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Abstract: Motivated by real-time monitoring and fault diagnosis for complex systems, the presented paper
aims to develop effective fault estimation techniques for stochastic nonlinear systems subject to partially
decoupled unknown input disturbances and Brownian motions. The challenges of the research is how to ensure
the robustness of the proposed fault estimation techniques against stochastic Brownian perturbations and
additive process disturbances, and provide a rigorous mathematical proof of the finite-time input-to-stabilization
of the estimation error dynamics. In this paper, stochastic input-to-state stability and finite-time stochastic input-
to-state stability of stochastic nonlinear systems are firstly investigated based on Lyapunov theory, leading to a
simple and straightforward criterion. By integrating augmented system approach, unknown input observer
technique, finite-time stochastic input-to-state stability theory, a highly-novel fault estimation technique is
proposed. The convergence of the estimation error with respect to un-decoupled unknown inputs and Brownian
perturbation is proven by using the derived stochastic input-to-state stability and finite-time stochastic input-to-
state stability theorems. Based on linear matrix inequality technique, the robust observer gains can be obtained
in order to achieve both stability and robustness of the error dynamic. Finally, the effectiveness of the proposed
fault estimation techniques is demonstrated by the detailed simulation studies using a robotic system and a
numerical example.

Keywords: Finite-time stochastic input-to-state stability; stochastic nonlinear system; Brownian motions;

unknown input observer; robust fault estimation.
1. Introduction

Nowadays, industrial systems are becoming more complex with more sophistical control strategies utilized.
Since a single linear model, which is only valid within a neighbourhood of the operating point, cannot be

effectively used for modelling complicated dynamics, nonlinear systems are becoming more popular to describe
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complex practical processes. On the other hand, stochastic systems have attracted a lot of attention owing to their
wide applications in many branches of science and industry. Taking both the two characteristics into account,
stochastic nonlinear models are paying an important role to describe complex physical processes more accurately
and effectively. Unexpected deviations of a real plant, usually defined as faults, are quite common in practice and
may lead to unacceptable system behaviors. In order to ensure a good supervision of systems and guarantee the
safety and reliability, fault diagnosis have been an active research field over the past decades and numerous
results have been reported. From different point of perspectives, the techniques of fault diagnosis can be
classified into various categories. According to the recent survey papers [1, 2], one well-known classification is
model-based fault diagnosis [3, 4], signal-based fault diagnosis [5, 6] and knowledge-based (data-driven) fault
diagnosis [7-9]. Among the diagnostic methods mentioned, model-based method has been popular with
systematic design solutions by developing advanced observers/filters. Nevertheless, due to the lack of powerful
design methods to deal with the nonlinearities and stochastic properties, designing observers for stochastic
nonlinear systems is surely a challenging but hot research topic, which has a great potential in the applications to
complex industrial systems. The limit but interesting results have been reported so far. For example, in [10], a
tracking filter was addressed for stochastic nonlinear systems with white noises. In [11], an observer-based
controller for stochastic singular systems with Brownian motions was proposed. In [12], the infinite horizon
robust state estimation was investigated for nonlinear stochastic uncertain systems via H,, filter. The stability of a
nonlinear observer for a stochastic system was dealt with in [13].

It is well known that fault estimation is an advanced fault diagnosis approach, because it is capable of
revealing the details of considered faults and yielding the simultaneous estimation of the full system states, which
are often unmeasurable in many applications but necessary for controlling the system. Based on well-designed
observers such as adaptive observers [14], sliding mode observers [15, 16], and augmented system observers
(including descriptor observers) [17-20], fault estimation has been widely used recently. Moreover, since
unknown inputs caused by modelling errors, parameter perturbations, and exogenous disturbances are
unavoidable, the robustness of an observer does always play a vital role to ensure an effective fault diagnosis and
reduce the rate of false alarms. Unknown input observer (UIO), which can be traced back to the early 1970s [21],
has been proven to be an effective approach to decouple the influences from unknown inputs, and a large amount
of results about UIO-based fault diagnosis methods and techniques were reported over the past decades [22-24].
Specifically, a UlO-based fault detection filter was developed for linear time-invariant systems in [22], and the

UIO techniques were extended in [23, 24] to carry out robust fault detection and isolations for a class of
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nonlinear system. It is natural to lead to an idea to integrate fault estimation techniques and UIO methods for
achieving a robust tracking of the faults as well as system states. Based on this idea, some results were addressed
in [25-27] for fault/disturbance estimation. The above mentioned references about UIOs were based on the
assumption that the unknown inputs can be decoupled completely, which cannot meet in many realistic control
systems unfortunately. So far, few results were reported on the UIO design for systems subject to partially
decoupled process disturbances. In [28, 29], the state estimate methods were proposed using partially decoupled
UIOs, which however were not explored for fault diagnosis. In [30], an innovative UIO-based fault estimation
algorithm was addressed to solve robust fault estimation of linear systems and Lipschitz nonlinear systems in
the presence of partially decoupled decoupled unknown inputs. However, the investigation of unknown input
observer for more general types of nonlinear systems is still a challenging task, far from being solved completely.
To the best of the authors’ knowledge, no efforts have been made on UlO-based fault estimation for stochastic
nonlinear systems with partially decoupled unknown inputs yet. In particular, stochastic Brownian perturbation
has hugely added the difficulty for fault estimation and diagnosis.

Stability plays the most fundamental role in systems control and estimation theory. Input-to-state stability was
firstly introduced in [31] to capture the idea of bounded input bounded state behaviour together with the decay of
the states under small inputs, and a series of results centralizing on the theory of input-to-state stability-Lyapunov
functions were reported in the literature [32-36]. The input-to-state stability paradigm was generalized to finite-
time stochastic input-to-state stability in [37, 38], and a couple of interesting results were reported in [39- 43],
which will facilitate to address a variety of control and estimation problems for stochastic systems.

To the best of our knowledge, very few efforts were made on fault estimation for stochastic systems with
Brownian motions. Recently, motivated by descriptor estimation methods initialized by [17, 18, 20], fault
estimation issues for stochastic Brownian systems were investigated in [16, 44]. In this study, we will focus on
the systems corrupted by more general environmental disturbances, that is, the systems are subjected to the
process disturbances which cannot be decoupled completely, and the stochastic Brownian parameter
perturbations. Firstly, the criteria of stochastic input-to-state stability and the finite-time stochastic input-to-state
stability are addressed with the aid of Lyapunov theory. Secondly, an augmented system is constructed by
defining an augmented state vector composed of the stochastic states, the mean of the faults and their first-order
derivatives. An UIO is next designed for the augmented system which can decouple the process disturbances

which can be decoupled, and the linear matrix inequality (LMI) techniques are utilized to ensure the stochastic
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finite-time input-to-state stability of the estimator error dynamics, and attenuate the process disturbances which
cannot be decoupled.

The reminder of this paper is organized as follows. Section 2 is dedicated to the problem statement and
necessary preliminaries. Sufficient conditions of both the stochastic input-to-state-stability and finite-time
stochastic input-to-state-stability are presented in Section 3. Section 4 states the methodologies to design UIO-
based fault estimator, applying the results in Section 3 to analyse the stability of the error dynamic. Both the
synthesis of the stability and robustness are on the basis of LMI algorithms. Section 5 provides simulation
studies to demonstrate the estimation performances, followed by Section 6 to conclude the whole contents of the
presented paper and predict the future work.

Throughout this paper, R", R™*™ and R* stands for n-dimentional Euclidean space, the set of n X m real
matrices, and the set of nonnegative real numbers, respectively. I,, represents identity matrix with dimension of n
X n. 0 is a scalar zero or a zero matrix with appropriate zero entries. For any given vector x € R™, | x| refers
to its Euclidean norm, and |x|7 = (fOTf xT(2) x(2)dt) 2. |A| = \[Apax (ATA) where A € R™™, LT stands
for all essentially bounded m-dimentional functions with norm ||&(¢t)|| = ess.sup.{|é(t)],t = 0}. E(*) denotes
the expectation of a stochastic process, and V means for all. The superscript T represents the transpose of
matrices or vectors. The notation X > 0 indicates that the symmetric matrix X is positive definite. The
composition of two functions ¢: A = B and ¥: B — C is denoted by o ¢:A — C. (,) is the inner product.

(Q,T, {Tt}tztO,P) represents a complete probability space with Q being a sample space, F being a o -

M, M
field, {F;};>¢, being a filtration and P being a probability measure. In addition, [M; MZ] is denoted by
2 3

M, M, .
[ Ma] for brevity.

*

2. Preliminaries and problem formulation

Consider a stochastic nonlinear system in the form of:

dx(t) = I(t, x(t), v(t))dt + h(t, x(1), v())dw(t), t = &, 2.1
where x(t) € R™ is system state, v(t) is input with E[v(t)] € L%, w(t) represents Brownian motions defined
on the probability space (Q, F, {Tt}tzto,P), I(t,x(t),v(t)) and h(t,x(t),v(t)) stand for system dynamic
function and stochastic perturbation distribution function, respectively.

For system (2.1), some lemmas and definitions are introduced as follows.
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Lemma 2.1 [45]. Assume that (¢, x(t), v(t)) and h(t, x(t), v(t)) are both continuous in x (t). Further, for each

N = 1,2,..,andeach0 < T < oo, if the following conditions hold:

@t x,v)] < c(®)@A + |x]) 2.2)
(i) [h(t, x, )12 < c(®)A + |x]?) (2.3)
(i) 2¢x; — x5, 1(t, %1, ) = L(t, %, v)) + |h(t, %1, V) = h(t, x5, )|* < cf @©)p7 (1% — x2|) (24)

as |x;| < N,i = 1,2,t € [0,T], where c(t) and cf (t)are nonnegative functions such that foTc(t) dt < o
and fOT cN(@)dt < oo;pf (s) = 0,ass = 0, is non-random, strictly increasing, continuous and concave such

that fOT ds/p¥ (t) dt = oo. Then for any given x5 € R™, equ. (2.1) has a path-wise unique strong solution.

It should be mentioned that the existence of a unique solution for a stochastic nonlinear system is the
precondition of discussing the stochastic input-to-state-stability and finite-time stochastic input-to-state-stability.
Definition 2.1 [46]. A function y: R* — R* is said to be a generalized ¥ -function if it is continuous with
y(0) = 0, and satisfies:

{ ]/(0'1) > )/(0-2)' lf )/(0'1) #0 Vo, > 0, > 0 (25)

y(oy) = y(oz) = 0,if y(01) =0
K is the subset of K -functions that are unbounded. Note that if y is of class generalized K, then its inverse
function y 1 is well defined and again of class generalized K.
Definition 2.2 [46]. A function B: R* X R* — R™ is said to be a generalized K L-function if for each fixed
t = 0, the function S(s, t) is a generalized K -function, and for each fixed s > 0, it decreases to zero ast — T
for some constant T > 0.
Definition 2.3. System (2.1) is said to be stochastic input-to-state stable, if Ve > 0, there exist functions
B € KL and y € K, such that for any initial condition x(t,) = x,, one has
P{lx©O| < E[B((xo]), t —to)] + Ely(IvID]} = 1 — &, Vt = ¢y, Vxy € R™ (2.6)
The above definition is from [38] with a slight modification by using mathematical expectation.
Remark 2.1. Since y(0) = 0, it can be found that, in zero input situation, stochastic input-to-state stability can
necessarily lead to globally asymptotically stability in probability stated in [47]. But in general, globally
asymptotically stability in probability does not imply stochastic input-to-state stability.
For system (2.1), given any function V(t,x) € C?*1{R" X [ty, 0] » R*}, the infinitesimal generator
LV (t, x) is defined as:

LV(t,x) = @

2

+ [%]T I+ % trace {hT _azg;t,x) h} 2.7
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92V (t,x)
2

where trace {hT h} is called as the Hessian term of L.

Lemma 2.2 [39]. For any continuous convex function q(-) € K, there exists a generalized class KL function 8
satisfying
EY(t)) < BED), t —ty), t =t (2.8)
if for process Y (t) with E(Y (t)) being (locally) absolutely continuous and 0 < E(Y(t)) < oo and forany t > ¢,
E[LY(®)] < -E[q(Y ()] (2.9)
Especially, when t = ¢y, E(Yy) = B(E(Yy),0).
Lemma 2.3 [41]. Assume that ¢(-): R - R and y(-,-): R"™ — R are two smooth functions and x is the solution of

system (2.1). Then the following equality holds:

L(d) x(, x)) = ¢L()((t )) + ——trace {(Z; h)T (Z—; h)} (2.10)

Definition 2.4 [47]. System (2.1) is said to be finite-time stochastic input-to-state stable, if Ve > 0, there exists
function y € K, such that
Pllx@®)| <E[ylvID} = 1 —¢€, Vt = ty, Vx, € R (2.11)
Remark 2.2. The difference between the stochastic input-to-state stability and the finite-time stochastic input-
to-state stability is the finite-time convergence of . Finite-time stochastic input-to-state stability says,
E[B(Ixol, t — to)] = 0,t = to + Ty (to, X0, V) (2.12)
Lemma 2.4 (Jensen’s inequality) [48]. If X to be a random variable and let ¢ to be a convex function, then
E[p(X)] = ¢(ECD) 2.13)
Lemma 2.5 (Chebychev’s inequality)[48]. Let X to be a random variable and let ¢ to be a nonnegative function.

Then, for any positive real number a,
Plo(X) 2 a} < 222 (2.14)
Lemma 2.6 (It0 formula) [48]. Given Itd process in the form of (2.1), then function u(t, x) is again an It6
process with differential given by
d(u(t,x)) = L(u(t, x))dt + ”hdw (2.15)
The above preliminaries are the same as those of the most previous literatures. Note that the class of
conventional K, functions mentioned in some papers is certainly the class of generalized K, functions.

Stochastic input-to-state stability reflects the fact that bounded initial condition and bounded input result in

bounded state in probability, and the trajectories will decay under small inputs. Furthermore, the finite-time
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stochastic input-to-state stability says that the bounded state will converge to a function of the input alone after

the finite stochastic settling time.

3. Lyapunov function-based properties of the finite-time stochastic input-to-state-stability

In this section, based on the above definitions and Lemmas, we shall derive some sufficient conditions for
checking the stochastic input-to-state stability and the finite-time stochastic input-to-state stability properties,
associated with Lyapunov theory.

Definition 3.1. A function V is called a stochastic input-to-state stability-Lyapunov function if there exist K,

functions 1, Y5, P3, P, such that for all x € R™, v € LT} and t > ¢,

() E [, (IxD] < E[V(6, )] < E[,(|x])] 3.1
(ii) E[LV(t,2)] < ~E[h5(1xD] + E[W,(lIvID)] (3.2)
Remark 3.1. In condition (i) of Definition 3.1, E[V(t,x)] = E[¢,(]x])] means the Lyapunov
function E [V (t,x)] is radially unbounded, and the existence of a generalized ¥, function ¥, such that
E[V(t,x)] < E[,(|x|)] means thatE[V(t,x)] is decreased. In addition, the usual statements of Lyapunov
inverse theorems do not necessarily provide the condition (ii).

Theorem 3.1. System (2.1) is stochastic input-to-state stable if there is a stochastic input-to-state stability-

Lyapunov function V.

Proof: Let T € [t,, ) denote a time at which the system trajectory x enters the set

B = {x € R™ E[Y;5(IxD] < E[P.(IvID]} (3.3)
where 1), is a generalized K function and ), = (1:?) W4, 09 > 0,0 <A< 1. In the following analysis, we

consider two cases: x, € B¢ and x, € B, respectively, where B¢ denotes the complementary set of B.

Case 1. xy € B¢, In this case, for any t € [t,, 7o),

(1+09)

E[s(1xD] > === E[y.(llvID] (3.4)
Then
—E[s(IxD] < —2E[$3(Ix))] — (1 + ) E[.(IvID] (3.5
According to (3.2), we can derive
E[LV(t, )] < —2E[Y3(1xD] — (1 + a) E[,(IlvID] + E[.(llvID] (3.6)
Indicating
E[LV(t, )] < —AE[Y3(IxD] — oo E[4(l[vID] (3.7

Because 1, is of K, one has
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E[LV(t, )] < —AE[Ys(IxD)] < —E[As o 93 (V (£, x))] (3.8

From Lemmas 2.2 and 2.4, there exists a generalized £ function f satisfying the following condition:

E(V(t,x)) < B (EWy), t —to) < E[f Vo, t — to)] , t € [to,70) Xo € BE (3.9)
For any € € (0,1), take § = é € K L. Applying Lemma 2.5, we have
PV(t,x) ZE[f(Vot —t)]} < BI(x) BB _ e [to70), xo € BE (3.10)
E(B) E(B) '
which leads to
P{V(t,x) < E[B(Vo, t —t)]} > 1—e, t € [toT0), xo € B (3.11)

To be mentioned that £ can be made arbitrarily small by an appropriate choice of 3. Hence for all € > 0, there
exists § = Pyt o B o 1,, such that
P{lx| < E[B(Ixo|,t —t)} =1 — &, t € [toT0), X0 € BE (3.12)
Now let us consider the interval t € [ro, %), where E[1)5(|x])] < E[,(llv[])]. Based on Lemma 2.5, it

follows that

Pps (D) = BB, (IID]) < bl = o, ¢ € [t70). xo € B° (3.13)

where 1, is a X function. By choosing 1, we can make &, < €. Since 3 is of class K, we can yield
Pllxl < 93t o E[Yh4(llvID]} = 1 = &0, t € [zg, ), xo € B (3.14)
Since 13! is convex, based on Lemma 2.4 we have 3t o E[,(|lvID] < E[p3* o P, (llv|)]. Define y =
P31 o, leading to
P{lxl < E[y(lvID]} = 1 — &, t € [ro, ), x, € B (3.15)
Combined with (3.12),
Pllx| < E[B(xol, t —to)] + Ely(IlvID] } = max{l —¢,1 —¢gy} =1 — ¢, t € [ty, ), xy € B (3.16)
Case 2. xy € B. In this case, 7, = ty. Then P{t € [ty, ®) } = P{t € [ty, )} = 1. Following the proof of
Case 1, we know that (3.15) still holds, and then
Pllxl < E[B(Ixol, t — to)] + Ely(lvIDD} = P{x| < E[y(lvID]1} = 1 — &, t € [t,®), % € B (3.17)
To sum up, by (3.16) and (3.17) we have
P{lx| < E[B(Ixol, t — to)] + E[y(IIvID]} = 1 — &, t € [to, 0], %0 € R™ (3.18)

which yields system (2.1) is stochastic input-to-state stable.
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Now, on the basis of Theorem 3.1, let us turn our attention to the finite convergence and give sufficient
conditions of finite-time stochastic input-to-state stability for system (2.1). This can be accomplished by make
the stochastic settling time finite.

Theorem 3.2. System (2.1) is finite-time stochastic input-to-state stable if there is a stochastic input-to-state

stability-Lyapunov function V, with the following condition held:

f;@ds < +m,Ve € [0, +) (3.19)

Proof: Condition (3.21) implies that there exists a function n(V) = fovﬁ
3

ds,V € [0,00). Applying Lemma
2.4 along with system (2.1), we have

dn(V(t,x)) = Ln(V (6, x))dt + 52 2 hdw (3.20)

then for all t > ¢t

N (&, %))= 1V (to %0)) + [y, L0V (s,2(s)))ds + [, SE2- hdw (3.21)

to dv ox
Let t, = inf{s = to: E[B(|xol, s — to)] < 1/k, k €{1, 2, 3,---}} to be an increasing stop time sequence. If t is

replaced by t, in the above, the stochastic integral in (3.23) defines a martingale, which means when we take

expectation, the second integral should be zero, i.e.
E(mV (e, x(t))))=EMV (to, x0))) + lE(fttok Ln(V (s, x(s)))ds) (3.24)

When t < ¢, according to Lemma 2.3,

_dn _dws 1 r V()
LW (&x) = LY (6,2)) = 25z trace (A =52} (3.25)
2
Since 2 = X and dis > 0, which means d—%% trace {hT 2 V(Z’x) h} > 0, we can easily find
av - s av av 292 dx
1
E [L (n(V(t, x)))] <E [EL(V(L“, x))] < -1 (3.26)

then we have
EMmV (e, x(t)))) — EM@V (to, X0))) = E(fttok Ln(V (s, x(s)))ds]) < E(f;k(—l)dS) =ty—t, (3.27)
Considering E(n(V (t, x(t)))) = 0, we get
te < to + E(M(V (o, X0))) (3:28)
Let k - oo, we have t;, — Ty(ty, xo, V). Thus
To(to, %0, v) < to + EMV (tg, %)) < o0 (3.29)
which implies the system is stochastic settling time is finite. Combined with Theorem 3.1, system (2.1) is finite-

time input-to-state stable.
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4. Design of unknown input observer

Consider the following stochastic nonlinear system in the form of differential equation:

dx(t) = (Ax(t) + Bu(t) + Bad(t) + By f(t) + g(x(t))) dt + Wx(t)dw(t)
{y(t) = Cx(t) + Du(t) + D, £(£) + Gw(e) “.D

where x(t) € R™ represents the state vector; u(t) € R™ stands for control input vector and y(t) € RP is
measurement output vector; d(t) € Llcg is unknown input vector; f(t) € R represents the means of the faults
(e.g., actuator faults and/or sensor faults); g(x(t)): R™ — R™is a continuous function satisfying g(0) = 0;
w(t) is a standard one-dimensional Brownian motions with E[w(t)] = 0 and E[w?(t)] = t; A, B, C, D, By, By,
D¢, W and G are known coefficient matrices with appropriate dimensions. We assume that in system (4.1),
E[|x(t)|] < co. In this section, the main goal is to design a robust unknown input observer for system (4.1) to
estimate the trends of system states and the considered faults simultaneously. In the rest of paper, the symbol ¢
in vectors will be omitted for the simplicity of presentation.

The means of the faults concerned are assumed either to be incipient or abrupt, which generally exist in
industrial processes. Therefore, the second-order derivatives of their means should be zero piecewise. For faults
whose second order derivatives of the means are not zero but bounded signals, the bounded signals could be
regarded as a part of unknown inputs d. Moreover, B; = [By; Bgzl, d = [d; d;]7,d; € R'1 and d, € Rlaz.
We assume that d, rather than d, can be decoupled, which means By is of full column rank whereas B is not.
Assumption 4.1. for all x € R", g(x) satisfies the implicit function theorem and the following conditions:

@ 1g)| <+ |xD) (4.2)
(i) [g(x) = g(e)1? < py 131 = 227 + pafxy — x5, g (1) — g(x)) (4.3)
where p4, p, ER, ¢ > 0.

Remark 4.1. In Assumption 4.1, condition (ii) implies g(x) is quadratic inner-bounded [49]. Unlike the well-
known Lipschtiz condition, the constants p;, p, can be positive, negative or zero. In addition, if g(x) is
Lipschitz, then it is also quadratic inner-bounded with p; > 0 and p, = 0. Thus, quadratic inner-bounded
condition provides a less conservative condition than Lipschitz one. According to Lemma 2.1, Assumption 4.1
can ensure that for any x, € R", system (4.1) has a path-wise strong solution.

In order to estimate the trends of system states and faults simultaneously, an augmented plant of system (4.1)
can be constructed as follows:

{da? = [Ax + Bu + Byd + g(x)]dt + Wxdw @.4)

y = Cx + Du + Gw
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where
A 0 B
A=n+2l,%=[x" df/d’ f7] €eR"A=|0 0 0|eR™T F=[gT o o] € RV,
0 I 0
f
_ ) w00
B;=[BY 0 o] e R™ g(x) =[gx)T 0 0]TeR™, W=[0 0 o0f€R™",
0 0 O

andC=[C 0 Df] e RPX"
Consider the following unknown input observer in the form of

{dz‘ = [RzZ+ SBu + (K; + K,)(y — Du) + Sg(®)]dt
X=z+H(y—Du)

4.5)
where Z € R is the state of observer, X € R" is the estimation of X which is composed of the system states and
the concerned fault trends. In this way, the unmeasurable states and fault trends can be estimated provided that
the estimated state vector X is available. The observer parameters of R, S, K;, K,, H need to be designed.

Let

—%=(,—HO)x—Z—HGw (4.6)

=

e =
gx) =gx) —g®) (4.7)
Subtracting (4.5) from (4.4), the state estimation error system can be characterized as:
de = (I; —HC)dx — dz — HGdw
={(lz — HC) [Ax + Bu+ Byd + g(x)] — RZ — SBu — (K, + K;)(y — Du) — Sg(®)}dt
+(I; — HCO)Wxdw — HGdw
={(l; —HC)Ax — K,Cx — K;Gw + (I — HC)Bu + (I — HC)Byd + (I — HC)g(x) — Rz
—SBu — K,(y — Du) — Sg(®)}dt + (I — HC)Wxdw — HGdw
={[(Iz —HC)A—K,Clx —Rx + [(I; — HC) — S1Bu + (I — HC)B4,d; + (I — HC)By,d,
+[(Iz; —HCO)g(x) — Sg(®)] + (HR — K,)(y — Du) — K,Gw}dt + (I — HC)Wxdw — HGdw
= [Ré + SB,,d, + S§(x) — K,Gw]dt + Wxdw (4.8)

where W = [SW —HG], %= [T 1]" € R™?*, and if the following conditions are held:

R=A-HCA-K,C (4.10)
S=1,-HC (4.11)

K, = RH (4.12)
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For error dynamic (4.8), our main problem is to design H, R, S, K;, K, such that € is bounded in presence of
bounded unknown inputs, and converge within finite time interval, which can be expressed by finite-time stochastic
input-to-state stability of system (4.8). To meet this objective, the following assumptions are given:

Assumption 4.2. rank(CBy;) = rank(Bg,);

. A Bf Bg].
Assumption 4.3. is of full column rank;
C Dy 0
Assumption 4.4. rank [SI" C_ A B(‘)“ =n+ly.

Remark 4.3. According to [30], Assumption 4.2 is to guarantee that Equation (4.9) can be solved, and a special
solution is

H* = B4;[(CB41)"(CB41)] 1 (CBay)" (4.13)
while Assumptions 4.3 and 4.4 are to ensure (C,A;) to be an observable pair, where A; = A — HCA. Based on
these assumptions, we can decouple d; by solving H from condition (4.9), and assign the poles of R arbitrarily.
The next step is to ensure the error dynamic is stochastic input-to-state stable with respect to d, and Brownian
motions, which means € will be bounded if un-decoupled unknown inputs are bounded. For this purpose, we shall
introduce the following Theorem 4.1.
Theorem 4.1. For system (4.1), there exists a robust observer in the form of (4.5) yields estimation error dynamic
system (4.8) that is stochastic input-to-state stable and satisfies E(|€]|rf) < E(¥|v|rf), if there exist positive

definite matrices Pand Q, matrix Y and positive real number t, such that

A PS+1tp,l,; PSBy, —YG 0

« =21l 0 0 0

* * —vil,, 0 0 <0 (4.14)
* x * ~Vi 0
| « * * *  WTPW — 77121ﬁ+1J

where A = ATP + PA, — C"YT —YC + 2tp,I; + Q, A, = SA, Y = PK,, p, and p, are given real numbers,
and y, are positive scalars, y; = A, (Q)7.
Proof: Choose Lyapunov function V(€) = &” Pe. It is not hard to obtain that:

E[Amin(P)[€1?] < E[V(8)] < E[Apax(P)]e]?] (4.15)
which implies we can define ¥; = A, (P)|€1%, Y2=A1nq(P)|€]? in Theorem 3.1. Then, according to (2.8),
LV (&) can be calculated as:

22v(e)
dx2

1T _ ~
LV (&) = ["g—“] [RE + SBgyd, + SG(x) — KyGw] + 5 trace (%" W™

Wz}

= &"(RTP + PR)é + 26" PSB,d, + 26" PS§ — 2&TYGw + X" WTPW % (4.16)
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Assumption 4.1 implies that for any positive scalar 7, we have
2t(pieTe+pe"g—3g"'g) 20

Adding (4.17) to the right side of (4.16), and then adding and subtracting €7 Qé, we can derive:

LV (&) < eT(ATP + PA, — CTYT —YC + 21p 1z + Q)é — eTQe — 2t§"§ + 28T (PS + tp,157)§

+2eTPSBy,d, — 28TYGw + XTWTPWX — y2vTv + y2vTv

e
=[e" g" v'W¥|g|-eTQe+yivTv
v
where
A PS+1tp,l,; PSB;,, —YG 0
* =21l 0 0 0
p= x * ~Vil,, 0 0
x * S 0
| * * x  WTPW - )7121ﬁ+1J

(4.17)

(4.18)

v=[d} wl xT]", and A= (ATP+PA; —CT"YT —YC + 21p,I5 + Q). LMI (4.14) implies that ¥ < 0,

indicating
Lv(e) < —-e'Qe+yivTv
Since Q is positive, it is easy to find a scale A > 0 such that

E[LV(e)] < —E(X|el®) + EFZ|v|*) < —E(4e]?) + EFElvi?)

According to Theorem 3.1, dynamic system (4.8) is stochastic input-to-state stable with 13 (&) = 1|&|? and

IAGEDESZ(Y

(4.19)

(4.20)

Now we move on to attenuate the influences of v on estimation error. Define the following performance index

of the error dynamic
r=E (fOTf(e‘TQe‘ - Vlszv)dt)
Then adding and subtracting lE(fOTf LV (e)dt), yields:

r=g(f,’(e"qe - 73v"v + tv(@)dt) — E(f,” tv(@dt)

<E(f)/[e" g7 v W|gphdo) —E(f,” Lv(@de)

e
g
v
Under zero initial condition €(0) = 0,

E(f;” tv(&)dt) = E@"(T;)Pe(T;)) — E(&" (0)P&(0)) = E(V(e(T}))) > 0

Therfore W < 0 indicates I' < 0, leading to

4.21)

4.22)

(4.23)
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E(f)” " Qedt) < E(J)” y2vTvdt) (4.24)

which means

VAmin(@E(El7f) < E(¥1lvlry) (4.25)
Then we have
E(lelrs) < E(Ivry) (4.26)
_ Y1
where V= Amin(Q)'

Theorem 4.1 can be applied to prove the asymptotic stability of the estimation error as well, by letting the
disturbances be zero. Such a result holds because the stochastic input-to-state stability implies global asymptotic
stability in probability which is a special case that the input is zero [31]. In other words, a stochastic input-to-state
stable state estimator behaves like an asymptotically stable observer in the absence of system and measurement
noises.

Now we are in the position to study the finite-time stochastic input-to-state stability of (4.8), which implies
the stochastic setting time is finite.

Theorem 4.2. For system (4.1), there exists a robust observer in the form of (4.5) yields estimation error dynamic
system (4.8) that is finite-time stochastic input-to-state stable and satisfies E(|&|r;) < E(¥|v|rf), if there exist
positive definite matrices P and Q, positive real number 7, and matrix Y, such that LMI (4.14) holds.

Proof: V &,, we can find positive scalar k, = £, E(y2vTv) . When E(|é|) < k,, Based on Lemma 2.5

— -2 T E(lel) ko —
P{le| = E(yiv'v)} < E770TD) < 7Ty = Ee (4.27)

which means
P{lel <EFivTv)}=1-¢, (4.28)
According to (2.11), (4.8) is finite-time stochastic input-to-state stable.

In the following proof, we consider the case E(|&]) > k,. From Theorem 4.1, it has been obtained that LV (&) <

- — — 1 .
—eTQe+ 7vTv. Thus for 0 < 8 < ~» we can derive

LV (&) < —minl® 5Tpg 4 724,Ty,
Amax(P)

= — tmin(® (5T pg)6 (&7 eyl + 2 v
Amax(P)

' 1-6
— 2min@nin®) (57 p )0 (|5])2(1-0) 4 p2pTy (4.29)
Amax(P)

IA

Then we have
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, 1-6
E[LV(2)] = — 22 @omn D g (&7 ) (|2])20-0)] + [y’ v]

Amin(@ALZ8(P) ro 7o - _ ~ )
< - SR B (¢ pe)?|E[(12)2 0] + ElpfvTv]

0<8< %implies 1< 2(1 - 6) < 2. Thus (J|e])?>*~® is convex, according to lemma 2.4,

E[(1e])20-9] > [E(le[)]2~® > k(z)(l—e)

Then
; 1-6 _ .
E[LV(2)] < — 2t @min®) 30O [ (27 pe)°] + E[77 v v]
max
_ . 1-6 _ _
Define A, = Amin(@Amin(P) 4,21 9 it is not hard to find Ao > 0. Then we have:

Amax(P) 0
E[LV ()] < —E[2V?(®] + E(llv II?)

If we define 13 = A,[V(€)], it can be verified that

€ 1 € 1 el-0
b3 =l za WV = 3005 <+

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

According to Theorem 3.2, the error dynamic (4.8) is finite-time stochastic input-to-state stable by setting

W3 = A[V(@]° and Y, (vl = 71llv 1%

Theorem 4.1 and 4.2 provide sufficient conditions for the existence of a robust UIO for system (4.1) in terms

of a given estimation performance index. The observer gains can be decided by solving LMI (4.14) to make the

estimation error decrease to a bounded value depending on unknown inputs only. In addition, the performance

index can make the bound as small as possible to achieve robustness.

Based on the above results, we can summarize the procedure to design the UIO for system (4.1) as follows.

(1) Construct an augmented system in the form of (4.4).
(2) Solve H from Equation (4.9).

(3) Solve the LMI (4.14) to obtain the matrices P and Y, and calculate the gain K; = P~'Y.

(4) Calculate the other gain matrices R, S and K, following the formulae (4.10) to (4.12), respectively.

(5) Obtain the augmented estimate X by implementing UIO (4.5), leading to the simultaneous estimates of state

and faultas £ = [Iln  Onxzi; )X and f = [Onxm+tp)  1if]%, respectively.

5. Simulation

In this section, two examples are presented to illustrate the effectiveness and flexibility of the proposed

method.
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Example 5.1. Consider a single-link robot with flexible joints actuated by a DC motor. The plant can be
modelled as the following stochastic nonlinear system [50, 51]:

db,, = w,dt + (0.1w,, — 0.26,)dw
deg = |72 01 = b)) = = + = u] dt + (<0.10p, + 010 )dw

\dow, = [_%(91 —0,) - m]—glhsin(gl)] + (—0.3w,, + 0.1w,)dw

where 6, and 6; denote the angles of the rotations of the motor and link, respectively, w,, and w,; are the angular
velocities of the motor and link, respectively, J,,, represents the inertia of the DC motor (actuator), J; is the inertia
of the link, k, is torsional spring constant, k, is the amplifier gain, Z is the viscous friction, m is the pointer mass,
g is the gravity constant, and h is the length of the link, and u is the control input (DC voltage). Letx =

[6,, W, 6; 0.1w,], the system can be written in the form of (4.1), where

0 1 0 0 0
_|-486 —-125 486 0 _|216] ~ 1 0 0 0
A= 0 0 0 10’3_ 0 ’C_[o 1 0 0]’
1.95 0 -195 0 0
0 01 0 -02 0
B 0 o -01 o0 01 _ [0
900 = 0 W=lo 0 o1 ofP7 o]’
—0.333sin(x3) 0 -03 0 0.1

The fault and disturbance distribution matrices are respectively By = By, = B, Dy = [8], G = 0(')1 002] and

-0.2 0.01 -0.02
-0.1 0.02 -0.04

Ba=101 —002 o004
0.2 0.02 -0.04
The actuator fault is:
0 t > 80s
—0.05(t —80) 60s <t <80s
fo= 1 40s <t < 60s (5.2)
0.05(t —20) 20s <t <40s
t 0 0s <t<20s

and the unknown input disturbances are random numbers from [—1,1] measurement noises are random numbers
from [—0.1,0.1]. The initial state value is given as x, = [0.1 —1 0.1 0.2 ] corrupted by random noises. A
controller u = Fy, where F = [—-0.5 —1], can be pre-designed to make the system stable.

lg(x)] £0.333 <0.333(1 + [x])
Solet c = 0.333, p; = 0.11 and p, = 0, we can easily find g(x) satisfy the (4.2) and (4.3) in Assumption 4.1.

By choosing ¥ = 3, we can obtain 7 = 20 and the observer gains as follows:
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0.8000  0.4000 0.2000 —0.4000 0 0 0 0
0.4000  0.2000 —0.4000 0.8000 0 0 0 0
4 — —0.4000 —0.2000 o _ 04000 02000 100 0
—0.8000 —0.4000 "’ 0.8000 0.4000 0100’
0 0 0 0 0010
L o o 1 L o o 0001l

60.79 —62.57 12.86 90.38 —19.44 0 0 —8.640

~119.0 199.9 —-31.00 —176.8 38.88 0 0 17.28

K=K +K = 9677 —2426 p_ —2405 2839 9720 10 0 4320

—~1933 3345 —0.9442 —422.6 1749 0 0 8.640

—2481 496.2 2149 —6094 0 00 O
|_4842 9684 ] 4205 -1190 o 01 o I

By choosing the above parameters, d; is decoupled and the influences of d,and Brownian motion are
attenuated. Using the Euler—Maruyama method [52] to simulate the standard Brownian motions, one can obtain
the simulated curves of the stochastic state responses (40 state trajectories). The curves displayed in Figs. 1-5

exhibit the estimation performances for the trends of full system states, and actuator fault respectively.
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Fig. 1. State x, and its estimation
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Fig. 3. State x5 and its estimation
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Actuator fault fa and its estimation
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Fig. 5. f, and its estimation

Applying the suggested fault-reconstruction approach, the means of actuator fault and full system states can
be estimated simultaneously and the trajectories of estimation error can be mapped quite closed to equilibrium in
finite time. It is noticed that he concerned unknown inputs are not constrained to be completely decoupled, and
the un-decoupled part of unknown inputs can be attenuated successfully by the solving LMI conditions. As a
result, the presented methods are suitable for more general systems which thus have potentials to apply to a
wider scope of practical dynamic systems.

One can find the nonlinear component of example 5.1 satisfies Lipschitz constrict which is a special
situation of the quadratic inner boundedness. In order to further demonstrate the applicability of the proposed

methods to
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more general systems, we give another example (see Example 5.2) with the nonlinear term satisfying
the quadratic inner boundedness constraint.
Example 5.2. In this example, we consider a more general condition. The plant is in the form of (4.1) with the

following parameters:

-1 -8 1 1] 100 —x1 (xf + X7 + x3) 03 0 -02
A=|2 -1 zl,Bz 0 ,C=[O 1 0|, 9(x) = [—x,(x2 + x2 + x2)|, Wz[o 0.1 0.4],

0 0 -2 0. 00 1 —xs (a2 + x2 + x2) 05 0 0.1

1 -03 —-0.1 -0.05 0 01 0 O

By, =B,D, =|0[,B;=|01 -02 01 [D=|0|.G=|0 0 0

10 -02 -04 0.2 0 0 0 O

In this case, By = [By, 0], Dy = [0 Dy,]. The actuator fault is defined as:
0 t=>70s

£ = —0.02(t—70) 40s <t<70s
@) 0.02(t —10) 10s <t < 40s
0 0s <t<10s

(5.3)

and the sensor fault is 50% deviation of the real output, while the control input u = 1 and the unknown input
disturbances and measurement noises are random numbers from [—0.01,0.01] The initial state value is given as
Xo =[0.1 —0.05 0 ] corrupted by random noises. Considering the set D = {x € R%: |x| <9}, we have
lg()| = |x|® < 92(1 + |x|). It is not hard to find that g(x) is not Lipschitz. Let us verify the quadratic inner

boundedness according to [49]. After some algebraic manipulations, we can obtain
lg(e) = gCe)I? = (e ? = e )2 (e ® + 1oz ]) + laeg — 2512y [ ]x2 |2
2 2 P2 2 2 P2 2 232
prlxs = 32 4 patxs = X2 9(1) = 90)) = Iy = %2 [ o1 = 5 (b P + 1) = 5 (1 P = 1)
In order to make (4.3) hold, we have to find p; and p, such that

2
P p p
|x1|2 + |xz|2 < _72’ |x1|2 : |xz|2 < p1 _72[|x1|2 + |xz|2]2 < p1 +TZ

~ 2 ~
hold in set D. It suffices to have p, < —49%and p; = 9* — %2. For given set D with 9 = 1.4, which is large

enough in terms of the considered system, we can find p; = —7 and p, = —8.4 to make g(x) satisfy the

quadratic inner-bounded condition. Then by choosing ¥ = 9, we can obtain 7 = 82.12 and the observer gains as

follows:
0.6429 —0.2143 0.4286 0.3571 0.2143 —0.4286 0 0 0 —0.6429
—0.2143 0.0714 —-0.1429 0.2143 0.9286 0.1429 0 0 0 0.2143

0.4286 —0.1429 0.2857 —0.4286 0.1429 0.7143 0 0 0 —0.4286
H= 0 0 0 , S = 0 0 0 100 0 )

0 0 0 0 0 0 010 0

0 0 0 0 0 0 001 0
l 0 0 0 J l 0 0 0 000 1 J
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1131
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32.88

—393.1
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0

0
0
1

147.7

754.2

684.1

2.347
—84.39

12.70
3151
03571 —0.8500
02143  4.707

—0.4286 6.687
0 0.0428
0 —0.9818
0  —0.0644
0  —3555]

By choosing the above parameters, and using the Euler-Maruyama method to simulate the standard Brownian

motions with 50 state trajectories, we can obtain Figs. 6-10 to exhibit the estimation performances for the trends

of full system states, actuator fault and sensor fault, respectively. Like Example 5.1, d; is decoupled while the

influences of d, and Brownian motions are attenuated.
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From the above figures, one can find the proposed algorithms work excellently on the quadratic
inner-bounded nonlinear systems, which are more general than Lipschitz and one-side Lipschitz nonlinear
systems as discussed in majority of the existing literature. Both actuator faults and sensor faults can be
robustly estimated together with system states. The influences from unknown inputs and Brownian motions
have been attenuated successfully and the convergence time of the estimation errors are finite.
Remark 5.1: It is noticed the proposed algorithms are designed offline, and we do not need to tune the
gains online. Therefore, the computation complexity is not a crucial issue from the viewpoint of the

real-time
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implementation and applications. As a result, the proposed methods are effective and applicable in practice

engineering systems.

6. Conclusion and future work

In the paper, robust fault estimation has been investigated for stochastic nonlinear systems subject to unknown
inputs disturbances and Brownian parameter perturbations. Firstly, the sufficient conditions of the stochastic
input-to-state stability and the finite-time stochastic input-to-state stablity for stochastic nonlinear systems have
been addressed with mathematical proofs. The UIO-based fault estimation techniques have been to estimate the
trends of the concerned faults. The robustness of the estimation errors dynamics have been ensured by integrating
UIO decoupling methods and LMI optimization techniques. The effectiveness of the proposed fault
reconstruction algorithms has been demonstrated by two numerical examples.

Driven by the effectiveness of the presented results, it would be of interest to extend the proposed
fault estimation techniques to more general stochastic nonlinear systems such as Takagi-Sugeno nonlinear
systems [53-55] with stochastic dynamics. Moreover, fault tolerant control [56, 57] for stochastic
Brownian systems would be another challenging but interesting research topic which is encouraged to develop.
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