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Abstract

This paper investigates the problem of robust finite-time H1 control for a class of uncertain discrete-time
Markovian jump nonlinear systems with time-delays represented by Takagi–Sugeno (T–S) model. Initially,
the concepts of stochastic finite-time boundedness and stochastic finite-time H1 stabilization are presented.
Then, by using stochastic Lyapunov–Krasovskii functional approach, sufficient conditions are derived such
that the resulting close-loop system is stochastically finite-time bounded and satisfies a prescribed H1
disturbance attenuation level in a given finite-time interval. Furthermore, sufficient criteria on stochastic
finite-time H1 stabilization using a fuzzy state-feedback controller are provided, and the controller is
designed by solving an optimization problem in terms of linear matrix inequalities. Finally, two numerical
examples are exploited to show the validity of the proposed design techniques.
& 2014 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

1

In the past few decades, the fuzzy logic control has been utilized as an alternative approach to 
conventional control for complex nonlinear systems. As one of most important form of fuzzy 
systems, Takagi–Sugeno (T–S) fuzzy model [1] has been recognized as a popular and powerful 
tool in approximating and describing complex nonlinear systems. The main reason of this 
attention to T–S fuzzy model is due to the fact that it can combine the merits of both fuzzy logic 
theory and linear systems, and then stability analysis and controller design of the overall fuzzy 
systems can be carried out in the Lyapunov function framework. Therefore, many problems have 
been tackled and some appealing results for T–S fuzzy systems have been reported in the 
literature. For example, the problems of stability analysis of T–S fuzzy systems have been 
discussed in [2]. The robust H1 control has been addressed in [3]. The H1 filtering problem has
been considered in [4–8] and the output-feedback control has been studied in [9,10]. Some other 
important results like the guaranteed cost control, variable structure control and reliable control 
have also been presented for a class of T–S fuzzy systems in [11–13]. More results on fuzzy 
systems can be found in [14–16] and the references therein.
On the other hand, considerable attention has been paid to Markovian jump systems (MJSs) in 

the control community since the family of stochastic systems have been extensively applied to 
modeling various practical processes that can experience abrupt changes in their structures and 
parameters, possibly caused by the phenomena such as component failures, sudden 
environmental disturbances, and changing subsystem interconnections, and so on. Therefore, 
many attracting results and a large variety of control problems have been reported in the 
literature. For example, the authors considered the stability analysis and state-feedback 
stabilization problems for MJSs in [17]. The references [18,19] studied the robust H1 control

problem, and the H1 filtering problem has been presented in [20–22]. The sliding mode control
and passivity analysis for a class of stochastic systems have also been investigated in [23–25]. 
More detailed results on the topic could be found in [26] and the references therein. Recently, 
fuzzy MJSs, as a special form of MJSs, have also received many researches. Some results on 
fuzzy MJSs have been investigated and studied, such as the stability analysis and state-feedback 
stabilization problem [27], the H1 control [28] and the output-feedback stabilization [29].
In many practical applications, however, many concerned problems are that the described system 
state does not exceed a certain bound in a given finite-time interval. Compared with classical 
Lyapunov asymptotical stability, finite-time stability or short-time stability were investigated to 
deal with the transient performances of system trajectories in a specified finite-time interval. 
Finite-time stability or short-time stability were first introduced in the 1960s [30], and then the 
definition of finite-time stability was extended to finite-time boundedness in [31]. Further, 
applying the linear matrix inequality (LMI) technique and Lyapunov approach, many results on 
finite-time stability and stabilization have been investigated for linear systems, nonlinear systems, 
stochastic systems, switching systems, fuzzy systems and singular systems. For instance, the 
authors in [32] studied the state-feedback finite-time stabilization for discrete-time linear systems. 
The problem of finite-time stability and stabilization was tackled for nonlinear stochastic hybrid 
systems in [33]. The results on robust finite-time stabilization were provided for uncertain 
continuous-time fuzzy MJSs in [34]. For more details of the literature related to finite-time 
stability, finite-time stabilization and finite-time H1 control, the reader is
referred to [35–39].
Motivated by aforementioned discussions, in this paper, we deal with the problem of robust finite-

time H control for uncertain discrete-time Markovian jump T–S fuzzy systems with



time-delays. The concepts of stochastic finite-time boundedness and stochastic finite-time H1
stabilization for a class of stochastic systems are first presented. Then, sufficient conditions of
stochastic finite-time boundedness or stochastic finite-time H1 stabilization via a fuzzy state-
feedback controller are obtained for the class of fuzzy stochastic systems. Sufficient criteria on
stochastic finite-time boundedness or stochastic finite-time H1 stabilization can be tackled by a
feasibility problem in terms of LMIs with a fixed parameter. Finally, two numerical examples are
provided to illustrate the validity of the proposed methods. The contributions of this paper lie in
the following three aspects: (i) by using stochastic Lyapunov function method and LMI
technique, the stochastic finite-time H1 stabilization analysis is provided for discrete-time time-
delay T–S fuzzy systems with Markovian jumps; (ii) when parameter uncertainties appear in
discrete-time T–S fuzzy systems with Markovian jumps and time-delays, the robust stochastic
finite-time H1 stabilization criteria are presented in terms of LMIs by applying the matrix
decomposition techniques; and (iii) as an affiliated result, we also derive the sufficient conditions
of stochastic finite-time boundedness for the class of discrete-time T–S fuzzy nonlinear systems
with Markovian jumps and time-delays. Therefore, the main purpose of this paper is to make the
first attempt to tackle the aforementioned contributions.

Notations: The notations in this paper are quite standard. Rn, Rn�m and ZkZ0 are used to
denote the sets of n component real vectors, n�m real matrices, and the set of nonnegative
integers, respectively. smin ðAÞ and smax ðAÞ denote the smallest and the largest eigenvalue of
matrix A, respectively. MT and M�1 stand for the transpose and the inverse of matrix M,
respectively. The symbol n represents a matrix which can be inferred by symmetry and diagf⋯g
denotes a block-diagonal matrix. ðΩ;F ;PÞ is probability space, Ω is the sample space, F is the
s-algebra of subsets of the sample space and P is the probability measure on F . In addition, Ef:g
stands for the mathematical expectation with some probability measure.

2. Problem statement and preliminaries

Consider the following discrete-time Markovian jump system (DMJS) with time-delays which
could be represented by a T–S fuzzy model over the probability space ðΩ;F ;PÞ:

Plant rules i: IF θ1 is μi1, θ2 is μi2, …, θg is μig, THEN

xðk þ 1Þ ¼ Aiðrk ; kÞxðkÞ þ Adiðrk; kÞxðk�dÞ þ Biðrk ; kÞuðkÞ þ Giðrk ; kÞwðkÞ; ð1aÞ

zðkÞ ¼ CiðrkÞxðkÞ þ CdiðrkÞxðk�dÞ þ D1iðrkÞuðkÞ þ D2iðrkÞwðkÞ; ð1bÞ

xðkÞ ¼ ϕðkÞ; kAf�d;…; 0g; ð1cÞ
where xðkÞARn1 ; uðkÞARm1 and zðkÞARp1 are the system state, the control input, and the control
output, respectively, d is a positive integer denoting the constant time-delay of the system state,
ϕðkÞ; kAf�d;…; 0g is a vector-valued initial discrete sequence. The stochastic jump process
frk ; kZ0g is a discrete-time, discrete-state Markov chain taking values in a finite set
S ¼ f1; 2;…; sg with transition probabilities πlm, where πlm40 and ∑s

m ¼ 1πlm ¼ 1 for all lAS.
Aiðrk ; kÞ;Adiðrk; kÞ;Biðrk; kÞ and Giðrk; kÞ are appropriately dimensioned system matrices with
time-varying parametric uncertainties, which are assumed to be of the form:

Aiðrk; kÞ Adiðrk; kÞ Biðrk ; kÞ Giðrk; kÞ
� �

¼ AiðrkÞ AdiðrkÞ BiðrkÞ GiðrkÞ
� �
þ FiðrkÞΔðrk; kÞ E1iðrkÞ E2iðrkÞ E3iðrkÞ E4iðrkÞ

� �
; ð2Þ



where Δðrk; kÞ is an unknown, time-varying matrix function and satisfies ΔT ðrk; kÞΔðrk; kÞr I for
all rkAS and kAZkZ0. AiðrkÞ;AdiðrkÞ;BiðrkÞ;GiðrkÞ;CiðrkÞ;FiðrkÞ;E1iðrkÞ;E2iðrkÞ;E3iðrkÞ;
E4iðrkÞ, CdiðrkÞ;D1iðrkÞ and D2iðrkÞ are known constant matrices of appropriate dimensions. θj
and μij ði¼ 1;…; f ; j¼ 1;…; gÞ are respectively the premise variables and the fuzzy sets, f is the
number of IF–THEN rules. The fuzzy basis functions are given by

hi θ kð Þð Þ ¼ ∏g
j ¼ 1μijðθjðkÞÞ

∑f
i ¼ 1∏

g
j ¼ 1μijðθjðkÞÞ

; ð3Þ

in which μijðθjðkÞÞ represents the grade of membership of θjðkÞ in μij. It is obvious that
∑f

i ¼ 1hiðθðkÞÞ ¼ 1 with hiðθðkÞÞ40. Moreover, the noise signal wðkÞARp2 satisfies

E ∑
1

k ¼ 0
wT ðkÞwðkÞ

� �
rϖ2; ϖZ0: ð4Þ

To simplify the notation, in the sequel, for each possible rk ¼ l; lAS, matrix MiðrkÞ will be
denoted by Mi;l; for instance, AiðrkÞ will be denoted by Ai;l, AdiðrkÞ by Adi;l, Aiðrk ; kÞ by Ai;lðkÞ,
and so on. In addition, hiðkÞ;Λ and ̌Pl denote hiðθðkÞÞ; f1;…; f g and ∑s

m ¼ 1πlmPl, respectively.
By using the fuzzy blending method, the overall fuzzy DMJS could be inferred as follows:

xðk þ 1Þ ¼ ∑
f

i ¼ 1
hiðkÞ½Ai;lðkÞxðkÞ þ Adi;lðkÞxðk�dÞ þ Bi;lðkÞuðkÞ þ Gi;lðkÞwðkÞ�; ð5aÞ

zðkÞ ¼ ∑
f

i ¼ 1
hiðkÞ½Ci;lxðkÞ þ Cdi;lxðk�dÞ þ D1i;luðkÞ þ D2i;lwðkÞ�; ð5bÞ

xðkÞ ¼ ϕðkÞ; kAf�d;…; 0g: ð5cÞ
The design of controllers in this paper is performed through the parallel distributed compensation
and the overall controller is thus inferred as

uðkÞ ¼ ∑
f

i ¼ 1
hiðkÞKi;lxðkÞ; ð6Þ

where Ki;l is the state-feedback gain to be designed. Then, the resulting closed-loop fuzzy DMJS
can be written in the following form:

xðk þ 1Þ ¼ Alðh; kÞxðkÞ þ Adlðh; kÞxðk�dÞ þ Glðh; kÞwðkÞ; ð7aÞ

zðkÞ ¼ ClðhÞxðkÞ þ AdlðhÞxðk�dÞ þ DlðhÞwðkÞ; ð7bÞ
where

Alðh; kÞ ¼ ∑
f

i ¼ 1
∑
f

j ¼ 1
hiðkÞhjðkÞ½Ai;lðkÞ þ Bi;lðkÞKj;l�;

Adlðh; kÞ ¼ ∑
f

i ¼ 1
hiðkÞAdi;lðkÞ;Glðh; kÞ ¼ ∑

f

i ¼ 1
hiðkÞGi;lðkÞ;

ClðhÞ ¼ ∑
f

i ¼ 1
∑
f

j ¼ 1
hiðkÞhjðkÞ½Ci;l þ D1i;lKj;l�;
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CdlðhÞ ¼ ∑
f

i ¼ 1
hiðkÞCdi;l;DlðhÞ ¼ ∑

f

i ¼ 1
hiðkÞD2i;l:

Definition 2.1. (see [38], stochastically finite-time stable (SFTS)). The time-delay fuzzy DMJS
(7a) with wðkÞ ¼ 0 and uðkÞ ¼  0 is said to be SFTS with respect to ðδx; ϵ; Rl; NÞ, where 0oδxoϵ, 
Rl40 and N AZk Z0, if

EfxT ðk1ÞRlxðk1Þgrδ2x ) EfxT ðk2ÞRlxðk2Þgoϵ2; k1Af�d;…; 0g; k2Af1; 2;…;Ng: ð8Þ
Definition 2.2. (see [38], stochastically finite-time bounded (SFTB)). The time-delay fuzzy
DMJS (7a) is said to be SFTB with respect to ðδx; ϵ; Rl; N; ϖÞ, where 0oδxoϵ, Rl40 and N AZk 
Z0, if the constraint relation (8) holds.

Definition 2.3. (see [38], stochastically finite-time H1 stabilizable). The time-delay fuzzy
DMJS (7a) and (7b) is said to be stochastic finite-time H1 stabilizable with respect to
ðδx; ϵ;Rl;N; γ;ϖÞ, where 0oδxoϵ, Rl40, γ40 and NAZkZ 0, if the time-delay fuzzy DMJS
(7a) and (7b) is SFTB with respect to ðδx; ϵ;Rl;N;ϖÞ and under the zero-initial condition the
output z(k) satisfies

E ∑
N

k ¼ 0
zT ðkÞzðkÞ

� �
oγ2E ∑

N

k ¼ 0
wT ðkÞwðkÞ

� �
ð9Þ

for any nonzero w(k) which satisfies (4), where γ is a prescribed positive scalar. Moreover, the
control law (6) is called as finite-time H1 controller of the time-delay fuzzy DMJS (1a)–(1c).

Lemma 2.1 (Zhang et al. [35,38]). If matrices U;FðkÞ and V are of appropriate dimensions,
and time-varying matrix function F(k) satisfying FT ðkÞFðkÞr I for all kAZkZ0, then, for an
arbitrary positive constant θ, the following inequality holds

UFðkÞV þ ½UFðkÞV �TrθUUT þ θ�1VTV : ð10Þ

The main aim of this paper is to design a fuzzy state-feedback controller of the form (6) which
can ensure stochastic finite-time H1 stabilization of the time-delay fuzzy DMJS (7a) and (7b).

3. Main results

In this section, we consider stochastic finite-time H1 stabilization analysis of the time-delay
fuzzy DMJS described by Eqs. (1a)–(1c). LMI conditions will be established to show that the
nominal or uncertain fuzzy DMJS (7a) and (7b) is SFTB and the output z(k) and disturbance w(k)
satisfies the constraint relation (9).

Theorem 3.1. The time-delay fuzzy DMJS (7a) is SFTB with respect to ðδx; ϵ;Rl;N;ϖÞ, if there
exist scalars λZ1 and ϵ40, a symmetric positive-definite matrix Q, sets of symmetric positive-
definite matrices fPl; lASg and fQl; lASg, for all lAS and i; jAΛ, such that

AT
l ðh; kÞ ̌PlAlðh; kÞ�λPl þ Q n n

AT
dlðh; kÞ ̌PlAlðh; kÞ �Qþ AT

dlðh; kÞ ̌PlAdlðh; kÞ n

GT
l ðh; kÞ ̌PlAlðh; kÞ GT

l ðh; kÞ ̌PlAdlðh; kÞ �Ql þ GT
l ðh; kÞ ̌PlGlðh; kÞ

2
64

3
75o0;

ð11aÞ

½sP þ sQd�δ2x þ sQϖ2os
P
λ�Nϵ2; ð11bÞ



sQ ¼maxlASfsmaxðQlÞg, Pl ¼ R�1=2
l PlR

�1=2
l and Ql ¼ R�1=2

l QR�1=2
l .

Proof. We first choose the following stochastic Lyapunov–Krasovskii functional:

VðkÞ ¼ xT ðkÞPlxðkÞ þ ∑
k�1

n ¼ k�d
xT ðnÞQxðnÞ: ð12Þ

Then, a simple computation yields

EfVðk þ 1Þg�VðkÞ ¼ E ∑
s

m ¼ 1
Prfrkþ1 ¼mjrk ¼ lg � ½xT ðk þ 1ÞPlxðk þ 1Þ þ ∑

k

n ¼ k�dþ1
xT ðnÞQxðnÞ�

� �
�VðkÞ

¼ ∑
s

m ¼ 1
πlmx

T ðk þ 1ÞPlxðk þ 1Þ�xT ðkÞPlxðkÞ þ xT ðkÞQxðkÞ�xT ðk�dÞQxðk�dÞ

¼ ξT ðkÞ
AT
l ðh; kÞ̌PlAlðh; kÞ�Pl þ Q n n

AT
dlðh; kÞ̌PlAlðh; kÞ �Qþ AT

dlðh; kÞ̌PlAdlðh; kÞ n

GT
l ðh; kÞ ̌PlAlðh; kÞ GT

l ðh; kÞ ̌PlAdlðh; kÞ GT
l ðh; kÞ ̌PlGlðh; kÞ

2
64

3
75ξðkÞ:

ð13Þ
where ξT ðkÞ ¼ ½xT ðkÞ xT ðk�dÞ wT ðkÞ�. From conditions (11a) and (13), we can establish

EfVðk þ 1Þg�VðkÞoðλ�1ÞxT ðkÞPlxðkÞ þ wT ðkÞQlwðkÞ
r ðλ�1ÞVðkÞ þ sQwT ðkÞwðkÞ: ð14Þ

Therefore, we have

EfVðk þ 1ÞgoλEfVðkÞg þ sQEfwT ðkÞwðkÞg: ð15Þ
Notice that λZ1, it follows from Eq. (15) that

EfVðkÞgoλkEfVð0Þg þ sQE ∑
k�1

n ¼ 0
λk�n�1wT ðnÞwðnÞ

� �
rλkEfVð0Þg þ λksQϖ2: ð16Þ

Let Pl ¼ R�1=2
l PlR

�1=2
l , Ql ¼ R�1=2

l QR�1=2
l and notice that EfxT ðnÞRlxðnÞgrδ2x for all

nAf�d;…; 0g, we have

EfVð0ÞgrsPEfxT ð0ÞRlxð0Þg þ sQE ∑
�1

n ¼ �d
xT ðnÞRlxðnÞ

� �
r ½sP þ sQd�δ2x : ð17Þ

On the other hand, for all lAS, we can obtain

EfVðkÞgZEfxT ðkÞPlxðkÞg ¼ EfxT ðkÞR1=2
l PlR

1=2
l xðkÞgZs

P
EfxT ðkÞRlxðkÞg: ð18Þ

From (16) to (18), we can deduce

E xT kð ÞRlx kð Þ� �
o

½sP þ sQd�λkδ2x þ sQλkϖ2

s
P

: ð19Þ

Therefore, it follows from (11a) that EfxT ðkÞRlxðkÞgoϵ2 for all kAf1; 2;…;Ng. The proof of this
theorem is completed. □

Theorem 3.2. The time-delay fuzzy DMJS (7a) and (7b) is stochastically finite-time H1
stabilizable with respect to ðδx; ϵ;Rl;N; γ;ϖÞ, if there exist scalars λZ1; ϵ40; γ40, a symmetric
positive-definite matrix Q, a set of symmetric positive-definite matrices fPl; lASg, for all lAS



and i; jAΛ, such that

�λPl þ Q n n n n

0 �Q n n n

0 0 �λ�Nγ2I n n

L1 lðh; kÞ L2 lðh; kÞ L3 lðh; kÞ �P�1 n

ClðhÞ CdlðhÞ DlðhÞ 0 � I

2
6666664

3
7777775
o0; ð20aÞ

½sP þ sQd�δ2x þ λ�Nγ2ϖ2os
P
λ�Nϵ2; ð20bÞ

where

LT1 lðh; kÞ ¼
ffiffiffiffiffiffi
πl1

p
AT
l ðh; kÞ

ffiffiffiffiffiffi
πl2

p
AT
l ðh; kÞ ⋯ ffiffiffiffiffiffi

πls
p

AT
l ðh; kÞ

h i
;

LT2 lðh; kÞ ¼
ffiffiffiffiffiffi
πl1

p
AT
dlðh; kÞ

ffiffiffiffiffiffi
πl2

p
AT
dlðh; kÞ ⋯ ffiffiffiffiffiffi

πls
p

AT
dlðh; kÞ

h i
;

LT3 lðh; kÞ ¼
ffiffiffiffiffiffi
πl1

p
GT

l ðh; kÞ
ffiffiffiffiffiffi
πl2

p
GT

l ðh; kÞ ⋯ ffiffiffiffiffiffi
πls

p
GT

l ðh; kÞ
h i

;

P¼ diagfP1;P2;…;Psg:
Proof. By the Schur complements, it follows that condition (20a) implies

�λPl þ Q n n n

0 �Q n n

0 0 �λ�Nγ2I n

L1 lðh; kÞ L2 lðh; kÞ L3 lðh; kÞ �P�1

2
66664

3
77775o0: ð21Þ

Denote Ql ¼ λ�Nγ2I and notice the form of Pl;L1 lðh; kÞ; L2 lðh; kÞ;L3 lðh; kÞ and P, it is obvious
that Eq. (21) is equivalent to condition (11a). Thus, conditions (21) and (20b) can guarantee that
the time-delay DMJS (7a) is SFTB with respect to ðδx; ϵ;Rl;N;ϖÞ according to Theorem 3.1. On
the other hand, consider the similar fuzzy Lyapunov–Krasovskii functional as Theorem 3.1.
Taking into account condition (20a) and Ql ¼ λ�Nγ2I, one can derive from Eq. (20a) that the
following inequality:

EfVðk þ 1ÞgoλVðkÞ�zT ðkÞzðkÞ þ γ2λ�NwT ðkÞwðkÞ ð22Þ
holds for all lAS. According to Eq. (22), we can derive

EfVðkÞgoλkEfVð0Þg� ∑
k�1

j ¼ 0
λk� j�1EfzT ðjÞzðjÞg þ γ2λ�NE ∑

k�1

j ¼ 0
λk� j�1wT ðjÞwðjÞ

( )
: ð23Þ

Under the zero-value initial condition and noting that VðkÞZ0 for all kAZkZ 0, we have

∑
k�1

j ¼ 0
λk� j�1EfzT ðjÞzðjÞgoγ2λ�NE ∑

k�1

j ¼ 0
λk� j�1wT ðjÞwðjÞ

( )
: ð24Þ

Notice that λZ1, we have

E ∑
N

k ¼ 0
zT ðkÞzðkÞ

� �
¼ ∑

N

k ¼ 0
EfzT ðkÞzðkÞgr ∑

N

k ¼ 0
EfλN� kzT ðkÞzðkÞg



oγ2λ�NE ∑
N

k ¼ 0
λN� kwT ðkÞwðkÞ

� �
rγ2E ∑

N

k ¼ 0
wT ðkÞwðkÞ

� �
: ð25Þ

Thus, condition (9) holds. This completes the proof. □

To solve Theorem 3.2, the following theorem gives LMI conditions to ensure stochastic finite-
time H1 stabilization via fuzzy state-feedback control design for the nominal fuzzy DMJS (1a)–
(1c).

Theorem 3.3. Consider the time-delay nominal fuzzy DMJS (7a) and (7b), there exists a state
feedback control gain Ki;l ¼ Yi;lX�1

l such that the DMJS (7a) and (7b) is stochastically finite-
time H1 stabilizable with respect to ðδx; ϵ;Rl;N; γ;ϖÞ, if there exist scalars
λZ1;s40; ϵ40; γ40; η140 and η240, a symmetric positive-definite matrix M, a set of
mode-dependent symmetric positive-definite matrices fXl; lASg, a set of matrices
fYi;l; iAΛ; lASg, for all lAS and i; jAΛ, such that

Ξii;lo0; ð26aÞ

Ξij;l þ Ξji;lo0; ioj; ð26bÞ

sR�1
l oXloR�1

l ; ð26cÞ

η1R
�1
l oMoη2R

�1
l ; ð26dÞ

ðϖ2γ2�ϵ2Þλ�N
n n

δx �s n

δx
ffiffiffi
d

p
0 �η1

2
64

3
75o0; ð26eÞ

where

Ξij;l ¼

�λXl n n n n

0 �λ�Nγ2I n n n

L1ij;l L3i;l �X þ L2i;lMLT2j;l n n

L4ij;l D2i;l Cdi;lMLT2j;l � I þ Cdi;lMCT
dj;l n

Xl 0 0 0 �M

2
6666664

3
7777775
;

LT1ij;l ¼
ffiffiffiffiffiffi
πl1

p
AT
ij;l

ffiffiffiffiffiffi
πl2

p
AT
ij;l ⋯ ffiffiffiffiffiffi

πls
p

AT
ij;l

h i
;

LT2i;l ¼
ffiffiffiffiffiffi
πl1

p
AT
di;l

ffiffiffiffiffiffi
πl2

p
AT
di;l ⋯ ffiffiffiffiffiffi

πls
p

AT
di;l

h i
;

LT3i;l ¼
ffiffiffiffiffiffi
πl1

p
GT

i;l
ffiffiffiffiffiffi
πl2

p
GT

i;l ⋯ ffiffiffiffiffiffi
πls

p
GT

i;l

h i
;

L4ij;l ¼ Ci;lXl þ D1i;lY j;l;Aij;l ¼ Ai;lXl þ Bi;lY j;l;
X ¼ diagfX1;X2;…;Xsg:

Proof. Denote

AlðhÞ ¼ ∑
f

i ¼ 1
∑
f

j ¼ 1
hiðkÞhjðkÞ½Ai;l þ Bi;lKj;l�;AdlðhÞ ¼ ∑

f

i ¼ 1
hiðkÞAdi;l;GlðhÞ ¼ ∑

f

i ¼ 1
hiðkÞGi;l:



Then, condition (20a) is converted into the following inequality:

�λPl þ Q n n n n

0 �Q n n n

0 0 �λ�Nγ2I n n

L1 lðhÞ L2 lðhÞ L3 lðhÞ �P�1 n

ClðhÞ CdlðhÞ DlðhÞ 0 � I

2
6666664

3
7777775
o0; ð27Þ

where

LT1 lðhÞ ¼ ½ ffiffiffiffiffiffi
πl1

p
AT
l ðhÞ

ffiffiffiffiffiffi
πl2

p
AT
l ðhÞ…

ffiffiffiffiffiffi
πls

p
AT
l ðhÞ�;

LT2 lðhÞ ¼ ½ ffiffiffiffiffiffi
πl1

p
AT
dlðhÞ

ffiffiffiffiffiffi
πl2

p
AT
dlðhÞ…

ffiffiffiffiffiffi
πls

p
AT
dlðhÞ�;

LT3 lðhÞ ¼ ½ ffiffiffiffiffiffi
πl1

p
GT

l ðhÞ
ffiffiffiffiffiffi
πl2

p
GT

l ðhÞ…
ffiffiffiffiffiffi
πls

p
GT

l ðhÞ�:
Applying the Schur complements, we can verify that Eq. (27) is equivalent to

�λPl þ Q n n n

0 �λ�Nγ2I n n

L1 lðhÞ L3 lðhÞ �P�1 þ L2 lðhÞQ�1LT2 lðhÞ n

ClðhÞ DlðhÞ CdlðhÞQ�1LT2 lðhÞ � I þ CdlðhÞQ�1CT
dlðhÞ

2
66664

3
77775o0:

ð28Þ
Pre- and -post-multiplying (28) by the block-diagonal matrix diagfP�1

l ; I; I; Ig and using Schur
complement lemma, this results in the following inequality holds

∑
f

i ¼ 1
∑
f

j ¼ 1
hiðkÞhjðkÞΘij;lo0; ð29Þ

where

Θij;l ¼

�λP�1
l n n n n

0 �λ�Nγ2I n n n

L1ij;lP�1
l L3i;l �P�1 þ L2i;lQ�1LT2j;l n n

Cij;lP�1
l D2i;l Cdi;lQ�1LT2j;l � I þ Cdi;lQ�1CT

dj;l n

P�1
l 0 0 0 �Q�1

2
66666664

3
77777775
;

L
T
1ij;l ¼ ½ ffiffiffiffiffiffi

πl1
p

A
T
ij;l

ffiffiffiffiffiffi
πl2

p
A
T
ij;l…

ffiffiffiffiffiffi
πls

p
A
T
ij;l�;

LT2i;l ¼ ½ ffiffiffiffiffiffi
πl1

p
AT
di;l

ffiffiffiffiffiffi
πl2

p
AT
di;l…

ffiffiffiffiffiffi
πls

p
AT
di;l�;

LT3i;l ¼ ½ ffiffiffiffiffiffi
πl1

p
GT

i;l

ffiffiffiffiffiffi
πl2

p
GT

i;l…
ffiffiffiffiffiffi
πls

p
GT

i;l�;
Cij;l ¼ Ci;l þ D1i;lKj;l;Aij;l ¼ Ai;l þ Bi;lKj;l:

Denote

LT1ij;l ¼ ðL1ij;lP
�1
l ÞT ¼ ½ ffiffiffiffiffiffi

πl1
p

AT
ij;l

ffiffiffiffiffiffi
πl2

p
AT
ij;l…

ffiffiffiffiffiffi
πls

p
AT
ij;l�;

L4ij;l ¼ Cij;lP
�1
l ¼ Ci;lP

�1
l þ D1i;lKj;lP

�1
l ;



where Aij;l ¼ Aij;lP�1
l ¼ Ai;lP�1

l þ Bi;lKj;lP�1
l . By setting Xl ¼ P�1

l ; Yj;l ¼Kj;lXl; M ¼Q�1;X
¼ P�1, it follows that

X ¼ P�1 ¼ diagfX1;X2;…;Xsg;
Aij;l ¼ Ai;lXl þ Bi;lKj;lXl ¼ Ai;lXl þ Bi;lY j;l;
L4ij;l ¼ Ci;lXl þ D1i;lKj;lXl ¼ Ci;lXl þ D1i;lYj;l:

Thus, we can deduce that condition (29) is equivalent to the following inequality:

∑
f

i ¼ 1
∑
f

j4i
hiðkÞhjðkÞ½Ξij;l þ Ξji;l� þ ∑

f

i ¼ 1
h2i ðkÞΞii;lo0: ð30Þ

Therefore, conditions (26a) and (26b) can guarantee that condition (20a) holds.

Taking into account that Pl ¼ X�1
l ;Pl ¼ R�1=2

l PlR
�1=2
l and Ql ¼ R�1=2

l QR�1=2
l , it follows

from (23c) and (23d) that 1os
P
;sPos�1;sQoη�1

1 . Then, a sufficient condition to guarantee
(20b) is that

ðs�1 þ η�1
1 dÞδ2x þ λ�Nγ2ϖ2oλ�Nϵ2: ð31Þ

By Schur complement property, condition (31) is equivalent to Eq. (26e). Further, conditions
(23c)–(23e) can guarantee that condition (20b) holds. Thus, the proof of the theorem is
completed. □
The following corollary is an easy consequence of Theorem 3.3.

Corollary 3.1. Consider the time-delay nominal fuzzy DMJS (7a), there exists a state-feedback
control gain Ki;l ¼ Yi;lX�1

l such that the fuzzy DMJS (7a) is SFTB with respect to
ðδx; ϵ;Rl;N;ϖÞ, if there exist scalars λZ1;s40; ϵ40; δ140; δ240; η140 and η240, a
symmetric positive-definite matrix M, sets of mode-dependent symmetric positive-definite
matrices fXl; lASg and fQl; lASg, a set of matrices fYi;l; iAΛ; lASg, for all lAS and i; jAΛ,
such that (26c) and (26d) and the following conditions hold

Ξ ii;lo0; ð32aÞ

Ξ ij;l þ Ξ ji;lo0; ioj; ð32bÞ

δ1IoQloδ2I; ð32cÞ

ϖ2δ2�ϵ2λ�N
n n

δx �s n

δx
ffiffiffi
d

p
0 �η1

2
64

3
75o0; ð32dÞ

where

Ξ ij;l ¼

�λXi n n

0 �Ql n n

L1ij;l L3i;l �X þ L2i;lMLT2j;l n

Xl 0 0 �M

2
6664

3
7775:



Consider the robust finite-time H1 stabilization problem of the time-delay uncertain fuzzy
DMJS (1a)–(1c), we have the following theorem stated:

Theorem 3.4. Consider the time-delay uncertain fuzzy DMJS (7a) and (7b), there exists a state-
feedback control gain Ki;l ¼ Yi;lX�1

l such that the DMJS (7a) and (7b) is stochastically finite-
time H1 stabilizable with respect to ðδx; ϵ;Rl;N; γ;ϖÞ, if there exist scalars
λZ1; s40; ϵ40; γ40; η140 and η240, a set of positive scalars fθij;l; i; jAΛ; lASg, a mode-
dependent symmetric positive-definite matrix M, a set of mode-dependent symmetric positive-
definite matrices fXl; lASg, a set of matrices fYi;l; iAΛ; lASg, for all lAS and i; jAΛ, such that
Eqs. (26c)–(26e) and the following inequalities hold

Γii;l ¼
Γ1ii;l n

Γ2ii;l Γ3ii;l

" #
o0; ð33aÞ

Λij;l ¼
Λ1ij;l n

Λ2ij;l Λ3ij;l

" #
o0; ioj; ð33bÞ

where

Γ1ii;l ¼
�λXl n n

0 �λ�Nγ2I n

L1ii;l L3i;l �X þ L2i;lMLT2i;l þ Fii;l

2
64

3
75;

Γ2ii;l ¼
L4ii;l D2i;l Cdi;lMLT2i;l
L5ii;l E4i;l E2i;lMLT2i;l
Xl 0 0

2
64

3
75;

Γ3ii;l ¼
� I þ Cdi;lMCT

di;l n n

E2i;lMCT
di;l �θii;lI þ E2i;lMET

2i;l n

0 0 �M

2
64

3
75;

Λ1ij;l ¼
�2λXl n n

0 �2λ�Nγ2I n

L1ij;l þ L1ji;l L3i;l þ L3j;l �2X þ 1
2 L2ij;lMLT2ij;l þ Fij;l þ Fji;l

2
64

3
75;

Λ2ij;l ¼

L4ij;l þ L4ji;l D2i;l þ D2j;l
1
2Cdij;lMCT

dij;l

L5ij;l E4i;l
1
2E2i;lMLT2ij;l

L5ji;l E4j;l
1
2E2j;lMLT2ij;l

Xl 0 0

2
66664

3
77775;

Λ3ij;l ¼

�2I þ 1
2Cdij;lMCT

dij;l n n n

1
2E2i;lMCT

dij;l �θij;lI þ 1
2E2i;lMET

2i;l n n

1
2E2j;lMCT

dij;l
1
2E2j;lMET

2i;l �θji;lI þ 1
2E2j;lMET

2j;l n

0 0 0 � 1
2M

2
666664

3
777775;

Fij;l ¼ θij;l � ½ ffiffiffiffiffiffi
πl1

p
FT
i;l⋯

ffiffiffiffiffiffi
πls

p
FT
i;l�T ½

ffiffiffiffiffiffi
πl1

p
FT
i;l⋯

ffiffiffiffiffiffi
πls

p
FT
i;l�;

L2ij;l ¼ L2i;l þ L2j;l;Cdij;l ¼ Cdi;l þ Cdj;l;L5ij;l ¼ E1i;lXl þ E3i;lY j;l:



Proof. By Theorem 3.3, we only need to prove that Eqs. (33a) and (33b) can guarantee that Eq.
(20a) holds. Pre- and -post-multiplying Eq. (20a) by the block-diagonal matrix
diagfP�1

l ; I; I; I; Ig, we can observe that Eq. (20a) is equivalent to the following inequality:

∑
f

i ¼ 1
∑
f

j ¼ 1
hiðkÞhjðkÞ½Ψ 0ij;l þ Ψ 1ij;lðkÞ�o0; ð34Þ

where

Ψ 0ij;l ¼

�λP�1
l þ P�1

l QP�1
l n n n n

0 �Q n n n

0 0 �λ�Nγ2I n n

L1ij;lP�1
l L2i;l L3i;l �P�1 n

Cij;lP�1
l Cdi;l D2i;l 0 � I

2
6666664

3
7777775
;

Ψ 1ij;lðkÞ ¼Ui;lΔlðkÞVij;l þ ðUi;lΔlðkÞVij;lÞT ;
with

UT
i;l ¼ ½0 0 0

ffiffiffiffiffiffi
πl1

p
FT
i;l…

ffiffiffiffiffiffi
πls

p
FT
i;l 0�;

Vij;l ¼ ½E1i;lP
�1
l þ E3i;lKj;lP

�1
l E2i;l E4i;l 0 … 0 0�:

According to Lemma 2.1, for arbitrary θij;l40; i; jAΛ; lAS, we have

Ui;lΔlðkÞVij;l þ ðUi;lΔlðkÞVij;lÞTrθij;lUi;lU
T
i;l þ θ�1

ij;l V
T
ij;lV ij;l: ð35Þ

Notice that Ψ 0ij;l is a symmetric matrix. Thus, a sufficient condition to guarantee Eq. (34) is that

∑
f

i ¼ 1
∑
f

j ¼ 1
hiðkÞhjðkÞΨ ij;lo0; ð36Þ

where Ψ ij;l ¼ ðΨ 0ij;l þ θij;lUi;lUT
i;lÞ þ θ�1

ij;l V
T
ij;lV ij;l. Thus, we can deduce that condition (36) is

equivalent to the following inequality:

∑
f

i ¼ 1
∑
f

j4i
hiðkÞhjðkÞ½Ψ ij;l þ Ψ ji;l� þ ∑

f

i ¼ 1
h2i ðkÞΨ ii;lo0: ð37Þ

Therefore, it follows that a sufficient condition to guarantee Eq. (37) is that

Ψ ii;lo0; ð38aÞ

Ψ ij;l þ Ψ ji;lo0: ð38bÞ
Applying similar approach to Theorem 3.3, we can prove that Eqs. (33a) and (33b) are equivalent
to Eqs. (38a) and (38b), respectively. Thus, Eqs. (33a) and (33b) can guarantee that Eq. (20a)
holds. □

By Theorem 3.4, the following corollary can be easily obtained.

Corollary 3.2. Consider the time-delay uncertain fuzzy DMJS (7a), there exists a state-feedback
control gain Ki;l ¼ Yi;lX�1

l such that the DMJS (7a) is SFTB with respect to ðδx; ϵ;Rl;N;ϖÞ,
if there exist scalars λZ1;s40; ϵ40; δ140; δ240; η140 and η240, a set of positive
scalars fθij;l; i; jAΛ; lASg, a mode-dependent symmetric positive-definite matrix M, sets of



mode-dependent symmetric positive-definite matrices fXl; lASg and fQl; lASg, a set of matrices
fYi;l; iAΛ; lASg, for all lAS and i; jAΛ, such that Eqs. (26c), (26d), (32c), (32d) and the
following conditions hold

Γ ii;l ¼
Γ1ii;l n

Γ2ii;l Γ3ii;l

" #
o0; ð39aÞ

Λij;l ¼
Λ1ij;l n

Λ2ij;l Λ3ij;l

" #
o0; ioj; ð39bÞ

where

Γ1ii;l ¼
�λXl n n

0 �Ql n

L1ii;l L3i;l �X þ L2i;lMLT2i;l þ Fii;l

2
64

3
75;

Γ2ii;l ¼
L5ii;l E4i;l E2i;lMLT2i;l
Xl 0 0

" #
;

Γ3ii;l ¼
�θii;lI þ E2i;lMET

2i;l n

0 �M

" #
;

Λ1ij;l ¼
�2λXl n n

0 �2Ql n

L1ij;l þ L1ji;l L3i;l þ L3j;l �2X þ 1
2 L2ij;lMLT2ij;l þ Fij;l þ Fji;l

2
64

3
75

Λ2ij;l ¼
L5ij;l E4i;l

1
2E2i;lMLT2ij;l

L5ji;l E4j;l
1
2E2j;lMLT2ij;l

Xl 0 0

2
64

3
75;

Λ3ij;l ¼
�θij;lI þ 1

2E2i;lMET
2i;l n n

1
2E2j;lMET

2i;l �θji;lI þ 1
2E2j;lMET

2j;l n

0 0 � 1
2M

2
664

3
775:

Remark 3.1. It is significant to observe that conditions (26a), (26b), (26e), (33a) and (33b) are
not strict LMIs, however, once we fix the parameter λ, the conditions can be turned into LMIs-
based feasibility problem. Thus, one can obtain that the feasibility of conditions stated in
Theorems 3.3 and 3.4 can be turned into the following LMIs-based feasibility problem with a
fixed parameter λ, respectively:

min ðϵ2 þ γ2Þ
Xl;Yi;l;M; η1; η2;s

s:t: LMIsð26aÞ–ð26eÞ: ð40Þ

min ðϵ2 þ γ2Þ
Xl;Yi;l;M; η1; η2; θij;l; s

s:t: LMIsð26cÞ–ð26eÞ; ð33aÞ and ð33bÞ: ð41Þ
Remark 3.2. In order to get the minimum optimal value of ϵ2 þ γ2, by Theorems 3.3 and 3.4,
one can first find the range of the feasible solution of the parameter λ, and then the locally



convergent solution can be obtained by applying the program fminsearch in the unconstrained
nonlinear optimization toolbox of Matlab.

Remark 3.3. Noted that Theorems 3.3 and 3.4 have presented the sufficient conditions to
guarantee stochastic finite-time H1 stabilization of the nominal or uncertain discrete-time fuzzy
MJSs with time-delays, respectively. From the optimization problem (40) or (41), one can see
that ϵ2 þ γ2 is taken as the optimal value and optimized over value ϵ2 þ γ2. Similarly, we can
also choose γ2 as the optimal value and optimize over value γ2. However, the former optimization
approach should be suitable in order to let the system trajectories take the smaller bound as much
as possible in a specified finite-time interval.

Remark 3.4. For conservatism reduction purpose, fuzzy or piecewise Lyapunov functional
approaches can be applied to addressing the problems of H1 filtering and output-feedback
control for fuzzy nonlinear systems with Markovian jumps and time-delays, see the Refs.
[4,10,16]. Based on the novel Lyapunov functionals, we may also deal with the finite-time H1
control problem for continuous- or discrete-time fuzzy MJSs with time-varying delays and obtain
the corresponding results in the future work.
4. Numerical examples

In this section, we provide two simulation examples to illustrate the proposed results.

Example 4.1. Consider the following time-delay nominal fuzzy DMJS involving two modes
with the following parameters:

A1;1 ¼
1:2 0:5

0:8 1

	 

; Ad1;1 ¼

0:6 0

0 �0:5

	 

; A1;2 ¼

�0:6 0:4

1 1:5

	 

;

Ad1;2 ¼
�0:6 0:1

0 �0:4

	 

; A2;1 ¼

�0:5 0:2

1 1

	 

; Ad2;1 ¼

0:5 �0:41

0 �0:6

	 

;

A2;2 ¼
�0:6 0:8

0:1 1:2

	 

; Ad2;2 ¼

0:6 �0:4

0 �0:5

	 

; B1;1 ¼ B2;1 ¼

0 1

1 1

	 

;

B1;2 ¼ B2;2 ¼
0 1

0 1

	 

; G1;1 ¼G2;1 ¼

0 0

0 1

	 

; G1;2 ¼G2;2 ¼

0 1

0 0:5

	 

;

C1;1 ¼ C2;1 ¼ C1;2 ¼C2;2 ¼ 0:5 0
� �

; Cd1;1 ¼ Cd2;1 ¼Cd1;2 ¼ Cd2;2 ¼ 0:2 0
� �

;

D11;1 ¼D12;1 ¼D11;2 ¼D12;2 ¼ 0:5 0:2
� �

; D21;1 ¼D22;1 ¼D21;2 ¼D22;2 ¼ 1 1
� �

:

We assume that the transition rate matrix is given by

Π ¼ 0:6 0:4

0:3 0:7

	 

:

For simplicity, h1ðkÞ and h2ðkÞ are fuzzy basis functions defined, respectively, as h1ðkÞ ¼ hðx1ðkÞÞ
and h2ðkÞ ¼ 1�hðx1ðkÞÞ with



h x1 kð Þð Þ ¼
1
6 3�x1 kð Þ½ �; jx1ðkÞjo3;

1; jx1ðkÞjZ3:

(

Let R1 ¼ R2 ¼ I2; δx ¼ 1;N ¼ 5;ϖ ¼ 2 and d¼1, by Theorem 3.3, the optimal bound with
minimum value of ϵ2 þ γ2 relies on the parameter λ. One can find a feasible solution when
1:90rλr36:50. Fig. 1 shows the optimal value with different values of λ. Then, by using the
program fminsearch in the optimization toolbox of Matlab starting at λ¼2, we can also find the
locally convergent solution λ¼2.1626, γ¼15.7421, ϵ¼33.9467, and the state-feedback control
gains can be derived as

K1;1 ¼
0:2804 �0:4109

�1:2848 �0:4353

	 

; K2;1 ¼

�1:4482 �0:5412

0:4945 �0:2787

	 

;

K1;2 ¼
�1:3937 �0:0070

0:0348 �0:8134

	 

; K2;2 ¼

�0:7539 0:5136

�0:4498 �0:9513

	 

:

Now, we set the initial conditions as xð�1Þ ¼ xð0Þ ¼ ½0:6 �0:8�T and the initial mode r0 ¼ 1.
We further assume that wðkÞ ¼ ½0:9e� k 0:8e� k sin k�T , then, the simulation of the jumping
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Fig. 2. The switching signal of the system with the initial mode 1.
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Fig. 1. The local optimal bound of ϵ and γ.



modes and the state response of the closed-loop time-delay fuzzy DMJS are depicted in Figs. 2
and 3, which show the effectiveness of the proposed methods.

Example 4.2. To show stochastic finite-time boundedness of the time-delay uncertain fuzzy
DMJS with disturbance attenuation γ, let

F1;1 ¼ F2;1 ¼ F1;2 ¼ F2;2 ¼ 0:1 0:1
� �T

;

E11;1 ¼ F12;1 ¼ F11;2 ¼ F12;2 ¼ 0:01 0:1
� �

;

E21;1 ¼ F22;1 ¼ F21;2 ¼ F22;2 ¼ 0 0:01
� �

;

E31;1 ¼ F32;1 ¼ F31;2 ¼ F32;2 ¼ 0 0:1
� �

;

E41;1 ¼ F42;1 ¼ F41;2 ¼ F42;2 ¼ 0:1 0:2
� �

;

and ΔlðkÞ ¼ ½ςlðkÞ�, where ςTl ðkÞςlðkÞr1 for all lAf1; 2g. Moreover, other matrix variables and
the transition rate matrix are defined in Example 4.1.
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Fig. 4. The local optimal bound of ϵ and γ.
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Fig. 3. The response of the system state x(k) in the different time interval.



Let R1 ¼ R2 ¼ I2; δx ¼ 1;N ¼ 5;ϖ ¼ 2 and d¼1, by Theorem 3.4, the optimal bound with
minimum value of ϵ2 þ γ2 relies on the parameter λ. One can find a feasible solution when
1:95rλr36:34. Fig. 4 shows the optimal value with different values of λ. Then, by using the
program fminsearch in the optimization toolbox of Matlab starting at λ¼2, we can also find the
locally convergent solution λ¼2.1644, γ¼16.1363,ϵ¼34.6719 and the state-feedback control
gains can be derived as

K1;1 ¼
0:2380 �0:3724

�1:2400 �0:4708

	 

; K2;1 ¼

�1:3966 �0:4939

0:4585 �0:3122

	 

;

K1;2 ¼
�1:4625 0:0439

0:0245 �0:7991

	 

; K2;2 ¼

�0:4601 0:7330

�0:4588 �0:9601

	 

:

Figs. 5 and 6 give the jumping modes and the state response of the closed-loop time-delay uncertain
fuzzy DMJS under the same initial conditions, parameters w(k) and ςlðkÞ as Example 4.1.
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5. Conclusions

This paper studies the problem of robust finite-time H1 control for a class of uncertain
discrete-time Markovian jump T–S fuzzy systems with time-delays. By applying the stochastic
Lyapunov–Krasovskii function method, a finite-time H1 controller is designed such that the
resulting closed-loop system is stochastically finite-time bounded and satisfies a prescribed H1
performance level in the given finite-time interval. Sufficient criteria are provided for the
solvability of the problem, which can be tackled by a feasibility problem in terms of LMIs. Two
examples are presented to show the validity of the proposed design approaches. It should be also
pointed out that stochastic finite-time H1 filtering problems of time-delay fuzzy MJSs including
continuous-time case and discrete-time one will be investigated in our future work.
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