" —2¢° +2¢° — 3¢* + 4¢° — 4¢® + 49 — 4)
9

v—1=

+1,

so that ged(v — 1,9 + 1) = 1. Hence, since r | 2(v — 1), it follows that ged(r,q + 1) | 2.
Moreover, it follows from (¢ — 1) | v that ged(r,q¢ — 1) | 2. Combining this with 4 { r and
r|2f(¢* = 1)(¢+ 1), we obtain r | 2f(¢> + 1). Therefore, using Lemma 2Z1J(iv),

43P+ 12 = >20=¢"(¢" — 1)(g—1).

However, there is no ¢ = p/ satisfying 4/%(¢*> +1)? > ¢*(¢* — 1)(¢ — 1), a contradiction.
Thus n > 6. Recall that X = SL(n,q) < G < I'L(n,q), acting unfaithfully on P (with
kernel a scalar subgroup of G). We regard V' as an m-dimensional vector space over F2 with

basis {ej, €9, ..., e, } and G, the subgroup of G preserving this vector space structure. Take
w € Fp\F,. Then

V = <€1, €2,..., €m>Fq2 = <€1, We, €x, WeE9, ..., Ey, wem)]pq.
Let
W = <61, 62>Fq2 = <61,’LU61, 62,'&U62>Fq.

Consider g € SL(n, q) defined by

1< 2;

m.

{6‘(1] =e1, €5 = —ey, (wey)? = wey, (wey)? = wey for
)

VAN/AN

1<
(€;)9 = e; , (we;)? = we; for 3 <
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Then ¢ does not fix a. Let 8 = a9 and let G, ,w) be the subgroup of G, fixing every vector
of W. Note that W9 = (e;,wey, —ez, weg)r, = W and so G ) < G, 5- Now SL(n, q)a,mw)
contains I, x SL(n/2—2, ¢?), and since this subgroup intersects the scalar subgroup tr1v1ally it
follows that X,, (4 contains a subgroup isomorphic to SL(n/2—2, ¢*) (and so do G, ), Ga.g,
and X, 3). By Lemma2.7] r divides 4df | X,|/|SL(3—2,¢%)| = 8f¢*"°(¢"—1)(¢" > —1)(q+1).
Combining this with 7, | 2 and 4 { r, we obtain

r2f(¢" = 1) ("= 1)(g+1). (4.18)

Then from % > 2v and

20=¢" Mg = )" = 1) (¢~ (g 1)

we deduce that
40" = D" =1+ 1)? > ¢ T =D (@ = 1) (- D(g - 1), (4.19)

and so
2 2
1 2( n)2( n 2)2(2 )2 > g" /4 n—2 n—4 4 _2 (n n)/2

Therefore,

This implies that
24 > qn(n—g)/2 > 2n(n—9)/2’

and hence n < 8 (since n is even).
Assume that n = 8. By (£I9) we have that

Af(* =12 = 1)*(¢+1)* > ¢"%(¢" = 1)(¢" = 1)(¢* — 1)(q — 1),

and this implies that ¢ € {2,3,4}. By (@IS), r divides u := 2f(¢® — 1)(¢® — 1)(¢ + 1), and
hence 7 divides R := ged(2(v — 1),u). However, for each ¢ € {2,3,4}, we find R? < 2v,
contradicting the fact that r? > 2v.

Hence n = 6, and here r | 2f(¢° — 1)(¢* — 1)(¢ + 1) by (EIS), which can be rewritten
as 1| 2f(¢* —q+ 1)(¢* +1)(¢> — 1)(g — 1)(g + 1)® . Recall that r | 2(v — 1), and in this
case 2(v — 1) = ¢°(¢° — 1)(¢* — 1)(¢ — 1) — 2, which is congruent to 6 module ¢ 4+ 1. Thus
ged(2(v — 1), + 1) = 6, and so ged(r,q + 1) divides 6. On the other hand, (¢* — 1)(qg — 1)
divides v, so gcd( (¢> — 1)(¢ — 1)) divides 2. Recall that 4 { r. We conclude that r |
54f(¢* —q+1)(¢* + 1). Thus

2016f%(¢° —q+1)°(¢* + 1)* > r* > 20 =¢"(¢° = 1)(¢’ = D) (g = 1),

which implies that ¢ = 2. It then follows that v = 55,552 and r | 810. However, as

r | 2(v — 1), we conclude that r | 6, contradicting r? > 2uv.
U
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4.5 (Cy-subgroups

Here G, stabilises a tensor product V; ® V5, where V; has dimension a, for some divisor
a of n, and V5 has dimension n/a, with 2 < a < n/a, that is 2 < a < y/n. In particular
n > 6. Recall that d = ged(n,q — 1).

Lemma 4.5. Assume Hypothesis[{.1 Then the point-stabilizer G, ¢ Cy.

PROOF. According to [14) Proposition 4.4.10], we have

ng(CL, n/a, q— 1)
d

|X0l| = ’ ‘PGL(CL,(]” ' |PGL(n/a7q)|

By Lemma 2.06]

1— ¢! a? 1—¢! n?/a?
1Xul < [PGL(a,0)] - [PCL(n/a, )] < L CI0 Q2O sty
q— q—

Let f(a) = a>+ " —2 = (a+")?—2—2n. This is a decreasing function of a on the interval
(2,v/n), and hence f( ) < f(2) = (n?/4) + 2. Hence |X,| < ¢° 2+(n?/a?)=2 < g 2/0)+2 By
Lemma [23](i),

X[ < 2(df)?| Xaf? < 2d2 f2qBn° /046 < 9g(Bn*/1+10,

Combining this with the fact that |X| > ¢""~? (from Lemma 26, we obtain
q(n2/4)—12 <9
Therefore, n?/4 < 12, which implies that n = 6, and hence that a = 2. Thus

q'(¢* = 1)(¢* —1)?
d

1 Xa| = and v =q"(¢" - 1)(¢" - 1)(¢*+1).

Consequently, p | v and v is even. By Lemma 23(iii), r, divides 2, 4 { r, and r divides
2df|X.|, and hence r divides 2f(¢* — 1)(¢*> — 1)%. Note that (¢* — 1)(¢+ 1) | ¢° — 1 and
q—1|¢°—1,s0 (¢>—1)(¢*> — 1) divides v. We conclude that ged(r, (¢* —1)(¢*> — 1)) divides
2. Hence, r | 2f(¢*> — 1), contradicting the condition r? > 2v. O

4.6 Cs-subgroups

Here G,, is a subfield subgroup of G of type GL(n, ¢), where ¢ = p/ = ¢§ for some prime
divisor s of f.

Lemma 4.6. Assume Hypothesis[{.1 Then the point-stabilizer G, ¢ Cs.
PROOF. According to [14, Proposition 4.5.3],

qg—1

| Xal = d-lem(go — 1, (q — 1)/ ged(n, g — 1))

PGL(H, qO)
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and, setting dy = ged(n, (¢ —1)/(qo — 1)) (a divisor of d), by Lemma [27(i) we have

do

d n\n— n n—
4 'IPGL(n,q0)| = — - g PR (g 1) (et 1) - (@2 - 1), (4.20)

0
|X0c|: E 0

In particular, the p-part |X,|, = qg("_l)/z is strictly less than |X|, = ¢""Y/2 so v =
| X|/|Xal is divisible by p, and hence, by Lemma 23[(iii), r, divides 2, and 2(df )*| X, |2 | Xo| >
| X'|. Hence

— n(n— d3 n n—
¢ < IX| <2 g™V (0~ D@ = 1) (g - 1)

Since dy < d < q, f < q and 2 < qp, this implies that

n2— n(n—1)/2 3(n+2)(n—1)/2 n2+n—
¢ <2 [P g T < g gt gy (4.21)

As q = q5, we have s(n? —2) < 4s+2n? +n — 2, so
2n? +n — 3 > s(n* — 6).

Case 1: s > 5.
Then 2n? +n — 3 > 5(n* — 6), and so n = 3. However, the first inequality in (Z21]) then
implies
¢ <2-3-¢q
that is, ¢;*'® < 18. This is not possible as ¢o°** > ¢f > 27.
Case 2: s = 3, that is ¢ = ¢;.
Then 2n%+n—3 > 3(n?—6), and so n = 3 or 4. Suppose n = 4. Then the first inequality
in (A2])) implies
q14<2_42.q2.q837
that is, 32 > ¢3. This leads to ¢go = 2 or 3, and so ¢ = ¢5 = 8 or 27, which does not
satisfy the first inequality in (£21]), a contradiction. Therefore, n = 3 = s, and examining
d = ged(3,q — 1) and dy = ged(3,¢2 + qo + 1), we see that dy = d € {1,3}. The inequality
| X| < 2(df )*| Xal2| Xo| from Lemma 223(iii) becomes (using ([#20))

¢*(¢* = 1)(¢" = 1)/d = |X| < 2d*f*q5 - (g5 — 1)* (a5 — 1)°,
or equivalently, since ¢ = g3,
go(ay — 1lag — 1) < 2d*f* - (g — 1)*(qg — 1)°.
Since (g5 —1)3(q2 — 1)* < (¢ — 1)(¢§ — 1) and d < n = 3, it follows that
a5 < 2d°f* < 54f?. (4.22)

As 3| f and gy = p//3, we then conclude that f = 3 and gy = 2, but this means that d = 1,
contradicting the first inequality of (£.22).
Case 3: s =2, that is ¢ = ¢2.
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In this case, dy = ged(n, o + 1) in the expression for | X,| in (£.20). Let a € F,\F,, and
consider

a
g= a! e X =SL(n,q).
In—2
Now g does not preserve a.. Let f = a9 # «. Then
1 ~ ~ ~
1 B eSL(n—2,q) p < XoaN(Xa)! = Xup.
B

Since this subgroup intersects the scalar subgroup trivially, X,z contains a subgroup isomor-
phic to SL(n—2, qy), and hence so does G,5. By Lemmal[24 r divides 4df|X,|/|SL(n—2, qo)|.

Thus, using (A.20)), - 1
| 4fdogy" (a5 — Dlgg = 1)

Recall that r, | 2. Moreover,

X"+ D ) (4 1)
| Xal do
is even, and so 4 { r. Therefore,
r| 2fdo(g5 — V(g5 — 1). (4.23)

From r? > 2v, that is to say, 7?/2 > v, we see that

@@ (@ ) (G )

()

2f%d3(g5 — 1)* (g5t —1)* > = y , (4.24)
0
and so, using f < ¢ = ¢3,
2d3as" " > a4y

that is, 2gcd(n, o + 1)* = 2d3 > q82_4"_3. If n > 6, then it follows that 2(qy + 1)* > ¢f, a
contradiction. Thus 3 < n < 5.

Assume that n = 5, so 2dj > ¢2. Tt follows that dy # 1, and so dy = ged(5,qo + 1) = 5.
This together with 250 > ¢2 implies that ¢y € {4,9}. In either case f = 4, and the inequality
([@24) does not hold, a contradiction. Hence n < 4.

Since PSL(n, ¢o) <X, and r, | 2,, by Lemma[2Z3] r is divisible by the index of a parabolic
subgroup of PSL(n, qp), that is, the number of i-spaces for some i < n/2.

Subcase 3.1: n = 4. There are (go+1)(g2 +1) 1-spaces and (g2 +1)(¢? +qo+1) 2-spaces,
so g3 + 1 divides r. Moreover, it follows from v = ¢§(q5 + 1)(¢5 + 1)(g3 + 1)/ ged(4, g0 + 1)
that ¢2 + 1 divides v, since ged(4,qo + 1) is a divisor of g5 + 1. Therefore, ¢ + 1 divides
ged(r,v). However r | 2(v — 1) and hence ged(r,v) | 2, and this implies that ¢Z + 1 divides
2, a contradiction.

Subcase 3.2: n = 3. Here the number ¢2 + gy + 1 of 1-spaces must divide r. Since
r | 2(v—1) and g3 + qo + 1 is odd, it follows that ¢2 + gy + 1 divides v — 1. On the other
hand v = ¢3 (g3 +1)(¢2 + 1)/dp, and it follows that ged(v —1,¢2 +qo + 1) = ¢2 + qo + 1 must
divide 2¢g + dp. This implies that ¢o = 2 and dy = ged(3, g0+ 1) = 3. Therefore, 7| r, f =2
and v = 120. However, from ([£23) and r | 2(v — 1) we obtain r = 7 or 14, contradicting
r? > 2v. ]

28



4.7 (Cg-subgroups

Here G, is of type t>™ - Sp,,, (t), where n = t™ for some prime ¢ # p and positive integer
m, and moreover f is odd and is minimal such that ¢ gcd(2,t) divides ¢ — 1 = p/ — 1(see [14],
Table 3.5.A]).

Lemma 4.7. Assume Hypothesis[{.1 Then the point-stabilizer G, ¢ Cg.

PROOF. From [I4, Propositions 4.6.5 and 4.6.6] we have |X,| < t*™|Sp,,,(t)|, and from
Lemma we have |Sp,,,(t)] < t™Z™+D - Moreover t < ¢, since tgcd(2,t) divides ¢ — 1.
Hence |X,| < t2m+m@mtl) < g2m*+3m By Lemma [23)(i), recalling that d = ged(n, q — 1),

|X| < 2(df)2|Xa|3 < 2d2f2q6m2+9m < 2q6m2+9m+4‘

Combining this with the fact that |X| > ¢"*~2 = ¢""" 2 (by Lemma 0], we obtain

2m _ 2
qt (6m +9m+6) < 2

Therefore,
t*™ < 6m? + 9m + 6. (4.25)

As t > 2, we deduce that 22" < 6m? + 9m + 6, and hence m < 3.

Case 1: m = 1. Heret=n >3, so0tis an odd prime, and from (€28 we have * < 21.
Hence t = n = 3, so that tged(2,t) = 3 divides ¢ — 1, and d = ged(n,q — 1) = 3. Also
| Xo| < t27(Spy,, (t)] = 32|Spy(3)] = 23-33, and then it follows from ¢"°~2 < |X| < 2(df)?| Xa|?
that

q7 < 2(3f)2|Xa|3 < 9. (3f‘)2 X (23 X 33)3 _ f2 . 210 X 311‘

This inequality, together with the fact that f is odd and is minimal such that ¢ ged(2,¢) = 3
divides p/ — 1, implies that ¢ € {7,13}, and hence also that f = 1. In particular, ¢ = 4 or
7 (mod 9), so that, by [I4, Proposition 4.6.5], we have X, = 3%2.Qs. According to Lemma
2.3(ii), r divides 2df|X,| = 432. Thus r divides R := gcd(432,2(v — 1)). If ¢ = 7 then
v=22.72.19, and so R = 6; and if ¢ = 13, then v = 22-7-13%-61, and again R = 6. Then
R? < 2v, contradicting r? > 2uv.

Case 2: m = 2. In this case ([{25) shows that ¢* < 48 and so ¢t = 2 and n = 4. Thus
| Xo| < t2™[Sps,, (t)] = 2*Sp,(2)] < 2'. From [I4] Proposition 4.6.6] we see that ¢ =p = 1
(mod 4). In particular, f = 1 and d = 4. Then the condition ¢**~2 < |X| < 2(df)?| X4
implies that

gt <242 (213 = 917

which yields ¢ = 5. Then by [I4, Proposition 4.6.6] we have X, = 2%.As. Therefore,
v=1X|/|Xa| =5°-13-31. By Lemma Z3|ii), r divides 2df|X,| = 2'°-3%.5. This together
with 7 | 2(v — 1) implies that r | 4, contradicting the condition r? > 2v.

Case 3: m = 3. We conclude similarly (using [I4] Proposition 4.6.6]) that ¢ = 2,
n=38qg=p=1(mod4) (so f = 1) and |X,| < 2%. However, this together with
¢V < |X| < 2(df)?|X.[® implies that ¢%2 < 282gcd(8,q — 1)? < 2%, Thus ¢ = 2, a
contradiction. O
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4.8 (C;-subgroups

Here G, is a tensor product subgroup of type GL(m,q) ¢ S;, where t > 2, m > 3 and
n =m' (see [14, Table 3.5.A]).

Lemma 4.8. Assume Hypothesis[{.1 Then the point-stabilizer G, ¢ Cs.

PROOF. From [I4], Proposition 4.7.3] we deduce that | X,| < |[PGL(m, ¢)|" - t!. This together
with Lemma 2.8 implies that | X,| < ¢/~ . ¢!, Then by Lemma 23(i),

\X| < 2(df)2|Xa|3 < 2d2f2q3t(m2—1) . (t!)3 < q3t(m2—1)+5 . (t!)?’.
Combining this with the fact that |X| > ¢*"~2 = ¢™"~2? (by Lemma [Z6)), we obtain
(t!)3 = met—3t(m2—1)—7 > 2m2t—3t(m2—1)—7. (4.26)

Let f(m) = m? — 3t(m? — 1) — 7. It is straightforward to check that f(m) is an increasing
function of m, for m > 3, and hence f(m) > f(3) = 3* — 24t — 7. Thus ([£286) implies that

232f—24t—7 < (t!)3 < 3t
Taking logarithms to base 2 we have 3% — 24t — 7 < 3tlog,(t), which has no solutions for
t>2. U
4.9 (s-subgroups
Here G, is a classical group in its natural representation.

Lemma 4.9. Assume Hypothesis [{.1 If the point-stabilizer G, € Cs, then G, cannot be
symplectic.

PROOF. Suppose for a contradiction that G, is a symplectic group in Cs. Then by [14]
Proposition 4.8.3], n is even, n > 4, and

d )

Xa & Psp(n> q) ’

where d = ged(n, g —1). For convenience we will also use the notation d’ = ged(n/2,q — 1)
in this proof. Therefore,

1 Xa| = ¢ /4" = 1)(¢" = 1)+ (¢* = 1)d'/d,

and so ,
X AT =) (P = 1) (P - 1)

R d' ’
so in particular p | v. By Lemma 23(iii), r, divides 2. Since PSp(n,q) < X,, except for
(n,q) = (4,2), we can apply Lemma 25 and so in these cases r is divisible by the index of

a parabolic subgroup of PSp(n, ¢). We first treat the case n = 4.
Case 1: n =4.

v
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In this case,

_1)\2 2(,3 _
X, = PSp(4,q) - {—ng(Q’q 1 } and v=-L L 77 ("= 1)

If (n,q) = (4,2), then a Magma computation shows that the subdegrees of G are 12 and
15, so by Lemma 2.2 (iv), r | ged(24, 30) = 6, contradicting 7? > 2v. Since X = Ag, using
[25, Theorem 1] for symmetric designs and [16, Theorem 1.1] for non-symmetric designs also
rules out this case. Hence (n,q) # (4,2). Then, since the indices of the parabolic subgroups
P; and Py in PSp(4,q) are both equal to (¢ + 1)(¢* + 1), it follows that (¢ + 1)(¢* + 1) | »
and, since r | 2(v — 1), that (¢ + 1)(¢*> + 1) divides 2(v — 1). Suppose first that ¢ is even.
Then
2(0—1)=2¢°(¢° = 1) =2 =2(¢* + 1)(¢’ —q — 1) + 2,

which is not divisible by ¢? + 1. Thus ¢ is odd, and we have
20-1) =’ ~1)-2=(+ 1)@ —g¢—1)+qg—1,

and again this is not divisible by ¢* + 1. Thus n # 4.
Case~ 2: n>6.
Let X = SL(n, q), the preimage of X in GL(n,q), and let {e1,...,€n/2, f1,..., fnj2} be a

basis for V' such that the nondegenerate alternating form preserved by X, satisfies

(62'7 6]') = (fz, fj) = 0 and (6,’, fj) = 5ij fOI' all Z,]

Let SL(4,q) denote the subgroup of X acting naturally on U := (e1, €9, f1, f2) and fixing
W = (es,...,en2, f3,..., fny2) pointwise, and let Sp(4,q) = SL(4,¢q) N X,,, namely the
pointwise stabiliser of W in X,. Let g € SL(4,¢) \ Nspwq(Sp(4,q)) s0 g & X,, and let
b = a¥ # «a. Since g fixes W pointwise, it follows that the alternating forms preserved by
« and § agree on W and hence that Xag = Xa N (X'a)g contains the pointwise stabiliser
Sp(n —4,q) of U in X,

Since this subgroup Sp(n — 4, ¢) intersects the scalar subgroup trivially, X,s contains
a subgroup isomorphic to Sp(n — 4, ¢), and hence so does G,5. By Lemma 2.4 r divides
4df|Xa|/|Sp(n — 4, q)|, that is,

rlAd f¢* g — 1) ("7 = 1).

Recall that r, | 2. Also, since n > 6, v is even, and hence 4 { r. Similarly, it follows from
(¢ — 1) | v that ry | 2 for each prime divisor ¢ of ¢ — 1. Therefore,

n—2_1

" =1 ¢
2f . .
r|2f R

As f <qand (¢ —1)/(qg—1) < 2¢°~! for all j, it follows that r < 8¢*" 3. From 72 > 2v we
derive that

n— n2— n n— n—
64" 0 > 2¢" P (T = 1)(¢" P = 1) - (¢F = 1)/
n?—2n n—2 _n— n2/2)—n—
> 2¢O (g2 ?) Jg = 24T
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and so 32 > ¢(*/2=5nt5s > 9(n?/2)=5n+5 that is n? — 10n < 0. This implies that n < 8.

Suppose that n = 8. Here d' = ged(4,¢ — 1). In this case the index of each of the
parabolic subgroups B, for 1 < i < 4, is divisible by ¢* +1, and hence ¢*+ 1 divides r, which
in turn divides 2(v — 1) by Lemma Then

¢ +1]2d(v—1)=2¢"(q" —1)(¢" - 1)(¢* — 1) — 2d".

Since the remainders on dividing ¢*2,¢" —1,¢° — 1 by ¢* + 1 are —1, —¢*> — 1 and —¢ — 1,
respectively, it follows that

¢ 1 =2+ D)+ 1)(* = 1) —2d = —2(¢° — 1) (g + 1) — 2d.
The remainder on dividing ¢° — 1 by ¢* + 1 is —¢® — 1, and hence

¢ —1
q—1

" +112(¢+1)(g+1) —2d =2 —d.

This implies that
4 4 ! _ 4 !
¢ +1|2(¢"—=1)—=2d(q—1)=2(¢" +1) -4 -2d(qg— 1)

and hence ¢* +1 < 2d'(¢ — 1) + 4 < 8¢ — 4 (since d’ < 4), a contradiction.
Thus n = 6. Here d’ = ged(3,¢ — 1). The indices of the parabolic subgroups Py, Py and
Py in PSp(6, ¢) are (¢* +1)(¢*+q+1), (¢’ +1)(¢*+q+1)(¢°+1) and (¢’ +1)(¢* +1)(g+1),
and since one of these numbers divides 7, we deduce that (¢ +1) | r, and so (¢* + 1) divides
2d'(v—1) = 2(¢°(¢° — 1)(¢* — 1) — d'). Since the remainders on dividing ¢%,¢° — 1,¢> — 1
by ¢ +1 are 1,—¢* — 1 and —2, respectively, it follows that ¢+ 1 divides 2 (2(¢*> + 1) — d').
Hence ¢3 +1 < 2(2¢®> +2 — d') < 2(2¢*> + 1), which implies that ¢ < 4. If ¢ = 3, but then
d =1 and ¢ +1 = 28 does not divide 2(2(¢> + 1) — d’) = 38. Thus ¢ is even and the
divisibility condition implies that ¢ + 1 divides 2(¢> + 1) — d’ < 2¢* + 1, which forces ¢ = 2
and d’ = 1. Hence v = 26731, and therefore v — 1 is coprime to 5 and 7. However r, and
hence also 2(v — 1) is divisible by the index of one of the parabolic subgroups Py, Py or P3
of PSp(6,2), and these are 32 -7, 32-5-7, 3% - 5. This is a contradiction.
U

Lemma 4.10. Assume Hypothesis [{.1. If the point-stabilizer G,, € Cs, then G, cannot be
orthogonal.

PROOF. Suppose for a contradiction that G, is an orthogonal group in Cs. Then by [14]
Proposition 4.8.4], ¢ is odd, n > 3, and

X, =2 PSO“(n, q). ged(n, 2),

where € € {o,+,—}. Let X = SL(n, q) and let X, denote the full preimage of X, in X.
Let ¢ be the non-degenerate symmetric bilinear form on V preserved by X,, and let
e1, f1 € V be a hyperbolic pair, that is e, f; are isotropic vectors and @(eq, f1) = 1. Let
U = (ey, f1), and consider the decomposition V = U @ Ut. Let g € X fixing U* pointwise
and mapping e; onto itself and f; onto e; + f;. Then g maps the isotropic vector f; onto
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the non-isotropic vector e; + f1, and so g ¢ X,. Let 8 = a4, so that X 3 leaves invariant the
form 9. Then, since ¢ and 9 restrict to the same form on UL, we have that

{(]2 B) 'BESOE(n—Q’q)} < XX

Since this group intersects the scalar subgroup trivially, X,z contains a subgroup isomorphic
to SO(n — 2, ¢), and hence so does G,p. By Lemma 2.4]

pon

r | 4df|X.]/[SO(n — 2, q)|. (4.27)

We now split into cases where n is odd or even.
Case 1: n =2m + 1 is odd, so € = o and is usually omitted.
In this case, X, = PSO(2m + 1, ¢). Thus

1 Xao| = ¢ (™ = )P = 1) (> = 1),
and so ,
v=|X|/|Xa| = ¢ (@ = D)@ = 1) (6P - 1)/d,

where d = ged(2m + 1,¢ — 1), and this implies that v is even and p | v. By Lemma [23](iii),
r, divides 2, so r, = 1 since ¢ is odd. Moreover, since r | 2(v — 1), it follows that 4 { 7.
Subcase 1.1: m = 1.
Then
[ Xol =q(¢® = 1) and v=¢(¢’ —1)/d

As p | v, it follows from Lemma 23(iii) that r divides 2df|X,|,» and hence r divides 2df (¢* —
1). Combining this with r | 2(v — 1), we deduce that r divides

2ged (d(v —1),df (¢* = 1)) =2ged (¢*(¢° — 1) — d, df (¢* = 1)) .
Noting that ged (¢%(¢® — 1) — d, ¢* — 1) divides
P -1 —d= (=D +q-1)=q-1-4d

we conclude that r divides 2df(¢—1—d). If d = ged(3,¢—1) = 3, then ¢ > 7 (since ¢ is odd)
and r | 6f(q —4). From r? > 2v = 2¢*(¢* — 1)/3 we derive that 54f%(q¢ — 4)? > ¢*(¢* — 1),
which yields a contradiction. Consequently, d = 1. Then 7 | 2f(¢ — 2), and from r? > 2v =
2¢%(¢®> — 1) we derive that 2f%(q¢ — 2)* > ¢*(¢> — 1), which is not possible.

Subcase 1.2: m > 2. By [A.21), r | 4df|X.|/|SO%(n — 2, q)|, that is,

r | 4dfg*" N (g?" — 1),
Recall that r, = 1 and 4 { r. We conclude that
r | 2df (¢*" = 1).
Therefore, as 72 > 2v, we have

2qm2+m(q2m+1 _ 1)(q2m—1 _ 1) . (q3 _ 1)
d Y

4d2f2(q2m - 1)2 >
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and hence
2q3 . q2 . q4m > 2d3f2(q2m o 1)2
> qm2+m(q2m+1 i 1)(q2m—1 i 1) . (qs i 1)
> qm2+m(q2mq2m—2 L q2>

— q2m2—l—2m7
This implies that ¢2™ ~2m=% < 2 and so 2m2—2m—5 < 0. Thus m = 2 and d < 5. Therefore
E(@® —1)(¢®—1) <283 f*(¢* — 1)? < 250f?(q* — 1)?, which implies ¢ = 2, a contradiction.
Case 2: n = 2m is even, where m > 2 since 2m =n > 3.
In this case, X, = PSO(2m, q) - 2 with ¢ = + (we identify + with £1 for superscripts).

Hence
[ Xal = ¢"" (g™ =)@ =)@ = 1) (¢F - 1),
and so ,
X g @m @ D@ 1) (P - 1)
| X4 d ’
where d = ged(2m, ¢ — 1), and this implies that v is even and p | v. By Lemma [2.3[iii), 7,

divides 2, so r, = 1 since ¢ is odd. Moreover, since 7 | 2(v — 1), it follows that 4 { 7.
By [@27), r | 4df|X.|/|SO(n — 2, )], that is, r divides

v

2m—2/, m q2m—2_1 2m—2/ . m m—1
Adf ™" (q™ — ) =4dfqg™" (¢ —€)(¢" +e).

Asr,=1and 4 1r, it follows that
r|2df(¢" — €) (" +e). (4.28)
Then we deduce from r? > 2v that
20°f*(q™ — €)% (¢ +¢)?
>¢" (g™ + (@ = D@ 1) (60 - 1), (4.29)
and so
2¢* - (2" 1) > 2 2 (¢ — )P (" + )’
>q" "+ @ = D@ 1) (60 - 1)
> " (2" ) (@ )

2m2—1

Hence ¢2™~4m=4 < 4 and so 2m2 — 4m — 4 < 2, which implies m = 2 and d < 4. Thus
X, 2 PSO“(4,q) - 2.
Suppose € = —, so that X, = PSO™(4,¢) - 2. Then (£29) gives
2d°f2(q* + 1)*(¢ = 1)* > ¢*(¢* = 1)(¢° — 1),
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which can be simplified to
2d°f(¢* +1)? > ¢*(g + 1)(¢* + g + 1), (4.30)

Thus 12812(¢*> + 1)* > ¢*(q + 1)(¢*> + ¢+ 1). Since ¢ is odd, this implies that ¢ = 3 so that
d =2, but then ([30) is not satisfied.
Therefore € = +, so that X, = PSO"(4,q) - 2. Then ([E29) gives

28° f*(¢* = 1)* (g + 1)* > ¢"(¢* + 1) (¢* — 1) (4.31)
and thus
128f%(q+1)* > (¢* + 1)(¢* — 1).

Since ¢ is odd, we conclude that ¢ = 3 or 5. However, ¢ = 3 does not satisfy ([A31]), thus
q=5,f=1landd=4. Thenv = |X|/|X,| = 503750. By (??), r | 2df(¢*—1)(q+1) = 27%33.
This together with 7 | 2(v — 1) (Lemma 2I[(i)) leads to r | 2, contradicting r? > 2uv. O

Lemma 4.11. Assume Hypothesis [{.1. If the point-stabilizer G, € Cs, then G, cannot be
unitary.

PROOF. Suppose that G, is a unitary group in Cs. Then by [14] Proposition 4.8.5], n > 3,
2
q = q;, and

d

where d = ged(n,q — 1) and ¢ = (¢ — 1)/lem(qo + 1, (¢ — 1)/d). By Lemma 27iii), ¢ =
ged(n, go — 1). Hence

1
X, % PSU(n, g - | BB

ng(na 40 + 1) ng(na qo — 1)
ged(n, g3 — 1)

| Xa| = [PSU(n, q0)] -

n

C  n(n— i i
=20 [T - (=1))
1=2

and
n

|X| 1 n(n—1)/2 i i
« i=2

which implies that p | v and v is even. Since r | 2(v — 1), it follows that r, | 2 and 41 7.
Case 1: n = 3.
In this case,

_cwlg+ Dl -1 o dld—Dig+1)

d c

where ¢ = ged(3, g0 — 1) and d = ged(3, g3 — 1). Since PSU(n, ¢y) < X, by Lemma 23] r is
divisible by the index of a parabolic subgroup of PSU(3, ¢o), that is, g5+ 1. Hence (¢g +1) | r,
which implies that (g5 +1) divides 2(v—1) and hence also 2c(v—1) = 2q3 (g5 —1)(¢2 +1) —2c.
Since the remainders on dividing g3, g5 — 1 by ¢3 + 1 are —1, —2, respectively, it follows that

| Xal
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which implies that go =2, d =3, c =1, and f = 2. Thus v = ¢3(qg — 1)(¢2 + 1) = 280 and
| Xol =@ (2 +1)(¢2 —1)/3 =72. Since r | 2(v — 1) and r | 2df| X,|,» by Lemma 2.3(iii), we
conclude that r divides 18, contradicting the condition r? > 2v.

Case 2: n > 4.

Let X = SL(n,q) and let X, denote the full preimage of X, in X. Let U = (e, f1)
be a nondegenerate 2-subspace of V relative to the unitary form ¢ preserved by X,. Let
A € SL(U) such that A does not preserve modulo scalars the restriction of ¢ to U. Then

the element g = (A ) € X but ¢ does not lie in X,. Hence 8 := a9 # «. On the other
hand

1

{(" »)

Since this group intersects the scalar subgroup trivially, X,z contains a subgroup isomorphic
to SU(n — 2,¢), and hence so does G,3. By Lemma 2.4] r divides 4df|X,|/|SU(n — 2, qo)],
that is,

BeSUmn— 2,q0>} <X NKI = X

rldefes " (qp — (1)) (gp " — (=1)" 7).

Since 7, | 2 and 4 { r, we derive that

rl2ef(q — (=)")(g ™" = (=1)"7).

This together with 72 > 2v and v = |X|/|X,| leads to r?|X,| > 2|X|. By Lemma 28] we

have )

ar teged(n, gy + 1)
d

Consequently, noting that ged(n, go + 1) < d = ged(n, g2 — 1), ¢ = ged(n, g0 — 1) < qo, and

f<q=q:, we get

1X| > @t and |X,| <

-1 ged(n, go + 1)
d

n
2n°—4 f‘2 n n\2 n— n— 2 q )

n n n— n— n2—
<Aqi(gy — (=)™ (gg ™ = (=)™ )2 qp
< 4q82+6(2q8+n—1)2 _ 16q82+4n+4

and hence
n?—4n—8

9 < 8.

It follows that n? — 4n — 8 < 3, which implies n = 4 or 5.
Subcase 2.1: n =4.
Then

v=q5(ap + 1)(a — Dlag +1)/c,
where ¢ = ged(4,90 — 1). Since r is divisible by the index of a parabolic subgroup of
PSU(4, q), which is either (g2 + 1)(¢3 + 1) or (go + 1)(¢5 + 1), we derive that (¢ + 1) | 7.
Hence (g + 1) divides 2(v — 1), and hence also 2c(v — 1) = 2¢5(q5 + 1)(g5 — 1)(¢2 + 1) — 2c.

Since the remainders on dividing ¢, ¢5+1, g5 —1 by g5 +1 are 1, —go+1 and —2, respectively,
it follows that g5 + 1 divides 2(—qo + 1)(—=2)(¢3 + 1) — 2¢ = 4(qo — 1)(¢2 + 1) — 2¢, which
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equals 4(g3 + 1) —4(g2 — qo +2) — 2c. Tt follows that g + 1 divides 4(¢Z — qo + 2) + 2¢, which
implies gg = 2. Thus v = 2%-5.7-17, and the index of a parabolic subgroup of PSU(4, qo)
is either 45 or 27. However, neither 45 nor 27 divides 2(v — 1), a contradiction.

Subcase 2.2: n =5.

Then

v=q5"(g0 — Dlgo + 1)(go — 1)(g5 + 1) /c,

where ¢ = ged(5,q0 — 1). Since r is divisible by the index of a parabolic subgroup of
PSU(5, qo), which is either (g2 + 1)(g5 + 1) or (g8 + 1)(qg + 1), we derive that (¢ + 1) | r.
Hence (gg+1) divides 2(v—1), and hence also 2c(v—1) = 2¢{°(¢0—1)(ga+1) (g8 —1) (g2 +1)—2c.
Since the remainders on dividing ¢2°, ¢5 —1, (¢ —1)(¢2 +1) by ¢5+1 are 1, —2 and ¢ — g2 — 2,
respectively, it follows that ¢f + 1 divides —4(q3 + 1)(¢5 — ¢2 — 2) — 2¢, which equals

—4(gh + 1) (g5 — q0) — 4(—2q5 + g5 — 2q5 + qo — 2) — 2c.

Thus ¢f + 1 divides 8¢5 — 4¢3 + 8¢2 — 490 + 8 — 2c. However, there is no prime power gq
satisfying this condition, a contradiction. O

4.10 Cy-subgroups

Here GG, is an almost simple group not contained in any of the subgroups in C;—Cs.
Lemma 4.12. Assume Hypothesis[{.1. Then the point-stabilizer G, ¢ Cy.

PROOF. By Lemma22(i) and Lemma 2.6, we have |Go|* > |G| > | X| = |PSL(n, q)| > ¢** 2.
Moreover, by [I7, Theorem 4.1], we have that |G| < ¢*". Hence ¢ 2 < |G4|?® < ¢”*, which
yields n? — 2 < 9n and so 3 < n < 9. Further, it follows from [I7, Corollary 4.3] that either
n = y(y —1)/2 for some integer y or |G,| < ¢*"™. If n = y(y — 1)/2, then as 3 < n <9 we
have n = 3 or 6. If |Ga| < ¢®"™, then we deduce from |G, > ¢" =2 that ¢o"™12 > ¢7°~2,
which implies 6n + 12 > n? — 2 and so 3 < n < 7. Therefore, we always have 3 < n < 7.
The possibilities for X, can be read off from [4, Tables 8.4, 8.9, 8.19, 8.25, 8.36]. In Table
[ we list all possibilities, sometimes fusing some cases together. Not all conditions from [4]
are listed, but we list what is necessary for our proof. Note that in some listed cases X, is
not maximal in X but there is a group G with X < G < Aut(X) such that G, is maximal
in G and G, N X is equal to this non-maximal subgroup X,.

Table 4: Possible groups X and X,

Case X Xao Conditions on ¢ from [4] Bound (1.32)
1 PSL(3,q) PSL(2,7) g=p=1,24 (mod 7),q#2 q¢q<14
2 Ag g=p=1,4 (mod 15) qg<19
3 Ag q=p*p=2,3 (modb),p#3 ¢q<23
4 PSL(4,q) PSL(2,7) g=p=1,24 (mod 7),q#2 qg<4
5 Ar g=p=1,2,4 (mod 7) q<T7
6 PSU(4, 2) g=p=1 (mod 6) qg<12
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7 PSL(5,q) PSL(2,11) g =p odd qg<3

8 M q = 3 qg << 4
9 PSU(4,2) g=p=1 (mod 6) qg<5>
10 PSL(6,q) Ag.23 g = p odd q<3
11 Ag g =p or p? odd q<?2
12 PSL(2,11) q = p odd qg<3
13 A g =p or p? odd q<3
14 PSL(3,4)27 ¢ =p odd q<3
15 PSL(3,4) g =p odd qg<3
16 M12 q = 3 q < 4
17 PSU(4,3)2; gq=p=1 (mod 12) g<b>
18 PSU(4, 3) ¢g=p=7 (mod 12) q<b>
19 PSL(3, q) g odd

20 PSL(7,q) PSU(3,3) g =p odd q<?2

By Lemma 23(i) and Lemma 28, we have 2d2f2|X,|* > |X| > ¢"° 2. Using the fact
that d = ged(n,q — 1) < n, it follows that

g < (2n2f2|X, 5 (4.32)

Note that, except for case (19), we know that f = 1 or 2. This inequality gives us, in
each case except (19), an upper bound for ¢, which is listed in the last column in Table [l
Comparing the last two columns of the table we see the condition and bound are satisfied
only in the following cases: (1) for ¢ = 11, (3) for ¢ = 4, (5) for ¢ = 2, (6) for ¢ = 7,
(8) and (16). For case (19), we know that f < ¢ and |PSL(3,¢q)| < ¢® by Lemma 28] so
72¢%¢** > ¢4, that is ¢® < 72, which is not satisfied for any ¢. In case (1) for ¢ = 11, d =1
and the inequality 2d2f2|X,[> > ¢"*~2 is not satisfied.

For each of the remaining cases, we compute v and 2df|X,|. By Lemma 2.3(ii), r |
2df|X,|. On the other hand r | 2(v—1), so r divides R := ged(2(v —1), 2df|X,|). Now using
R? > r? > 2uv, this argument rules out cases (3) for ¢ = 4, (6) for ¢ = 7, (8) and (16). This
leaves the single remaining case (5) with ¢ = 2. Then this argument yields r | 14, v = 8. As
r? > 2vu, r = 7 or 14. By Lemma 2IJi), r(k — 1) = 14, so the condition k¥ > 3 implies that
r =7 and k = 3. Now Lemma [2Z1]ii) yields a contradiction since k t vr. Hence, we rule out
case (5) for ¢ = 2, completing the proof. O
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