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Abstract

One of the central results in the representation theory of distance-regular graphs
classifies distance-regular graphs with ¢ > 2 and second largest eigenvalue 61 = b; —1.
In this paper we give a classification under the (weaker) approximate eigenvalue con-
straint 7 > (1 — £)by for the class of geometric distance-regular graphs. As an ap-
plication, we confirm Babai’s conjecture on the minimal degree of the automorphism
group of distance-regular graphs.

1 Introduction

In this paper we characterize Johnson and Hamming graphs as geometric distance-regular
graphs satisfying certain relaxed spectral constraints. Classical characterization results
of Hamming graphs H(d, q) assume equality constraints on certain parameters such as
the assumption ¢; = b; — 1 on the second largest eigenvalue (Theorem [L1] below) or the
assumption n = (A + 2)? on the number of vertices (Enomoto [17] and Egawa [16]). The
principal novelty of our result is that we make no such tight assumptions. We apply our
characterization to confirm Babai’s conjecture on the minimal degree of the automorphism
group of distance-regular graphs.

1.1 Characterization of Johnson and Hamming graphs

A result of Terwilliger [34] (see [9, Theorem 4.4.3]) implies that the icosahedron is the
only distance-regular graph, for which the second largest eigenvalue ¢; (of the adjacency
matrix) satisfies 6; > b; — 1 and a pair of vertices at distance 2 has y > 2 common
neighbors. Another classical result gives the classification of distance-regular graphs with
u>2and 6y =b — 1.

Theorem 1.1 ( [0, Theorem 4.4.11]). Let X be a distance-regular graph of diameter d > 3
with second largest eigenvalue 01 = by —1. Assume p > 2. Then one of the following holds:
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1. =2 and X is a Hamming graph, a Doob graph, or a locally Petersen graph (and
all such graphs are known).

2. p=4 and X is a Johnson graph.
3. pw==6 and X s a half cube.
4. p=10 and X is a Gosset graph FE;(1).

In this paper we consider the case 6, > (1 — )by for sufficiently small ¢ > 0. The
relaxation of the assumption on the second largest eigenvalue comes at the cost of re-
quiring additional structural constraints. Our main structural assumption is that X is a
geometric distance-regular graph, meaning that there exists a collection of Delsarte cliques
(see Sec. 2.3) C such that every edge of X belongs to a unique clique in C. Additional
technical structural assumptions depend on whether the neighborhood graphs of X are
connected. We note that for a geometric distance-regular graph X either the neighbor-
hood graph X (v) is connected for every vertex v, or X (v) is disconnected for every vertex
v (see Lemma [2.19)). We give the following two characterizations.

Theorem 1.2. Let X be a geometric distance-reqular graph of diameter d > 2 with smallest
eigenvalue —m. Suppose that u > 2 and 01 + 1 > (1 — *)by for an absolute constant
0 < " ~ 0.0065. Moreover, assume that the vertexr degree satisfies k > max(m?,29) and
the neighborhood graph X (v) is connected for some vertexr v of X.

Then X is a Johnson graph J(s,d) for s = (k/d)+d > 2d+ 1.

Remark 1.3. We give the exact definition of £* in Proposition (see also Def. B3] and
Theorem B.5). We note that £* can be set to be as large as 2/7, if we additionally assume
k to be sufficiently large (see Remark [3.13)).

Theorem 1.4. Let X be a geometric distance-reqular graph of diameter d > 2 with smallest
eigenvalue —m. Suppose that p > 2 and 0, > (1 — )by, where 0 < & < 1/(6m?*d).
Moreover, assume ¢; < ek and by < ek for some t < d, and the neighborhood graph X (v)
18 disconnected for some vertex v of X.

Then X is a Hamming graph H(d,s), for s =1+ k/d.

Remark 1.5. If s > 6d° + 1, then the Hamming graph H(d, s) satisfies the assumptions
of this theorem with 1/(s — 1) < e < 1/(6d®) and t = d.

The assumption that a distance-regular graph is geometric excludes only finitely many
graphs with p > 2, if the smallest eigenvalue of the graph is assumed to be bounded, as
proved by Bang and Koolen [25] in 2010.

Theorem 1.6 (Koolen, Bang). Fiz an integer m > 2. There are only finitely many non-
geometric distance-reqular graphs of diameter > 3 with p > 2 and smallest eigenvalue at
least —m.



Moreover, they conjecture the following classification of geometric distance-regular
graphs with fixed smallest eigenvalue —m and p > 2.

Conjecture 1.7 (Koolen, Bang). For a fixed integer m > 2, any geometric distance-
regular graph with smallest eigenvalue —m, diameter > 3 and p > 2 is a Johnson graph,
or a Hamming graph, or a Grassmann graph, or a bilinear forms graph, or the number of
vertices is bounded by a function of m.

Our characterizations confirm this conjecture in rather special cases.

Theorem [[.4] is one of the main technical contributions of the paper. Even though the
assumptions of Theorem [[.2] seem weaker (for instance, ¢ is absolute), we believe that,
in comparison with known results, Theorem [I.4] brings more novelty. The known charac-
terization of Johnson graphs in terms of the local structure (Theorem 2.21]) seems to be
more easily applicable than the known characterizations of Hamming graphs. All char-
acterizations of Hamming graphs known to the author, in terms of intersection numbers,
eigenvalues or local structure, make strong equality constraints either on the number of
vertices, or on the eigenvalues. In contrast, Theorem [[.4] makes no assumptions of such
flavor and therefore might be more broadly applicable.

1.2 Motion: Minimal degree of the automorphism group

For a permutation o of a set €2 the number of points not fixed by o is called the degree of
the permutation o. Let G be a permutation group on a set €2. The minimum of the degrees
of non-identity elements of G is called the minimal degree of G. We denote this quantity
by mindeg(G). Lower bounds on the minimal degree of a group have strong constraints
on the structure of the group. A result of Wielandt [37] implies that a linear lower bound
on mindeg(G) provides a logarithmic upper bound on the degree of an alternating group
involved in G as a quotient of a subgroup. The study of the minimal degree goes back to
19th century (Jordan [22], Bochert [7]). We briefly indicate some of the history and the
motivation of this classical concept in the Outlook section (Sec. [G).

Definition 1.8 (Motion). Following [31], for a combinatorial structure X we use term
motion for the minimal degree of the automorphism group Aut(X),

motion(X’) := mindeg(Aut(X)).
In 2014 Babai [3], [4] classified the strongly regular graphs with sublinear motion.

Theorem 1.9 (Babai). Let X be a strongly reqular graph on n vertices. Then either

motion(X) >

Y

ool 3

or X, or its complement is the Johnson graph J(s,2), the Hamming graph H(2,s) or a
disjoint union of cliques of the same size.



Non-trivial strongly regular graphs are primitive distance-regular graphs of diameter 2.
Babai conjectured that a similar classification should be true for primitive distance-regular
graphs of fixed diameter.

Conjecture 1.10 (Babai). For any d > 3 there exists 74 > 0, such that for any primitive
distance-regular graph X of diameter d on n vertices either

motion(X) > y4n,
or X is the Johnson graph or the Hamming graph.

Using our characterizations of Johnson and Hamming graphs, we confirm the conjecture
in the stronger form dropping the primitivity assumption. (The imprimitive case admits
one more class of exceptions, the cocktail-party graphs). A large portion of the proof relies
on the results we prove in [23].

Theorem 1.11. For any d > 3 there exists vq4 > 0, such that for any distance-reqular
graph X of diameter d on n vertices either

motion(X) > yyn,
or X s a Johnson graph, or a Hamming graph, or a cocktail-party graph.

In [23] we reduced the case of imprimitive distance-regular graphs to confirming the
conjecture for primitive graphs. Moreover, in one of the main results of [23] we show that it
is sufficient to study geometric distance-regular graphs with bounded smallest eigenvalue,
which is the case we settle in this paper.

Theorem 1.12 ( [23| Theorem 1.6]). For any d > 3 there exist v, > 0 and a positive integer
myq, such that for any primitive distance-reqular graph X of diameter d on n vertices either

motion(X) > ~)n,
or X 1s geometric with smallest eigenvalue at least —my.

Remark 1.13. The reason we split the proof of Theorem [L.I1] between two papers is
the different nature of techniques and results obtained. In particular, in [23] we prove a
spectral gap bound for distance-regular graphs which have a dominant distance. We use
it as one of the ingredients in the analysis of ;1 = 1 case in this paper (see Theorem [5.2)).

1.3 A few words on the proof of the characterization theorems

The proof of Theorem [[.1] has two crucial ingredients. The first ingredient is Terwilliger’s
14 01/(01 + 1) lower bound on the smallest eigenvalue of the neighborhood graphs. In the
case when 6; = b; — 1 this bound implies that the smallest eigenvalue of each neighborhood
graph is at least —2 and all such graphs are classified by Cameron, Goethals, Seidel and



Shult [I1] (note that the neighborhood graphs are regular). In particular, if a neighborhood
graph has no induced quadrangle, then the neighborhood graph is a clique, the pentagon
or the Peterson graph. The second ingredient is the existence of a root representation (an
integral affine (2, 4)-representation) for a distance-regular graph with #; = b; —1 and which
contains a quadrangle. The classification of the amply regular graphs with p > 2, which
have a root representation, is known (see [9, Theorems 3.15.1-3.15.4]).

We note that in the case of geometric distance-regular graphs the condition p > 2
implies the existence of an induced quadrangle. The argument that shows the existence of
the root representation heavily depends on the equality constraint #; = b; — 1 and does not
survive when this condition is relaxed to 6, > (1 — ¢)b;. However, under our assumptions,
we are still able to make use of the first ingredient. Indeed, results of Hoffman [21] and
Bussemaker, Neumaier [I0] imply that no graph has the smallest eigenvalue in the range
(—2 — 9, —2) for some constant 6 > 0. This will be sufficient to prove Theorem (see
Section [3)).

The proof of Theorem [I.4] requires a different approach. A distance-regular graph is
geometric with disconnected neighborhood graphs if and only if each of its neighborhood
graphs is a disjoint union of cliques. We prove that if X satisfies the assumptions of The-
orem [[L4] and is not a Hamming graph, then the second largest eigenvalue has multiplicity
less than the vertex degree of X. Terwilliger [34] proved that this implies that each neigh-
borhood graph has an eigenvalue less than —1. This leads to a contradiction, as the least
eigenvalue of a disjoint union of cliques is —1. We prove Theorem [[.4] in Section [4]
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2 Preliminaries

In this section we give definitions and basic properties for the objects and notions that
are used in the paper. For more about distance-regular graphs we refer the reader to the
monograph [9] and the survey article [14].

2.1 Basic concepts and notation for graphs

Let X be a graph. We always denote by n the number of vertices of X and for a regular
graph X we denote by k its degree. We denote the diameter of X by d. If the graph is
disconnected, then its diameter is defined to be oco.

Definition 2.1. A regular graph is called edge-reqular if every pair of adjacent vertices
has the same number A of common neighbors.



Definition 2.2. A regular graph is called amply regular if every pair of vertices at distance
2 has the same number p of common neighbors.

Let N(v) be the set of neighbors of a vertex v in X and N;(v) = {w € X|dist(v,w) =i}
be the set of vertices at distance i from v in the graph X. By X(v) we denote the
neighborhood graph of v in X, namely, the graph induced by X on N(v).

Definition 2.3. Let X be a graph. Denote by V(X)) and E(X) the set of vertices and the
set of edges of X. The line graph of X is the graph L(X) with the set of vertices F(X),
in which distinct e, e; € E(X) are adjacent if they (as edges of X)) share a vertex.

By eigenvalues of a graph we mean the eigenvalues of its adjacency matriz.

2.2 Distance-regular graphs

Definition 2.4. A connected graph X of diameter d is called distance-regular if for every
0 < i < d there exist constants a;, b;, ¢; such that for any v € X and any w € N;(v) the
number of edges between w and N;(v) is a;, between w and N;_(v) is ¢;, and between w
and N 1(v) is b;. The sequence

L(X) = {bo, bl, ey bd—l; C1,Coy ... ,Cd}
is called the intersection array of X.

Note that every distance-regular graph is edge-regular and amply regular with A = a,
and p = co.

By simple counting, the following properties of the parameters of distance-regular
graphs hold.

1. a;+b;+c¢; =k for every 0 <17 <d,
2. bi+1 S bl and Cit+1 ZCZ' fOI'OSZSd—l
3. |Ni(v)|b; = | Niy1(v)|cig1, for 0 <i < d—1 and any vertex v.

Thus, the numbers k; = |N;(v)| do not depend on a vertex v € X, and we can rewrite the
last property as

3. k‘zbz = k:i+1ci+1, for 0 S 1 S d—1.

From the definition of a distance-regular graph it can be deduced that there are param-
eters p;; such that for any u,v € X with dist(u,v) = s there exist precisely p; ; vertices at
distance 4 from v and distance j from v, i.e., [Nj(u) N N;(v)| = p;;. The parameters p; ;
are called intersection numbers.

Lemma 2.5. Let X be a distance-regular graph of diameter d > 2. Then 2\ < k + p.



Proof. Denote N(x,y) = N(x) N N(y) for vertices z and y of X. The inequality above
follows from the two obvious inclusions below applied for v and w at distance 2 and their
common neighbor v
N(u,v) U N(u,w) C N(u), N(u,v) N N(u,w) C N(v,w).
]

In Section @l we will need the following inequality proved by Terwilliger [33].

Theorem 2.6 (Terwilliger [33], see [9, Theorem 5.2.1]). Let X be a distance-reqular graph.
If X contains an induced quadrangle, then
ci—biZci_l—bi_le)\—l—Q, fOTi:1,2,...,d.

We also need the following result regarding the increase ¢; — ¢;_1.

Theorem 2.7 ( [9, Theorem 5.4.1]). Let X be a distance-reqular graph of diameter d > 3.
If u > 2, then either c3 > 3u/2, or c3 > u+ by and d = 3.

Corollary 2.8. Let X be a distance-regular graph of diameter d > 3. If u > 2, then
Cc3 > L.

A distance-regular graph X of diameter d has precisely d + 1 distinct eigenvalues.
Denote these eigenvalues by 6y = k > 6; > ... > ;. They are the eigenvalues of the
tridiagonal intersection matriz below.

Qo b(] 0 0
c1 ap bl 0
Ll — 0 Co Qo bg

0 Cq Qq

For an eigenvalue @, consider the sequence (u;(6))%, defined by the relations
0
UQ(H) = 1, ul(é’) = E’
cl-ui_l(@) + CLZUZ(Q) + bzuz—l—l(e) = Gul(e), for i = 1, 2, ceey d— 1,
cdud_l(ﬁ) + adud(e) = Gud(e)

The vector u = (ug(9),u1(0), ..., uq(9))T is an eigenvector of L; corresponding to 6.
Definition 2.9. The sequence (u;(6))L, is called the standard sequence of X corresponding
to the eigenvalue 6.

We denote by f; the multiplicity of the eigenvalue 6; of X. Since X is a connected
graph, fo = 1. In general, the multiplicities f; can be computed using the Biggs formula.

Theorem 2.10 (Biggs [6], see [9, Theorem 4.1.4]). The multiplicity of an eigenvalue 6 of
a distance-reqular graph X can be expressed as
n

1) = ——.
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2.3 Geometric distance-regular graphs

Let X be a distance-regular graph, and 6,,;, be its smallest eigenvalue. Delsarte proved

k
in [I5] that any clique C' in X satisfies |C| <1 — - A clique in X of size 1 —

min 6)min

is
called a Delsarte clique.

Definition 2.11. A distance-regular graph X is called geometric if there exists a collection
C of Delsarte cliques such that every edge of X lies in exactly one clique of C.

More generally, we say that a graph contains a clique geometry, if there exists a col-
lection Cy of maximal cliques, such that every edge is contained in exactly one clique of
Co. Metsch proved that a graph satisfying rather modest assumptions contains a clique
geometry.

Theorem 2.12 (Metsch [28, Result 2.2]). Let u > 1, A\ X®) and m be integers. Assume
that X is a connected graph with the following properties.

1. Each pair of adjacent vertices has at least XV and at most A?) common neighbors.
2. Each pair of non-adjacent vertices has at most y common neighbors.

3 2 - X® > 2m—-1)(p—-1)-1.

4. BEvery vertez has fewer than (m 4+ 1)(A® + 1) — Im(m + 1)(u — 1) neighbors.

Define a line to be a mazximal clique C satisfying |C| > AV +2 — (m —1)(u—1). Then
every vertex is on at most m lines, and every pair of adjacent vertices lies in a unique line.

The following sufficient condition for being geometric is a slightly reformulated version
of a result from [14].

Proposition 2.13 ( [14, Proposition 9.8]). Let X be a distance-regular graph of diameter
d > 2. Assume there exist a positive integer m and a clique geometry C of X such that
every vertex u is contained in exactly m cliques of C. If k > m?, then X is geometric with
smallest eigenvalue —m.

The converse holds without the k& > m? assumption.

Lemma 2.14. Let X be a geometric distance-reqular graph of diameter d > 2 with smallest
eigenvalue —m. Let C be a Delsarte clique geometry. Then m is an integer and every vertex
belongs to precisely m Delsarte cliques in C.

Proof. By the definition of a Delsarte clique, its size is 1 + k/m. Let C1,Cs, ..., C; be the
cliques in C which contain a vertex v. Since C is a clique geometry, any distinct C; and
C; for i, j € [t] have only v in their intersection, and every vertex adjacent to v belongs to

one of the cliques Cy, Cs, . .., C;. Therefore, k = t(|C;| — 1) = tk/m. O



In the case, when the smallest eigenvalue of a geometric distance-regular graph is —2,
we can deduce that the graph is a line graph.

Lemma 2.15. Let X be a geometric distance-reqular graph with smallest eigenvalue —2.
Then X is the line graph L(Y') for some graph'Y .

Proof. Let C be a Delsarte clique geometry of X. Define the graph Y with the set of
vertices V(Y) = C, in which a pair of distinct vertices C,Cy € C in Y is adjacent if and
only if C1 N Cy # (). We claim that L(Y) = X. Indeed, since every edge of X is in exactly
one clique from C, |C; N Cy| < 1 for any distinct C, Cy € C. So there is a well-defined map
f:E(Y)— V(X). Moreover, by Lemma 2.14] every vertex of X is in exactly two cliques
from C, so f is bijective. Additionally, a pair of edges in Y share a vertex if and only if
there is an edge between the corresponding vertices in X. Hence, L(Y) = X. 0

Suppose that X is a geometric distance-regular graph with a Delsarte clique geometry
C. Consider a Delsarte clique C' € C. Assume = € X satisfies dist(z, C') = i. Define

i(Crx) = Hy € C [ d(z,y) = i}, (1)

By [5], numbers v;(C, x) do not depend on C' and x, but only on the distance dist(z, C') = i.
Thus, we may define v¢; := ¢¥(C, z).
For z,y € X with dist(z,y) = ¢ define

i(x,y;C) =|{C e€C|xeC, d(y,C)=1i—1}|. (2)

Again, in [B] it is shown that for a geometric distance-regular graph X the number 7;(z, y; C)
does not depend on the pair x,y, but only on the distance dist(z,y) = i. Therefore, we
may define 7; := 7;(x, y;C).

Lemma 2.16 (Bang, Hiraki, Koolen [5, Proposition 4.2]). Let X be a geometric distance-
reqular graph of diameter d, with smallest eigenvalue —m. Then

1. ¢; = 1npiq, for 1 <i < d;

2. bij=(m-—m) <%+1—wi),f0r1§i§d—l.

Lemma 2.17. Let X be a geometric distance-reqular graph of diameter d > 2. Then
Ty > 1.

Proof. Let C' € C be a Delsarte clique of X and let v be a vertex with dist(v,C') = 1. Since
C'is a maximal clique, there exists a vertex y € C' non-adjacent to v. Then dist(v,y) = 2.
Let uy,ug, ..., uy be the neighbors of v in C. Denote by C; € C a Delsarte clique that
contains v and u; for i € [¢1]. Note that since C intersects each of C; in at most one vertex,
all C; are distinct. Moreover, dist(y, C;) = 1, while dist(v,y) = 2. Therefore, 7, > ;. O

Corollary 2.18. Let X be a geometric distance-reqular graph of diameter d > 2, with
smallest eigenvalue —m. Then p < m?.



Proof. 1 = 1o < 13 < m?. O
Lemma 2.19. Let X be a geometric distance-reqular graph of diameter d > 2.

1. If1py =1, then for each vertex v € X its neighborhood graph X (v) is a disjoint union
of m cliques, where —m is the smallest eigenvalue of X.

2. If iy > 2, then for each vertex v € X its neighborhood graph X (v) is connected.

Thus, in particular, either each neighborhood graph of X is connected, or each neighborhood
graph of X s disconnected.

Proof. Fix a Delsarte clique geometry C of X. Let C;, (s, ..., C,, € C be the cliques which
contain v. Take w € N(v) and let C; be the clique which contains w. If ¢; = 1, then v is
the only neighbor of w in C; for j # i. Thus X (v) is a disjoint union of m cliques, where
by Lemma 2,14, —m is the smallest eigenvalue of X. If ¢ > 2, then w is adjacent with at
least one vertex in C; distinct from w for every j # i. Thus X (v) is a connected graph in
this case. O

2.4 Johnson graphs and Hamming graphs
2.4.1 Johnson graphs

Definition 2.20. Let d > 2 and 2 be a set of s > 2d points. The Johnson graph J(s,d) is
a graph on the set V(J(s,d)) = (g) of n = () vertices, for which two vertices are adjacent
if and only if the corresponding subsets U;, Uy C € differ by exactly one element, i.e.,

Ui\ Ua| = U\ Uh| = 1.

It is not hard to check that J(s,d) is a distance-regular graph of diameter d with
intersection numbers

bi=(d—i)(s—d—i) and ¢ = (i+1)? for0<i<d. (3)
In particular, J(s,d) is regular of degree k = d(s —d) with A = s —2 and u = 4. The
eigenvalues of J(s,d) are

S

= (d—j)(s—d—j)—j with multiplicity (S) — ( ), for0<j<d (4
J

j—1
Using Lemma it is easy to see that for the Johnson graph J(s,d)
T, = 1 and wi—l = ’i, for 1 S ) S d.

For s > 2d + 1, the automorphism group of J(s,d) is the induced symmetric group

Sgd), which acts on (2) via the induced action of S on (2. Indeed, it is clear, that S <
Aut(J(s,d)). The opposite inclusion can be derived from the Erdds-Ko-Rado theorem.

Thus, for a fixed d and s > 2d + 1, the order is | Aut(J(s,d)| = s! = Q(exp(n'/?)), the
thickness satisfies 0(Aut(J(s,d))) = s = Q(n'/?) and

motion(J(s,t)) = O(n*~1/4). (5)
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Theorem 2.21 ( [9, Theorem 9.1.3]). Let X be a connected graph such that
1. for each vertex v of X the graph X (v) is the line graph of Ks;;

2. if dist(z,y) = 2, then x and y have at most 4 common neighbors.

Then X is a Johnson graph or is doubly covered by a Johnson graph. More precisely, in
the latter case X is the quotient of the Johnson graph J(2d,d) by an automorphism of the
form Tw, where T is the automorphism sending each d-set to its complement, and w is an
element of order at most 2 in Sym(X) with at least 8 fized points.

2.4.2 Hamming graphs

Definition 2.22. Let 2 be a set of s > 2 points. The Hamming graph H(d, s) is a graph
on the set V(H(d, s)) = Q% of n = s¢ vertices, for which a pair of vertices is adjacent if and
only if the corresponding d-tuples vy, vy differ in precisely one position. In other words, if
the Hamming distance dy (v, vy) for the corresponding tuples equals 1.

Again, it is not hard to check that H(d,s) is a distance-regular graph of diameter d
with intersection numbers

bi=(d—i)(s—1) and ¢y =i+1 for0<i<d-1. (6)

In particular, H(d, s) is regular of degree k = d(s — 1) with A = s — 2 and p = 2. The
eigenvalues of H(d, s) are

d
¢ =d(s—1)—js with multiplicity (]) (s —1), for 0 <j <d. (7)

Using Lemma 2.16] it is easy to see that for the Hamming graph H(d, s)
Ti:i and lpi_lzl, fOI'lSZSd
The automorphism group of H(d, s) is isomorphic to the wreath product S51.S,. Hence,
its order is | Aut(H(d, s))| = (s!)%d!, the thickness satisfies 0(H (d, s)) > s = n'/% and
motion(H (d,s)) < 254 = O(n'~Y%). (8)
In Section Ml we use the classification of distance-regular graphs with the same inter-
section array as Hamming graphs. In the case of diameter 2, the unique non-Hamming

graph that has the intersection array of a Hamming graph is the Shrikande graph. It has
16 vertices and has the same parameters as H(2,4).

Definition 2.23. The direct product of a Hamming graph H(¢,4) with ¢ > 1 copies of
the Shrikande graph is called a Doob graph.

One can check that Doob graphs are distance-regular and have the same intersection
numbers as the Hamming graph H (t+2¢,4). Yoshimi Egawa [16] proved that Doob graphs
are the only graphs with this property.

Theorem 2.24 (Egawa [16], see [9, Corollary 9.2.5]). A distance-regular graph of diameter
d with intersection numbers given by Eq. [@) is a Hamming graph or a Doob graph.
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2.5 Dual graphs
Let X be a distance-regular graph which has a clique geometry C.

Definition 2.25. By a dual graph of X (that corresponds to C) we mean the graph X with
the vertex set C, in which C; and C; are adjacent if and only if |C; N Cj| = 1.

Lemma 2.26. Let X be a geometric_distance-reqular graph of diameter d with smallest
eigenvalue —m. Then its dual graph X is an edge-regular graph of diameter d — 1 with the
vertex degree k = (m — 1) (E + 1) and X = (m — 2) + (¢ — 1)E

m m
Proof. Tt is known that every Delsarte clique is completely regular, with covering radius
d—1, see [19, Lemma 7.2]. In particular, this implies that the diameter of X is d—1. Every
clique in the Delsarte clique geometry C of X has size 1+ k/m and, by Lemma 214 every
vertex is in precisely m cliques from C. Since every pair of non-disjoint cliques intersects
in precisely one vertex, we get k = (m — 1)(1 + k/m).

Now assume that C'; and Cs are distinct cliques in C that share a vertex v. Let u € C
be a vertex distinct from v. Then w has 1; neighbors in C3. Let u' be one of such
neighbors distinct from v. Then the edge {u, u’'} belongs to some clique C' which is distinct
from C7 and C5 and intersects both of them. Thus, C' is a common neighbor of C and
C5. Note, that a common neighbor C' € C of (' and C5, which does not contain v, is
uniquely determined by u € C; and its neighbor «’ in C5. Finally, note that any clique
from C which contains v and is distinct from C} and C5 is their common neighbor. Hence,
A= (m—=2)+ (Y1 — Dk/m. O

Let A and A be the adjacency matrices of X and X. Denote by spec(X) and spec(X)
the sets of eigenvalues of A and A, respectively.

Lemma 2.27. Let X be a geometric distance-reqular graph with smallest eigenvalue —m.

k
If k > m?, then spec(X) C {# — — +m — 1] 6 € spec(X)}.
m
Proof. Let C be a Delsarte clique geometry of X. Note that, by Lemma 2.14], every vertex

of X belongs to precisely m cliques of C. Define N to be an n x |C| vertex-clique incidence
matrix, i.e, N; ; = 1 if the vertex v; belongs to the clique C;, and N; ; = 0 otherwise. Then

A=NNT —mI  and E:NTN—<£+1)I. (9)
m

From linear algebra it is known that non-zero eigenvalues of NN and NTN coincide.
Since |C|(1 + k/m) = nm, we get |C| < n, so 0 is an eigenvalue of NNT. Therefore,
spec(NTN) C spec(NNT) and the statement of the lemma follows from Eq. (). O
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3 Spectral gap characterization of Johnson graphs

In this section we prove Theorem [I.2], our characterization of Johnson graphs. Namely, we
prove that a distance-regular graph with 6; + 1 > (1 — £*)b; and connected neighborhood
graphs is a Johnson graph (for sufficiently large k). We also show that the inequality
01 +1 > (1 —€*)b can hold for a distance-regular graph with disconnected neighborhood
graphs only if u < 2 (see Proposition [3.1T]).

b
The main idea of the proofs is to use the fact that for b+ = ﬁ the expression
1

—1 — b" is a lower bound on the smallest eigenvalue of the neighborhood graph X (v).
More precisely, we use the following result of Terwilliger [34].

Theorem 3.1 (Terwilliger [34], see [9, Theorem 4.4.3]). Let X be a distance-regular graph

b
of diameter d > 2 with distinct eigenvalues k = 0y > 0, > ... > 04, and put b* = 7 j_ T
1
b
T = 7 j_ T Then each neighborhood graph X (v) has the smallest eigenvalue > —1 — b,
d

and the second largest eigenvalue < —1 — b~

Recall, we assume that the second largest eigenvalue of X satisfies 61 +1 > (1 — £)b;.
In this case the smallest eigenvalue of the neighborhood graph X (v) is at least —2 — 4, for
d =¢/(1 —¢). We also observe that if X is an edge-regular graph, its neighborhood graph
X (v) is regular for every vertex v € X

First, we note that if the diameter d of a distance-regular graph X is at least 2, A > 2
and the neighborhood graph X (v) is connected, then the smallest eigenvalue of X (v) is at
most —2. Indeed, if a regular connected graph has the smallest eigenvalue > —2, then it is
a complete graph or an odd polygon. The neighborhood graph X (v) cannot be complete
as d > 2 and X (v) cannot be an odd polygon as A > 2.

The graphs for which smallest eigenvalue is precisely —2 were classified by Cameron,
Goethals, Seidel and Shult [I1]. We use their classification in the case when a graph Y is
a connected regular graph.

Theorem 3.2 (Cameron et al. [11], see [9, Theorem 3.12.2]). Let Y be a connected regular
graph with n > 29 wvertices and smallest eigenvalue > —2. Then Y s a line graph of a
reqular connected graph or of a bipartite semiregular connected graph.

Next, we use the results of Hoffman, Bussemaker and Neumaier, which assert that for
a small enough § the smallest eigenvalue of a graph is never in the interval (—2 — 4, —2).

Definition 3.3. Define 9, to be the supremum of the smallest eigenvalues of graphs with
minimal valency k£ and smallest eigenvalue < —2.

Theorem 3.4 (Hoffman [21], see [9, Theorem 3.12.5]). The sequence (Vy) forms a mono-
tone decreasing sequence with limit —1 — /2.
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Theorem 3.5 (Bussemaker, Neumaier [10], see [9, Theorem 3.12.5]). ¥; ~ —2.006594 is
the smallest root of the equation

0%(0° — 1)%(6* — 3)(0* — 4) = 1.
The above discussion can be summarized in the following proposition.

Proposition 3.6. Let X be a distance-regular graph of diameter d > 2. Assume that the
270,
I — en
for every vertex v of X, the neighborhood graph X (v) is a regular graph with smallest
eigenvalue at least —2.

Moreover, if X (v) is connected, A\ > 2, and the vertex degree in X is at least 29, then
X (v) is the line graph of a regular or of a bipartite semireqular connected graph.

Remark 3.7. One can compute that ¢* ~ 0.006551. Observe that, the neighborhood
graph X (V) is regular of degree A\, and by Theorem [3.4] /\lim ¥y = —1 —+/2. Thus, we can
—00

second largest eigenvalue of X satisfies 64 +1 > (1 — €*)by, for 0 < &* =

replace €* with any number less than 1 — 1/ V2 & 0.29289, if we additionally require \ to
be sufficiently large.

Next we analyze the structure of the local graph X (v) in the case when X is geometric.

Lemma 3.8. Let X be a geometric distance distance-reqular graph with smallest eigenvalue
—m. Suppose that X (v) is the line graph of a reqular or a bipartite semiregular connected
graph. Assume that vertex degree k > max(m? 3). Then, X(v) is the line graph of a
complete bipartite graph K for each vertex v of X, where {s,t} = {m,k/m}.

Proof. Fix a Delsarte clique geometry C of X. Let C,Cy,...,C,, € C be the cliques that
contain a vertex v. Since every edge of X is contained in precisely one clique, every vertex
of N(v) is contained in precisely one of Cy,Cs, ..., Cy,. Let u € Cy \ {v}, by the definition
of 1; (see Section [23)), u is adjacent with precisely 1, vertices of C; for alli =2,3,... m.
Therefore, the degree of every vertex u in X (v) equals k/m — 1+ (1 — 1)(m — 1).
Assume that Y is the line graph of a regular graph Z with vertex degree t. Then the
degree of a vertex in Y is equal 2(t — 1). Moreover, the size of a maximal clique in Y is ¢,
if ¢ > 3. Since Y contains a clique of size k/m, we get t > k/m. Therefore, if k/m > 3 and
(k/m—1) > (¢ —1)(m—1), then X (v) is not a line graph of a regular graph. In particular
this is true, if & > max(m?, 3), as ¢y < 75 < m by the definition of 7, and Lemma 217
Hence, for every v, the neighborhood graph X (v) is the line graph of a complete bipar-
tite graph K ;. The size of the maximal clique in the line graph of K, is max(s,t). Thus,
max(s,t) = k/m. There are k vertices in X (v) and st vertices in the line graph of K, so

{s,t} = {m,k/m}. O

In the case when X (v) is the line graph of a complete bipartite graph K, and 1+ 6, >
(1 — €)b; we show that X is a Johnson graph. Our goal is to use the characterization of
the Johnson graphs by local structure stated in Theorem 2.2Il The only condition we still
need to verify is yp < 4. We prove that if 1 > 4, then X contains an induced subgraph K3 5
and so we can use the inequality provided by the theorem below.

14



Theorem 3.9 ( [9, Theorem 4.4.6]). Let X be a distance-regular graph of diameter d > 2
with eigenvalues k = 6y > 61 > ... > 04 and put b© = by /(01 + 1). If X contains a
non-empty induced complete bipartite subgraph K, then

2st

<bt+1.
s+t

Lemma 3.10. Let X be a geometric distance-reqular graph of diameter d > 2.
1. Assume that ¢, = 1, then X contains an induced K., 5.
2. Assume that > 2, then X contains an induced Ko (a quadrangle).

Proof. Let u and v be two vertices at distance 2 in X. By the definition of 7, there exist
distinct cliques C1, Cs, . . ., Cr, which contain u and have non-trivial intersection with N(v).

1. Each C; has precisely ¢; = 1 common vertices with N(v). Denote w; = C; N N(v).
Note that w; is at distance 1 from C; for ¢ # j, moreover, w; is adjacent to u, while
u € C; and v # w,;. Thus w; is not adjacent to w; for i # j. Therefore, X contains
an induced K, o (on vertices {wy, ws, ..., ws,,u,v}).

2. By Lemma 217, » > 2, if u > 2. Take w € N(v) NCy. Assume there are no induced
K5 in X. Then w is adjacent to each vertex in 7= Cy N N(v). Note that |T'| = 9,
u ¢ T and w is adjacent to u, so w has at least ¢ + 1 neighbors in Cy. This gives a
contradiction with the definition of ;.

]
Using the lemma above we obtain the following corollary to the Theorem

Proposition 3.11. Let X be a geometric distance-reqular graph of diameterd > 2. Assume
that the neighborhood graphs of X are disconnected. If u > 3, then the second largest

5
eigenvalue of X satisfies 61 +1 < ?bl.

Proof. Since X is geometric and X (v) is disconnected, by Lemma 219, ¢; = 1. Moreover,
if > 3, by Lemma BI0, there is an induced Kj35. Therefore, by Theorem [B.9]

0

In the next lemma we show the existence of an induced complete bipartite subgraph
K., 2 in the case when a neighborhood graph is the line graph of a triangle-free graph.

Lemma 3.12. Let X be a geometric distance-reqular graph. Assume that for each vertex
v of X the induced subgraph X (v) is the line graph of a triangle-free graph. Then 1) = 2
and X contains induced K., o.
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Proof. Observe that if the line graph Y of a triangle-free graph Y’ contains a triangle,
then the corresponding edges (of the base graph Y”) of all three vertices of the triangle are
incident to the same vertex in Y”.

Fix a Delsarte clique geometry C of X . Let v be a vertex of X, and C' € C be a Delsarte
clique which contains v, and let w € N(v) \ C. By Lemma [B.I0] since X (v) is connected,
1 > 2. Assume that ¢; > 3. Then w is adjacent to at least two vertices v; and vy in C
distinct from v. Since w, vy, vo form a triangle in X (v), the corresponding edges in the base
graph are incident to the same vertex. Similarly, for any vertex z € C'\ {v}, the edges of
the base graph that correspond to x, v; and vy are incident to the same vertex. Therefore,
{w} U C is a clique in X, which contradicts maximality of C. Therefore, 1); = 2.

Let u and v be two vertices at distance 2 in X. There exist distinct cliques Cy, Cs, ..., C,,
which contain v and have non-trivial intersection with N (v), and distinct cliques C{, C, ..., C7,
which contain v and have non-trivial intersection with N (u).

Let T'= N(u) N N(v). Assume that wy,wy € T are adjacent, but {wy,wy} is not a
subset of C; or C! for any i € [m]. Since 1; = 2 there exists a vertex w € T such that
{w,w;} is a subset of some Cj. Similarly there is w’ € T' with {w’,w;} C C for some
Jj. Assume that X (v) is a line graph of a triangle-free graph Y. Assume that edges of Y
that correspond to wy, w’ are incident with a vertex x of Y. If corresponding to w, edge is
incident with x, then by the argument as above, w, € C?. This contradicts the choice of
wy. Let y be the vertex of Y incident to the edges in Y corresponding to wy and w;. Since
|C; N CY| <1, we have w ¢ Cj, so w is not incident to x. Thus, w is incident to y. Hence,
w, wy and wy form a triangle.

Since {w,w;} C C; and X (u) is also the line graph of a triangle-free graph we similarly
get that wy € C;. This gives a contradiction with the choice of wq, wy. Therefore, any two
vertices in T are adjacent if and only if they share the same clique C; or C!.

We obtain that an edge between a pair of vertices in T is between vertices in T'N C;
or between vertices in T'N C} for some 4, j. We refer to them as edges of type 1 and edges
of type 2, respectively. Since |[T'NC;| = |T'NCY| =, = 2, every vertex in T is incident
with precisely one edge of type 1 and precisely one edge of type 2. Therefore, the subgraph
induced on 7' is a union of even cycles. Hence, we may choose an independent set S C T’
of the size 1|T| = 3417 = 7 in X. The graph induced on SU {u, v} is Ka,. O

Now we are ready to combine all the arguments into the proof of Theorem L2l

b -2 -1
Proof of Theorem[LZ. Denote b" = 917—:-1 Since &* = 1 _ 191

theorem imply b* < —1 — 1J;. Since X is not complete, by Lemma 214, m > 2. Thus
k> m?3 and XA > k/m — 1 implies A > 3. Hence, by Proposition 3.6l and Lemma 3.8 either
X (v) is a disconnected graph for some vertex v, or X (v) is the line graph of the complete
bipartite graph K, for any vertex v of X.

In the latter case, by Lemma [B.12] X contains K, 5 and ¢4 = 2. Since we assumed
that b < —1 — ¥; < 7/5, by Theorem B9, we get that 75 < 2 (as otherwise there is
induced K3 subgraph). Hence, u < 4. By Theorem 2.21, we get that X is a Johnson

the assumptions of the
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graph J(s,d), or a graph which can be double covered by J(2d,d). The later case is not
possible as k > m?3.
]

Remark 3.13. We note that in the light of Remark [3.7] if we additionally assume that £ is
large enough, then we can replace * with 2/7 in Theorem [[.2l Indeed, since A > (k/m)—1

and k > m?, the assumption that k is large enough guarantees that \ is large enough.
Hence, the proof above will work as b < 7/5 < /2.

4 Spectral gap characterization of Hamming graphs

In this section we prove a characterization of Hamming graphs in terms of the spectral
gap and local parameters. As in the previous section, we assume that the second largest
eigenvalue of X satisfies 6; > (1 — €)b;. We show that if additionally for each vertex the
neighborhood graph is a disjoint union of cliques, ;1 = 2, and there is a dominant distance,
then X is a Hamming graph. Our proof strategy relies on the following theorem.

Theorem 4.1 (Terwilliger [34]). Let X be a distance-reqular graph of diameter d > 2.

Assume that the second largest eigenvalue 01 has multiplicity fi < k. Then each local
2!

6 +1

We prove that if X is not a Hamming graph, then the assumptions of Theorem [L.4]
imply that the second largest eigenvalue has multiplicity at most & — 1. Therefore, by
the theorem above, each neighborhood graph of X has an eigenvalue less than —1. This
contradicts the assumption that each neighborhood graph is a disjoint union of cliques.

We start by showing that for a geometric distance-regular graph the sequence (7;)!Z7 is

increasing if © > 2 and ¢, is sufficiently small.

graph X (v) has eigenvalue —1 — b with multiplicity at least k — fi, where b™ =

Lemma 4.2. Let X be a geometric distance-reqular graph of diameter d, with smallest
eigenvalue —m. Assume that u > 2 and c¢; < ek, where t < d and 0 < e < 1/m?. Then

T < Tig1, foranyi=1,2,...,t—2.
Proof. Recall, by Lemma 2.16]
k
¢ = Ti-1, bi = (m — 1) <_+1_¢i)-
m

Hence, in particular, ¢, 1 < ¢; < ¢ < ek, fori <t. Sofori<t—1

(m—7) (i—a)kgbig

m

m —T;

— (10)

By Lemma B.10] a geometric distance-regular graph with p > 2 contains a quadrangle.
Thus, by the Terwilliger inequality (see Theorem 2.6]) we have

bizbi+1+)\+2+ci_ci+1, fOl"i:O,l,...,d—l.
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Therefore, for i <t — 2, using Eq. (I0),

m —T;

k> (m—Ti1) (i—e)k+)\+2—5k‘.
m m

Since A > k/m — 1, for 1 <t — 2, we get
(m—1;)>(m—Tip1) —mPe+1 = 714 >7+1—m%.
]
Corollary 4.3. If the assumptions of Lemmal[{.Z hold fort = d, then 1, < 7,41 fori < d—1.

Proof. By Lemma 2] 7, < 7,41 for ¢ < d — 2. Observe, that by the definition of 7;, we
have 7y =m and 7; < m — 1 for any ¢ < d — 1. O

Corollary 4.4. If the assumptions of Lemmal[{.9 hold for t = d, then
1 .
(d — i) (——a)kgbig D= for1<i<d—1.
m m

Proof. Since 7 = 1 and 74_y < m — 1, by Lemma 42 we have i < 1, < m — d + i for
i < d—1. So the desired inequality directly follows from Eq. (I0). O

To get a bound on the multiplicity of the second largest eigenvalue 6, of X we first prove
lower bounds on the elements of the standard sequence corresponding to ; (see Sec. [2.2]).

Lemma 4.5. Let X be a geometric distance-reqular graph of diameter d > 2 with smallest
eigenvalue —m. Let 0; be its second largest eigenvalue and (u;)%, be the corresponding
standard sequence. Assume that p > 2, 01 > (1 —e)by, and ¢, < €k for some 2 <t < d,
where 0 < e < 1/(24m?).

Then, for1 <j<t—1

, -7 0
uj > (1 —3m2e)’ ! <m _ﬂ; _;; — 1) El
J

Proof. Recall that the standard sequence corresponding to the eigenvalue 6, satisfies

0
Uy = 1, Uy = El, Cili—1 + a;u; + biui+1 = Hlui, for i = 1, .. .,d — 1.
We can rewrite this as
(91+b,~+ci—k‘) C; k—é’l C;
i+1 = U — U1~ > u; (1 — — Uj—17- 11
Uipr] = U b, U 1bi U b, U 1bi (11)

For 2 <i <'t, by the assumptions of the lemma, ¥;_1 < ¢; < ¢; < €k. So, by Lemma 2.10]
k k
k=0 <k—(1—e)b < (k—b))+ek< E+(m—1)w1+sk§ — -+ mek; (12)
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1
(m—ﬁ)(E—e)kai, fori <t—1. (13)

For the convenience of the future computations we first show that for 1 < ¢ < ¢t — 2,
inequality 3u;+1 > u; > 0 holds. Indeed, by Eq. (I2), u; > %uo. Moreover, by Lemma [£2]
7 <71 —1<m—2 soby Eq. (12)) and Eq. (I3),

k— 6, 1+ m?2e

1
1 ez
b; 2—2me — 2

Thus, using 7; < m — 2 for i <t — 2, by induction, we get from Eq. (Il) and Eq. (I3)
S > (L > 1
U; = — — MmeE | U — MEU;—1 = — —am-¢e | Uu; = —U;.
=2 =2 3

Hence, for i <t — 2, we can rewrite Eq. (I

(‘914‘[%;—0@—]{3) _BUZ%ZUZ (1_]€—¢91()+2€]€)

Thus, using Eq. (I2) and Eq. ([I3), for i <t — 2,

2 ) ,
Uiyt = Uj 1_k+(m - 2mjek >u; | 1— 1 (1 2m%) > Uy I—M .
mb; (m—m7) (1 —me) m—

Ujp1 = U

By Lemmald2 7, < 7;— (j—i) fori < j <t—1. Thus, for 6 =3m?*cand i+1 < j <t—1,

m—T1;+j—1—1

ui+12(1—6)<1— )uiZ(l—é)

m—T; m—T;+7—1
Therefore, for any 1 < j <t —1,
j—1 o
- m—T1;j+j—i—1 . m — T 0,
> (1 -6 / = (1 -6 ! —.
U = ) H m—T7;+j—1 = ) m-—7+j—1) k

i=1
U

Proposition 4.6. Let X be a geometric distance-regular graph of diameter d > 2 with
smallest eigenvalue —m. Take 0 < ¢ < 1/(6m*d). Suppose that 1 > 2, ¢, < ek and b, < ek
for some 2 <t < d. Assume, moreover, that the second largest eigenvalue of X satisfies
91 > (1 — 8)()1.

Then either the multiplicity fi of 61 satisfies f1 <k —1, orm=d, t =d and cq =d.

Proof. Let (u;)%_, be the standard sequence of X corresponding to ;. Then, by the Biggs
formula, multiplicity of an eigenvalue #; can be computed as

fi=

n

()
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1 1
Note, as in Eq. (IQ), b;—1 > b;_1 > (— - 5) k> 2—k and ¢; < ¢ for any 1 <7 <t. So
m m

C;

ki = 2k < -k, < 2meky, fori < t. (14)

bi—1 i1
For d —1 > > t, by Lemma 2.16] b; < b; < ek implies

1 1 1
v, > | ——¢ k> —Fk, SO Cit1 = Tit1¥; > —k.
m 2m 2m

Hence, for t <i < d — 1 we deduce,

bi ek
—k < —k; = 2mek;. 15
S B m) (15)

Combining Eq. (I4) and Eq. (I5]) we obtain

ki—i—l =

d ¢ d—t
. , 1
n= Z ki < ki (Z(2ma)l + (2m5)2> < — Ky = ky > (1 — 4me)n.
i=0 —

i=0 i=1 1 —dme

As in Eq. (I2), 6,/k > (m — 1)/m — me. So, by Lemma [ and Eq.(I0), for ¢ > 2,

2 2
& _ m — Ty 0
]{It—luf—l > kt—bttl (1 — 3m25)2t 4 (m S j_;_ 2) (?1) >

2 2
Gt 2_\2t—4 m — Ty 5 (m—1

> ki——(1— 1-2 >
- ktbt_l( sm 8) (m — T¢—1 +1t— 2) ( mE) < ) o

2 2
mce 9 \2d—1 m— Ty m—1

> (1—4 Tt (1-3 >
= me)n (m—m7_1)k ( me) (m—n_1+t—2) ( m ) -

n ¢t (m—m7_1)(m—1)>
> . (1-3m%)¥. L. .
—k ( me) m (m—T1_+1t—2)2
Our goal is to deduce from this inequality that k;_qu? | > n/k, unless ¢, =t =m = d.

We start by giving a bound on ¢;. Observe that ¢;_o > 1, and 73_; >t —1, by Lemma
So we obtain

Ct 21 2 TP o 21— 1. (16)
Case 1. First, assume that ¢; =t — 1.
Then, Eq. (I6) implies 7,y =t — 1 and ¢; = ¢;_1. Thus, in particular, we can simplify

¢ (m-—ma)m—=17% t-1 m—t+)(m-1)?* _ (-1m-1t+1)

m (m—7_+t—2)2 m (m—1)2 B m '

Also, observe that the constraint ¢; = ¢;_; implies t > 2 as 1 = ¢ < 2 < pu = .
Moreover, by Corollary 2.8, ¢35 > ¢y for u > 2, so we should have ¢ > 4 in this case.
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At the same time, ¢; = ¢;_1, using Terwilliger’s inequality (see Theorem [2.0]), implies

k
bt—lth—l_ct+bt+>\+22>\+22_+1-
m

Since L L
b1 = (m—T7_1) <— +1- @Dt—l) < (m—m_1)—,
m m

we deduce ;1 <m—2. Sot<m-—1,as 1 =t— 1.
Thus 4 <t < m — 1, which implies m > 5, and we get

¢ (m—71)(m—1)° _(t=1D(m—t+1) - 2(m — 2) >2_£ S §
m (m—7_1+t—2)>2 m - m m b
Since, 3m?%e < 1, by Bernoulli’s inequality
)
(1 —3m2)* > (1 — 6dm?e) > 5
Therefore, in this case,
n n
kol >— = —— <k = <k-1
t—1U_1 2 Ji < e 1ut ) i <

Case 2. Else we have ¢; > t.
Lemma implies t < 71 + 1 < m. It is not hard to check (see Appendix [Al), that

(m—T1_1)(m —1)? Sm—1

. 1
(m—Tt_1+t—2)2_t—1 (7>

Hence, applying inequality from Eq. (IT),

(1_3m )cht (%_11) _(1_3m E)2d (tjl) (mln;l) .
If 2 <t < m, then

t m—1 S m—1 m—1 1y 1 S 14 1
t—1 m ~—\m-2 m a m2 —2m — m2—1

If 2<t=m, and ¢; > t, then

Ct m—1 > t+1 m—1 :m+121+ 1 .
t—1 m t—1 m m m2 —1

In each of these two cases, we get

3

?vlﬁ

ki 1ut 12>

o

1
kyqu? | > % - (1 — 3m?2e)™ (1 + —— 1) :
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By Bernoulli’s inequality, since 3m?c < 1,

1 1\
(1—3m25)2d2(1—6dm25)>1——:(1—i—m )

m2
Therefore, if ¢, >t or m > t, then k;_ju? | > n/k and so

flé#df = fi<k-1
ke—1ui_y

Finally, assume 739;_1 = ¢ = t and m = t. We know from Lemma that 7,4y > ¢ — 1.
If t < d, then by > 1. So, by Terwilliger’s inequality and Lemma 2.16]

k k k

—>m-—7n1) | —+1l—ta )= > -+ +A+2>A+2> —+1,

m m m
which gives a contradiction with the assumption ¢ < d. Therefore, t = d and ¢4 = d,
m =d. O

Now we are ready to prove Theorem [[.4]in the following equivalent form (see Lemma 2.19).

Theorem 4.7. Let X be a distance-regular graph of diameter d > 2. Suppose that every
neighborhood graph X (v) is a disjoint union of m cliques. Moreover, assume p > 2, ¢; < ek
and by < ek for some t < d and 6, > (1 — )by, where 0 < & < 1/(6m'd).

Then X is a Hamming graph H(d,s), for s =1+ k/d.

Proof. Pick some vertex v and let X (v) = J;", C;, where C; is a clique for every i. Since
X is distance-regular, all C; are of the same size A + 1. Note that {v} U C; is a maximal
clique in X of the size k/m + 1. Since k > 1/ > m?, by Proposition ZI3, X is geometric
with smallest eigenvalue —m.

Hence, by Proposition [4.6] either we have fi <k —1,orcq=m=d. If fy <k —1, by

Theorem 4.1, —1 — !
0+ 1

has an eigenvalue less than —1. This gives a contradiction with the assumption that X (v)
is a disjoint union of cliques.

Therefore, ¢; = m = d. By Lemma 2] we get 7; > ¢ for any ¢ € [d]. At the same time,
d = cq = Tgha—1, s0 T4 = d and 41 = 1. We immediately deduce 7; = i for all i € [d].
Assume that ;_; > 2, while ¢; = 1 for some 2 <7 < d — 1. Then we get a contradiction
with

is an eigenvalue of X (v). However, b; > 0 and 6; > 0, so X (v)

P+l =UiTi = Cip1 2 ¢ = YT > 24
Thus, 1; = 1 for every . This means, that the intersection array of X coincides with the
intersection array of the Hamming graph H(d, 1 + k/d), as
k
7
Using characterization of Hamming graphs by their intersection array (Theorem 2.24)), X is

a Hamming graph or a Doob graph. Note that X may be a Doob graph, only if 1+k/d = 4,
which is not possible as k > 1/e > 6d. Therefore, X is a Hamming graph. 0

=1 and b; = (d—1)
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Corollary 4.8. Let X be a geometric distance-reqular graph of diameter d > 2. Suppose
that X has 1 =2 and smallest eigenvalue —m. Take 0 < e < 1/(6m*d). Assume, ¢; < ek
and by < ek for some t € [d|, and 0, > (1 —e)by. Then X is a Hamming graph H(d, s).

Proof. By Lemma 216, 1 = 751, and by Lemma 2T, 75 > 1, so p = 2 implies 7, = 2
and 1y = 1. This means that a neighborhood graph of X is a disjoint union of —0; = m
cliques (Lemma 2.19)). Therefore, the statement follows from the theorem above.

]

5 Proof of Babai’s conjecture

In this section we prove Babai’s conjecture on the motion of distance-regular graphs. We
start our discussion with the elusive case pu = 1.

5.1 Geometric distance-regular graphs with =1

In the case of 4 = 1 our strategy is to show that the dual graph of X has linear motion
and then to deduce that X itself has linear motion. We use the following Spectral tool for
obtaining motion lower bounds, proved by Babai in [3].

For a k-regular graph X let &k = & > & > ... > &, denote the eigenvalues of the
adjacency matrix of X. We call quantity & = £(X) = max{|¢;| : 2 < i < n} the zero-weight
spectral radius of X.

Lemma 5.1 (Babai, [3| Proposition 12]). Let X be a reqular graph of degree k on n vertices
with the zero-weight spectral radius £. Suppose every pair of vertices in X has at most q
common neighbors. Then

(k—¢—4q)

motion(X) >n - ’

Let X be a geometric distance-regular graph with © = 1 and let X be its dual graph.
~ ~ —1
By Lemma 2.26] every vertex in X has degree k = [ + (m — 1) and every pair of
m

adjacent vertices in X has A = m —2 common neighbors. Every pair of vertices at distance
two in X has gt = 1 common neighbours. Indeed, if there are at least two edges between a
pair of cliques C and Cj, that do not share a vertex, then either ¢, > 2 in X, or there is
an induced quadrangle. In both cases we get u > 2 and we reach a contradiction.

Since ¢(X) = max(jz, A) is small, we are going to show that Lemma [5.1] can be applied.
For this, it is sufficient to show that X has a linear in k spectral gap. First, we bound
the zero-weight spectral radius of a geometric distance-regular graph using the following

lemma proven in [23].

Theorem 5.2 ( [23, Theorem 3.11]). For every d > 2 there exist ¢ = e(d) > 0 and
n =n(d) > 0 such that for any distance-regular graph X of diameter d one of the following
15 true.
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1. For some 0 <1 < d—1 we have b; > €k and c;11 > €k.
2. The zero-weight spectral radius of X satisfies & < k(1 —n).

Using the relationship between the spectrum of the geometric graph X and its dual
graph X we get the following corollary.

Lemma 5.3. Let X be a geometric distance-reqular graph of diameter d > 2 with smallest
eigenvalue —m, where m > 3. Let X be its dual graph. Let ¢ = e(d) and n = n(d) < 1/2
be constants provided by Theorem [5.2. AssumeNk: > m?, ¢ < ek and b, < ek for some
t € [d]. Then the zero-weight spectral radius of X satisfies

§(X) < k(1—n).

Proof. Assumption k > m? _implies k< k. Let 51 and gmin denote the second largest and
the smallest eigenvalues of X. Then the statement of the lemma follows from the following
two inequalities implied by Theorem 5.2l and Lemma 2.27]

~ Lk ~ ~
b < (L=nk——+m—1=k—nk<k(l-n)

~ k k k ~
Opin>—m——+m—1=———-1=— > —k(1—n).
m m m—1

U

Thus, using Lemma [5.I] we get a linear lower bound on the motion of X.
Proposition 5.4. Let X be a geometric distance-reqular graph of diameter d > 2 with
w =1 and smallest eigenvalue —m, where m > 3. Let ¢ = e(d) and n = n(d) < 1/2 be
constants provided by Theorem [5.2  Assume ¢; < ek and by < ek for some t € [d], and

k > max(4m/n, m2). Let X be the dual graph of X. Then
motion(X) > g|V()?)|.

Proof. Since p = 1, by the discussion after Lemma 5.1} the maximal number of common
neighbors of a pair of distinct vertices is equal ¢(X) = max (A, g) = max(m — 2,1). Note

~ 1 Lk ~ _
that k& > m k> 5 So nk > 2m > 2q(X). Hence,

E(X) +q(X) < (1—n)7%+g7%: (1— g)%

Therefore, the statement of the proposition follows from Lemma [5.1] O

We show that this implies that motion(X) is linear in n = [V (X)|.
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Lemma 5.5. Let F be a collection of size-s subsets of the set Q such that every element
of Q is in m sets from F and any two distinct sets in F intersect in precisely one element
of Q. Let o be a permutation of €2 which respects F, namely for every C € F its image
o(C) is in F, too. Assume that at most a|F| sets C € F are fized by o, then at most

1
(a + T) |2 elements of Q are fized by o.

Proof. Note that if C' € F is not fixed as set by o, then |o(C)NC| <1, as o(C) € F too.
Hence, at most one element x € €2 of C' is fixed by o.

Now let us count the number of pairs (C,v), such that v € C' and o(v) # v. We just
argued that each of at least (1 — )| F| sets in F have (s —1) elements that are not fixed by
0. Therefore, the number of pairs we count is at least (1 — a)|F|(s — 1). Note that every
element of €2 belongs to m sets in F. Therefore, the number of elements of {2 not fixed by
o is at least (1 — )| F|(s —1)/m.

Using that every set in F has s elements and every element belongs to m sets in F,
we deduce that s|F| = m|Q|. Therefore, the number of elements of €2 not fixed by o is at

least (1 — «) (S —b 1Q2]. O

Corollary 5.6. Let X be a non-complete geometric distance-reqular graph onn vertices and

let X be its dual graph on i vertices. Assume that motion(X) > 41, then motion(X) > ;n

Proof. Let o be a non-identity element of Aut(X). Then o maps Delsarte cliques to
Delsarte cliques. Thus ¢ induces an automorphism o of X. Note that if X is non-complete
and geometric, then every vertex in X is uniquely determined by the set of Delsarte cliques
that contain it. Hence, if o is non-identity, then o is non-identity as well. So by assumptions
of the corollary, o fixes at most (1—-y)n vertices of X. Using that every Delsarte clique is of
size at least 2, we get from the previous lemma that o fixes at most (1 —+/2)n vertices. O

We summarize the discussion of this section in the following theorem.

Theorem 5.7. Let X be a geometric distance-reqular graph of diameter d > 2 onn vertices.
Suppose = 1 and the smallest eigenvalue of X is —m, where m > 3. Let € = e(d) and
n = n(d) < 1/2 be constants provided by Theorem[5.2. Assume ¢; < ek and b, < ek for
some t € [d], and k > max(4m/n,m?). Then

motion(X) >

»-bld

Proof. Let X be a dual graph of X on n vertices. Then, Proposition5.4limplies motion()z ) >
(n/2) - n. Therefore, the statement of the theorem follows from Corollary O

5.2 Distance-regular line graphs with =1

Note that, by Lemma .15 geometric distance-regular graphs with smallest eigenvalue —2
are line graphs. Thus, we can use the following result of Mohar and Shawe-Taylor [29].
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Definition 5.8. A distance-regular graph of diameter d with parameters
k=s(t+1), A\=s—1, ¢=1landbj=k—s (fori=1,...,d—1),cq=t+1
is called a generalized 2d-gon of order (s,t).

Theorem 5.9 (Mohar, Shawe-Taylor [29, Theorem 3.4]). Suppose the line graph L(Y') of a
graph Y 1s distance-regular. Then, either'Y is a Moore graph, or'Y s a generalized 2d-gon
of order (1,s) for some s > 1, orY = K, 5 for s > 1.

By the Hoffman-Singleton theorem, it is known that a Moore graph is either a complete
graph, a polygon, or it is the Peterson graph (k = 3), the Hoffman-Singleton graph (k = 7),
or it has degree k£ = 57 and diameter d = 2.

Note that a generalized 2d-gon of order (1,s) has intersection numbers a; = 0 for
any ¢ € [d]. Thus it is bipartite. Recall, that each of two connected components of the
distance-2 graph X, of a bipartite distance-regular graph X is called a halved graph.

Fact 5.10 (see [9, Theorem. 6.5.1]). If X is a generalized 2d-gon of order (1,s), then d is
even and its halved graph is a generalized d-gon of order (s, s).

A celebrated theorem of W. Feit and G. Higman [I8] asserts that apart from polygons,
generalized 2d-gons exist only for 2d € {4,6,8,12}.

Theorem 5.11 (W. Feit, G. Higman). A generalized 2d-gon of order (s,t) ezists only for
2d € {4,6,8,12} unless s =t =1. If s > 1, then 2d # 12.

Finally, we use the following bound on the zero-weight spectral radius of generalized
2d-gon of order (s, s) for 2d < 6.

Fact 5.12 ( [0, Table 6.4]). Let X be a generalized 2d-gon of order (s, s) for2d <6, s > 1.
Then the zero-weight spectral radius of X satisfies {(X) < 2s.

Proposition 5.13. Let X be a geometric distance-reqular graph of diameter d > 2 on n
vertices. Suppose p =1, k > 4 and the smallest eigenvalue of X is —2. Then

1
i X) > —n.
motion(X) > 1671

Proof. By Lemma 215 X is a line graph. Let X be the dual graph of X. Thus, by
Theorem 5.9, X is a Moore graph or a generalized 2d-gon of order (1,s) for s = k/2 > 2.
If X is a Moore graph, then p = 1 implies that X is not complete, and k > 4 implies X
is not a polygon. Thus X is a strongly regular graph. Hence, Theorem implies that
motion(X) > n/8 and the desired bound on the motion of X follows from Corollary
Therefore, we may assume that X is a generalized 2d-gon of order (1,s) for s > 2.
Then, by Fact [5.10, a halved graph Y of X is a generalized d-gon of order (s,s) (and d is
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even). Moreover, by Theorem 511l d < 6 and by Fact[5.12], £(Y') < 2s. Note that any pair
of vertices in Y has at most ¢(Y) = s — 1 common neighbors. Therefore, by Lemma [5.1],

s(s +1) — 3s s =2 L
WW(W > IV = ZVIY)L

motion(Y’) >

We note that |V(X)| = 2|V(Y)| and motion(X) > motion(Y) (see [23, Prop. 5.5]).
Therefore, the statement of the proposition follows from Corollary O

Remark 5.14. We note that one can show a linear lower bound (with a worse constant)
on motion in this case without using the Feit-Higman classification theorem. Since a dual
graph X is bipartite or of diameter 2, one can use Theorem and the bounds on the
motion of bipartite graphs, which we proved in [23] Theorem 5.6 and Prop. 5.11].

5.3 Combining all pieces together

Finally, we combine the results of this paper and of [23] to get the proof of Babai’s con-
jecture (Conjecture [LI0). From [23], in addition to Theorems [[L12] and 52 we need the
following observation.

Proposition 5.15 ( [23], Proposition 4.9]). Let X be a primitive distance-reqular graph of
diameter d > 2. Fix some real number o > 0. Suppose that for some 1 < 5 < d —1 the
inequalities b; > ak and cjy1 > ak hold. Then

motion(X) > —n.

S e

Theorem 5.16. For any d > 3 there exists vq4 > 0, such that for any primitive distance-
reqular graph X of diameter d on n vertices either

motion(X) > yyn,
or X is the Hamming graph H(d, s) or the Johnson graph J(s,d).

Proof. Recall, Theorem [[.T2] implies that either motion(X) > ~/n for some 7/, > 0, or X
is geometric with smallest eigenvalue > —my, for some my > 2.
Let ¢/ = e(d) and 1y = n(d) be the constants provided by Theorem Set

1 . 1
0<e= 511111’1 (W,éf/) < 1/200

Case A. X is not geometric or the smallest eigenvalue of X is less than —my.
Then, by Theorem [[L.T2, motion(X) > ~/n.

Case B. There exists t € [d] such that ¢;11 > €k and b > k.
Then, by Proposition [5.15, motion(X) > en/d.
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Case C. X is geometric with smallest eigenvalue at least —my and there exists ¢t € [d]
such that ¢; < ek and by < k.
By Theorem [5.2] the zero-weight spectral radius of X satisfies £(X) < (1 — ny)k.

Case C.1. k < max(29,2m3, 4mg/nq).
Then X has at most Ny = max (29, 2m3, 4mg/nq)? + 1 vertices. Moreover, every
non-trivial automorphism moves at least 2 points, so motion(X) > N

Case C.2. k > max(2m3,29) and pu > 2.
Case C.2.. 6, < (1 —¢)b;.
Using Corollary 2,18 we obtain, A > i —1>m?2 > p. By Lemma 5], we have
2A<pu+k,soby > (k—p)/2> l{;/47.n£lfhus

) +a(X) Sk —cb < (1-2)k

™

Hence, by Lemma 5.1, motion(X) > e
Case C.2.ii. 0; > (1 —¢)b; and pu > 3.
Since € < ﬁ < €*, by Theorem [[.21and Proposition B.11], X is a Johnson graph.
Case C.2.ii. 0; > (1 — )b, and pu = 2.
By Corollary 4.8 X is a Hamming graph.
Case C.3. p =1 and k > max(4mg/ng, m?2).
Case C.3.i. The smallest eigenvalue —m of X satisfies —m < —3.
Then by Theorem [B.7, motion(X) > %n.
Case C.3.ii. The smallest eigenvalue —m of X satisfies —m > —3.

Since, by Lemma 2.14] m is integer, we get that m < 2. Hence, m = 2, and by
Proposition [5.13 motion(X ) > n/16.

2 1
Therefore, the statement of the theorem holds with 4 = min @, E, — =) O
47 d Ny 16

Finally, our main result on the motion, Theorem [[.11], follows from the theorem above
and the following result we proved in [23].

Theorem 5.17 ( [23, Theorem 1.7]). Assume Conjecture[I.10 is true. Then for any d > 3

there exists vq > 0, such that for any distance-reqular graph X of diameter d on n vertices
either

motion(X) > 4n,
or X is a Johnson graph J(s,d), or a Hamming graph H(d, s), or a cocktail-party graph.
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6 Outlook: Minimal degree of permutation groups.
Coherent configurations

The study of the minimal degree of permutation groups started in the 19th century and
experienced a revival in the post—classiﬁcatio era.

Elementary results. It seems that the minimal degree was first studied in the 1871
paper [22] by Jordan, who proved that there are only finitely many primitive groups with
any given minimal degree m > 3. A remarkable result of Bochert [7] (1894) asserts that
a doubly transitive permutation group of degree n, other than A, and S, has minimal
degree at least n/4 — 1.

Lower bounds on the minimal degree impose strong structural constraints on the group.
For a group G, following Babai [3], by the thickness 6(G) we mean the maximal ¢ for which
the alternating group A; is involved in G as a quotient of a subgroup. A classical result
of Wielandt [37] shows that a linear lower bound on the minimal degree of a permutation
group implies a logarithmic upper bound on the thickness of the group.

Theorem 6.1 (Wielandt [37], see [2, Theorem 6.1]). Let n > k > { be positive integers,
k>17, and let 0 < a < 1. Suppose that G is a permutation group of degree n and minimal
degree at least an. If

(-1l -2)>(1—a)kk—1)(k-2),
and 0(G) > k, then n > (lz)
Corollary 6.2. Let G be a permutation group of degree n. Suppose mindeg(G) > an.

Then the thickness 0(G) of G satisfies 0(G) < 3 In(n).
«

It is known, as a corollary of CFSG, that doubly transitive groups G' < S,,, other than
A, and S,, have order at most n'*°¢(™ [I3]. An elementary proof of a slightly weaker
result was obtained by Babai and Pyber [2], [30] using Corollary [6.2] and Bochert’s bound
on minimal degree.

In light of Wielandt’s result, an immediate corollary of our Theorem [[.T1]is the follow-
ing.

Theorem 6.3. For any d > 3 there exists an ag > 0 such that for any distance-reqular
graph X of diameter d > 3 with n vertices either

O(Aut(X)) < aglogn,

or X s a Johnson graph, or a Hamming graph, or a cocktail-party graph.

'We refer here to the Classification of the Finite Simple Groups (CFSG)
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Post-classification results. For a permutation group G < Sym() define G® to be
the permutation group acting on the set of k-tuples (2) via the induced action. Using
the CFSG, Liebeck and Saxl [26], [27] characterized all primitive permutation groups with
minimal degree less than n/3. They showed that a group G with mindeg(G) < n/3 is of

the form (AS,’i))d <G<L Sy(,zf) 1Sy, where Sf(,zf) 1S, is represented in the product action on (T,?)d
elements. These groups are called Cameron groups, as primitive groups of degree n and
order at least n'™1°6™ are of this form, by a result of Cameron [I2] based on consequences
of the CFSG.

Cameron groups act on “Cameron schemes” (see below). These structures can be seen

as hybrids between Hamming and Johnson graphs.

Coherent configurations. Following Schur [32] (1933), one can relate the following
combinatorial structure with a permutation group G < Sym(€2). Let Ry, Ry, ..., Ry be the
orbits of the G-action on Q2 x 2 (the orbitals of G). The tuple X(G) = (Q, {R1, Rs, ..., Ry})
is called the orbital configuration of G. The orbital configurations are a special case of more
general combinatorial structures, called coherent configurations, which were also essentially
defined in the paper of Schur and were reintroduced later in various contexts [8], [35]
(see [36]). The term “coherent configuration” was introduced by Higman [20], who revived
Schur’s program and developed a representation theory of coherent configurations. A
graph-theoretic study of coherent configurations was initiated by Babai [1].

Definition 6.4. Let 2 be a set and R = { Ry, Ra, ..., Rq} be a partition of Q x Q (R; # 0).
The pair X = (€, R) is called a coherent configuration if the following properties hold.

1. For every i € [d], if (x,z) € R; for some z € €, then (y,2) ¢ R; for any y # z € Q.
2. For every i € [d] there exists i* such that, if (x,y) € R;, then (y,z) € R;-.

3. For every i,j,t € [d] there exists a number pf ;, such that for any pair (z,y) € R,
there exist exactly pj ; vertices z € Q such that (z,z) € R; and (z,y) € R;.

The number d of classes in the partition fR is called the rank of X.

The Cameron schemes are the orbital configurations of the Cameron groups. Babai con-
jectured that the following combinatorial analog of the Liebeck-Saxl classification should
be true.

Conjecture 6.5 (Babai). There exists an o > 0 such that for any primitive coherent
configuration X on the set of n vertices either

motion(X) > an,

or X is a Cameron scheme.
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In the case of rank 3, this conjecture follows from Babai’s motion bound for strongly
regular graphs [3] (see Theorem [[O) and strongly regular tournaments [I]. We confirm
this conjecture in the case of rank 4 in [24].

Distance-regular graphs give rise to a special class of coherent configurations, in which
relations are induced by the distance metric in the graph. Specializing Conjecture to
the class of primitive distance-regular graphs we obtain the following statement.

Conjecture 6.6 (Babai). There exists an o > 0 such that for any primitive distance-
regular graph X of diameter d > 3 on n vertices, either

motion(X) > an,
or X is a Hamming graph, or a Johnson graph.

This conjecture is a stronger version of Conjecture [[LI0] and remains open.

A Appendix
Below we prove the inequality used in the proof of Proposition .0l
Lemma A.1. Let 2 <t < x4+ 1< m be integers, then

(m—z)(m—-1)* _m-—1
(m—z+t—22 " t-1

(18)

Proof. Note that when x = m — 1 the inequality is true, as m — 1 >t — 1. We can rewrite

inequality (I8) as
(m—z)m—1)t—1)> (m—z+t—2)7

m(m—1)(t—1)—z(m—1)t—-1)> 2 —2z(m+t—2)+ (m+t —2)%
mm —1)(t—1)—(m+t—2)?>xz(xr+m(t—3)—3t+5) (19)
If t >4, then x > 3t —5 — m(t — 3). Indeed, for ¢t > 5 this is true as

r>t—1>3t—5—-2m>3t—5—m(t—3),

and for ¢ = 4 this holds as ¢ >t —1=3 > 7 — m. Thus, for t > 4 the maximal value of
the RHS of inequality (9] is achieved at maximal value of x, i.e., when z = m — 1. But as
noted above, inequality (I8)) holds for x = m — 1, and inequality (I9) is equivalent to it.

The statement of the lemma is obvious if t = 2. Therefore, the only case we still need to
check is t = 3. Since the desired inequality holds for z = m — 1, we can assume x < m — 2.
In this case inequality (I9]) follows from

2m(m — 1) — (m+1)>=m? —4m+1> (m—2)> =4 > 2% —4 > 2> — 4x.
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