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Abstract

The paper surveys mathematical tools required for stability and convergence
analysis of modern sliding mode control systems. Elements of Filippov the-
ory of differential equations with discontinuous right-hand sides and its recent
extensions are discussed. Stability notions (from Lyapunov stability (1982) to
fixed-time stability (2012)) are observed. Concepts of generalized derivatives
and non-smooth Lyapunov functions are considered. The generalized Lyapunov
theorems for stability analysis and convergence time estimation are presented

and supported by examples from sliding mode control theory.

1. Introduction

During whole history of control theory, a special interest of researchers was
focused on systems with relay and discontinuous (switching) control elements
[1,2, 3, 4]. Relay and variable structure control systems have found applications
in many engineering areas. They are simple, effective, cheap and sometimes they
have better dynamics than linear systems [2]. In practice both input and output

of a system may be of a relay type. For example, automobile engine control sys-
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tems sometimes use A - sensor with almost relay output characteristics, i.e only
the sign of a controllable output can be measured [5]. In the same time, terris-
tors can be considered as relay ”actuators” for some power electronic systems
[6].

Mathematical backgrounds for a rigorous study of variable structure control
systems were presented in the beginning of 1960s by the celebrated Filippov the-
ory of differential equations with discontinuous right-hand sides [7]. Following
this theory, discontinuous differential equations have to be extended to differen-
tial inclusions. This extension helps to describe, correctly from a mathematical
point of view, such a phenomenon as sliding mode [3], [8], [6]. In spite of this,
Filippov theory was severely criticized by many authors [9], [10], [3], since it
does not describe adequately some discontinuous and relay models. That is
why, extensions and specifications of this theory appear rather frequently [10],
[11]. Recently, in [12] an extension of Filippov theory was presented in order
to study Input-to-State Stability (ISS) and some other robustness properties of
discontinuous models.

Analysis of sliding mode systems is usually related to a specific property,
which is called finite-time stability [13], [3], [14], [15], [16]. Indeed, the sim-
plest example of a finite-time stable system is the relay sliding mode system:
& = —sign[z],z € R,2(0) = zp. Any solution of this system reaches the ori-
gin in a finite time T(xg) = |zo| and remains there for all later time instants.
Sometimes, this conceptually very simple property is hard to prove theoreti-
cally. From a practical point of view, it is also important to estimate a time
of stabilization (settling time). Both these problems can be tackled by Lya-
punov Function Method [17, 18, 19]. However, designing a finite-time Lyapunov
function of a rather simple form is a difficult problem for many sliding mode
systems. In particular, appropriate Lyapunov functions for second order sliding
mode systems are non-smooth [20, 21, 22] or even non-Lipschitz [23, 24, 25].
Some problems of a stability analysis using generalized Lyapunov functions are
studied in [26, 27, 28, 29].

One more extension of a conventional stability property is called fized-time



stability [30]. In addition to finite-time stability it assumes uniform boundedness
of a settling time on a set of admissible initial conditions (attraction domain).
This phenomenon was initially discovered in the context of systems that are
homogeneous in the bi-limit [31]. In particular, if an asymptotically stable
system has an asymptotically stable homogeneous approximation at the 0-limit
with negative degree and an asymptotically stable homogeneous approximation
at the +oo-limit with positive degree, then it is fixed-time stable. An important
application of this concepts was considered in the paper [32], which designs a
uniform (fixed-time) exact differentiator basing on the second order sliding mode
technique. Analysis of fixed-time stable sliding mode system requires applying
generalized Lyapunov functions [30], [32].

The main goal of this paper is to survey mathematical tools required for
stability analysis of modern sliding mode control systems. The paper is orga-
nized as follows. The next section presents notations, which are used in the
paper. Section 3 considers elements of the theory of differential equations with
discontinuous right-hand sides, which are required for a correct description of
sliding modes. Stability notions, which frequently appear in sliding mode con-
trol systems, are discussed in Section 4. Concepts of generalized derivatives are
studied in Section 5 in order to present a generalized Lyapunov function method

in Section 6. Finally, some concluding remarks are given.

2. Notations

R is the set of real numbers and R = RU {—o0o} U {+c0}, R, = {z € R :

x>0} and Ry =Ry U {+00}.

T denotes one of the following intervals: [a,b], (a,b), [a,b) or (a,b], where

a,b€ R,a <b.

The inner product of z,y € R™ is denoted by (z,y) and ||z| = \/{(x, ).

The set consisting of elements x1, xa, ..., z, is denoted by {x1,x9, ..., x,}.

The set of all subsets of a set M C R” is denoted by 2.



The sign function is defined by

1 if p>0,
sign,[p] =¢ —1 if p<0, (1)
o if p=0,

where 0 € R: =1 < ¢ < 1. If 0 = 0 we use the notation sign[p].

The set-valued modification of the sign function is given by

{1} if p>0,
signfp] =¢ {-1} if p<o0, (2)
[-1,1] if p=0.

o

zlel = |z|*sign[z] is a power operation, which preserves the sign of a

number z € R.

The geometric sum of two sets is denoted by 747, i.e.
M;,+M; = U {x1 + 22}, (3)
z1E€EM1,22€ M2

where M; C R", My C R™.
The Cartesian product of sets is denoted by x.

The product of a scalar y € R and a set M C R” is denoted by ”-” :

y-M=M-y= | {yz}. (4)

The product of a matrix A € R™*"™ to a set M C R" is also denoted by
A-M= | {4z} (5)
reM

0%} is the boundary set of 2 C R".

B(r) = {x € R™: ||z|| < r} is an open ball of the radius r € Ry with the
center at the origin. Under introduced notations, {y}+B(e) is an open

ball of the radius € > 0 with the center at y € R™.



o int(Q2) is the interior of a set & C R”, ie. x € int(Q) iff Ir € R, :

{z} +B(r) CQ

e Let k be a given natural number. C¥(€2) is the set of continuous functions
defined on a set 2 C R"™, which are continuously differentiable up to the

order k.

Ox17 """ Oxp,
(51(-)5 ooes S (- )) s;(-) € C! then Vs(x) is the matrix R"*™ of the partial
3

T
S V() € C then WV() = (Foo F) - 15 s R = R, 5() =

derivatives -~

o W2 is the set of vector-valued, componentwise locally absolutely continu-

ous functions, which map Z to R".

3. Discontinuous systems, sliding modes and disturbances
8.1. Systems with discontinuous right-hand sides

The classical theory of differential equations [33] introduces a solution of the

ordinary differential equation (ODE)
z=f(t,z), [f:RxR"—=R", (6)

as a differentiable function z : R — R™, which satisfies (6) on some segment
(or interval) Z C R. The modern control theory frequently deals with dynamic
systems, which are modeled by ODE with discontinuous right-hand sides [6, 34,
35]. The classical definition is not applicable to such ODE. This section observes
definitions of solutions for systems with piecewise continuous right-hand sides,
which are useful for sliding mode control theory.
Recall that a function f : R™*! — R" is piece-wise continuous iff R"*?
consists of a finite number of domains (open connected sets) G; C R j =
L N; Gi(NG;j =0 for i # j and the boundary set S = U 0G; of measure
zero such that f(t, x) is continuous in each G; and for each (t* *) € 0G, there

exists a vector f7(t*,x*), possible depended on j, such that for any sequence



(tk,2%) € Gj : (tF,2%) — (t*,2*) we have f(tF,2%) — fi(t*,2*). Let functions

f7:R"™!1 — R"™ be defined on dG; according to this limiting process, i.e.

fit,z) = F(tF, ), (t*,2%) € Gy, (t,z) € 0G;.

lim
(tk k) —(t,x)
8.1.1. Filippov definition
Introduce the following differential inclusion
@ € K[f](t,z), teR, (7)
{f(t,2)} it (t,x) € RMI\S,

U {fj(t,:v)}> if (t,z) € S,

JEN(t,z)

K[f)(t,x) = w ( (8)

where co(M) is the convex closure of a set M and the set-valued index func-
tion N : R*+t1 — 2{1.2.--N} defined on S indicates domains G, which have a

common boundary point (¢,z) € S, i.e.
N(t,z)={je{l,2,...,N}: (t,x) € 0G;}.
For (t,z) € S the set K[f](t,z) is a convex polyhedron.

Definition 1 ([7], page 50). An absolutely continuous function x : T — R™
defined on some interval or segment I is called a solution of (6) if it satisfies

the differential inclusion (7) almost everywhere on Z.

Consider the simplest case when the function f(¢,z) has discontinuities on
a smooth surface S = {z € R™ : s(x) = 0}, which separates R” on two domains
Gt={zeR":5(x) >0} and G~ = {r € R" : s(z) < 0}.

Let P(x) be the tangential plane to the surface S at a point z € S and

frt,z)= lim  f(t,x;) and f~(t,z) = lim  f(¢, )

r;—x,x,€GT z,—z,x,€G~

For z € S the set K[f](t,z) defines a segment connecting the vectors fT (¢, z)
and f(t,x) (see Fig. 1(a), 1(b)). If this segment crosses P(x) then the cross

point is the end of the velocity vector, which defines the system motion on the



surface S (see Fig. 1(b)). In this case the system (7) has trajectories, which

start to slide on the surface S according to the sliding motion equation
T = fo(f,$)7 (9)

where the function
(Vs(x), f~(t, ) f*(t,2) + (Vs(z), fF(t,2) f~ (¢, 2)
<VS(.%‘), f+<t,$(}) - f_ <t7$)>
is the velocity vector defined by a cross-point of the segment and the plane
P(x), ie. fo(t,z) = pft(t,z) + (1 — pu)f (t,z) with p € [0,1] such that
(Vs(a), i (t,2) + (1 — p)f~ (t,2)) = 0.
IfVs(z) L pf~(t,z)+(1—p)fT (¢, x) for every p € [0,1] then any trajectory

of (7) comes through the surface (see Fig. 1(a)) resulting an isolated ”switching”

(10)

fO(tvx) =

in the right-hand side of (6).

(a) Switching case. (b) Sliding mode case.

Figure 1: Geometrical illustration of Filippov definition.

Seemingly, Filippov definition is the most simple and widespread definition of
solutions for ODE with discontinuous by x right-hand sides. However, this def-
inition was severely criticized by many authors [9], [3], [10] since its appearance
in 1960s. In fact, it does not cover correctly many real-life systems, which have
discontinuous models. Definitely, contradictions to reality usually are provoked
by model inadequacies, but some problems can be avoided by modifications of

Filippov definition.



Example 1. Consider the discontinuous control system

fCl = u, .
u = —sign[z1], (11)
iy = (eu? + &%|u| — &)y,
where x1, x5 € R are system states, € € Ry is some small parameter 0 < e < 1,
u € R is the relay control with the sign function defined by (1).
If we apply Filippov definition only to the first equation of (11), we obtain
the following sliding motion equation &1 = 0 for 1 = 0, which implicitly implies

u =0 for x1 = 0. So, the expectable sliding motion equation for (11) is
for x1=0. (12)

However, considering Filippov definition for the whole system (11) we derive

-1
fH(xy,20) = for xy — 40
821’2
1
[ (z1,20) = for xy — —0
€2$2

and the formula (10) for s(x) = x1 gives another sliding motion equation:

a1 (Vs(z), f~(t,2)) f*(t2) + (Vs(x), [ (t,2)) f~(t,2) 0

Vs(2), I (L) — I~ (t,2))

From the practical point of view the sliding motion equation (12) looks more
realistic. Indeed, in practice we usually do not have ideal relays, so the model
of switchings like (1) is just a ”comfortable” approximation of real "relay” ele-
ments, which are continuous functions (or singular outputs of additional dynam-
ics [36]) probably with hysteresis or delay effects. In this case, a "real” sliding
mode is, in fact, a switching regime of bounded frequency. An average value of

the control input

1 t
|u‘average = / |u(7—)|d7a t>to: Jil(to) =0
t—1o to

in the "real” sliding mode is less than 1, particulary |u|qverage < 1 —€ (see [36]

for details). Hence, €|ul},o,age + €Ul average —€ < —€* and the system (11) has



asymptotically stable equilibrium point (x1,12) = 0 € R?, but Filippov definition
quite the contrary provides instability of the system.

Such problems with Filippov definition may appear if the control input u is
incorporated to the system (11) in nonlinear way. More detailed study of such

discontinuous models is presented in [11].
This example demonstrates two important things:

e Filippov defintion is not appropriate for some discontinuous models, since

it does not describe a real system motion.

e Stability properties of a system with discontinuous right-hand

side may depend on a definition of solutions.

Remark 1 (On Filippov regularization). The regularization of the ODE
system with discontinuous right-hand side can be also done even if the func-
tion f(t,x) in (6) is not piecewise continuous, but locally measurable. In this
case the differential inclusion (7) has the following right-hand side [7]:
K[fitte)= () [ co ft{z}+B(6)\N),
60 u(N)=0
where the intersections are taken over all sets N C R™ of measure zero (u(N) =

0) and all 6 > 0, co(M) denotes the convex closure of the set M.

3.1.2. Utkin definition (equivalent control method)
The modification of Filippov definition, which delivers an important impact
to the sliding mode control theory, is called the equivalent control method [3].

Consider the system
&= f(t,z,u(t,z)), teR, (13)

where f : R x R® x R™ — R" is a continuous vector-valued function and a

piecewise continuous function
u:RXR" = R™  wu(t,z) = (ur(t,z), us(t, ), ..., up (t, )"

has a sense of a feedback control.



Assumption 1. Each component u;(t,z) is discontinuous only on a surface
S ={(t,xz) e R" : s;(t,z) = 0},
where functions s; : R"*1 — R are smooth, i.e. s; € CH{R"1).

Introduce the following differential inclusion

z € f(t,z, K[u](t,x)), teR, (14)
where
Klul(t,2) = (Klu](t, 2), ..., K[un](t, 2))7,
{u;(t, )}, si(t,x) #0,
Klug](t,z)= _ _
co lim  w(tjz;), lm  w(tjz;) p, si(t,xz)=0.
(tj,@5)—(t,z) (tj,@5)—(t,z)
si(t;,25)>0 si(t;,25)<0
(15)

The set f(t,z, K[ui](t, z), ..., K[um](t,x)) is non-convez in general case [11].

Definition 2. An absolutely continuous function x : T — R"™ defined on some
interval or segment I is called a solution of (13) if there exists a measur-

able function ueq : T — R™ such that uey(t) € Klul(t,z(t)) and &(t)

f(t,x(t), ueq(t)) almost everywhere on T.

The given definition introduces a solution of the differential equation (13), which
we call Utkin solution, since it follows the basic idea of the equivalent control
method introduced by V.I. Utkin [3], page 14 (see also [7], page 54).
Obviously, for (t,z(t)) ¢ S we have ueq(t) = u(t, z(t)). So, the only question
is how to define uc4(t) on a switching surface. The scheme presented in [3]
is based on resolving of the equation §(t,z) = 25 + V7Ts(z)f(t,2,ueq) = 0 in
algebraic way. The obtained solution wu.,(t, z) is called equivalent control [3].
In order to show a difference between Utkin and Filippov definitions we
consider the system (13) with v € R (m = 1) and a time-invariant switching

surface S = {x € R" : s(x) = 0}.

10



Denote

+ _ . _ . .
ut(t,x) = lim u(t, z,; and u (t,x) = lim u(t,z;),
( ) xj—x,s(x;)>0 ( ]) ( ) zj—x,s(x;)<0 ( j)

frt,z) = ft,z,ut(t,z)) and [~ (t,z) = f(t,x,u"(t,x)).

The sliding mode existence condition

€ [0.1]: Vs(a) L uf~(t,2) + (1 — ) f* (L)

is the same for both definitions.
The sliding motion equation obtained by Filippov definition has the form
(9) recalled here by
&= fo(t,x),
(Vs(z), f~(t,2)) f*(t2) + (Vs(x), [ (t,2)) f~ ()
(Vs(z), f+(t,2) = f~(t,2)) '

The corresponding vector fo(¢,x) is defined by a cross-point of the tangential

fO(ta‘T) =

plane at the point x € S and a segment connecting the ends of the vectors
fr(t,x) and f~(¢,z) (see Fig. 3(a)).

Utkin definition considers a set K[u](t,z), which is the convex closure of
a set of limit values of a discontinuous control function w(t¢,x). For different
Uy, Ug, Us, ... € Ku](t, z) the vectors f(t,z,uy), f(t, x,us), f(t,x,us3), ... end on
an arc connecting the ends of the vectors f1(¢,z) and f~(¢,x) (see Fig. 3(b)).
In this case the vector f(t,x,ucq) defining the right-hand side of the sliding
motion equation is derived by a cross-point of this arc and a tangential plane

at the point « € S (see Fig. 3(b)), i.e.
&= f(t,z,ueq(t,z)), €S, (16)

where ueq(t, ) € Ku](t,z) : Vs(z) L f(t, z, ueq(t, z)).
Sometimes Utkin definition gives quite strange, from mathematical point of

view, results, but they are very consistent with real-life applications.

Example 2. ([7]) Consider the system
& = Az + buy + cua, wuy =sign[z1], w2 = sign[z], (17)

11



where ¥ = (11,2, ..., 2,)T € R", A€ R ¢,b € R", c#b. Filippov definition

provides the inclusion
i € {Az}+(b+ c) - sign[zy], (18)

where + is the geometric (Minkovski) sum of sets (see (3)), sign is the set-valued
modification of the sign function (see (2)) and the product of a vector to a set
is defined by (5).

If the functions u; and us are independent control inputs, then Utkin defi-
nition gives

i € {Azx}+b - sign[z]+c - sign[z]. (19)

The right-hand sides of (18) and (19) coincide if the vectors c and b are collinear,
otherwise Filippov and Utkin definitions generate different set-valued mappings.

For example, if v = (v1,712)T € R?2, A=0, b= (-1,0)T and c = (0,-1)7,
then

a) Filippov definition gives K|[f](z) = [-1, 1] ! forxzy =0, i.e. K[f](z)
1

is a segment connecting the points (—1,—1) and (1,1) (see Fig. 2(a)); the

corresponding sliding motion equation is
=0 for xz =0;

b)Utkin definition generates the square boz, i.e. K[f](z)=[-1,1] x [-1,1]
for x1 =0 (see Fig. 2(b)), so sliding motion equation has the form

0

T = for z; =0,
Ueq(t)
where teq : R — R is an arbitrary locally measurable function such that |ueq(t)| <
1 for every t € R.
Control inputs u1 and ug are independent and relay elements are not identical
in practice. They can not switch absolutely synchronously. This admits a motion
of the system along the switching line x1 = 0. In this case, Utkin definition is

more adequate to reality than Filippov one.

12
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Y % Y %
%5 x,)
S x)
(a) Filippov definition. (b) Utkin definition.

Figure 2: Example of Filippov’s and Utkin’s sets.

8.1.8. Aizerman-Pyatnitskii definition
The Aizerman-Pyatnitskii definition covers solutions of both definitions con-

sidered above by means of introduction of the following differential inclusion
z €cof(t,z, K[u](t,z)), teR, (20)
for the system (13).

Definition 3 (Aizerman-Pyatnitskii definition ([10] and [7], page 55)).
An absolutely continuous function x : T — R™ defined on some interval or seg-
ment I is called a solution of (6) if it satisfies the differential inclusion (20)

almost everywhere on I.

Returning to the example considered above for v € R (m = 1) Aizerman-

Pyatnitskii definition gives the inclusion
T € FSM(ta ‘T) = CO{fO(t7 37), f(ta z, Ueq(tv .T))L

which describes the motion of the discontinuous system (13) in a sliding mode
(see Fig. 3(c) with f, € Fsa(t, x)).

A criticism of Aizerman-Pyatnitskii definition is related to nonuniqueness of
solutions even for simple nonlinear cases. However, if some stability property
s proven for Aizerman-Pyatnickii definition, then the same property holds for

both Filippov and Utkin solutions.

13



/'} 'v

f

(a) Filippov definition. (b) Utkin definition. (¢)  Aizerman-Pyatnitskii
definition.

Figure 3: The sliding motion for different definitions.

The affine control system is the case when all definitions may be equivalent.

Theorem 1 ([37], Theorem 14, page 44). Let a right-hand side of the sys-

tem (6) be affine with respect to control:
ft,z) = a(t,z) + b(t, z)u(t, x),

where a : R"1 — R” is a continuous vector-valued function, b : R*t1 — Rnxm
is a continuous matriz-valued function and v : R"T' — R™ is a piecewise

T such that u; has a unique

continuous function u(t,x) = (uq(t, x), ..., um (¢, x))
time-invariant switching surface s;(x) =0, s; € CL(R").

Definitions of Filippov, Utkin and Aizerman-Pyatnitskii are equivalent iff
det (VTs(2)b(t,z)) #0 if (t,z) €S, (21)

where s(z) = (s1(x), $2(2), ..., sm(2))T, Vs(z) € R**™ is the matriz of partial

derivatives g—z and S is a discontinuity set of u(t, x).

The present theorem has the simple geometric interpretation for the single
input system. The affine control system is linear with respect to the control
input, which is the only discontinuous term of the right-hand side of the system
(6). In this case all regularization procedures provide the set-valued extension
depicted on Fig. 3(a). The condition (21) excludes non-uniqueness of this set-
valued extension for multi-input case. For example, the system considered in

Example 17 is affine, but it does not satisfy the condition (21).

14



8.2. System disturbances and extended differential inclusion

Some modifications of presented definitions of solutions are required again
if a model of a dynamic system includes disturbances into considerations. For
example, the paper [12] extends Filippov definition to discontinuous disturbed
systems. It demonstrates that the presented extension is useful for ISS analysis.

The present survey is mostly oriented on sliding mode control systems. The
robustness of sliding mode control systems (at least theoretically) is related to
invariance of qualitative behavior of closed-loop system on matched disturbances
with some a priori known maximum magnitude [3], [8], [6]. This property usu-
ally allows reducing a problem of stability analysis of a disturbed discontinuous
sliding mode control system to a similar problem presented for an extended dif-
ferential inclusion. The idea explained in the next example was also used in

papers [15], [38].
Example 3. Consider the simplest disturbed sliding mode system
& = —dy(t) sign[z] + da(t), (22)
where x € R, unknown functions d; : R — R are bounded by
dPn < dy(t) < diex i=1,2, (23)

and the function sign[z| is defined by (1).
Obviously, all solutions of the system (22) belong to a solution set of the

following extended differential inclusion
b€ [, ] - Sgnla] + a3, dye) (24

Stability of the system (24) implies the same property for (22). In particular,
for din > max{|d5®|, |d5e*|} both these systems have asymptotically stable

oT1igIns.

This example shows that the conventional properties, like asymptotic or fi-

nite stability, discovered for differential inclusions may provide ”"robust” stability

15



for original discontinuous differential equations. That is why, in this paper we do
not discuss "robust” modifications of stability notions for differential inclusions.

Models of sliding mode control systems usually have the form
T = f(t,x,u(t,x),d(t)), 3 GRa (25)

where x € R" is the vector of system states, u € R™ is the vector of control
inputs, d € R¥ is the vector of disturbances, the function f : R*tm+k+l _ Rn
is assumed to be continuous, the control function » : R**1 — R™ is piecewise
continuous, the vector-valued function d : R — R¥ is assumed to be locally

measurable and bounded as follows:
d™ < di(t) < d, (26)
where d(t) = (dy(t),da(t), ..., dr(t))T, t € R.
All further considerations deal with the extended differential inclusion
t € F(t,z), teR, (27)
where F(t,x) = co{f(t,x, K[u](t,z), D)}, the set-valued function Klu|(t,z) is
defined by (15) and
D = {(di,dz,....dr)" € RF : d; € [d"™, d"™],i=1,2,...k}. (28)
The same extended differential inclusion can be used if the vector d (or its
part) has a sense of parametric uncertainties.

3.3. Emistence of solutions

Let us recall initially the classical result of Caratheodory about existence of

solutions for ODEs with right-hand sides, which are discontinuous on time.
Theorem 2 ([33], Theorem 1.1, Chapter 2). Let the function
g:RxR" - R"
(t,x) = g(t,x)
be continuous by x in Q = {xo} + B(r),r € Ry,x9 € R™ for any fizred t € T =

[to — a,to +a],a € Ry, to € R and it is measurable by t for any fived x € Q. If
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there exists an integrable function m : R — R such that || f(t, )| < m(¢t) for all
(t,z) € T x Q then there exists an absolutely continuous function x : R — R"

and a number b € (0, a] such that x(ty) = xo and the equality

i(t) = g(t, x(t))
hold almost everywhere on [to — b, to + b].
Introduce the following distances

p(l‘7M): inf Hx_yH) JjeRn, Many
yeM (29)
p(My,My) = sup p(x, M), M; CR", M, CR"
x€eM;

Remark, the distance p(M;j, M2) is not symmetric, i.e. p(Mj, Mz) # p(Ma, M)

in the general case.

Definition 4. A set-valued function F : R*"T1 — R s said to be upper

semi-continuous at a point (t*,x*) € R" 1 if (t,x) — (¢t*,2*) implies
p(F(t,z), F(t",x2")) — 0.
For instance, the function sign[z]| defined by (2) is upper semi-continuous.

Theorem 3 ([7], page 77). Let a set-valued function F : G — 2% be defined

and upper semi-continuous at each point of the set
G={(t,x) eR"™ : |t —ty| < a and ||z — x0|| < b}, (30)

where a,b € Ry, tg € R,zg € R™. Let F(t,x) be nonempty, compact and convex
for (t,z) € G.

If there exists K > 0 such that p(0, F(t,z)) < K for (t,z) € G then there
exists at least one absolutely continuous function x : R — R™ defined at least
on the segment [ty — a, tg + ], o = min{a, b/ K}, such that x(ty) = xo and the

inclusion &(t) € F(t,z(t)) holds almost everywhere on [to — o, to + a.

Filippov and Aizerman-Pyatnickii set-valued extensions of the discontinuous

ODE (see formulas (7) and (20)) and the extended differential inclusion (27)
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satisfy all conditions of Theorem 3 implying local existence of the corresponding
solutions.

The existence analysis of Utkin solutions is more complicated in general case.
Since the function f(¢,z,u) is continuous, then for any measurable bounded
function ug : Z — R™ the composition f(¢,z,ug(t)) satisfies all conditions of
Theorem 2 and the equation & = f(¢,x,up(t)) has an absolutely continuous
solution zo(t), but ug(t) may not belong to the set K[u](t, zo(t)).

In some cases, the existence of Utkin solution can be proven using the cele-

brated Filippov’s lemma.

Lemma 1 ([39], page 78). Let a function f : R*™™+L — R™ be continuous
and a set-valued function U : R — 2™ be defined and upper-semicontinuous
on an open set T x Q, where Q C R™. Let U(t,z) be nonempty, compact and
convex for every (t,z) € T x Q. Let a function x : R — R™ be absolutely
continuous on I, x(t) € Q fort € T and x(t) € f(t,x(t),U(t,x(t))) almost
everywhere on L.

Then there exists a measurable function ueq : R — R™ such that ueq(t) €

U(t,z(t)) and £(t) = f(t, z(t), ueq(t)) almost everywhere on I.

If the differential inclusion (14) has a conver right-hand side then Theorem 3
together with Lemma 1 results local existence of Utkin solutions. If the set-
valued function f(t,z, K[u](t,z)) is non-convex, the existence analysis of Utkin
solutions becomes very difficult (see [11] for the details).

Some additional restrictions to right-hand sides are required for a prolonga-
tion of solutions. In particular, the famous Winter’s theorem (see, for example,
[40], page 515) about a non-local existence of solutions of ODE can be expanded

to differential inclusions.

Theorem 4 ([41], page 169). Let a set-valued function F : R"*1 — R+ pe
defined and upper-semicontinuous in R" 1. Let F(t,z) be nonempty, compact

and convex for any (t,x) € R"+1.
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If there exists a real valued function L : RT U{0} — RT U {0} such that

1
L(r)

+oo
p0.F () < Ll and [ dr = +o0,
0

then for any (to, o) € R the system (27) has a solution x(t) : x(ty) = x¢
defined for all t € R.

Based on Lyapunov function method, the less conservative conditions for pro-

longation of solutions are given below.

4. Stability and convergence rate

Consider the differential inclusion (27) for ¢ > to with an initial condition
(to) = o, (31)

where g € R” is given.

Cauchy problem (27), (31) obviously may not have a unique solution for a
given tg € Rand a given zy € R". Let us denote the set of all solutions of Cauchy
problem (27), (31) by ®(to,zo) and a solution of (27), (31) by z(t,to,z0) €
D (g, x0)-

Nonuniqueness of solutions implies two types of stability for differential in-
clusions (27): weak stability(a property holds for a solution) and strong stability
(a property holds for all solutions) (see, for example, [27], [13], [7]). Weak sta-
bility usually is not enough for robust control purposes. This section observes
only strong stability properties of the system (27). All conditions presented in

definitions below are assumed to be held for all solutions x(t, ty, x) € P(to,xo)-

4.1. Lyapunov, asymptotic and exponential stability

The concept of stability introduced in the famous thesis of A.M. Lyapunov
[17] is one of central notions of the modern stability theory. It considers some
nominal motion x*(t,ty, o) of a dynamic system and studies small perturba-
tions of the initial condition zo. If they imply small deviations of perturbed
motions from x*(t,tg,x) then the nominal motion is called stable. We study

different stability forms of the zero solution (or, equivalently, the origin) of the
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system (27), since making the change of variables y = & — z* we transform
any problem of stability analysis for some nontrivial solution x*(¢,t*, z§) to the
same problem for the zero solution.

Assume that 0 € F(¢,0) for t € R, where F'(t,z) is defined by (27). Then
the function x((t) = 0 belongs to a solution set ®(t,t,0) for any ¢, € R.

Definition 5 (Lyapunov stability). The origin of the system (27) is said to
be Lyapunov stable if for Ve € Ry and Vg € R there exists § = d(e,tg) € Ry
such that for Vo € B(0)
1) any solution x(t,to,zo) of Cauchy problem (27), (31) exists for t > to;
2) x(t,tg, z0) € B(e) fort > tg.

If the function § does not depend on tg then the origin is called uniformly
Lyapunov stable. For instance, if F(t,x) is independent of ¢ (time-invariant case)
and the zero solution of (27) is Lyapunov stable, then it is uniformly Lyapunov

stable.

Proposition 1. If the origin of the system (27) is Lyapunov stable then x(t) =
0 is the unique solution of Cauchy problem (27), (31) with xo = 0 and ty € R.

The origin, which does not satisfy any condition from Definition 5, is called

unstable.

Definition 6 (Asymptotic attractivity). The origin of the system (27) is
said to be asymptotically attractive if for Yty € R there exists a set U(tg) C R™ :
0 € int(U(tg)) such that Vo € U(to)

e any solution x(t,tg, xo) of Cauchy problem (27), (31) exists for t > to;

(] t—li—&-moo H.Z'(t,to, l‘o)” =0.

The set U(ty) is called attraction domain.

Finding the maximum attraction domain is an important problem for many

practical control applications.
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Definition 7 (Asymptotic stability). The origin of the system (27) is said

to be asymptotically stable if it is Lyapunov stable and asymptotically attractive.

If U(tp) = R™ then the asymptotically stable (attractive) origin of the system
(27) is called globally asymptotically stable (attractive).
Requirement of Lyapunov stability is very important in Definition 7, since

even global asymptotic attractivity does not imply Lyapunov stability.

Example 4 ([42], page 433 or [43], page 191). The system

22(x9 — 211)
(a3 +23) (1+ (a3 +23)°)

22 (x9 — 21) + 25
(a3 +23) (1+ (a3 +23)°)

il = and j?g =
has the globally asymptotically attractive origin. However, it is not Lyapunov
stable, since this system has trajectories (see Fig. 4), which start in arbitrary
small ball with the center at the origin and always leave the ball B(ep) of a fized
radius €g € Ry (i.e. Condition 2 of Definition 5 does not hold for € € (0,ep)).

0

Figure 4: Example of R.E. Vinograd [42].

The uniform asymptotic stability can be introduced by analogy with uniform

Lyapunov stability. It just requests more strong attractivity property.

Definition 8 (Uniform asymptotic attractivity). The origin of the system
(27) is said to be uniformly asymptotically attractive if it is asymptotically at-

tractive with a time-invariant attraction domain U C R™ and for VR € R,
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Ve € Ry there exists T = T(R,e) € Ry such that the inclusions xo € B(R) NU
and to € R imply x(t, to, xo) € B(e) fort >to+T.

Definition 9 (Uniform asymptotic stability). The origin of the system (27)
is said to be uniformly asymptotically stable if it is uniformly Lyapunov stable

and uniformly asymptotically attractive.

If 4 = R™ then a uniformly asymptotically stable (attractive) origin of the
system (27) is called globally uniformly asymptotically stable (attractive). Uni-
form asymptotic stability always implies asymptotic stability. The converse

proposition also holds for time-invariant systems.

Proposition 2 ([44], Proposition 2.2, page 78). Let a set-valued function
F : R™ — R"™ be defined and upper-semicontinuous in R™. Let F'(x) be nonempty,

compact and convex for any x € R™. If the origin of the system
i€ F(x)
18 asymptotically stable then it is uniformly asymptotically stable.

Frequently, an asymptotic stability of a closed-loop system is not enough
for a "good” quality of control. A rate of transition processes also has to be
adjusted in order to provide a better performance to a control system. For this
purpose some concepts of "rated” stability can be used such as exponential,

finite-time or fixed-time stability.

Definition 10 (Exponential stability). The origin of the system (27) is said
to be exponentially stable if there exist an attraction domainUd CR™ : 0 € int(U)

and numbers C,r € Ry such that
||£L'(t,t0,$0)” < CH{E()H@_T(t_tO),t > 1. (32)
forto € R and xg € U.

The inequality (32) expresses the so-called exponential convergence (attrac-
tivity) property. The linear control theory usually deals with this property [19].

Exponential stability obviously implies both Lyapunov stability and asymp-
totic stability.
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4.2. Finite-time Stability

Introduce the functional Ty : W

[to.+o0) R, U{0} by the following formula

Toly() = imf T

If y(7) # 0 for all ¢ € [tg, +00) then Ty(y(-)) = +oo.

Let us define the settling-time function of the system (27) as follows

T(to, xo) = sup To(x(t, to, x0)) — to, (33)
x(t,to,z0) €L (t0,x0)

where ®(tg, zo) is the set of all solutions of the Cauchy problem (27), (31).

Definition 11 (Finite-time attractivity). The origin of the system (27) is
said to be finite-time attractive if for Vtg € R there exists a set V(tg) CR™: 0 €
int(V(to)) such that Vo € V(to)

o any solution x(t,tg, z9) of Cauchy problem (27), (31) exists for t > to;
o T(tg,xg) < +o0 for xzg € V(o) and for ty € R.
The set V(tg) is called finite-time attraction domain.

It is worth to stress that the finite-time attractivity property, introduced
originally in [14], does not imply asymptotic attractivity. However, it is impor-
tant for many control applications. For example, antimissile control problem
has to be studied only on a finite interval of time, since there is nothing to
control after missile explosion. In practice, Lyapunov stability is additionally

required in order to guarantee a robustness of a control system.

Definition 12 (Finite-time stability ([13], [14])). The origin of the system
(27) is said to be finite-time stable if it is Lyapunov stable and finite-time at-

tractive.

If V(t9) = R™ then the origin of (27) is called globally finite-time stable.
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Example 5. Consider the sliding mode system

2
& = ——=sign[x] + |2tz|, t>ty, z€R,

N

which, according to Filippov definition, is extended to the differential inclusion

2 .
& € ———= -sign[z]+{|2tx|}, t>ty, z€R, (34)
NG

where tg € R. It can be shown that the origin of this system is finite-time

attractive with an attraction domain V(ty) = B (etg(l - erf(\to|))>, where

2 z
erf(z) = ﬁ/o 67T2d7', zeR

1s the so-called Gauss error function. Moreover, the origin of the considered
system is Lyapunov stable (for Ye > 0 and for Vtg € R we can select § =
d(tp) = min {s,etg(l - erf(|t0|))}), so it is finite-time stable. In particular,

for to > 0 the settling-time function has the form
T(to,z0) = erf ™! <|1‘0|67t3 + erf(to)) — to,
where erf 1 (-) denotes the inverse function to erf(.).

The proposition 1 implies the following property of a finite-time stable sys-

tem.

Proposition 3 ([14], Proposition 2.3). If the origin of the system (27) is
finite-time stable then it is asymptotically stable and x(t,tg,z9) = 0 for t >
to + To(to, o).

A uniform finite-time attractivity requests an additional property for the

system (27).

Definition 13 (Uniform finite-time attractivity). The origin of the sys-

tem (27) is said to be uniformly finite-time attractive if it is finite-time at-

tractive with a time-invariant attraction domain V C R"™ such that the set-

tling time function T (tg, o) is locally bounded on R x V wuniformly on ty €

R, ie. for any y € V there exists ¢ € Ry such that {y}+B(e) C V and
sup T(to, o) < +00.

to€R, zoe{y}+B(e)
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Definition 14 (Uniform finite-time stability, [13], [15]). The origin of the
system (27) is said to be uniformly finite-time stable if it is uniformly Lyapunov

stable and uniformly finite-time attractive.

The origin of (27) is called globally uniformly finite-time stable if V = R™.

Obviously, a settling-time function of time-invariant finite-time stable system
(27) is independent of tg, i.e. T = T(xo). However, in contrast to asymptotic
and Lyapunov stability, finite-time stability of a time-invariant system does not

imply its uniform finite-time stability in general case.

Example 6 ([14], page 756). Let a vector field f : R*> — R? of a time-
invariant system be defined on the quadrants
Qr={xeRN\{0}:21 >0, 22 >0} Qur={reR?:2, <0, 25 >0}
QH[:{JUERQ:xlSO,mQ<O} QIV:{I‘ERQZ.Z‘1>O,$2<O}
as show in Fig. 5. The vector field f is continuous, f(0) = 0 and © =
(z1,22)T = (rcos(f),rsin(0))T, r >0, 6 € [0,27). In [1}] it was shown that

6= rcosfh—+/% sinf 5 0=—\0
r=0 // 7=—/T cosf
Qrr / Qr
DA
Qrir K\ o I
Q:—r Ey=—\/T1—T5
=0 x’QZ 0

Figure 5: Example of S.P. Bhat and D. Bernstein [14].

this system is finite-time stable. Moreover, it is uniformly asymptotically
stable, but it is not uniformly finite-time stable. For the sequence of the

initial conditions z& = (0,—1/i)T,i = 1,2,... we have (see [14] for the details)
zd — 0 and T(z}) — 4o00.
So, for any open ball B(r),r > 0 with the center at the origin we have

sup T(zg) = +o0.
zo€B(r)
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Uniform finite-time stability is the usual property for sliding mode systems
[15], [38]. The further considerations deals mainly with this property and its

modifications.

4.8. Fized-time Stability

This subsection discusses a recent extension of the uniform finite-time sta-
bility concept, which is called fized-time stability [30]. Fixed-time stability asks
more strong uniform attractivity property for the system (27). As it was demon-
strated in [32], [30], this property is very important for some applications, such
as control and observation with predefined convergence time.

In order to demonstrate the necessity of more detailed elaboration of uni-
formity properties of finite-time stable systems let us consider the following

motivating example.
Example 7. Consider two systems

k] for x <1,

0 for x>1,

() d=—aBla-p), (0 i=

which are uniformly finite-time stable with the finite-time attraction domain
V = B(1). Indeed, the settling-time functions of these systems are continuous

on V:

1+ |zo|2 1
Ty (zo) = In |7O|l ) Tiry (o) = 2[wol .
1 — |ao|2

So, for any y € V we can select the ball {y}+B(e) C V, where e=(1 — |y|)/2,
such that sup  T(p)(z0) <+00 and sup  T{p)(wo) <+00.
zo€{y}+B(e) zo€{y}+B(e)
On the other hand, T(;)(xo) — +oo if o — £1, but T(;1)(zo) — 2 if
xog — 1. Therefore, these systems have different uniformity properties of finite-

time attractivity with respect to domain of initial conditions.

Definition 15 (Fixed-time attractivity). The origin of the system (27) is
said to be fized-time attractive if it is uniformly finite-time attractive with an
attraction domain V and the settling time function T(to,xo) is bounded on
R x V, i.e. there exists a number Tmax € Ry such that T(to,20) < Tmax o

to € R and zg € V.
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Systems (I) and (II) from Example 7 are both fixed-time attractive with
respect to attraction domain B(r) if r € (0,1), but the system (I) loses this

property for the maximum attraction domain B(1).

Definition 16 (Fixed-time stability, [30]). The origin of the system (27) is

said to be fixed-time stable if it is Lyapunov stable and fixed-time attractive.

If V = R™ then the origin of the system (27) is called globally fized-time
stable. Locally differences between finite-time and fixed-time stability are ques-
tionable. Fixed-time stability definitely provides more advantages to a control

system in a global case [32], [30].
Example 8. Consider the system
T = —x[%] —x[%],a: eR,t > tg,

which has solutions defined for all t > ty:

(tt0. 70) sign(zo) tan? (arctan(\xo\%) - t‘;") .t <to+2arctan(|zo|2),
Z(t,t0,20o)=
0, t>to+2arctan(|zo|z).

Any solution x(t,tg, xo) of this system converges to the origin in a finite time.
Moreover, for any xzo € R,tg € R the equality x(t,tg,x9) = 0 holds for all

t > tg+m, i.e. the system is globally fixed-time stable with Tyax = 7.

5. Generalized derivatives

The celebrated Second Lyapunov Method is founded on the so-called ener-
getic approach to stability analysis. It considers any positive definite function as
an possible energetic characteristic ("energy”) of a dynamic system and studies
evolution of this ”energy” in time. If a dynamic system has an energetic func-
tion, which is decreasing (strongly decreasing or bounded) along any trajectory
of the system, then this system has a stability property and the corresponding
energetic function is called Lyapunov function.

For example, to analyze asymptotic stability of the origin of the system

= f(t,x), feCR"™), teR,,zecR" (35)
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it is sufficient to find a continuous positive definite function V(-) such that for
any solution z(t) of the system (35) the function V(z(t)) is decreasing and tend-
ing to zero for t — 4+o00. The existence of such function guarantees asymptotic
stability of the origin of the system (35) due to Zubov’s theorem (see [26] [40]).

If the function V(z) is continuously differentiable then the required mono-

tonicity property can be rewritten in the form of the classical condition [17]:
V(z) =VIV(z)f(t,z) <O. (36)

The inequality (36) is very usable, since it does not require knowing the solutions
of (35) in order to check the asymptotic stability. From the practical point
of view, it is important to represent monotonicity conditions in the form of
differential or algebraic inequalities like (36).

Analysis of sliding mode systems is frequently based on non-smooth or even
discontinuous Lyapunov functions [13, 27, 45, 20, 24], which require consid-
eration of generalized derivatives and generalized gradients in order to verify
stability conditions. This section presents all necessary backgrounds for the

corresponding non-smooth analysis.

5.1. Derivative Numbers and Monotonicity

Let Z be one of the following intervals: [a,b], (a,b), [a,b) or (a,b], where
a,b€ R,a <b.

The function ¢ : R — R is called decreasing on T iff
Vir,to €L :t1 <ts = @(t1) > p(ta).
Let K be a set of all sequences of real numbers converging to zero, i.e.
{hn} €K < h,—0, h, #0.
Let a real-valued function ¢ : R — R be defined on Z.

Definition 17 ([46], page 207). A number

Dyp,yp(t) = lim Pt +ha) = o(t)

n——+oo hn
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is called derivative number of the function ¢(t) at a point t € I, if finite or
infinite limit exists.
The set of all derivative numbers of the function p(t) at a point t € T is

called contingent derivative:
Dp(t) = |J {Dmae®)} R

A contingent derivative of a vector-valued function ¢ : R — R" can be

defined in the same way. If a function ((t) is differentiable at a point ¢t € Z then
Dxp(t) = {4(1)}-

Lemma 2 ([46], page 208). If a function ¢ : R — R is defined on I then

1) the set Dgo(t) C R is nonempty for any t € I;

2) for any t € T and for any sequence {h,} € K : t + {h,} € T there
exists a subsequence {hn} C {h,} such that finite or infinite derivative number

Dyp, yo(t) eists.

Remark, Lemma 2 remains true for a vector-valued function ¢ : R — R”.

Inequalities y < 0, y < 0, y > 0, y > 0 for y € R™ are understood in
a componentwise sense. If for Yy € Dgp(t) we have y < 0 then we write
Dgp(t) < 0. Other ordering relations <, >, > for contingent derivatives are
interpreted analogously.

The contingent derivative also helps to prove monotonicity of a non-differ-

entiable function.

Lemma 3 ([46], page 266). If a function ¢ : R — R is defined on T and the
inequality Dxp(t) < 0 holds for all t € I, then ¢(t) is decreasing function

on T and differentiable almost everywhere on T.

Lemma 3 require neither the continuity of the function ¢(t) nor the finiteness of
its derivative numbers. It gives a background for the discontinuous Lyapunov

function method.
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Example 9. The function p(t) = —t—sign,[t] has a negative contingent deriva-
tive for all t € R and for any o € [—1,1], where the function sign, is defined
by (1). Indeed, Dgp(t) = {—1} fort # 0, Dxyp(0) = {—o0} if 0 € (—1,1) and
Dxp(0) = {—o0,—1} if o € {—1,1}.

The next lemma simplifies the monotonicity analysis of nonnegative func-

tions.

Lemma 4. If 1) the function ¢ : R — R is nonnegative on I;
2) the inequality Dxp(t) < 0 holds fort € T : ¢(t) # 0;
3) the function p(t) is continuous at any t € T : p(t) = 0;
then ¢(t) is decreasing function onZ and differentiable almost everywhere

onT.

PROOF. Suppose the contrary: Jtq,ta € Z : t1 < to and 0 < p(t1) < p(t2).

If p(tg) # 0 for all ¢ € [t1,ta] then Lemma 3 implies that the function ¢(t)
is decreasing on [t1,t2] and ¢(t1) > @(t2).

If there exists tg € [t1,t2] such that ¢(tg) = 0 and () > 0 for all ¢t € (to, t2]
then Lemma 3 guarantees that the function (¢) is decreasing on (¢o, t2]. Taking
into account the condition 3) we obtain the contradiction ¢(t2) < (tg) = 0.

Finally, let there exists a point t* € (t1,t2] such that ¢(t*) > 0 and any
neighborhood of the point ¢* contains a point ¢y € [t1,t*] : ¢(tp) = 0. In this
case, let us select the sequence h,, = t,, —t* < 0 such that ¢(t,,) = 0 and ¢, — t*
as n — oo. For this sequence we obviously have

t*+h,) — @(t* .
Pt ) = o) _ o —et)

h, n—o00 n

Dp,yo(t)= Jim.

This contradicts to the condition 2). W
Absolutely continuous functions are differentiable almost everywhere. Mono-

tonicity conditions for them are less restrictive.

Lemma 5 ([47], page 13). If a function ¢ : R — R defined on T is abso-
lutely continuous and ¢(t) < 0 almost everywhere on T then ¢(t) is decreasing

function on T.
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Lemma below shows relations between solutions of a differential inclusion

(27) and its contingent derivatives.

Lemma 6 ([7], page 70). Let a set-valued function F : R*T1 — 28" be de-
fined, upper-semicontinuous on a closed nonempty set Q € R and the set
F(t,x) be nonempty, compact and convex for all (t,z) € Q.

Let an absolutely continuous function z : R — R™ be defined on T and
(t,z(t)) e Qift € Z. Then

z(t) € F(t,z(t)) Dgzx(t) C F(t,z(t))
=
almost everywhere on T everywhere on L.

5.2. Dini derivatives and comparison systems

The generalized derivatives presented above are closely related with well-
known Dini derivatives (see, for example, [47]).
e Right-hand Upper Dini derivative:

t+h)—p(t
Dt(t) = limsup M
h—0+t h

e Right-hand Lower Dini derivative:

..t h)—p(t)
D_o(t) = liminf 22— — AU
o0 =t

e Left-hand Upper Dini derivative:

D™ ¢(t) = limsup —¢(t +h) - o) .
h—0~ h

e Left-hand Lower Dini derivative:

ot h) —p(t)
D_p(t) =1 f—.
o) =t =

Obviously, Dyp(t) < DTp(t) and D_¢(t) < D™ ¢(t). Moreover, definitions
of limsup and lim inf directly imply that all Dini derivatives belong to the set
Dg(t) and

DK(p(t) <0 54
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D_o(t) >0,
Drp() >0 elt) 2
t) > 0.

Diop(t)

Therefore, all further results for contingent derivative can be rewritten in terms

of Dini derivatives.

Theorem 5 (Denjoy-Young-Saks Theorem, [48], page 65). If p : R —
R is a function defined on an interval Z, then for almost all t € T Dini deriva-

tives of p(t) satisfy one of the following four conditions:
e ©(t) has a finite derivative;

e DVoy(t) = D_wp(t) is finite and D™ p(t) = +oo, Dyp(t) = —o0;

D= (t) = Dio(t) is finite and D ¢(t) = 400, D_p(t) = —o0;

D=g(t) = D*e(t) = +00, D_p(t) = Dialt) = —oc.

This theorem has the following simple corollary, which is important for some

further considerations.

Corollary 1. If p : R — R is a function defined on I, then the equality
Dgo(t) = {—o0} (Drp(t) = {+o0}) may hold only on a set A C T of measure

ZET0.

Consider the system
g=gty), (tyeR’ g:R* >R, (37)

where a function g(¢,y) is continuous and defined on a set G = (a, b) X (y1,y2),
a,b,y1,y2 € R:a < b,y; < yz. In this case the system (37) has the so-called
right-hand maximum solutions for any initial condition y(to) = yo, (to,%0) € G

(see [47], Remark 9.1, page 25).

Definition 18. A solution y*(t,to,yo) of the system (37) with initial conditions
y(to) = Yo, (to,yo) € G is said to be right-hand mazximum if any other so-
lution y(t,to,yo) of the system (37) with the same initial condition satisfies the
inequality

y(tv th yO) < y* (ta th Z/O)
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for allt € T, where I is a time interval on which all solutions exist.
Now we can formulate the following comparison theorem.

Theorem 6 ([47], page 25). Let

1) the right-hand side of the equation (37) be continuous in a region G;

2) y*(t,to,yo) be the right-hand mazimum solution of (37) with the initial
condition y(to) = yo, (to,yo) € G, which is defined on [to,to + ), a € Ry ;

3) a function V : R — R be defined and continuous on [tg,to + ), B € Ry,
(t,V(t)) € G fort € [to,to + B) and

V(to) < yo, DYV (t) < g(t,V(t) for te (to,to+p),

then
V(t) < y*(t7t07y0) f07“ te [to,to + min{a,ﬁ}).

Theorem 6 remains true if Dini derivative D7 is replaced with some other deriva-

tive D4, D—, D_ or Dk (see [47], Remark 2.2, page 11).

5.8. Generalized directional derivatives of continuous and discontinuous func-
tions

Stability analysis based on Lyapunov functions requires calculation of deriva-
tives of positive definite functions along trajectories of a dynamic system. If
Lyapunov function is non-differentiable, a concept of generalized directional
derivatives (see, for example, [28, 49, 50]) can be used for this analysis. This
survey introduces generalized directional derivatives by analogy with contingent
derivatives for scalar functions.

Let M(d) be a set of all sequences of real vectors converging to d € R" | i.e.
{vn,} M) < v,—d, v, €R™

Let a function V' : R™ — R be defined on an open nonempty set 2 C R"”
and d € R".
Definition 19. A number
Diny ooy Viz,d) = lim M’

n—-+oo n

{hn} € K, {v,} € M(d) : 2+ hpv, € Q
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is called directional derivative mumber of the function V(z) at the point
x € Q on the direction d € R"™, if finite or infinite limit exists.

The set of all directional derivative numbers of the function V(x) at the point
x € Q on the direction d € R™ is called directional contingent derivative:

Dy wmay)V (z) = U {Dinny oy Vi, d)}.
{h,}eK,{v, }eM(d)

Similarly to Lemma 2 it can be shown that if € 2 then the set Dy wa)V ()
is nonempty for any function V defined on an open nonempty set 2 C R™ and
any d € R™. A chain rule for the introduced contingent derivative is described

by the following lemma.

Lemma 7. Let a function V : R — R be defined on an open nonempty set
Q CR"™ and a function x : R — R"™ be defined on I, such that x(t) € Q ift € T
and the contingent derivative Dgxx(t) C R™ is bounded for allt € T.
Then the inclusion
DxV(®) S | DrumwV()
deDgxz(t)

holds for allt € T.

PrOOF. Since z(t) € Q for t € T then Lemma 2 implies that DxV (z(t)) is
nonempty for any ¢t € Z. Let Dy yV (x(t)) € DV (z(t)) be an arbitrary deriva-
tive number, i.e. by Definition 17 the finite or infinite limit

i V@l +ha) = V(a(t)

n— 00 hy,

, {hn}eK:t+h, €T

exists.
Consider now the sequence:

b x(t + hy) — x(t)

nE T

Lemma 2 and inequality |Dgxz(t)] < 4oo implies that there exist finite d €
Dgx(t) and a subsequence {h, } of the sequence {h,} such that v, — d.
Hence,

Do V(o) tim VEEH ) = V) Vil ) = V()

n—oo hn n’/— oo hn’
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 V(@(t) + hwvw) = Vi)
R I = Dinywny V(@)
|

The proven lemma together with Lemmas 6 and 4 imply the following corol-

lary, which is useful for a non-smooth Lyapunov analysis.

Corollary 2. Let a set-valued function F : R"Tt — 28" be defined and upper-
semicontinuous on I x Q and the set F(t,x) be nonempty, compact and convex
for any (t,z) € T x Q, where Q@ CR"™ is an open nonempty set.

Let x(t,to, o) be an arbitrary solution of Cauchy problem (27), (31) defined
on [to, to+ @), where tg € T,x9 € Q and a € Ry. Let a function V : R™ — R be
nonnegative on €.

If the inequality Dpg oV (x) < 0 holds for every t € T and every x € ) :
V(z) # 0 then the function of time V (x(t, to,z0)) is decreasing on [to,to + ),
where

Dpoy)V(z) = U Dg payV (). (38)
deF(t,x)

5.4. Clarke’s gradient of Lipschitz continuous functions

Let a function V : R™ — R be defined and Lipschitz continuous on an open
nonempty set. Then, by Rademacher theorem [51], its gradient exists almost

everywhere on 2 and for each x € € the following set can be constructed:

VeV (z)=co U { lim VV(xk)} : (39)

(ox}eM(2):3VV (z) & F "
which is called the Clarke’s generalized gradient of the function V(z) at
the point = € Q. The set VoV (x) is nonempty, convex and compact for any
z € Q and the set-valued mapping VoV : R — 28" is upper-semicontinuous
on Q (see [50], Proposition 2.6.2, page 70).
The formula (39) gives a procedure for calculation of the generalized gradient
of a function. The next lemma presents a chain rule for the Clarke’s generalized

gradient.
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Lemma 8 ([52], Theorem 2, page 336). Let a Lipschitz continuous func-
tion V : R™ — R be defined in an open nonempty set & C R™ and a absolutely
continuous function x : R — R™ be defined on T such that x(t) € Q for every
tel.

Then there exists a function p : R — R™ defined on I such that p(t) €
VeV (z(t) and V(x(t) = pT (t)i(t) almost everywhere on T.

Lemmas 8 and 5 implies the following corollary.

Corollary 3. Let a set-valued function F : R"T1 — 28" be defined and upper-
semicontinuous on I X Q and a set F(t,x) be nonempty, compact and convex
for any (t,x) € T x Q, where @ CR™ is an open nonempty set. Let x(t, to, xo)
be an arbitrary solution of Cauchy problem (27), (31) defined on [tg,to + ),
where tg € Z,xg € Q and a € Ry. Let a function V : R® — R be defined and
Lipschitz continuous on €.

If the inequality Dg(m)V(:ﬁ) < 0 holds almost everywhere on I for every
x € Q then the function of time V(x(t,to, o)) is decreasing on [tg,to + ),

where

DiunV@ = (J U 4 (40)

deF (t,x) peVcV(x)
If the function V' : R™ — R is continuously differentiable then the usual total

derivative

View (@) = | {V'V(x)d} (41)

deF(t,x)

can be used for monotonicity analysis instead of Clarke’s or contingent deriva-

tive. In this case we have Dpg )V (z) = ng(t I)V(x) = Vp(t’m) (x).
6. Lyapunov function method and convergence rate

Lyapunov function method is a very effective tool for analysis and design
of both linear and nonlinear control systems [19]. Initially, the method was
presented for "unrated” (Lyapunov and asymptotic) stability analysis [17]. A
development of control theory had required to study a convergence rate to-

gether with a stability properties of a control system. This section observes
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the most important achievements of the Lyapunov function method related to

a convergence rate estimation of sliding mode systems.

6.1. Analysis of Lyapunov, asymptotic and exponential stability

The continuous function W : R™ — R defined on R" is said to be positive

definite iff W(0) = 0 and W (x) > 0 for z € R™\{0}.

Definition 20. A function V : R" — R is said to be proper on an open
nonempty set @ CR™ : 0 € int(Q) iff
1) it is defined on Q and continuous at the origin;

2) there erists a continuous positive definite function V. : R™ — R such that

V(z)<V(x) for ze.

A positive definite function W : R®™ — R is called radially unbounded if

W(x) = +oo for ||z]| = +oo.

Definition 21. A function V : R® — R is said to be globally proper iff it
is proper on R™ and the positive definite function V. : R™ — R s radially

unbounded.

If V is continuous on €, then V(z) = V(z) for z € Q and Definition 21
corresponds to the usual notion of proper positive definite function (see, for
example, [44]).

For a given number r € R and a given positive definite function W : R™ — R

defined on 2 let us introduce the set
OW,r)={zeQ:W(z)<r}

which is called the level set of the function W.

Theorems on Lyapunov and asymptotic stability given below are obtained
by a combination of Zubov’s theorems (see, for example, [40], pages 566-568)
with Corollary 2.
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Theorem 7. Let a function V : R™ — R be proper on an open monempty set

QCR™:0 € int(Q) and
Dp@o)V(z) <0 for teR andzx € Q\{0}. (42)
Then the origin of the system (27) is Lyapunov stable.

PROOF. Since V(z) is proper, then there exist continuous positive definite func-
tion V(z) such that V(z) < V() for all x € Q.

Let h = sup rand Ae)= _inf  V(x) >0, where ¢ € (0, h].

reR;:B(r)CQ z€R™:||z||=¢

The function V() is continuous at the origin, so 36 € (0,¢) : V(z) < A(e)
if x € B(d). Moreover, B(d) C U(e) = II(V, A(e)) N B(e).

Let t9p € R and z¢ € U(e) (in partial case xg € B(J)). The system (27)
satisfies Theorem 3 and it has solutions, which can be continued up to the
boundary of Q. Consider an arbitrary solution z(t, to, zo) of (27). The inequality
(42) and Corollary 2 implies that the function of time V' (x(¢, to, zo)) is decreasing
for t > tg, i.e. V(z(t,t0,20)) < V(zo) < A(e).

In this case, x(t,to,x0) € B(e) for t > tg. Indeed, otherwise there exists
t* > to @ ||x(t*, to, xo)|| = €, so V(x(t*,to, z0)) > V. (z(t*, to,x0)) > A(e).

The proven property also implies that even if a solution of (27) with t; € R
and zg € U(e) was initially defined on finite interval [tg, tg + «), € R4, it can
be prolonged for all t > t;. W

Asymptotic stability requires analysis of an attraction set. Lyapunov func-

tion approach may provide an estimate of this set.

Theorem 8. Let a function V : R™ — R be proper on an open nonempty set
QCR":0 € int(Q), a function W : R™ — R be a continuous positive definite
and

Dp@o)V(z) < -W(x) for teR and xz € Q\{0}.

Then the origin of the system (27) is asymptotically stable with an attraction
domain

U =11V, A(h)) N B(h), (43)
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where A(h) = V(z) and h < sup 7.

inf )4
z€R™:||z||=h reR;:B(r)CQ
If V is globally proper and Q@ = R™ then the origin of the system (27) is

globally asymptotically stable (U = R™).

PRrROOF. Theorem 7 implies that an arbitrary solution x(t,%o,x0) of (27) with
to € R and zg € U(e) is defined for all ¢ > tg and z(t, to, zg) € B(e), where
e € (0,h] and U(e) = II(V, A(€)) N B(e). Moreover, the function of time V (t) =
V(x(t,to, o)) is decreasing for all ¢ > ¢y. So, in order to prove asymptotic
stability we just need to show that pu = 0, where u = tiiltfo f/(t)

Suppose a contradiction, i.e. p > 0.

The function V() is continuous at the origin, so there exists r > 0 such that
V(z) < p for all z € B(r). Since p > 0 then z(¢,to, zo) ¢ B(r) for all ¢t > to.

Introduce the following compact set @ = {x € R™ : r < ||z|| < €}. Since
W (x) is continuous and positive definite, then we have Wy = ;Iel(f_) W(zx) > 0.

The inequality Dp(; )V (2) < —W(z) and the exclusion x(t, o, z0) ¢ B(r)
imply DKV(t) < —W, for all ¢ > tg.

Since V() is decreasing then it is differentiable almost everywhere on [to, to+
A], where A =V (zg)/Wy. Hence (see, for example, [53], page 111),

to+A
Vito + A) — Vi(to) < /t V(r)dr < —WoA = —V(ty),

ie. V(to+A) <0 < p. This contradicts our supposition. So, V (x(¢, to, zg)) — 0
or equivalently z(t,to,zo) — 0 if ¢ — 4o00.

If the function V is globally proper then global asymptotic attractiveness
follows from EEIEOO A(g) = 400 due to radial unboundedness of V. W

Exponential convergence asks for additional properties of Lyapunov func-

tions.

Theorem 9. Let conditions of Theorem 8 hold, the function V() is continuous

on an open nonempty set & C R™: 0 € int(Q) and there exist o, r1,r9 € Ry
rillzll < V(z) < roflz|l and W(z) = oV (x)

then the origin of the system (27) is exponentially stable with a rate o € R,
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This theorem can be proven by analogy to a classical theorem on exponential
stability (see, for example, [19], page 171) using Lemma 6.

The presented theorems shows that discontinuous and non-Lipschitzian Lya-
punov functions can also be used for stability analysis. If V(x) is Lipschitz
continuous then all theorems on stability can be reformulated using Clarke’s
gradient.

The following important theorem declares that a smooth Lyapunov function

always exists for a time-invariant asymptotically stable differential inclusion

(27).

Theorem 10 ([44], Theorem 1.2). Let a set-valued function F : R* — R"
be defined and upper-semicontinuous in R™. Let F(x) be nonempty, compact

and convez for any x € R™. If the origin of the system
z € F(x)

1s globally uniformly asymptotically stable iff there exists a globally proper func-
tion V() € C*(R™) and a function W(-) € C*(R™) : W(z) > 0 for x # 0 such
that

max VIV (z)y < -W(z), z € R™\{0}.
yEF ()

However, the practice shows that designing of a Lyapunov function for non-
linear and/or discontinuous system is a nontrivial problem even for a two dimen-
sional case. Frequently, in order to analyze stability of a sliding mode control

system it is simpler to design a non-smooth Lyapunov function (see, for example,

[31, [20], [24]).

6.2. Lyapunov analysis of finite-time stability

Analysis of finite-time stability using the Lyapunov function method allows
us to estimate of a settling time a priori. The proof of the next theorem follows

the ideas introduced in [13] and [54].
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Theorem 11. Let a function V : R™ — R be proper on an open nonempty set

QCR™:0€int(Q) and
Dpioy)V(z) <=1 for teR andx e Q\{0}. (44)

Then the origin of the system (27) is finite-time stable with an attraction domain

U defined by (43) and
T(xo) <V(xg) for xo€lU, (45)

where T'(+) is a settling-time function.
If a function V is globally proper on Q = R™ then the inequality (44) implies
global finite-time stability of the system (27).

PROOF. Theorem 8 implies that the origin of the system (27) is asymptot-
ically stable with the attraction domain /. This means that any solution
x(t,to, o), o € U of the system (27) exists for V¢t > tg. Therefore, we need
to show finite-time attractivity. Consider the interval [to,t1],t1 = to + V().

Suppose a contradiction: (t,to,zo) # 0 for V¢ € [tg,t1]. Denote V(t) =
V(z(t,to,z0)). Lemma 7 implies

D]KV(t) < DF(tJ)V(:E(t,to,l’o)) < 71, YVt € [to,tﬂ

Hence, by Lemma 3 the function V(t) is decreasing on [to, ;] and differentiable

almost everywhere on [tg, t1]. Then

V() — Vito) < /%f/(r)m <ty —to) = —V(xp)

(see, for example, [53], page 111), i.e. V(t1) = V(x(t1,to,x0)) < V(to) —
V(zg) = V(x(to,to,20)) — V(zg) = 0. Since V() is positive definite then
V(z(t1,t0,20)) < 0= V(x(t1,t0,20)) =0 < x(t1,t, xg) = 0, i.e. the origin of
the system (27) is finite-time attractive with the settling time estimate (45). W

Evidently, if under conditions of Theorem 11 there exists a continuous func-
tion V : R™ — R such that V(z) < V(z) for Vo € Q then the origin of the

system (27) is uniformly finite-time stable.
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Example 10. Consider again the uniformly finite-time stable system
. 1
i = —al?] (1—lz]),z eR,

and show that its settling-time function

1 1
T(z) =In bl i |x|f
1— [af2

satisfies all conditions of Theorem 11. Indeed, it is continuous and proper on
B(1). Finally, it is differentiable for x € B(1)\{0} and

zaij:%i:fl for x#0.
)

()

The last example shows that a settling-time function of finite-time stable
system is a Lyapunov function in a generalized sense. Theorem 11 operates with
a very large class Lyapunov functions. However, its conditions are still rather
conservative. For example, the settling-time function from Example 6 can not
be considered as a Lyapunov function candidate, since it is discontinuous at

the origin, so it is not proper. However, even proper settling-time functions of

sliding mode systems may not satisfy the condition (44).
Example 11. Consider the twisting second order sliding mode system [55]

T Yy
S F(J?l,afg) = _ _ s (46)
T —2sign[x;] — sign[xs]

which is uniformly finite-time stable with the settling-time function [54] :

3 | 22| sign[xy 2] 42

Tiw(z) = r1| + - - , =
(@) p\/| ! 2(2 + signfzias]) - 2+ sign[zy o] b 3-V3

The function Ty, is globally proper, Lipschtz continuous outside the origin and

continuously differentiable for xy # 0

aTtw T aTtw
8%‘1 2 8.%‘2

Dp(zy ,20) Ttw(T1,22) = (—2sign[zq]—sign[zs]) = =1 for x1z9 # 0.

However, Dp(y, z)Trw(x1,22) YRy # 0 for 21 = 0. So, Tyw(x,y) does not
satisfy (44). Applying Clarke’s gradient does not help to avoid this problem.

42



In the same time, if x(t, to, xo) is an arbitrary solution of the system (46),
then DTy (x(t, to, x0)) < —1 for Vt > to : x(t, to,x0) # 0 (see [54] for the
details).

Remark, if p > 34:/\/% then the function Ty, (x) satisfies the conditions of
Theorem 11 and Dp(y, 2,)Tiw(x) = {—00} for 21 = 0.

Sometimes the less restrictive finite-time stability condition

DKV(x(t7t0,£E0)) < —1, t> to : fE(t,tml’o) 7é 07
x(t,to,l’o) € q)(to,l‘o),to eER,zg €U.

(47)

has to be considered instead of (44). Examples of applying the condition (47)
for analysis of second order sliding mode systems can be found in [54], [22].
They demonstrate that frequently we do not need to know a solution x(t,tq, xo)

of (27) in order to check the condition (47).

Example 12. Consider the system

2 —si
po_2osenlmes) T e R
]
It is uniformly finite-time stable. Its settling time function is discontinuous

lz||  for z1z9>0

%Hx” for x99 <0

However, the function T(x) is the generalized Lyapunov function, since it is

globally proper and
DT (x(t,to,x0)) = =1  fort >t : x(t,to,x0) # 0,
where x(t,tg, 20) € ®(to, 20), to € R and ¢ € R?.

Theorem 12 ([14], Theorem 4.2). Let a continuous function V : R — R

be proper on an open nonempty set @ C R™: 0 € int(Q) and

Dpa)V(z) < —rVP(x), t>to,x €,

43



where r € Ry, 0 < p < 1. Then the origin of the system (27) is uniformly
finite-time stable with an attraction domain U defined by (43) and the settling
time function T(-) is estimated as follows
V1=P(x)
r(l—p)

PROOF. Let z(t,to, o), Zo € U be any solution of (27) and V (t) = V (x(t, to, z0)).

T(xzg) < for xp€U.

Since

DKV(t) < DF(t,m)V(m(tatme)) < 7T‘7P(t)

(see, Lemma 7) then Lemma 6 implies that V(t) < y(t),t > to, where y(t) is a

right-hand maximum solution of the following Cauchy problem

y(t) = —ry?(t), y(to) = V(zo),

ie.
1 _
0 (Vo) =7 —r(1 = p)(t —t0)) ™7 for t€ [to,to + L Zo)],
i = V=P (@)
0 for t > r(l_p)o .

This implies V (z(t, t, zo)) = 0 for V¢ > V:(Ei(if). |

A global finite-time stability can be analyzed using globally proper Lyapunov

functions in Theorems 11 and 12.

Example 13. Consider the so-called super-twisting system [55]
T —ax[%] +y
€ Fla,y) = _ (48)
7 —03 - sign[z]
where x € R,y € R, > 0,3 > 0. Recall, z" = |2|*sign[z], u € Ry
The function [24]
V(z,y) = 28+ 0?/2)[a] +y* — ayal?]

is the generalized Lyapunov function for the system (48). Indeed, this function is
globally proper and continuous (but not Lipschitz continuous on the line x =0).

For x # 0 this function is differentiable and
DVF(m,y)(xay) < =y V(l‘,y)
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where v = y(a, B) > 0 is a positive number (see [24] for details).
Forxz =0 and y # 0 we need to calculate a generalized directional derivative.

So, consider the limit

D{hn},{un}v(o,y) = lim ( y ) (0,y)

n—o0 hp,

where {h,} € K,u, = (uZ,u¥)T, {u,} € M(d),d € F(0,y). In this case, u% —y

n? n

and u¥ — q,q € |-, 8]. Hence,

28+02/2)|h, hng)? — a(hny) 2 (y +hag) — 32
Doy oy V(0, )= lim (28+0%/2)|hny| +(y +10q)” — a(huy) =y +hng) —y*

n—o00 hy,

Obviously, Dp, v 1,V (0,y) = —oo. Therefore,

Dp@yV(0,y) = {—o0} < —/V(0,y)) for y#0

and the super-twisting system is uniformly finite-time stable with the settling
time estimate T(z,y) < 24/V(x,y)/7-

By Corollary 1, the set of time instants t > to : DgV (z(t),y(t)) = {—o0}
may have only the measure zero. This means that the line x = 0 for y # 0 can
not be sliding set of the system (48). The sliding mode may appear only at the
origin.

6.3. Fixed-time stability analysis

Locally fixed-time stability property is very close to finite-time stability, so
it can be established using Theorem 11 just including additional condition :
V(z) < Thax for Vo € Q , where Tihax € R4, An alternative Lyapunov charac-
terization of fixed-time stability can be obtained using the ideas introduced in

the proof of Corollary 2.24 from [31].

Theorem 13 ([30], page 2106). Let a continuous function V : R" — R be
proper on an open connected set  : 0 € int(Q). If for some numbers u €
(0,1),v €e Ry, 7, € Ry, r, € Ry the following inequlity

—r, V=) for zeQ:V(x) <1,

DF(t,ac)V(fE) < t > tg,x €9,
—r, Vi (x)  for z€Q:V(z)>1,

(49)

45



holds, then the origin of the system (27) is fized-time stable with the attraction

domain U defined by (43) and the maximum settling time is estimated by

1 1
T(.’E) S Tmax S — + .
KTy vry

(50)

If Q =R"™ and a function V is radially unbounded then the origin of the system
(27) is globally fixed-time stable.

PROOF. Theorem 8 implies that the origin of the system (27) is asymptot-
ically stable with the attraction domain &/. This means that any solution
x(t,to, o), z0 € U of the system (27) exists for V& > t;. We just need to
proof that the estimate (49) implies fixed-time attractivity.

Indeed, for any trajectory x (¢, tg, zo) of the system (6) with V(zg) > 1, there
exists a time instant Ty = T1(x0) < ;5= : V(2(T1, o, 29)) = 1. On the other

hand, for any trajectory z(¢,t1, 1) with V(z1) < 1, there exists a time instant

Ty = Ty(xy) < = : V(x(t,t;, 1)) — 0 for t — T,. These facts can be easily

KTy

proven analogously to Theorem 12. W
This result also can be used for fixed-time stability analysis of high-order

sliding mode control systems.

Example 14 ([30], page 2108). Consider the sliding mode control system

T =y,
Y =u+dt),

1
w= —7a1+3@1”2+7 sign[s] — (a2s + 5253)[2] ,

wherex € Ry € R, |d(t)| < C, a1, ag, f1,82,C € Ry, v > 2C and the switching
surface s = 0 is defined by

1
2

s=y+ (y[z] +onz+ 51363)

The original discontinuous systems corresponds to the following extended differ-

ential inclusion:
T = Y,
je {_%211’2%} - Sign[s]+ {_ (a25+6233)[

3
2

]} +[-C, 0.
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Consider the function V(s) = |s| and calculate its generalized derivative along

trajectories of the last system
DrV(s) < — (a2V(s) + V() fors#0

(see [30] for the details). This implies that the sliding surface s = 0 is fized-time
attractive with the estimate of a reaching time:

2 2
Ts < —+ ——
\/ Q2 \/ﬁg.

The sliding motion equation for s = 0 has the form

bo— (s )

This system is fixed-time stable and a global estimate of the settling-time func-

Nl

tion T(x,y) for the original system is

22 2V2 2 2
\/071+x/E+\/@+\/E'

[\

T(xay) < Tmax <

7. Conclusions

The paper surveys mathematical tools required for stability analysis of slid-
ing mode systems. It discusses definitions of solutions for systems with dis-
continuous right-hand sides, which effectively describe sliding mode systems. It
observes an evolution of stability notions, convergence rate properties and under-
lines differences between finite-time and fixed-time stable systems in local and
global cases. The paper considers elements of the theory of generalized deriva-
tives and presents a generalized Lyapunov function method for asymptotic, ex-
ponential, finite-time and fixed-time stability analysis of discontinuous systems.
Theorems on finite-time and fixed-time stability provide rigorous mathematical
justifications of formal applying non-Lipschitz Lyapunov functions presented in
[23, 24, 25] for stability analysis of second order sliding mode systems.

It is worth to stress that the presented tutorial summarize methods required
for stability analysis of the so-called ”ideal” sliding modes. The practical re-

alization of sliding mode control requires extended analysis, which takes into
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account sampling, hysteresis and delay effects, measurement errors, discretiza-
tion, etc. Robustness analysis of "real” sliding modes goes out of the scope of
this paper. Practical stability analysis of sliding mode systems based on two
Lyapunov functions was presented in [56]. Stability of the real coordinates in
the sliding mode was studied in [57]. More general approach to robustness anal-
ysis of ”"real” sliding modes based on ISS theory of homogeneous systems can

be found in [58].
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