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Abstract

Recently it is observed that the generalized exponential distribution can be used
quite effectively to analyze lifetime data in one dimension. The main aim of this paper
is to define a bivariate generalized exponential distribution so that the marginals have
generalized exponential distributions. It is observed that the joint probability density
function, the joint cumulative distribution function and the joint survival distribution
function can be expressed in compact forms. Several properties of this distribution
have been discussed. We suggest to use the EM algorithm to compute the maximum
likelihood estimators of the unknown parameters and also obtain the observed and
expected Fisher information matrices. One data set has been re-analyzed and it is
observed that the bivariate generalized exponential distribution provides a better fit
than the bivariate exponential distribution.
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1 INTRODUCTION

Gupta and Kundu (1999) introduced the generalized exponential (GE) distribution as a
possible alternative to the well known gamma or Weibull distribution. The generalized
exponential distribution has lots of interesting properties and it can be used quite effectively
to analyze several skewed life time data. In many cases it is observed that it provides better
fit than Weibull or gamma distributions. Since the distribution function of the GE is in
closed form, it can be used quite easily for analyzing censored data also. The frequentest and
Bayesian inferences have been developed for the unknown parameters of the GE distribution.
The readers are referred to the review article of Gupta and Kundu (2007) for a current

account on GE distribution.

Although quite a bit of work has been done in the recent years on GE distribution,
but not much attempt has been made to extend this to the multivariate set up. Recently
Sarhan and Balakrishnan (2007) has defined a new bivariate distribution using the GE
distribution and exponential distribution and derived several interesting properties of this
new distribution. Although they obtained the new bivariate distribution from the GE and
exponential distributions, but the marginal distributions are not in known forms. In fact it
is not known to the authors the existence of any bivariate distribution whose marginals are

generalized exponential distributions.

The main aim of this paper is to provide a bivariate generalized exponential (BVGE)
distribution so that the marginal distributions are GE distributions. In this connection, it
may be mentioned here that Arnold (1967) provided some general techniques to construct
multivarite distribution with specified marginals. We have adopted one of those techniques.
The proposed BVGE distribution has three parameters but the scale and location parame-

ters can be easily introduced. The joint cumulative distribution function (CDF), the joint



probability density function (PDF) and the joint survival distribution function (SDF) are in

closed forms, which make it convenient to use in practice.

The maximum likelihood estimators (MLEs) can be used to estimate the four unknown
parameters when the scale parameter is also present. Although, the MLEs as expected
can not be obtained in explicit forms, but the EM algorithm can be used quite effectively to
obtain the MLEs. We also provide the observed and expected Fisher information matrices for
practical users. Recently Meintanis (2007) analyzed one data and concluded that bivariate
Marshal and Olkin (1967) exponential distribution provided a very good fit. We have re-
analyzed the same data set and it is observed that the proposed BVGE distribution provides
a much better fit than the Marshal and Olkin bivariate exponential model and provided

some justification also.

The rest of the paper is organized as follows. In section 2, we define the BVGE dis-
tribution and discuss its different properties. The EM algorithm to compute the MLEs of
the unknown parameters is provided in section 3. The analysis of a data set is provided in

section 4. Finally we conclude the paper in section 5.

2 BIVARIATE GENERALIZED EXPONENTIAL DISTRIBUTION

The univariate GE distribution has the following CDF and PDF respectively for x > 0;

e} a—1

Fop(z;a, ) = (1 — e‘”) , fop(x;a,\) = axe™ (1 — e‘”) . (1)

Here @ > 0 and A > 0 are the shape and scale parameters respectively. It is clear that for
a = 1, it coincides with the exponential distribution. From now on a GE distribution with
the shape parameter o and the scale parameter A will be denoted by GE(«, A). For brevity

when A = 1, we will denote it by GE(«) and for o = 1, it will be denoted by Exp(X).



From now on unless otherwise mentioned, it is assumed that c; > 0, a9 > 0, a3 > 0, A > 0.
Suppose U; ~ GE(ay,A), Uy ~ GE(ag,\) and Us ~ GE(as, A) and they are mutually
independent. Here ‘~’ means follows or has the distribution. Now define X; = max{U;, Us}
and Xy = max{U,,Us}. Then we say that the bivariate vector (X;, Xs) has a bivariate
generalized exponential distribution with the shape parameters oy, as and a3 and the scale
parameter \. We will denote it by BVGE(ay, ae, a3, \). Now for the rest of the discussions
for brevity, we assume that A = 1, although the results are true for general A also. The
BVGE distribution with A = 1 will be denoted by BVGE(«, as, a3). Before providing the

joint CDF or PDF, we first mention how it may occur in practice.

STRESS MODEL: Suppose a system has two components. Each component is subject to
individual independent stress say U; and U, respectively. The system has an overall stress Us
which has been transmitted to both the components equally, independent of their individual
stresses. Therefore, the observed stress at the two components are X; = max{U;,Us} and

Xy = max{Us,, Us} respectively.

MAINTENANCE MODEL: Suppose a system has two components and it is assumed that each
component has been maintained independently and also there is an overall maintenance. Due
to component maintenance, suppose the lifetime of the individual component is increased
by U; amount and because of the overall maintenance, the lifetime of each component is
increased by Uz amount. Therefore, the increased lifetimes of the two component are X; =

max{U;,Us} and Xy = max{U,, Us} respectively.
The following results will provide the joint CDF, joint PDF and conditional PDF.

THEOREM 2.1: If (Xl, XQ) ~ B\/vGrE(Oél7 a9, Oég), then the jOiIlt CDF of (Xl, Xg) for xy > 0,
Ty > O, is

Fx, x,(71,29) = (1 — e )* (1 —e7™)*(1 —e77)™, (2)



where z = min{z, 22}
PROOF: Trivial and therefore it is omitted. n
COROLLARY 2.1: The joint CDF of the BVGE(ay, as, a3) can also be written as

Fx, x,(z1,22) = Fgp(vi;00)Fap(rs, a2)Fap(z; as)
= FGE<CL’1;CY1 +C¥3)FGE([E2,O£2) if r1 < T9
= Fgp(r;00)Fop(ra, a0 +a3) if xo <y

= Fop(r;a+as+ag) if xp =29 =1,

THEOREM 2.2: If (X, X5) ~ BVGE(ay, as, asz), then the joint PDF of (X3, X5) for z; > 0,
T9 > 0,18
fl(.fL'l,ilZ'Q) if 0<xy <a9 <00
fxx,(T1,20) =% folzy,x0) i  0<ap <2 <00
fo(z) if 0<a=x0=12<o0,
where
Nz, 22) = faop(w;00 + a3) fap(ve; az)

= (@1 + 043)062 (1 . e*fﬂl)a1+a371 (1 B eixz)agfl P

folw1,m2) = fop(r; ) fap(we; as + )
a1—1 astaz—1
= <a2 + 043)061 (1 — 6_11) ' (1 — e_m) 2tes e T1—T2
a3
folz) = ———fap(z;on + a2 + a3)

a1+ o + a3

= a3 (1 - e_x)al+a2+a3_1 e’

2FX1,X2($1, 952)

PROOF: The expressions for fi(-,-) and f3(-, -) can be obtained simply by taking 5.5
L10T2

for 1 < w9 and 5 < xy respectively. But fo(-) can not be obtained in the same way. Using



the facts that

/UOO /sz fi(z1, w2)dridrs + /OOO /0:c1 Jo(@y, x9)dwodry + /OOO fo(z)dx =1, (3)

/ / ’ fi(z1, xo)dx1dae = 042/ (1 — e_r)al+a2+a3_1 e “dx (4)
o Jo 0
and
[e%s) T1 0o a1+ast+as—1
/ / fo(x1, 22)drodr) = 041/ (1 —e’“) e e “dx (5)
o Jo 0
note that
00 oo _oN\oiFostaz—1 3
temay [C (1) SR T ‘
/o folz)dz = ag 0 ( ¢ ) c a1+ ag + Qs (©6)
Therefore, the result follows. |

COMMENT 2.1: From Theorem 2.2 and Theorem 2.3, it easily follows that if we take 0 <
a; < 1,1 =1,2,3, and a; + a3 = as + az3 = 1, then both X; and X, are exponentially
distributed. Let, a3 = @ and ay = 1 - @ and ay = 1 - «, then the joint PDF of (X3, X»)
takes the form;

fee(z1;1) fap(re; 1 —a) i 21 < g,

Ix1.x, (21, 02) = § forp(r1;1 — a) fap(ze; 1) if T > To (7)
7= fap(r;2 — ) if 1 =xy=n12x.
Therefore the joint PDF as given in (7) has exponential marginals. |

The BVGE distribution has both an absolute continuous part and an singular part,
similar to Marshall and Olkin’s bivariate exponential model. The function fx, x,(-,-) may
be considered to be a density function for the BVGE distribution if it is understood that
the first two terms are densities with respect to two-dimensional Lebesgue measure and the
third term is a density function with respect to one dimensional Lebesgue measure, see for
example Bemis, Bain and Higgins (1972). It is well known that although in one dimension

the practical use of a distribution with this property is usually pathological, but they do



arise quite naturally in higher dimension. In case of BVGE distribution, the presence of a
singular part means that if X; and X, are BVGE distribution, then X; = X5 has a positive
probability. In many practical situations it may happen that X; and X, both are continuous
random variables, but X; = X5 has a positive probability, see Marshall and Olkin (1967)
in this connection. The following result will provide explicitly the absolute continuous part

and the singular part of the BVGE distribution function.

THEOREM 2.3: If (Xl, XQ) ~ BVGE(Oél, g, 063), then

Fx xp (w1, 22) = %Fa(ﬁl,@) + ﬁﬂ(m, T3),
where for z = min{xy, 25},
Fy(xy,20) = (1 _ e—z)a1+a2+a3
and
Fulanyzs) = SF02 09 o emmy(1 — ety (1 gmpartastas,

a1+ Qo a1+ Qo

here Fy(-,-) and F,(-,-) are the singular and the absolute continuous parts respectively.

Proor: To find F,(z1,xs) from Fx, x,(z1,22) = pFa(x1,22) + (1 — p) Fs(21,22), 0 < p < 1,
we compute

aQFX17X2(x17x2) f1(1’1,$2) it 2 < o,

81’181’2

:pfa(xlax2> =
fg(l’l,.fg) if 1 > Ta,

from which p may be obtained as

a1 + Qo
o1+ Qg + (g

p= /0 /O f1($1,x2)d3:1dx2 —|—/0 /0 f2(x1,x2>d$2d$l _

and

F (21, 29) = /Oml /Om2 fa(u,v)dudv.



Once p and F,(-,-) are determined, Fi(-,-) can be obtained by subtraction.

Alternatively, probabilistic arguments are also can be provided as follows. Suppose A is
a3

the following event: A = {U; < U3} N {Us < Us}, then P(A) = oo
o1 T Qg T 3

Therefore,
Fx, x,(x1,22) = P(X1 < 21, Xy < x3|A)P(A) + P(X; < 21, Xy < oA )P(A").  (8)
Moreover for z as defined before,
P(X) <x1, Xy < 25]A) = (1 — e 7)1 to2tos, 9)

and P(X; < z7, Xy < 25|A’) can be obtained by subtraction.

Clearly, (1 — e=*)*17*2793 jg the singular part as its mixed second partial derivative is
zero when x1 # x9, and P(X; < x1, Xo < 5] A’) is the absolute continuous part as its mixed

partial derivative is a density function. |

COROLLARY 2.2: The joint PDF of X; and X, can be written as follows for z = min{z;, x2};

- a1 + o a3
fX17X2(x17172) - g + +a3fa(x17x2) + oy + ay —I—Oz3f5<Z)7
where
o tantay | feE@EOn T as)fap(raas) i @ <
fll(xbx?) = ﬁ X
! 2 fop(x;0n) fap(Ta; a0 + ag) if x> a9
and

fo(@) = (a1 + ag + az)e (1 — e )te2tes—l — fop(z; a1 + ag + az).

Clearly, here f,(z1,25) and f,(z) are the absolute continuous part and singular part respec-

tively. |

COMMENT 2.2: Using the joint PDF of X; and X, the different product moments X" X7
can be obtained in terms of infinite series similar to the one dimensional GE distribution,

see Gupta and Kundu (1999).



From Theorem 2.3, it is clear that as ag — 0, Fix, x,(21,22) — (1 —e 1) (1 — e %2)%2,

1.e., X1 and Xy become independent. Moreover, since

A= (Ul < Ug) N (UQ < Ug) = {max{Ul, UQ} < Ug} = {Xl = XQ},

«Q

and P(A) = — > therefore, as as — oo, P(A) = P(X; = X5) — 1. It implies that
a1+ Qo + g

for fixed oy and aw, as as varies from 0 to oo, the correlation between X; and X5 varies from

0to 1.

The following theorem provides the marginal and the conditional results of the BVGE

distribution.

THEOREM 2.4: If (X1, X5) ~ BVGE(ay, ag, i), then

(a) X ~ GE(a1 + a3) and Xy ~ GE(az + ag)

(b) The conditional distribution of X; given X, = x4, say Fx,|x,=s,(%1), is a convex combina-
tion of an absolute continuous distribution function and a discrete (degenerate) distribution

function as follows;

Fx\|xo=2,(T1) = p2Ga(1) 4 (1 — p2) Ha(21),

where
1 azo-foc:s (1 B 6_362)_&3 X (1 - e—x1)a1+a3 if T < X2
Gg(xl) = — X
P2 (I—emm)o — a8 (1 — e "2)™ if x> 2o,
0 if z<ua
HQ(ZL‘) =
1 if x> a9
and
a3 _
=1- 1 —e™®2)%,
D2 - 043< )

(c) The conditional distribution of X; given Xy < x5, say Fx,|x,<a,(%1), is an absolute
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continuous distribution function as follows;

(1 — €—x1>a1+a3(1 — €_x2)_a3 if 1 < x9
P(X1 < 1| Xy < 29) = Fxy|xp<an (1) =
(1 —e ™)™ it x> 29

Proor: Trivial and therefore it is omitted. |

COMMENT 2.3: Since the joint survival function and the joint CDF have the following
relation

SXl,XQ(Il)xQ) - 1 - FX1 (xl) - FX2<$2) + FX1,X2(£17*I2)7

therefore, the joint survival function of X; and X5, also can be expressed in a compact form.

COMMENT 2.4: Using Theorem 2.4, different moments of X;, X5, and conditional moments

of Xj|Xs = x5 or X;|X5 < x5 can be obtained in terms of infinite series.

An important property of the independent GE random variables X; and X, is that
max{ X1, Xp} is also GE. If X; and X, are dependent but (X7, X5) is BVGE, then

Pmax{X;, Xo} <2)=P(X, <2, Xo <z)=PU, <z,Uy < 2,U3 < 1) = (1—e 7)1 to2tas,
that is the maximum of X; and X, is also GE.

It is also interesting to observe that for all 0 < 1, x9 < o0,
Fx, x, (%1, 72) > Fx, (21)Fx,(72).

Since

Fx, x, (21, ¥2) — Fx, (21) Fx,(22) = Fx, x, (21, ¥2) — Fx, (21) Fx, (x2),

therefore,

Fx, x, (21, 32) > Fx, (21) Fx, (22).

Now we discuss the dependency properties of X; and Xs.
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(i) Since Fx, x,(v1,22) > Fx,(x1)Fx,(xs) for all 1,2y, therefore, they will be positive

quadrant dependent, i.e, for every pair of increasing functions h;(-) and hs(-),

COV(hl (X1>, hQ(Xg)) Z 0.

(i) From part (b) of Theorem 2.4 it easily follows that for every z1, P(X; < 21| Xs = x3) is a
decreasing function of xy, therefore X5 is positive regression dependent of X;. By symmetry

it follows that X is positive regression dependent of Xo.

(iii) From part (c) of Theorem 2.4 it easily follows that for every x;, P(X; < x1| Xy < z5) is
a decreasing function of x5, therefore X is left tail decreasing in X5. By symmetry it follows

that X, is left tail decreasing in Xj.

3 MAXIMUM LIKELIHOOD ESTIMATION

In this section we address the problem of computing the maximum likelihood estimators
(MLEs) of the unknown parameters of BVGE distribution based on a random sample. The
problem can be written as follows: Suppose {(X11, X21), ..., (X1n, X2,)} is a random sample
from BVGE(ay, as, asz, A), the problem is to find the MLEs of the unknown parameters. We
consider two cases separately, (a) ag is known, (b) az is unknown. We use the following

notation
L ={i; X1, < Xo;}, L={Xy>Xy}, Li={Xu=Xy=Y}, I=LULUI;,

|Il| =Ny, |_[2| = Ny, |I()| = Ny, and ng—i—nl—l—ng:n.

Based on the observations, the log-likelihood function can be written as

l(ag,a0,a3,A) = nlnA+niIn(ag + a3) +nilnag + (g + a3 — 1) Z In(1 — e~ o)

el
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+ (a2 —1) > In(1 — e ™) + nylnag + ngIn(as + az)

i€ly
+ (=)D In(l—e ™M)+ (ag+az—1) Y In(l — e )
i€ls icl,
+ nolnag+ (a1 +az+az3—1) > In(1 —e %)
i€lp
i€ly iel1Ulo iclaUlo

CASE 1: a3 is known.

In this case for fixed A, the MLEs of oy and as, say a;(\) and @s()) respectively, can be

obtained as the solutions of the following equations;

nq Mo —)\x i
———F+ === In(1—exp(—Iy;)) In(1 ') (10)
(1 +a3) Zezf; ze%lz

No nq —Ax2;

=+ — == In(l —exp(—\y;)) In(1 ). (11)
(aQ + 013) Q2 zezlo thZUD

It is not difficult to show that both the quadratic equations (10) and (11) have exactly one

positive root each and they are

N (—k1a3 +ny + TLQ) + \/(—kloég +ny + 712)2 —+ 4k1n2043
ar(A) = (12)
2k,

N (—k'QOég +ny + TLQ) -+ \/(—kQOég +ny + TL2>2 -+ 4k2ﬂ10&3
a0\ = o , (13)

where

ki =— (Z In(1 — exp(—Ay;)) + > In(1 — exp(—Az1;)) + > In(1 — exp(—)\xli))) ,

i€y el i€l

ko = — (Z In(1 — exp(—=Ay;)) + > In(1 — exp(—Azz)) + > In(1 — exp(—)\gcm-))) :

i€lp i€l i€l

Once a;(\) and as(\) are obtained, the MLE of A can be obtained by maximizing the profile

log-likelihood of A. It can be obtained as a solution of the following fixed point type equation;

g(A) = A, (14)
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where

—)\:Eli

9N = 0| Y+ Y oat Y aszi—amz(ffim

i€l 1€l UIo 1€l Ul i€l

—AT2; —Az14
~ To;€ N X1;€
—(a2(A) — 1) o — ((A\) = 1) T ow
2 - ) 2 -

-1
—ALBQZ' .2311'6_)‘36“

~ Xo;€
—as(N) VIS VY VRS VY
g;g (1 — e Aw2i) (1 — e )

— (@) +a:(\) Y

icly

(15)

Simple iterative procedure as follows can be used to compute the MLEs. We start with
the initial guess of A as A(?). Obtain @;(A\) and @s(Ag) from (12) and (13). Compute
M = g(A®) using (15). Replace A® by A and repeat the process. The process continues

until [A® — A0+D| < ¢ where € is some pre-assigned tolerance level.
CASE 2: ag is also unknown.

In this case we suggest EM algorithm to compute the MLEs of the unknown parameters.
We treat this as a missing value problem as follows. Assume that for a bivariate random
vector (X7, X3), there is an associate random vector (Ay, Ay), Ay = 1 or 3, if Uy > Us or
U, < Us and similarly, Ay = 2 or 3, if Uy > Us or Uy < Us respectively. Therefore, if
X7 = Xo, then Ay = Ay = 3, but if X7 < Xy or Xj > Xs, then (A, Ay) is missing. If
(x1,22) € Iy, then the possible values of (A, Ay) are (1,2) and (3,2), similarly, if (21, x2) € I,

then (A, Ay) can take (1,3) and (1,2) with non-zero probabilities.

Now we provide the ‘E’-step and ‘M’-step of the EM algorithm. In the ‘E’-step, we
treat the observations belong to Iy as the complete observations. If the observation (zy, z5)
belongs to either I; or Iy, we treat it as a missing observation. If (zq,22) € I1, we form the
‘pseudo observation’ by fractioning (z1, z2) to two partially complete ‘pseudo observation’ of
the form (xy1, z9,ui(7)) and (z1, x2, us(y)). Here v = (ay, ag, a3, A), and the fractional mass
w1 (), uz(7y) assigned to the ‘pseudo observation’ (z1,x9) is the conditional probability that

the random vector (A1, As) takes the values (1,2) and (3,2) respectively, given that X; < Xj.
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Similarly, if (z1,22) € I, we form the ‘pseudo observation’ of the form (zy,xs,w: (7)) and
(21, z2,w2(7)). Here the fractional mass w;(7y), wa(y) assigned to the ‘pseudo observation’
(21, z2) is the conditional probability that the random vector (Aq, As) takes the values (1,2)
and (1,3) respectively, given that X; > X5. Since

1009
(o1 +asg)(og + az + ag)’

[0 D)0 %}
(o1 + a3)(o + g + as)’

P<U3<U1<U2): P(U1<U3<U2):

therefore,
an Qg
= d — .
up () ot an usz(7y) o
Similarly,
&%) a3
w = and w = .
1(7) ay + 3 2(7) o+

From now on we write uy(y), ua(y), wi(7y), wa(y) as wuy,ug, wy, ws respectively. The log-

likelihood function of the ‘pseudo data’ can be written as

lpseudo(01, 2,03, \) = nolnasg +noln A+ (g + as + a3 — 1) Z In(1 — e—Ayi) Y Z 1

i€ly i€lp

+ up | 1110{1 -+ 2711 In\— )\ Z 1 + (al + g — 1) Z ln(l i e—)mcu‘)
i€ly i€y

+ uz mlnag+2nIn A =AY x4 (a1 +az— 1) Y In(l — e 1)
i€y i€y

+ nilnas =AY @+ (ap — 1) Y In(1 — e )

i€l i€l

+ wy |nelnas +2na A — A o + (e +az — 1) Y In(1 — e A7)

1€ls 1€ls

+ wy |nelnag +2na A — A g + (ap +ag — 1) Y In(1 — e A7)

L i€l 1€l 1
+ nelnag =AY 2+ (g — 1) Y In(1 — e7*4)
i€l i€l
= Nyg In o3 + In )\(no + 2(711 —+ 712)) + (al + a9 + g — 1) Z ln(l _ 6—>\x1i)
i€lp
- A(Z Yi + Z Ty + Z 3721‘) + In al(ulnl —+ TIQ) + In aQ(wan —+ nl)
i€lp i€el1Ul> i€el1Ul>

+ (v +az—1)Y In(1—e™) + (ap+as— 1)) In(1 — e )

i€l i€ls
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+ (= 1)) In(1—e ™)+ (a; — 1) Y In(1 — e ).

i€l i€ly

Now the ‘M’ step involves the maximization of the l,seudo(cv1, a2, a3, ) with respect to

aq, ag, ag and A at each step. For fixed A, the maximization of lpeua0(v1, Q, a3, X) occurs

at
a niuy + Usg
A) =
e Yier, In(1 — e72) + 3 up, In(1 — e A7)
as(\) = ny + wine
2 Yier, In(1 —e7i) + 3 r0p, In(1 — eAz2i)
643()\) = N + N1Ug + NaWo

Sier (L — ¢ ) F Syep, (1 — e 0) § Sy, In(l — ¢ )

and X, which maximizes lpseudo(v1, 2, a3, ) can be obtained as a solution of the following

fixed point equation;

g(A) = A, (16)
where
R N =R yie_Ayi
i€y i€ Ul i€ Ul icly (1 —ew)
—AT1; —Axz2;
~ ~ €€ A N To;€
—(@(N) +az(A) —1) ) m———— — (@) +az(\)—1) ), ————
! s 2621:1 (1 — 6_)‘9”11) 2 3 162122 (1 _ e—)\xzz)
—(&(A)—l)zﬂ—(&(/\)—l)zﬂ (no + 2n1 + 2ns)
2 & (1 — e o) 1 & (1 - ean) 0 ! 2

Now we describe how to compute (i 4 1)-th step from the i-th step in the EM algorithm.

e Step 1: Suppose at the i-th step the estimates of ay, as, ag and \ are agi), ozg), Oééi)
and A\ respectively.

e Step 2: Compute uq, us, wy, wy using agi), ozg), ozéi) and A\,

e Step 3: Find A(*Y by solving (16) similarly as (14).
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e Step 4: Once A+D is obtained, compute o{™ = a;(A+D), ol = Gy(AE+D),

a§i+1) _ 5[30\(1'—1-1))'

4 DATA ANALYSIS

For illustrative purposes we have analyzed one data set to see how the proposed model and
the EM algorithm works in practice. The data set has been obtained from Meintanis (2007)
and it is presented in Table 1. The data represent the football (soccer) data where at least
one goal scored by the home team and at least one goal scored directly from a penalty kick,
foul kick or any other direct kick (all of them together will be called as kick goal) by any
team have been considered. Here X, represents the time in minutes of the first kick goal
scored by any team and X, represents the first goal of any type scored by the home team.
In this case all possibilities are open, for example X; < X5, or X7 > Xs or X7 = Xy =Y
(say). Meintanis (2007) used the Marshal-Olkin distribution to analyze the data. We would

like to analyze the data using BVGE model.

Before going to analyze the data using BVGE model, we fit the GE distribution to
Xy and X, separately. The MLEs of the shape and scale parameters of the respective
GE distribution for X; and X, are (3.121, 0.0449) and (1.678, 0.0413) respectively. The
Kolmogorov-Smirnov distances between the fitted distribution and the empirical distribution
function and the corresponding p values (in brackets) for X; and X5 are 0.119 (0.667) and
0.121(0.654) respectively. Based on the p values GE distribution can not be rejected for the

marginals.

First we try to fit the model under the assumption that Us is exponentially distributed,
i.e. a3 = 1. In this case using the iterative algorithm (15), the MLEs of «ay, ay and \ are

1.385, 0.477 and 0.0373 respectively. Here, we started the iteration with the initial guess of
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2005-2006 X; | Xy | 2004-2005 X1 | X2
Lyon-Real Madrid 26 | 20 | Internazionale-Bremen 34 | 34
Milan-Fenerbahce 63 | 18 | Real Madrid-Roma 53 | 39
Chelsea-Anderlecht 19 | 19 | Man. United-Fenerbahce 54 | 7
Club Brugge-Juventus | 66 | 85 | Bayern-Ajax 51 | 28
Fenerbahce-PSV 40 | 40 | Moscow-PSG 76 | 64
Internazionale-Rangers | 49 | 49 | Barcelona-Shakhtar 64 | 15
Panathinaikos-Bremen 8 8 | Leverkusen-Roma 26 | 48
Ajax-Arsenal 69 | 71 | Arsenal-Panathinaikos 16 | 16
Man. United-Benfica 39 | 39 | Dynamo Kyiv-Real Madrid | 44 | 13
Real Madrid-Rosenborg | 82 | 48 | Man. United-Sparta 25 | 14
Villarreal-Benfica 72 | 72 | Bayern-M. TelAviv 55 | 11
Juventus-Bayern 66 | 62 | Bremen-Internazionale 49 | 49
Club Brugge-Rapid 25 | 9 | Anderlecht-Valencia 24 | 24
Olympiacos-Lyon 41 | 3 | Panathinaikos-PSV 44 | 30
Internazionale-Porto 16 | 75 | Arsenal-Rosenborg 42 1 3
Schalke-PSV 18 | 18 | Liverpool-Olympiacos 27 | 47
Barcelona-Bremen 22 | 14 | M. Tel-Aviv-Juventus 28 | 28
Milan-Schalke 42 | 42 | Bremen-Panathinaikos 2 2
Rapid-Juventus 36 | 52

Table 1: UEFA Champion’s League data
« as one and the iteration converges in 6 steps.

Now we fit the BVGE model under the assumptions that all the four parameters are
unknown. Although we have some ideas about the values of oy + a3 and as + as, but we
do not know about their individual values. We have an idea about the value of A from
the marginal X’s. For A = (0.0449 4 0.0413)/2 = 0.0431, we plot the profile log-likelihood
function of ag in Figure 1 and it is clear that the approximate value of a3 should be close to
one. Therefore, we get initial guesses of a; and as also. We start the EM algorithm with the
initial guesses of oy, as, ag and X as 2.0, 0.5, 1.0 and 0.04 respectively. The EM algorithm
converges in 6-steps and MLEs of a4, as, as and X are 1.445, 0.468, 1.170 and 0.0390. Since
Max{X;, X2} also follows GE(a; + ag + a3), we can obtain the initial guesses as follows.

We fit GE distributions to X7, X5 and to max{X;, Xo} and take the initial estimates of A
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Figure 1: Profile log-likelihood function of as;.

as the average of the three estimates. Once we get the estimates of A we can obtain initial
estimates of o, as and a3 from three linear equations. We obtain the initial estimates of A
in this case as 0.043 and using this value of A we obtain the initial estimates of a1, ap and a3
as 2.55, 0.35 and 1.37 respectively. Using these initial values the EM algorithm converges to
the same values after 11 iterations. We have computed the MLEs using direct maximization
also (using grid search method) and we obtained the same estimates. Therefore, the EM

algorithm works quite well in this case.

The corresponding 95% confidence intervals are obtained from the EM algorithm as
suggested by Louis (1982) and they are as follows: (0.657, 2.233), (0.167, 0.769), (0.651,
1.689) and (0.028, 0.050) for a;, as, as and A respectively. We have computed the K-
S distance and the corresponding p values also (reported in brackets) between the fitted
the GE(1.445+1.170=2.615, 0.0390) and GE(0.468+1.170=1.638, 0.0390) to the empirical
distribution functions of X; and X, respectively. They are 0.103 (0.824) and 0.100 (0.852)

respectively. Therefore, based on the marginals we can say that the BVGE distribution can
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be used quite effectively in this case.

Now we try to test whether BVGE or Marshal-Olkin (MO) provides better fit to the
above data set. It may be mentioned that the MO model can not be obtained as a sub
model from BVGE model. Therefore, the standard chi-square test can not be applied. We
use the AIC and BIC to check the model validity. In case of BVGE, based on the above
estimates the log-likelihood value is -20.59 and in case of MO model, using the estimates
obtained by Meintanis (2007), the log-likelihood value becomes -44.57. The corresponding
AIC (BIC) values are 49.18 (48.40) and 95.14 (94.56) respectively. Therefore, both the

criteria suggest that BVGE provides a better fit than the MO model.

To see further why BVGE provides a better fit than the MO model, we look at the scaled
TTT plot as suggested by Aarset (1987), which provides an idea of the shape of the hazard
function of a distribution. For a family with the survival function S(y) = 1 — F(y), the
scaled TTT transform, with H *(u) = /OFl(U) S(y)dy defined for 0 < u < 1 is g(u) =

H=Y(u)/H~(1). The corresponding empirical version of the scaled TTT transform is given

by g,(r/n) = H,(r/n)/H; (1) = [(XT: Yin) + (0 — T)ym]/(zn: Yim), where r =1,...,n and
Yim,? = 1,...,n represent the order Zs:tlatistics of the samplg.: 1It has been shown by Aarset
(1987) that the scaled TTT transform is convex (concave) if the hazard rate is decreasing
(increasing), and for bathtub (unimodal) hazard rates, the scaled TTT transform is first
convex (concave) and then concave (convex). We plot the scaled TTT transform for X
and X, separately in Figure 2. From the Figure 2 it is quite apparent that both X; and
X5 have increasing hazard function and that also explains why BVGE, which may have

increasing hazard functions for the marginals, provides better fit than MO model, which has

only constant hazard functions for the marginals.
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Figure 2: Scaled TTT transform for X; and Xo.

5 CONCLUSIONS

In this paper we have proposed bivariate generalized exponential distribution function whose
marginals are generalized exponential distributions. It is observed that the BVGE distribu-
tion is a singular distribution and it has an absolute continuous part and a singular part.
Since the joint distribution function and the joint density function are in closed forms,
therefore this distribution can be used in practice for non-negative and positively correlated
random variables. Although the maximum likelihood estimators of the unknown parameters
can not be obtained in closed form but the EM algorithm works quite well and it can be
effectively used to compute the MLEs. It may be mentioned that along the same line as
Block and Basu (1974) bivariate exponential model, an absolute continuous version of the
BVGE also can be obtained. Work is in progress in this direction and it will be reported

else where.
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APPENDIX

EXPECTED FISHER INFORMATION MATRIX

Let the Fisher Information matrix be;

9L 9?L %L %L
Ba% Oap Oag Oa10as 0o O
9%L 82_% 9%L 9%L
- Oasday Oa OasOag OO
I=E %L 822 %L %L <17)
OazOay OazOaa @ OazON
9%L 9*L 9’L 9’L

OANOay OAOa2 OAOa3 ON?

Before providing the all the elements of the Fisher information matrix, we introduce the

following notation. If Z ~ GE(«, \), then

§(a)

Z2e—)\Z
(aféz)A2 [0/(1) = /(= 1) + () = (1))

T YO~ Y@+ @) — ()] i a>2

04)\/ zQe’ZAZ(l —e ™M) B4y if 0<a<2,
0

diess]

L[ 0@ - e) - e+ ) - p))] i a0

a—1

a/\/ zem (1 —e™)* 2dy if 0<a<l,
0

where ¢(-) and ¢'(-) are the digamma function and its derivative respectively, see Gupta

and Kundu (1999) for details. Suppose (Xi1, Xo1), ..., (Xin, X2,) is a random sample from
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BVGE(aq, ag, ag, A) and ng, ny, ng, Iy, I1 and I, are same as defined in section 4. For brevity

we further denote & = oy + a9 + as.

E(n) =nP(X, < Xa) =022, E(na) = nP(Xs < X)) =n2L, E(ng) = nP(X: = X»)
« 0

LEMMA A.1: Let Vy ~ GE(a, ),

three independent random variables

E(g(Xi)li € 1)
E(g(Xi)li € I2)
E(g(Xi)li € lo)
E(g(Yi)li e L)

E(g(Y))li € L)

Proor or LEMMA A.1: Note that

E(g(Xi)li € I)

(051 + OZ3)O(2/0

(Oél + ag)/@ g(x)(l — 6_>\$>a1+a3—16—)\x [1 . (1 . 6_)@)&2} dr

a1 + Qs

We need the following results;

a3
= N—.
«

Vl ~ GE(Oél + Oég,)\) and ‘/2 ~ GE(OQ + 043,)\) be

and ¢(-) is a Borel measurable function, then

= Blg(v) - LB (g(W))
= ZB(g(W))
= 2 B(%))
= ZE(g(%))
= Bg(Va)) - L E(g().

/ g(l’)(l . 6—Az>a1+a3—1<1 o 6—Ay>a2—16—>\xe—)\ydydx

= Blo() - B E(g(W)).
The others also can be obtained similarly. |
Now we obtain
[02L ] ny N n o9 1
El|l—| = —-F — | =—= -
| 0o | (g +a3)?  af a | (ag + asz)? * o
E _ﬁ[;_ = 5|~ Y L I
| 0a | (g +a3)? a3 a (a4 a3)?  a
E -82[/_ . E nq N9 o . [6%) (7] 1
| 003 | N (a +a3)?  (w+a3)? a3 a (g Fa3)? (et as)? s
[92L] i 1 X2 oA X2 oA\ Xas
E | == - _F|= -1 14 -1 21
_8)\2_ 2 +(061+043 >,Ez;‘1 (1—@—/\X1i)2 +(Oé2 )Zezl:l (1—6_)‘X21)2
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XQlef)\Xli X2'€7)\X2i
. 1 14 . 1 21
+(Oél )16212 (1_e—>\X11)2 +(042+Oé3 >’L€ZIQ (1—6_)‘X2i)2
Y26 AY;
~ 1 1
+(a )iez;o 1- e—m)zl

Qg + o3

) e@ + 20D g0, 4 ay) - W)

3
2
_— _3> _
+a-1 (%) da)
0°L 1 [ Yie ™ X e X
E = E|) ———|t+E S
[80418)\ gf:o (1 —e™%) z'euzh:uzz (1 — e A¥)
o) +ag oy, a3,
= nfn(on +a5) — @) 1 L) + L(@)] = na(on + )
0*L ] [ Xoe A X2 Yie i
E = F +
laagm _,-egﬂz (1 —ema%) ; (1—e)
Qg Qg+ a3
= o[ 2@ + (e +a0) — (@) + Ly@)] = mifaz + a)
0*L [ Y,e i Xy e X e Xai
[8 8)\1 = BlX G—AY- +> 16—)\X1_. +Z426—>\X2-
as Liclo (I—e ) g (T—e) i (1 — e
Qo+ a3, o +ag a3
= n|nlas +as) = AT E0(@) + plar + ag) - (@) + L@

= n(n(ag + ag) + nn(as + a3))
2 2 2
g 0°L _ g 0°L _z 0°L
(90418@2 ('30418043 8@28043

OBSERVED FISHER INFORMATION MATRIX

0.

For convenience we just present the observed Fisher information matrix obtained from
the EM algorithm using the idea of Louis (1982). Using the same notation as Louis (1982),

the observed Fisher information matrix can be written
Fops = B — SST7

here B is the negative of the second derivative of the log-likelihood function and S is the

derivative vector. We just provide the elements of the matrix B and the vector S. We use
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the following notation for brevity;

ap =Y ln(l—e_xyi),an => ln(l—e_xx”), arz = Y In(1—eM), agy = > ln(l—e_xm),

i€lp i€l i€l i€l
~ _/)\\yi —B\\wu _3\\1711'
—AT2; yic Tyi€ ;€
o= Yhn(l =), = Y Iy = Yy =
icly icly 1 —e Vi ier, 1 —e Ao iel, 1 —e "7
x%e—)\xzi x2i€_)\$2i ine—Ayi x%ie_Axli
21 o ? 022 VRIS S ‘1 BV
iel, 1 —e A iel, 1 — e 772 icly L —e i jer, 1 —e i
2 —//\\xu 2 —/)\\IQZ‘ 2 —//\\x2i
xTy.e T5.e xTs.e
17 21 21
Ci2 = 277%6 - Co1 = 277% - C22 = 247%6 B do = Zym dy = le?u;
iel, 1 — e Ao ier, 1 — e 7 iel, 1 — e 772 icly i€l
dig = Z Ty, dop = Z Toi, dag = Z Lo;.
i€l i€ly i€l
Using the above notations we obtain;
niuq + N9 w1ng + nq
S(l):ao—l—i& +CL11+6L12, S(Q)ICLQ—Fia +CL21+CL22,
1 2

1
S(3) = —(no + niug + naws) + ag + a1y + age

Qs
1
S(4) = i(ﬂo +2n1 +2n2) + by (Qy + Qg +ai3) + (do + d11 +dio +doy +dao) +b11 (G + a3 — 1))+
bog(Gy + g — 1) + byy (G — 1) + bya(ay — 1),
and
B(1,1) = (nlul/\;— nz), B(2,2) = (wlni;— 711)7 B(3,3) = (ng + nlfzﬁ;—}— anZ),
aq a3 a2

1 PO P P . A
B(4, 4) = ﬁ—f-C()(O!l—f—OéQ—f—Oég—1)+011(O[1+(]13—1)+022(042+O[3—1)+021(041—1)+012(O[2—1)
B(1,4) = B(4,1) = by + b1y + by1, B(2,4) = B(4,2) = by + b1z + bao,

B(3,4) = B(4,3) = by-+bi+bas, B(1,2) = B(2,1) = B(1,3) = b(3,1) = B(2,3) = B(3,2) = 0.

References

[1] Aarset, M.V. (1987), “How to identify a bathtub hazard rate?”, IEEE Transactions
on Reliability, vol. 36, 106 -108.



25

[2] Arnold, B. (1967), “A note on multivariate distributions with specified marginals”,

Journal of the American Statistical Association, vol. 62 1460-1461.

[3] Bemis, B., Bain, L.J. and Higgins, J.J. (1972), “Estimation and hypothesis testing
for the parameters of a bivariate exponential distribution”, Journal of the American

Statistical Association, vol. 67, 927-929.

[4] Block, H., Basu, A. P. (1974), “A continuous bivariate exponential extension”,

Journal of the American Statistical Association, vol. 69, 1031 - 1037.

[5] Gupta, R. D. and Kundu, D. (1999), “Generalized exponential distributions”, Aus-

tralian and New Zealand Journal of Statistics, vol. 41, 173 - 188.

[6] Gupta, R. D. and Kundu, D. (2007), “Generalized exponential distributions: ex-
isting results and some recent developments”, Journal of Statistical Planning and

Inference, vol. 137, 3525 - 3536.

[7] Louis, T. A. (1982), “Finding the observed information matrix when using the EM

algorithm”, Journal of the Royal Statistical Society, Series B 44, 2, 226233.

[8] Marshall, A.W. and Olkin, I. (1967), “A multivariate exponential distribution”,

Journal of the American Statistical Association, vol. 62, 30 - 44.

[9] Meintanis, S.G. (2007), “Test of fit for Marshall-Olkin distributions with applica-

tions”, Journal of Statistical Planning and inference, vol. 137, 3954-3963.

[10] Sarhan, A. and Balakrishnan, N. (2007), “A new class of bivariate distribution and

its mixture”, Journal of the Multivariate Analysis, vol. 98, 1508 - 1527.



