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On the least squares estimator in a nearly unstable
sequence of stationary spatial AR models
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Abstract

A nearly unstable sequence of stationary spatial autoregressive processes is investigated, when
the sum of the absolute values of the autoregressive coefficients tends to one. It is shown that
after an appropriate norming the least squares estimator for these coefficients has a normal limit
distribution. If none of the parameters equals zero than the typical rate of convergence is n.
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1. Introduction

Spatial autoregressive models have a great importance in many different fields of science
such as geography, geology, biology and agriculture, see e.g. [I] for a detailed discussion,
where the authors considered a general unilateral model having the form

Pr1 P2

Xk e = Z Zai,ijfi,efj + ek0, ap,0 = 0. (1.1)
i=0 j=0

A particular case of the model (IT)) is the so-called doubly geometric spatial autoregres-
sive model

Xio=0Xp_10+ Xk -1 — oS Xk—1,0-1+ €k,
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introduced by Martin [I1]. In fact, this is the simplest spatial model, since its nice product
structure ensures that it can be considered as some kind of combination of two autore-
gressive processes on the line, and several properties can be derived by the analogy of
one-dimensional autoregressive processes. The doubly geometric model was the first one
for which the nearly unstability has been studied. Bhattacharyya et al. [7] showed that
in the case when a sequence of stable models with a, — 1, 8, — 1 was considered,
in contrast to the AR(1) model, the sequence of Gauss-Newton estimators (i, [S,) of
(an, Brn) were asymptotically normal, namely,

an_an

Bn_ﬁn

n3/2

L5 N(0, %)

with some covariance matrix X.

The doubly geometric model has several applications. Jain [10] used it in the study of
image processing, Martin [12], Cullis and Gleeson [9], Basu and Reinsel [2] in agricultural
trials, while Tjgstheim [I5] in digital filtering.

In the present paper we study another special case of the model (IT)). We consider
the spatial autoregressive process {Xy : k,£ € Z} which is a solution of the spatial
stochastic difference equation

Xip =Xy 10+ BXke—1+ere (1.2)

with parameters (a, 3) € R?. This model is stable (i.e. has a stationary solution) in case
lal + 18] <1 (see [1]), and unstable if |a| + |5] = 1. In a recent paper Paulauskas [13]
determined the exact asymptotic behavior of the variances of a nonstationary solution
of (L2) with Xy, =0 for k+¢ <0, while Baran et al. [5] in the same model clarified
the asymptotic properties of the least squares estimator (LSE) of («,3) both in stable
and unstable cases.

We remark, that in case |of +|8] < 1, if {ers : k, £ € Z} are independent and
identically distributed random variables, a stationary solution can be given by

ot €—i— 5\ s
qul = Z < E—i ])ak ﬂl JEZ'J', (13)

(4,)€ Uk,e

where Uy, := {(i,j) € Z* : i <k and j </¢} and the convergence of the series is
understood in Ls-sense.

We are interested in the asymptotic behaviour of the stationary solution of (L2)) in the
case when the parameters approach the boundary |a|+|8| =1. In order to determine
the appropriate speed of parameters one may use the idea of Chan and Wei [8] and
consider the order of

2
X Xe_ 10 Xp o
I,:=E Z ( k 1715) k—1,0Xk 61

2
e, \Xk-10Xke1 (Xneo1)

that is exactly the observed Fisher information matrix about (e, 3) when the innovations
ek, are normally distributed and the process is observed on a set H, C 7%, n e N.
From Theorem 1.1 of [5] we obtain that



n’ol gla,p, if al+(8] <1,
I, ~ ¢ n°2620, 5, if |a|+ |8 =1, 0< |a| <1,
n3(4/3)Z, if ||+ (8] =1, |a| € {0,1},
where

1 —0a 1 sign(a
Fapi=2 Gop , Vg = gn(af) ,

)

—0ap 1 sign(a) 1
T denotes the two-by-two unit matrix and
-1/2
0275 =((1+a+p)(1l+a—-pB1—-a+p)(1—-a-p)) / ,

1—a?—-p5%02 ,—1
: U Vas =L it ap 0,
20&ﬂ0'a)6

0 otherwise,

S

R

®
I

29/2

7T /Al o))

Now, let oy, := a—~/an, Bn := B—08/an, |a|+|8] =1, |an|+|Bn] < 1. Asnonstationary
behaviour of Xy, becomes dominant when (ay,0B,) is near the border, a reasonable
choice for the sequence a, should retain the order of T, tobe n®/? if 0 < |a <1
and n® if |a| € {0,1}. Since we have o7 5 ~ ar/? for 0 < la <1 and o7 5 ~an
for |a| € {0,1} while g4, 5, ~ const in both cases, the above consideration yields
an = n.

In what follows we consider a nearly unstable sequence of stationary processes, i.e. for
each n € N, we take a stationary solution {X,gne) : k.0 € Z} of equation ([2)) with
parameters (ap,B,) defined as 7

[

an ::a—%, Bn ::B—%, lan| + |Bn] < 1, (1.4)
where 0 <|a| <1, [8|=1—]a] and v, =7, §, = as n — oo, (v,6) € R%. We
remark that in an earlier paper [3] the authors considered a similar sequence of stationary
processes where the autoregressive parameters were equal and their sum converged to 1.

For a set H C Z?, the LSE (6251?), Agl)) of (o, Bn) based on the observations
{X{") : (k,0) € H} has the form

-1

asvt n 2 n n n n
O‘EH) _ (Xlg—)l,é) Xlg—)l,éXlg,f)—l X,E_’l,gX,ij
an n n n 2 n n

1(’1) (k) eH Xlgf)l,leg,E)fl (ng,z)q) (k,0)EH Xlg,e)lezg,e)

Consider the triangles Ty := {(i,j) € Z*> :i+j > 1,i < kand j < (¢} for k,{ € Z.
Note that Ty, =0 if k+¢<O0.

Theorem 1.1 For each n € N, let {X,gf? : k.0 € N} be a stationary solution
of equation ([L2) with parameters (o, Brn) given by [LAl), and with independent and
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identically distributed random variables {sl(c"e) 1k, 0 € Z} such that IEE((J%) =0, Var 5(()7) =

1 and M :=sup,cn E}séﬁ%ﬁ <oo. Let (kn) and (¢,) be sequences of integers such
that k, +/4, — o0 as n — 0o.
If 0<|al <1, |Bl=1-]a| and

. —1/2 1/2 _
nll,néo(k" +ln)n (|7n| + |5n|) 00 (1.5)
holds then
aT — Oy —
(o £) [ oot Py N (o, |a||5|\11a,3)
ﬁTkn,En - ﬁn

as n— oo, where W, 5 denotes the adjoint matriz of W, g.
If lal €{0,1}, |18 =1—|a| and

lim (ky + L)~ 72 - 52" = 0o (1.6)
holds then let
[—00,00] 2w := lim wy,, W 1= a”y_n+ﬂ5_n.

If |w|>1 then

_ a —ay,
(ko + La)n /2|52 = 32|14 T 25 1o (0,07%,)

~ a,B,w
/BTkn,ln - ﬂn
as n — oo, where
1 1 0(a, B,w
0., 1 (a, B,)
4 O(a, B,w) 1
with ( ) )
—(a+ f)sign(w) .
i |w| < oo,
O, Byw) := lw] + Vw2 —1 /el
0 if |w| = o0.

Remark 1.2 Obviously, |w,| > 1, so |w| > 1. Condition |w| > 1 in Theorem [[]is
needed to ensure the regularity of ©, .. However, this condition can be omitted and
using similar arguments as in the proof of the second statement of Theorem [[LT] one can

easily show that if |a] € {0,1}, |8] =1 —|a| and (Z6) holds then

ATy 0, — O

-+ 22 -2 e, (4
BTkn,zn - ﬁn

a,B,wn

iNQ(O,I),

where @i/ ; w, denotes the symmetric positive semidefinite square root of O, g,w, -

Remark 1.3 Theorem [ Ilshows that in the typical case k, = ¢, =n and v, =y # 0,
dn=0#0 if 0<la] <oo, |B] =1— |a| then the rate of convergence is n.
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We may suppose that (k,4¢,) is monotone increasing. Observe, that (aT,c . ,ﬁTk . )
and (&(Trf) _ ,B(Trf) ) have the same distribution, where p = [(kn+€,)/2] and £, :=

kn,en kn,en
[(kn+£n+1)/2]. As kp+ 0y = kp+£n, in Theorem [ we may substitute (kn,¢,) for
(kn, £n). The sequence (kn,%n) can be embedded into the sequence (ky,, (), where
ky, :=[n/2] and £, :=[(n+1)/2], namely, k; = k, and b, = =0, with g = kp+0n.
Clearly k], +¢,, =n. Consider the sequence (r,) defined by rn =k for qr <n < qrt1.
Then 74, =n, and conditions (IH) and (L)) can be replaced by

. —1/2 1/2
nh_{rgo nry, (|'7Tn| + |6Tn|) = (1'7)
and o
lim nr,ty? — 02, / = 00, (1.8)
n— oo
respectively.

Thus, to prove Theorem [[T]it suffices to show that if 0 < |a| <1, |f] =1—|a| and
(T7) holds then

-~

(n/2),[(n+1)/2) — O

A ) ]
(s ") 2 o (0,181 ).

6T[n/2],[<n+1)/2] - ﬁrn

while in the case |a| € {0,1}, |8 =1—|a|, |w|>1 and (L) holds we have

— Q-

nrl/? 2 ‘—1/4 QT /2, [(n+1) /2]

‘”an " 3)./\/2(0 ®a16w>

ﬁT[n/m [(n+1)/2] = Br,
We remark that conditions ([5]) and (L7)) are exactly the same as conditions (4) and
(5) of [3], respectively.
To simplify notation we assume k,, = [n/2], £, = [(n+1)/2] and (r,) is a monotone
increasing sequence of positive integers. One can write

aTk e, — Or _
nytn n :BnlA',“

ﬁTkn,En - ﬁrn

with
(rn) (Tn) (rn) 2 (rn) (rn)
A Z X1 k0 B Z (Xk—l,e) X 10Xk 021
noeT Tm T ? noeT Tm Tm Tn 2
(k,0) €Tk, ey, XIE,E—)l‘S;c,E) (k,0)ETx,, e, XIE—I),ZXIE,E—)I (XIE,E—)l)

Concerning the asymptotic behaviour of the random vector A,, and random matrix B,
we can formulate the following two propositions.

Proposition 1.4 If 0< |a] <1, |[3| =1—|a| and (7 holds then

o /25 ~1/2,
02,2 (1 [+ 16,.1) 2 By -2 (321al18]) as - co.
If |lal €{0,1}, |Bl=1—-|a| and (EIE) holds then

l/an i> Ou.8w

-2, —1|.2
n r, |’Y7‘n_ Tn



as n — oo, where

. Oy (1.9)

. Tr
w:= lim w,, wy, (=a—+f .
n—00 6Tn ,77‘71

Proposition 1.5 If 0<|a| <1, |8|=1—|a| and (1) holds then
n VA (| |5rn|)1/4An 2N (O, (32|a||6|)_1/2\11a,3) as n— 0.
If |la| €{0,1}, |B|=1—|a| and ([L8]) holds then

n*lr;1/2’%2n _ 53n‘1/4An LN2 <0,®a,ﬁ,w) as 1 — 00.

In case |af € {0,1}, |8 =1—|af, and |w| # 1, Oupw Iis a regular matrix, so
Propositions [[L4] and imply the corresponding statement of Theorem [[L1l In the case
0<lal <1, |8 =1~|al wehave B;! = B,/detB,, and in this situation the
statement of Theorem [Tl is a consequence of the following propositions.

Proposition 1.6 If 0<|a| <1, |8|=1—|a| and (1) holds then
n = 2 (| + |5T71|)1/2 det B, -2 2(8|a||6|)_3/2 as n— o0.
Proposition 1.7 If 0<|a| <1, |8|=1—|a| and (1) holds then
n =3 2 (e, | + |(5rn|)1/2f3nAn 2y Ny (O, (2(8a6)2)_1@a,3> as n — 0o.
Obviously, in the case 0 < |a| < 1, |8] = 1—]|«]| if n islarge enough, the corresponding

sequences «,, and [, have the same signsas « and 3, respectively. Hence, similarly
to [B], it suffices to prove Propositions L6l and [ for 0 < o, 8 <1, a4+ B =1.

2. Covariance structure

Let {Xke : k,¢ € Z} Dbe a stationary solution of equation (L2]) with parameters
(O[,ﬂ), |Oé| + |ﬂ| < 1. Clearly COV(X“J'I,XQJQ) = COV(XilfiQ,jlij;XO,O) for all
i1,J1,%2,J2 € Z. Let Ryy := Cov(Xye, Xo,0) for k,¢ € Z. The following lemma is a
natural generalization of Lemma 4 of [3] (see also [1]).

Lemma 2.1 Let a#0 and B#0. If k,{€Z with k-£<0 then

. , (1+a2—p2 o2\ 23 . )1
k,f_oa,ﬁ 20 1+62_Oé2+0-;2ﬁ . ( . )

If k,0ecZ with k-0>0 then

[EIA[£]—1

k=L 420\ ; ip—rlti
Ri.e = Ro ke — Z <| z| >04 ﬂ‘k b, (2.2)

i=0



Remark 2.2 If >0 and >0 then Ry, >0. If a <0 or <0 we have
0 < |Rie| < Ry := Cov(Xye, Xo,0)s k,teZ,

where {Xj, : k,{ € Z} is a stationary solution of equation (L[Z) with parameters

(ladl; 181)-

Besides representations (21)) and ([2:2]) one can express the covariances as special cases
of Appell’s hypergeometric series F4(a7 b,c,d;z,y) defined by

Fy(a,b,c,d;z,y) :ZZ m+”l""y", [+ V/]y| < 1,

Ynmln!
where a,b,c,d € N and (a), :==a(a+1)...(a+n—-1) [0].
Lemma 2.3 Let «#0 and #0. If k,0€Z with k-£<0 then
Ry = MBI E (K] + 1,16 + 1, k| + 1, (] + 1,02, 5?). (2.3)
If k,0eZ with k-0>0 then

k| + ¢
Ry = olFl gl (' ||k|| |)F4(|k|+|€|+1,1,|k|+1,|£|+1;a2,[32).

Moreover, in this case we have

. el ) - JIklH1E20p, (v :
Rie = (sign(e))" (sign(8)"" > (lal +18]) P(SU) e = 101 +14), (24)
1=0

where S’r(f,)n =S 48G), = lal/(Je|+|B]) and SV and ST are independent

binomial random variables with parameters (n,v) and (m,1—v), respectively.

Proof. The statements directly follow from representation (I3)) and from the indepen-
dence of the error terms &; ;. O

We remark, that as

. —x —y (-2’0 -y)"
Fiabab = T =) =

representation (2.I)) directly follows from (2.3)).

Proposition 2.4 If a8 > 0, |a|+|8| <1 then there exists a universal positive constant

K such that
K

}Rk71,e+1 - Rk,£| < W, k,t € Z.

Proof. Without loss of generality we may assume « >0 and S > 0.
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Suppose k£ >0, £ >0, so (k—1)(¢{+1) >0 and k-¢ > 0. Using notations
introduced in Lemma 23] with the help of ([24]) we obtain

oo

Ri_1041— Rip = Z(a + BYFFEAL i (v), (2.5)
i=0

where
Rike(v) = P(Si(,l;c)+é+i ={+i+1) - P(Si(:;c)-i-f-i-i ={+1).
According to Theorem 2.6 of [5] A;¢(v) can be approximated by

X o 1 o k1)
Bunel): (27r1/(1—u)(k—|—€—|—2i))1/2< p{ 2V(1—V)(k+€+2i>}

(vt—(1- l/)k)2
N eXP{ T - )kt l+ 2i)}>

N o
Ai v —Ai V) =
[Biee(v) = Bire¥)] < (W1 — ) (k + £ + 20))*?

where

with some positive constant C. Thus, if in the right hand side of (Z3]) we replace
A, ge(v) with A;(v), the error of the approximation is

= 2ilx c C
;(a + BN, o (V) — Agge(v)] < Wg(gm) <GB

where ((x) denotes Riemann’s zeta function.
To find an upper bound for the approximating sum consider first the case v{—(1—v)k >
0. In this case

(s BFHARIR < 2wl—(l—k)+1  f (vt—(1-v)k)*
;( . . )‘Sz':o7r1/2(2u(1—y)(k+€+2i))3/2 { 2V(1—V)(k+f+2i)}

B/+1 1 5( vl — (1 - v)k >< CB/D+2 _((3/2)+2
T (wa-v)?? 20 =v) N\ (2v(1-0)(k+0) ) T (va-v)*? T (@B
where ®(z) is the error function defined by
5 2 f —t2/2
0

Case vl — (1 —v)k <0 follows by symmetry.
In case k<0, {<0 implying (k—1)({+1)>0 and k-¢ >0, we have

oo

Rr—1e1 = Bie = Z(Oﬁﬁ)ikilﬁi(P(Si(,u—)k—éﬂ = —£+i—1)_P(Sz'(,l/—)k—e+i = _€+i))
=0

and the statement can be proved similarly to the previous case.
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Now, suppose k>0, £ <0, so (k—1)({+1) <0 and k-£ < 0. Using the form
@) of the covariances direct calculations show
2., -2
1—(a+pB)*+o0,5

Ry._ —RL,=R
k—1,0+1 k.0 k.0 50

It is not difficult to see that 1 — (a + 3)? a;%, so we have

I

aﬂ _ozﬁ

In a similar way one can obtain the result for k£ <0, £ > 0 that completes the proof. [J

|Ri—1,041 — Rie| < }RH’

Using the notations of Lemma [2.3] with the help of the exponential approximation one
can easily have the analogue of Corollary 2.7 of [5].

Corollary 2.5 If af >0, |a|+|8] <1 then there exists a constant C >0 such that
forall k,£>1 and 0<i¢<k+/{—1 we have
c

’P(S,(:é) = z'—|—1) — P(S,(M) :z) < W-

Remark 2.6 Using Theorem 2.4 of [5] it is not difficult to show that under conditions of
Corollary 28] there exists a constant D > 0 such that for all k,£/>1 and 0<i < k+/¢
we have

) _ D
P57 =9)] < G

Now, let {X,g"é) i k,0 € Z}, n € N, be a nearly unstable sequence of stationary
processes described in Theorem [[LIl For each n € N let us introduce the piecewise
constant random fields

200 ) = AX e 2 (s = X
Yl(fé)(s’t) = T’ZI/QX[(;;]LL[M]’ Yo(?)( )= TJI/QX[(Z:]){MHU s,t € R.

Proposition 2.7 Let s1,t1,52,t5 € R.
If 0<lo <1, |8 =1-|al and X)) holds then for all (i1, j1),(i2,j2) €
{(1,0),(0,1)} we h(we

nh~>ngo (|’an|+|5rn|) 12 COV( 117131 (Sl,tl),Zi(Z;Q (SQ,tQ)) =0 Zf Sl—SQ#tl—tQ,

1 5 )2 Cov (2 (s1,11), 2T )| < e i si—sa—ti—t

1mSUP(|”an|+| ol ov 11]1(51, 1), 12]2(52, 2)) SNCTIE if s1—s2=t1—1a.
«

If |a] € {0,1}, |8] = 1—|a| and (L) holds then for all (i1, j1), (iz,j2) € {(1,0),(0,1)}
we have

1 2 n n -
lim |”Yr 52 | / (}/7;(1)]?1(517t1)7}/i(2)]?2(527t2)) =0 if s1—s2 # t1—ta,

n—roo

1/2 ’Lf Sl—SQZtl—tQ.

N =

lirixlsolip ‘”yfﬂ - 53n‘ ‘Cov (Yi(ln?l(sl,tl) y ™ (82,t2))’ <

¥ ) T2



Moreover, if s1 — sy # t1 — to then the convergence to 0 in both cases has an
exponential rate.

Proof. For simplicity we consider only the case 0 < a, < 1. The other cases can be
handled in a similar way.

First, let 0 < a <1, so B8 =1— «a. Without loss of generality we may assume
ap, >0, B, >0 and d,, >0, 7., >0. As

—~1/2
— ’7rn + 67‘n Wrn - 67‘n Wrn - 67‘n
0= () () (20T ) (201 B
we have 1 1
. /2 _1/2 2
1 - Or = = . 2.6
ngrgo ('7 _— n) Tn " O Brn 8a(1 — a) \/m ( )

Suppose s1 — 83 > 02> 1t; —ta, so [ns1] — [ns2] >0 > [nt1] — [nte]. By 1)

1 Zls1—s2| 1 — 2|ty —t2]
0 < Cov (Zg%)(sl,tl),Zﬁzo)(SQ,tg)) < r;l/QJQ (1 - )2 12 (1 + ) 2

Qrp, B
T Prn Q’I‘n TT‘n

if n is large enough, where

20, 2By,

= — T’I" N
20, —1—a? +52 +o

Or,, : (27)

wl g TR —a2 4a)? s =26,
As
0275 =(1+ o — %)% - 4042)71/2,
it is easy to see that o, — oo and 7, — o0 as m — oo. Moreover, condition (L7
ensures that ng;nl — oo and nTT_nl — oo as n — 0o. Hence, if s1 = 5o and t; = to,

1

lim (/YTn + 67‘n)1/2 Cov (Zl(TlO) (817 tl)? Z]YLO) (827 t2)) = \/ma

n—00

otherwise it converges to 0 in exponential rate.
Further, let s; —s2 > 0 and t; —t2 > 0. In this case [ns1] — [ns2] > 0 and
[nt1] — [nt2] > 0, so by (22) we have

(2.8)

If s; —s9 # t1 —to then similarly to the previous case one can show that the right hand
side of (2.8) converges to 0 in exponential rate as n — oco.
In case s1 — sy =11 —ty we have |[nsi] — [nsa] — [nt1] + [nt2]| <2, so by @)

. 1/2 n n 1

hg;solip (”an + 5”) Cov (Zfﬁo)(sl, t1), ZiO)(SQ, t2)) < Nk

Obviously, the same results hold for the covariances Cov (Z%)(sl,tl),Zé??(sz,tg)),
Cov (Z(gfll) (51, tl), Z{%) (SQ, tz)) and Cov (Z(()Tll) (51, tl), Z(gfll) (82, tz)) .

Now, consider for example the case a =1, 8 =0. Without loss of generality we may
assume oy, > 0. Furthermore, |, |+ |Br,| <1 implies 7., >0 and |0, | <r,. As

g 57“ g _57" _1/2
i = (07 ) (22 ) (2o T2t )

T'n T'n

n n _ 1 \ —llnsi]=[ns2]—[nt1]+[nt2]]
0<Cov (Zfﬁo)(sl, t1), Zio)(SQ, tg)) <r, 1/2Uirn,ﬁrn (1—|-7_—) ' ’ ' ’ .
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we have 1
. 2 2\1/2 1 2 _
nhﬁngo ('an - 5”) T o, B = 3 (2.9)

Again, suppose s1 —$3 > 0>t —ta. The form of covariances (ZI)) implies that if n
is large enough

n n 1\ zlsi—sz] 1 ~Eltta
Og‘Cov (Yl(o)(slutl)uYl(O)(S2’t2))‘STglai B (1_ )2 o (1+| |) o ,
) , TR Prn Or,, Tr,
(2.10)

where o, and 7. are defined by (27)). Obviously, if s =s2 and t; =t then (Z9)
implies
n n 1
limsup (77, — 53n)1/2’ Cov (Yl(,O)(Slatl)a 5/1(,0)(527152))’ <5 (2.11)
n—00

Further, we have g, — 00 as n — oo and now (L8) ensures ng,! — oo. Thus, as
1+ 1/|r,| > 1, if s1# s2 then

(’yfn — 51%”)1/2‘ COV (Yl(fé) (81, lfl), }/1(,76) (82, tg))’ —0 (212)

as nm — oo in exponential rate. Now, let us assume s; = so and t; # t3. Short
calculation shows

1 -1 2|6,
(1+ |7, |) - 2 52 | 1"/|2 2 52 7z (213)
Tn 277‘n _ ’YTHT Tn 4 (,ygn _ 5%n) ('anr o 4% + 4)

If |6] <~ then

1 )—1 _ 19]

T/ (% - 62

so using (2.9) and (Z.I0) we obtain again (ZI2). Further, condition (I.8)) implies
1/2

)=

lim (1 4

n—oo

<1,

: 2 2
nli)n;o n(’yrn - 5T71

Hence, with the help of (ZI3]) one can easily see that if [§| =y #0, or §=~v=0 and
limy, 00 ¥r, |67, |71 =1, we obtain |7, | = oo and n|7., |~} — oo as n — oo. Thus,
@3) and ZI0) imply 2I2) and the rate of convergence is again exponential. In case
§=~=0 and lim, oo ¥, |0r,| 7! =|w| > 1 we have

lim (1+ ! )_1 -
im — =
noo |70 wl + (w? = 1)1/2
that implies (2I2). Finally, if § =y =0 and lim, oo ¥, |6, |} = 0o then [2I2)
follows from Lo

lim (14 —) =0

n—00 |TT7L |
Now, let s; — sy >0 and t; —ty > 0. Lemma 2] and Remark 2.2 imply
( 1 )—\[”51]—["82]—["t1]+[nt2]|

<1,

3

0< ’ Cov (Yl(g)(sl, t1), Yl(g)(SQ,tQ))‘ < r;lai 5 P
3 3 R Prap T’I‘n

where 7, is defined by 7). If s1—sy =t1—1y thenas |[nsi]—[nss]— [nt1]+ [nts]| < 2
and 1+ 1/|r, | > 1, using (29) we obtain (ZTIT)). Finally, if s; — s2 # ¢ — t2 then to
prove (2.I1)) one has to do the same considerations as in the case s1 = sy and t # to.
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O
In order to estimate the covariances we make use of the following lemma which is a
natural generalization of Lemma 2.8 of [5].

Lemma 2.8 Let £1,&, ... be independent random variables with EE; =0, E€2 =1 for
all i €N, and My —supzeN E§ < 0o. Let al,ag,.. ,b1,ba,...,c1,¢0. .., d1,do ..
R, such that > 2 a? < oo, Y oo, b? <oo, >0 ¢? <oo and Zl 1alf<oo Let

X = Zazgl, Y = Zb&, Z—Zcz-&, W3:Zdi§ia

i=1 i=1
where the convergence of the mﬁmte sums 1s understood in Ls-sense. Then
Cov(XY,ZW) = Z(ng —3)a;bicid; + Cov(X, Z) Cov(Y, W) + Cov(X, W) Cov(Y, Z).
i=1
(2.14)
Moreover, if a;,b;,c;,d; >0 then

0 < Cov(XY, ZW) < M, Cov(X, Z) Cov(Y, W) + M, Cov(X, W) Cov(Y, Z),

and

0<EXYZW < My(EXZEYW +EXWEYZ + EXY EZW).

Remark 2.9 Using the definitions of Lemma 28 from (ZI4]) one can easily see, that
| Cov(XY, ZW)| < Cou(XY, ZW),

where
X=Y ails, Y=Y |bl&, Z:=) lal&, W:=>|dilé.
i=1 i=1 i=1 i=1
3. Proof of Proposition 1.4

Let us assume «,, # 0 and S, # 0. Using the stationarity of {X(T”) k0 e Z}
and Lemma 2.T] we obtain

Var( (T")) Cov (XéTé‘),X(T")l)

EBn = (ra) - (rn) (1)
(k0)ET, 0, \COV (Xo,(? 7X1,Zl) Var (Xg'g )
(kn A ) (n 4+l + 1) L Dp )  nn+1) , 1 D,,
- 2 Uaml 7ﬂTn - 2 Uarn 7ﬂml )
D, 1 D, 1
where

D L+af =B —0.2 5 26,
Tn T 2arn 1+ﬂ2 _a2 +U;f 5 .

If 0<|a] <1 and [B] =1—|a| then it is not difficult to see that o ° 5 —0

and in this way D, — sign(af) as n — oco. Hence, using the same arguments as in
the proof of (2.6) we obtain
. 1/2g 12y
lim n2r, = (i |+ 165,1) /

n—00

= (32[allB]) (3.1)

12



If |of € {0,1} and |3] =1—|a|, again, we have 0;3 5. — 0 as n— oo, and

similarly to the proof of (2.9) one can see
1/2n(n+1) 5 1

: -2 71‘ 2 oMt I
AT i = O T e, T

Concerning the limit of D, from the four possible cases that can be handled in the
same way we consider only the case a =1, 8 =0. In this case aF™ + stf—" ==
and we may assume «,, >0 and thus |d,,| <=, (hence =, >0). Obviously,

1 + arn - ﬁrn Ot L ﬁ
lim e —
n—00 2ay.,
and
267% Yrn — 67‘n . ( )(1 Yra — 5Tn ) 1/2
= — S1gn(w -
L+52 =2, +0,” 5 2 : 2rn

2

(B0 e (G- (-2

Tn

Hence,

lim D, =

n—00

{—sign(w)(|w| F (@ =D))< oo

0 if |w|= o0,

where w is the limit defined by (L9) satisfying |w| > 1. Thus, we have

lim n2r, ' [y2 — 62 |"*EB, = Ou .- (3.2)

n—oo

Observe, that lim,_,co Dy, = lim, o 0(c, 8, ws., ).
By Remark in the remaining part of the proof we may assume «,, >0, £, > 0.
Hence, using Lemma 2.8 we have

Var( 2 (Xfrq?j)2>§2M4 > > COV(Xl(lrnljl’ (;")1,j2)2’
(44)

J)ET ey 0p, (11,71) €Ty, 2y, (12,32) €Ty, 0,

(3.3)
where My 1= sup,,cn E(sfﬂ})‘l, and from the stationarity of {X,g?g‘) kL€ Z} follows
that the triangle T}, ., can be replaced by T, o.

Now, [B3) implies that if 0 <|a] <1 and |8]=1-|¢f

n*47~;1(|%n| + |5Tn|) Var ( Z (Xl_(”i?jf) (3.4)

(4,5)ETky 01,

2
< 2M, // // ((|’7rn| + |6rn|)1/2 Cov (Zo,l(sl,tl), Z071(82,t2))> dsydtidsqdts,
T T

while for |a| € {0,1}, |8] =1—]a] we have

13



n_4r;2|~yfn — 5fn ‘ Var < Z (Xz(fi)Jf) (3.5)
(

1,) €Tk, 0,

2
< 2M4 // // (|")/T2n - 5371‘1/2 Cov (Y071(51,t1),YOyl(SQ,tz))) dSldtldSthQ,
T T

where T := {(s,t) ceR?:0<s<1,-s<t< O}. As the area of the triangle T is
finite and the integrands in both cases are uniformly bounded on T x T, Fatou’s lemma
and Proposition 27 imply that the right hand sides of (84) and (B) converge to 0 as
n — 00. In a similar way one can show

n_4f<an Var( Z Xz(r’i)JXZ(Z")1> — 0 and n_4f<an Var( Z (Xl-(ﬁrj")l)2> — 0,
(4,9) (4,9)

S WDISHA T

as n — oo, where

o (el + 10 D) i O<al <1, |B] =1~ al, (3:6)
" nghfn — 5,2_n if |a| €{0,1}, 18] =1—|q].
that finishes the proof of Proposition [[.4] O

4. Proof of Proposition

To prove Proposition [[L5 we are going to use the same technique as in [3/5]. For a given
neN and 1<m<n, let

B A N
AQ), (k0)ETh,, 01, ngﬂ)ﬁz(f,z)

where An 0:=(0,0)T. Let F" denote the o-algebra generated by the random variables
{E ™) . ) € Uy, }- Obviously, Ay = Ay =30 (Apm — Anm—1). First we
show that (An,m — A m—1, .7-',7,3) is a square integrable martingale difference. Let R,, :=
Tiernton \ Theps 1,001, Where Ry :=Tj, ¢, . Short calculation shows

An,m - An,m—l = An,m,l + Z El(cfg)An,m,Zkr,éu (41)
(k,0)ER,,

(1) (2) T e A T .
where A, 1= (4,0, 1,An7m,1) and Ay mo2ke = (Anm2i-1,06 Anm2,ke—1)  with

1 Tn k+€_]‘_7’_-] 7 TH

D I D S
(k,L)ER, (4,5)€Uk—1,6\Ukyp, 1,011

2 o k—l—é—l—i—j Tn

TN DI (D DR G P e )
(k)Z)ERnl (ivj)eUk,Efl\Ukmfl,Eynfl

~ k+l—i—j .
Apmois = 3 < k_z ]) igliglm), (4.2)

(4,5) €Uk, eNU

m—14m—1

14



We remark that for the odd values of m we have R, = | {(i,(n)}, and
=1
k"n
A'Ellvznal = Z Z afu . lskrgm EZ(T@n)’ A’E?ZTL 1= 0 (43)
k=—4t,,+2i=—00
2
while for the even values Ry, = U  {(km.j)}, and
=kt
2 & ) rn 1
A= S A Alma =0 (44)

b=—kym+2j=—00

The components of A, ,,1 are quadratic forms of the variables {51(-3-") 2 (4,7) €
R, } hence A, .1 is independent of FJ'_,. Further, the terms ;{nymﬁgykyg are linear

combinations of the variables {5 ) (4,7) € Ug,,_1.0,._,}, thus they are measurable
with respect to F,,_;. Hence,

E(An,m - An,m—l | ]::171) = EAn,m,l + Z An,m,2,k,€E(5§:¢?) | ]::171) =0.
(k,£)ERm,

By the Martingale Central Limit Theorem (see, e.g. [I14] Theorem 4, p. 511]), the state-
ment in Proposition is a consequence of the following two propositions, where 1p
denotes the indicator function of the set H.

Proposition 4.1 If 0<|a| <1, |8 =1—|a| and [1) holds then

n72T;1/2(|77‘n| + |6rn |)1/2 Z E((An,m - An,m—l)(An,m n,m— 1 ’
m=1

1/2
== (32lalls])
as n — 0o.
If 0<|al€{0,1}, |8 =1—|a| and (L) holds then
-2, —1].2 2 |1/2 - Lo
nor, }’77«" - 6rn Z E((An,m - An,m—l)(An,m - n m— 1 ’ ) — Ga,ﬁ,w

as n— oo.
Proposition 4.2 If 0<|a| <1, |8 =1—|a| and [0 holds then for all § >0
o 1/2
02 2 (e, |4 160,02 ST E(lAnm — Awna |
m=1

x 1
{HAn m—An,m— 1”>6n’r‘1/4("77ﬂn|+‘57‘n) 1/4} ’ m— 1)

converges to 0 in probability as n — oo.

15



If 0<lal €{0,1}, |8l =1—|a| and [LR) holds then for all 6 >0

n
_9 _ 1/2
n Q'rnl 7r2n - 5fn| / Z E(”An,m - An,m—1”2

m=
A —A 1 Tl A,T 5 4 m—
X ]]'{” ||>5'n, /2| o 2 | 1/ } } 1)

converges to 0 in probability as n — oo.

Proof of Proposition 41l Let U} := E((Amm —Apm—1)(Anm — Anm—1) ’
From the definitions of A, ,, and B,, and from the independence of the error terms

5,(6 z) follows that

EU::I = E((An,m - An,mfl)(An,m - A’4n,7nfl)T = EBm - EBmflv
where By is the two-by-two matrix of zeros. Thus, if 0 < |a| <1 then (Bd]) implies

Tim 02 (o, | 4 10, ]) > B~ (s2laljf))” s,

while in the case |a| € {0,1} from (8.2) we have
lim n=%r, " '|y2 — 57%”‘1/2 Z EUn — Oa,p.w;

n—oo
m=1

where w is the limit defined by (L9)).
Further, from the decomposition (£1]) follows
Up =EAnmiAy i+ > AnmzktAy ok (4.5)
(k,£)ERm

This means that to complete the proof of the proposition we have to show

. 4 A2 _
nli)rrgon K, Var( E E An7m)27k_1)€) =0, (4.6)
=1 (k,£)ERm,

nlirrgon finVar(Z Z Anm2k lfAnm2k€ 1)207 (4.7)
1(k,0)ERm,

. 4 A2 _
nlirréon K, Var( E E An7m)27k75_1) =0, (4.8)
m=1(k,£)ER,

where £, is defined by (340).
Now, consider

v (X5 Ran)

(k. £)ERm
n

n
_ A2 A2
- z : z : Cov (An,mlxlklel’An,mz;lkzxfz)'

mi=1 (k}l,él)Ele ma=1 (kg,fz)ETmz

16



By Remark in the remaining part of the proof we may assume «,, >0, 8., >0
Hence, as by Lemma

12 72 T 2
COV (A’ﬂ,’ITL1,2,]C1,él ’ An,m2,2,k2,€2) S 2M4 COV (An,m1,2,k1 A1 An>m272>k2752)
and representation (3] implies
A A (Tn) (Tn)
Cov (Anymh?»kl—lfl ) An7m2,27/€2—17€2) < Cov (Xkl,el ) Xk2,£2)7
we have
n
12 (rn) 3 (rn) )2
(XX Basw<n XY (X
m=1 (k,£)€Rm, (k1,01) €Ty 0, (K1,1) €Ty 0,

Thus, using (3.4) and B3] for the cases 0 < |a] <1 and |a| € {0,1}, respectively,
(@9) follows from Proposition ([Z7). In a similar way one can prove 7)) and @8). O

Proof of Proposition To prove the proposition it suffices to show

n

n Y > E([Anm — Aot ||t Frnet) — 0 (4.9)

m=1

as n — oo, where &, is defined by (B.0]). By the decomposition (4.1])

T
> ey A 2t
(k£)ERm

As Angmi is independent from F7_; we have E(|[Apm1|*|F2_1) = E|Anmal*,
while the measurability of A,, ., 2%¢ with respect to F;_; implies

4
||An,m - An,m71||4 S 23||An,m,1||4 + 23

2
4
E ST el Anmand|| | Faor | (M =37 43) [ Y [Anmane?
(k,0)ERm (k,0)ERm
Hence, in order to prove ([{9), it suffices to show
nlLIr;On Kn Zl El[Anm1]* = (4.10)
2
. —4 2 _
lim 0, STEL Y. lAnmaxd? | =o. (4.11)
m=1 (k,0)ER,
It is easy to see that using ([@3]) and ([@4) we obtain
4 4

ko Lo -1
||An,m,1||4§23< S Sakdy) sS’Z") i B DIl s i

k=—Lymt2 i=—00 b=kt 2 j=—00
Using Lemma 12 of [4] a short calculation shows
El Al < (1 -2 )7 4+ (1 - 52)7)0(m?),  as n— o,
and as ki, ((1—a? )71+ (1—B2)7") is bounded we obtain (@I0).
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Furthermore, we have

El Y Jumewd?] = 3 Y E((Rmni + A zi)

(k,£)ERm (i1,J1)ERm (i2,j2) ERm

e T2
X (An,m,2,i271,j2 + An,m,z,@,jrﬂ)-

(From Lemma [Z.8] follows

E(42 A? ) < 3M4EA?

12
7y1m,2,01 1 A, M, 2,2, 42 mam.2,i1,51 EA

n,m,2,i2,j2"

while using (£.2)) and representation (I3]) one can see

2
EAn,m,2,k,l S Val’Xk)g = R070.

Thus,
2
E{ Y. [MAnmanel® | <12MyREom® =12Myol 5 m?
(k,0)ER,,
that together with (Z6) and (29) implies (ZIT). O

5. Proof of Proposition

In what follows we will assume 0 < o« < 1 and 8 = 1— «, so without loss of
generality we may suppose «y,, Br,, Yr, and 4., —are all positive. Consider the
following expression of det B,

det B,, = Z Z Wi(:;'l,imjz’

(41,51)€Tkyy 0y, (12,52) €Tk 2,
where

) (X0 A(XO, Y2 x ) x ) )yl

i1,J1,02,J2 * i1,J1— i2—1,j2 i1—1,51 1,51 — 1 2 —1,j2 g, 2 —1"

Using representation (I3]) from Lemma 228 we obtain.

EW(n) — A(1>n) +A(2>n) +A(31n) +A(4>n) (5'1)

11,J1,%2,J2 11,J1,%2,J2 11,J1,%92,72 91,J1,12,72 11,J1,%2,52"
where
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. . 2 /. . 2
am (ra)yi_ gy (U Tii—lmu—v\" iz +ja—1—u—v
Al ringa = Z (Elea) _3)< i1—1—-u iy —u

(u,0) €U —1)Aig, i1 A2 —1)

2114210 —2—4u 9251 +2j2 —2—4v
X arn Brn

. 1t+j1—1—u—v\ (i1+ji—1—u—v
_ E(ey))*-3) ("

Z ( (€00 )* )( ii—1—u i1—u
(u,0) €Uy nig—1,j1 Aja—1

% (12+J2—1—U—v> <l2+32—1—u—v) 241 42ip—2— 4u62j1+2j2—2—4v
Tn b

TH

ig—l u iQ—U

(2,n) (Tn) (rn) (rn) (Tn) (Tn) (rn)
A117J1712,]2 COV( i1—1,517 Xiz,jz—l) COV(XH 1,510 Xiz J2— 1) COV( i1,j1—1) X12 1;]2)’

(3,m) (Tn) (rn) (rn) (rn) (Tn) (rn)
A'Ll ,J1,12,72° _COV( i1—1 Jl’Xi27j2*1) COV(XH 1 J1’X12 1 J2) COV( i1,J1—1? X12 J2— 1)

(4,n) _ (rn) (rn) (Tn) (rn) (Tn) (rn)
Ay i i o =Var (X jl)var(Xiz 1) —Cov(X ™ 5 X ) Cov (X 5,0 X500 )

1- arn - B af Br
:Uarnvﬁrn 20&2 2
Short calculation shows
(1, (rn) (rn)
‘All ,J1,12 J2’ <2 M4 + 3) Cov (le 1 Jl’Xiz,jzfl)’

so we have

=t 2 (e, 5rn)1/2 Z Z |A§11 ,’Z),iz ol

(31,51) €ETxy, 0y, (12,52) ETkeyy 0y

< 2(M4 + 3) // // ('an + (Srn)l/Q Cov (Zoﬁl(sl, tl), ZOﬁl(SQ, t2))d$1dt1d52dt2.
T T

Hence, using the same arguments as in the proof of Proposition [[L4] Fatou’s lemma and
Proposition 2.7 imply

. 4 1/2

lim 7 4Tﬂ Yz (7”1 + 6Tn) / Z Z Aglljyl),iijz =0. (52)

(11,51) €Tk, 0y, (12,52) €Tk 2,

; (2,m) (2,n,1) (2,n,2)
Next consider Ah J1at2,02 Ai17j17i2>j2 + Ai1>j17i27j2’ where

AR e Cou (XU 5 X)) (Cov (XU, X))~ Cou (XU 5, X002 1)),

11,J1,12,52 ° i1—1,517 “Fi2,j2—1

AP —Cov (X)L, X )(Cov ()L X)) —Cov (X;;;Ll,xgz{ﬁ)).

11,J1,12,52 ° i1—1,517 “Fig,j2—1

With the help of Proposition 2.4] we can easily show

w2 G 6n) Y > A

(41,51) €Ty 0y, (i2,52) €Tk, 00,

S//// (%n+6rn)1/z‘cOv (Z0,1(817t1),Z071(327t2))‘
T T

x ‘R[nsl]7[n52]71,[nt1]7[nt2]+1 = Rinsi)—[nsa],[nt1]—[nts]

K
S W ////(’an-i-&rn)lm‘ Cov (ZO,].(Slutl)u 20)1(82,tg))‘dsldtldSthg —0
nTn T 7
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A(2n1

91,J1,12,J2"

lim ot 2 (y, 4 6,)Y S SooooAPm =0 (53)

n_)w . . . .
(41,51) €ETky, e, (12,52)E€ETkeyy 00y

as n — oo. Naturally, the same result can be proved for so we have

Using similar arguments one can also prove
. —4,.-1/2 1/2 (3:n) _
nhﬁngon 2 (Y, + 6r) Z Z Al ing = 0. (5.4)
(41,J1) €Ty, ey, (12,52)ETky 0y,

Further, as k, + £, =n, and Al does not depend on i1, j1,42,j2 using (Z.06)

71 ]1)12 J2
we obtain
. —4,.-1/2 1/2 (4,n) _ 2
nhﬁngon T, (,an + 5rn) Z Z Ail,jl,ig,jg = (8aB? (5.5)

(41,51) €Ty, e, (12,52)ETkeyy 01y

Finally, the combination of representation (5.1 and limits (5.2)—(E3H) yields

. -4 .-1/2 1/2 _ 2
nli)ngo n r, (F)/'r‘n + 57\") E det Bn = W
Now, let us deal with the variance of det B,,. Short calculation shows
n~ %t (v, + 0y,) Var (det By,) (5.6)

Tn + 67‘n n n
,YT Z Z Z Z Cov (Wi(l 31 192,727 Wl(a ,;3,i47j4)

(41,J1) €Ty, 0y, (32,52)ETkeyy 0, (93,53) ET ke 0y (14,54)ETheyy 0y

//////// Yrp, + 61, 1)(51,151,52,t2,53,t3754,t4)+@( (81,1, 82,12, 53,13, 54,14)

=+ 2@513) (81, tl, S92, tQ, S3, tg, S4, t4))d51dtldSth2d53dt3dS4dt4,

where
O (s1,t1, 52,12, 83, 13, 54, t4)
= Cov (Z%) (51,80) 263" (52, 82X X0 s o1~ X fro -t fmea)) K e 1t X sl ntz]—1):
2770 (s, t3) 2 (50 18) (X0 fnta 1= X ool 1 ntal) (Xpos]— 1 ot~ [(v:;ljmnm—l)) )
9512)(51,t1, S, ta, 53,1%3,54,t4):=Cov(Zl(?3)(51,t1)Zéﬁ)(sl,tl)(X[(:S)Q] (nta] - 1—X[(7::2)]_17[m2])2,
Z%)(S?”t3)Zé71)(53’t3)(X[(:s)4],[nt4]—1_X[(::3] 1,[nt4])2>’
9513)(51,t1, S92, ta, 53,1%3,54,t4):=Cov(Zl(TB)(51,t1)Zéﬁ)(sl,tl)(X[(:S)2] (nta] 1—X[(7:;2)]71)[m2])2,

(n) (n) (n) (rn) (n) (rn)
Zl,o (53,t3)Z011 (54vt4)(X[n5g} [nts]— 1_X[n53]71,[nt3])(X[n54]71,[nt4]_X[n54],[nt4]71))'

By representation (I3]) the components @%q), g =1,2,3, of the integrand in the right
hand side of (&.6]) are linear combinations of covariances of form

COV(Eil J1€i2,52€43,53 44,445 €is,j5 i, j6 Eir, 57 s, js )a (57)
where the indices (i, j,) € Z?, r =1,2,...,8, run either on quarter planes Uy, ] (nt,]—1

or on Upps,—1,[nt,]s 4= [(r+1)/2]. Using the definitions of Lemma 23 we can express
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the coefficients of the linear combinations as products of 1/r, and two terms of form

(v, + BTn)[nsWH[ntmT]—l—u—jTP(S[(:;ZLLHM?T]_;_Z.T_% = [nsm,] — 1 — ir), two terms
of form (o, + B, )smeHtm 2= p (G, = [M8m,] =) and

four terms of form (ay., + B, )Psmeltntm.]=1=ir=jr ﬁff)h (Sm, s tm,) with

EE?)JT (Smr7 tm,)
;:P(S(”Tn) :[nSmT]_iT) _P(S(UTTL) :[nSmT]_l_ir)a

[ 1+ [t ]~ 1= — i [y ] [ )~ 1 — i

where v, = oy, /(a, + Br,) and US_ {m,} = {1,2,3,4}. Corollary 2.5 implies that
there exists a positive constant C' such that

~ c
A (st )| < :
‘ irsJr (S m? ’”) - amﬁm([nsmT] + [ntmT] —1—d - ]r)

(5.8)

Covariances of form (5.7) are equal to zero if the index sets {(i,,j,) : 7 = 1,2,3,4}
and {(iT,jT) :r =5,6,7, 8} are disjoint. Besides the nonempty intersection of these

sets, to obtain nonzero covariances in (5.7) for each u € {1,2,...,8} there should
exist at least one v € {1,2,...,8} such that uw # v and (iy,ju) = (i, ju). Consider
first the case, when {1,2,...,8} is divided into two disjoint subsets {u1,usa,us,us}

and {vy,va,vs,04}, (bu,,ju,) = (v, Ju, ), ¥ =1,2,3,4, holds and no other index pairs
are equal. This configuration yields the highest amount of terms when we express the

covariances of @5{1), g =1,2,3. Expression (5.6 shows that the sum of the corresponding
terms of n*STgl (”an + 5rn) Var (det Bn) can be rewritten as the sum of terms of form

//////// (R[nsml]f[nsmz],[ntml]7[ntm2] - R[nsml]f[nsmﬂ:tl,[ntml]f[ntm2]:Fl>
T T T T

X (R[nsmg]f[nsmﬂ,[ntm3]7[ntm4] - R[nsmg]f[nsmﬂﬂ:l,[ntmg]f[ntm4]$l>
X (’77‘71 + 6T71) COV (Z’g.l ,)’Ul (SmS ’ th)Z’IS,Q ,)1)2 (Sm67 tmG ))
% (Yo, + 00, ) 2 CoV (ZE, (S s ) 2T, (Smss tms ) ) st Aty disadltadsadtsdsadts,

u3,v3 Uq,V4

where {m, : r = 1,2,...,8} = {1,2,3,4}, (ur,v-) € {(0,1),(1,0)}, » = 1,2,3,4.
Fatou’s lemma, Lemma 211 and Propositions 2.4] and 2.7 imply that these terms of the
sum n~ 81 (%n + 6Tn) Var (det Bn) converge to 0 as n — oo.

The next case is when {1,2,...,8} is divided into three disjoint subsets {u1,uo,us}
and {v1,vs,v3} and {w;, w2} and either

(iuTujuT) = (ivraj'ur) = (iwrujwr)a r=1,2, and (iue,ajue,) = (i'ugujvg) (59)
or

(Gups Jup) = (Gv,s o)y 7=1,2,  and  (fug, Jug) = (Gvg, Jug) = (s Juwy) = (fwys Juws )
(5.10)
holds and no other index pairs are equal. Inequality (5.8]) implies that we have
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> P(Sfhss) )11y = [051) =) AL (52, 12) | AL (35, 1)

(1:0)€Ulns ) Alnsa] Alnsg]—1,[nt1]Alnta] Alntg] 1
[ns1]A[ns2]Alnss]+[nti]A[nta]Alnts]—2 C?

<

(er, Br,)*([ns2] + [nta] — 1 = m)([nss] + [nts] — 1 —m)

. C?¢(2
X Z P(S[?lsﬂJr[ntl]1m:[n81]—z)§ﬁ,

i=m—[nt1]A[nta]Alnts]+1

m=—0o0

[nsi]A[nsa]A[nss]—1

so the expressions of the above form are bounded uniformly in n and (s,,t,) €T, r =
2,3. Similarly, by Remark 2.6] there exists a constant D > 0 such that

, D3¢(3/2)
Z (H P S[ns +[nt.]—1—i—j [nST]_Z_uT)) < W’ (511)
DEN_, Utnepltur intoltor " o
where (u,,v,) € {(0,1),(1,0)}, r=1,2,3,4.
It is not difficult to show that in the case described by (G.9) the corresponding part

of the sum n=8r!(yy, 4+ d,,) Var (det B,,) can always be bounded from above by the
sum of components of the form

T s e cov oo ) 2ot

% (o, +6,,) " ’c oV (ZE, (Smgs tang ) 2T, (s tna)) | ds1dtr dsadtodisgdtadssdty

where {m, :r=1,2,3,4} C {1,2,3,4} contains at least 3 different points and (u,,v,) €
{(0,1),(1,0)}, » =1,2,3,4. In this way by Fatou’s lemma and Proposition 2.7 we obtain
that the terms of n=%r 1 (%n + 6Tn) Var (det Bn) corresponding to case (B.9) converge
to 0 as m — oo. Using similar ideas and (B.I1]) the same can be proved in the case
(E10).

The remaining terms of n=%r;*(v,, + d,,) Var (det B,) can be handled in a similar
way. O

6. Proof of Proposition 1.7

Similarly to Section [l it is enough to consider the case 0 < a <1 and f=1-«a.
We have

-3,.—1/2 1/2 1/2 1/2 1 - l
n 3 Y2 (e 4 00)) T B Ay, ( (Yo, + ) \/ml)n A,
+ ;lmn,

V32a8n

where 1 denotes the two-by-two matrix of ones. Short straightforward calculations shows

-2, -1/2 /25 I 1 _
(n Tn ('an+57“) B \/ml) —A, =C,+ D,,

where
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Cp = n"tr /4 (Y, + 5rn)1/4 diag(A,)n =2 1/4 (v + 5rn)1/4Bn(1, ne,

(-2 —1/2 1/2 (rn) () _ 1 )l A
D, = (n 2 (v, + 6, (_j)ezT: XX - o —Qu(L-1)".
1, kn ,en

Here diag(A,) denotes the two-by-two diagonal matrix having A,, in its main diagonal
and

Qn = (1,-1)A, = Z (Xi(iq),j - Xi(,gn—)l)aiqj' (6.1)

(4,5) €Tk, 0p,
By Proposition [[.4]

2 1/2 1/2 (rn) x(rn) I L
n T, / (,-an + 57“n) (]); Xi—l,in,j—l — m —0 as n — o0. (62)
T, kn tn

Representation (L3)) and independence of the error terms 553‘) imply EQ, =0 and

EQ2= > E(XI, = X)) = (kn + €0) (kn + Lo + 1) (Roo — Ro11)
(4,9) €Tk 00,

_n(n+1) <1+ (%n+6rn)1/2 2 (M)lm(m_Q)).

dar, Br, n bl Tn

Taking into account (Z.6) we obtain

o1, 1
A T2EQn = 105 (63)
that together with (G2)) implies D,, N (0,0)7 as n — oo.
Tn 2 (Tn) (Tn)
1 /e 46, \1/A_ [ 1 /e 46, \1/4 x ) )2 x ) xlra)
() ) () S G
" n " n (0T 00 \(Xiii21) = X100 X000

8, \N/4n 4+ 1 1 0 \1/4 1 1
_ (’Yn n) (RO,O_Rfl,l) :(Fyn 77,) EQ2 N
Tn 27’L 1 Tn 1

as n — oo. Furthermore, with the help of Lemma 2.8 we obtain

vor( X (Gl - X))
(k,0)

S

_ (1,n) (2,m) (3,n) (4,m)
- Z Z Bi11j11i27j2 + 2Bi17j17i21j2 + Bi11j11i27j2 + Bi17j17i27j2’

(11,51) €Ty 00, (12,52) €Tk, 00,
where
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(1,n) .f (rn)\4 i1+j1—1—u—v iot+jo—1—u—w
By = > (EEgs) —3)< . -
1—U 12—U
(w,v)€Uiy nig,jy Az —1

% a?ﬂll +2io —4uﬁ311 +2j2—4—4v

. . 2 . .
r t1+j—1—-u—v g+ jo—1—u—v
- e () (0
; _ —1—
(u, )€Uy A(in—1).51 Adn—1 i 2 v
% <i2+j2—1—U—U) Q211 +2i2—1—4u 32j1 +2j> —3—4v
lo—U 'n n
n Z (E(E(Tn))4—3) <i1+j1—1—u—v> <i1+j1—1—u—v)
0,0

il—l—u il—u
(u,0) €Uy nig—1,51 Aja—1

% (l2+32—1—u—v) <12+J2—1—U—U> 241 +2i2 —2—4u 241 +2j2—2—4v
a;” B

io—1—u i —U 'n ’
Bz'(ff;ll),i2,j2 =Cov (Xfffj-ifu Xi(;’}i,l) (COV (Xfffj-ifu Xi(:;{;fl) —Cov (Xfff}ifu Xi(;f)lm))’
BU s =Cov (XI5 0 XU ) (Cov (X7, X7 ) —Con(X (T3]0 X7 L) ).
BU S s =Cov (XI5 1 XU ) (Cov (X7, X)) = Cov (XU 1 XI5 ).

Hence, using the same arguments as in the proof of Proposition [l (see (52) and (E3)
one can verify

. 1 Yrn + 5rn 1/2 T 2 Tr T
lim — (L) Var( > () _X,ggyex,g/l)) —0.
" (k,£)E€Tx,, 0,

Naturally, the same holds for the second component of n=2p, /4 (Ve + 5rn)1/4Bn(1, nr,
that means

n 2y, +6,) B (1,1)T 225 (0,007 as n — oo. (6.4)

Proposition [[5 and (6.4 imply C, N (0,0)T as n — oo, so to prove the asymptotic
normality of n=3n~1/2 (%n + 5rn)1/2BnAn it suffices to show the asymptotic normality
of n711A4, =n71Q,(1,-1)T.

Foragiven n € N and 1 <m <n let Qpnm = (1,—1)Anm. Obviously Qn.n=Qn
and from (1) we have

Qn,m - Qn,mfl = A£7,1,2n,1 - Ag%zn)l + Z 5;;}1) (An,m,2,k71,f - An,m,Z,k,Efl)- (65)
(k,L)ERm

As (Qn,m — Qn,m—1, F,’,EL) is a square integrable martingale difference, similarly to the
proof of Proposition the statement of Proposition [L7] follows from the propositions
below.

Proposition 6.1 If 0<a <1, 8=1—« and (1) holds then

1 n
m Z E((Qn,m - Qn,m—l)z‘]::;l_l) i>
m=1

1

— as n — oo.
da8
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Proposition 6.2 If 0<a <1, f=1—a«a and (L) holds then for all § >0

1 n
w2 Z (Qnym — Qnym— 1)? 1{10nm—Qnm— 1|>6n}| )LO as m — o0.

Proof of Proposition [6.1] The proof is very similar to that of Proposition 1l Let
V= E((Qnm — Qum—1)* | Fi_1). The statement of Proposition 1] will follow from

nlil&ﬁw; EV! = o5 and nlgxgon—Var<mle ) =0. (6.6)

By the martingale property of Q) ., we have
ZEV"—Z (EQm — EQm—1) = EQ,
m=1

that together with (63) implies the convergence of the means in (G.6]). Furthermore,
representations (@I of Q7' and ([@3) of UM imply

Vo= (L -DUUE (L -1)T =EAY), AP )+ S (Anmek- 1= Anmagwe1)’.
(k,0)ER,,

Using representation (L3]), definition ([4.2]) and Lemma 2.8 one can verify

ar <Z Vﬁ) _Var< Z Z Apom,2,k— 1e—f~1n,m,2,k,21)2)
m=1

m=1(k,£)ER,
< E Gn7i17j17i21j2 + Hp,

(31,51) €Ty, 0, (12,52) ETkeyy 0
where

1—1,71 i1,j1—1 i2—1,72 i2,j2—1

Ghiy 1 is,js i= Cov ((Xl-(r") —x () )2, (X.(T”) o x ) )2)

and n"*H, -0 as n — co. As X,gr_"l)g — X,grg‘_)l is also a linear combination of the

variables {agjﬂj") : (1,5) € Up,e}, by Lemma 28 we have

E E G g a2

(41,51) €Tk 0y, (12,52) €Tk 2,

(1) +7(2)
= Z Z (2M4L" 11,J1,82,j2 +(M4_3) Ln7i1,j17i27j2)

(%1,J1)ETkp, 00, (12,52)EThyy b

129 kn
+
+ (My—3) § E E LY (o) + > E Ly, (B |
i=—Lp+1j1=—i+1 jo=—i+1 j=—kn+liz=—j+1ia=—j+1

where
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1)

Cov (X = x| xlm) o xm))?

n,%1,J1,92,72 ° i1—1,51 i1,51—10 Miz—1,52 ig,j2—1
(2) .f (i14jo+iz+j2—2—2u—2v)
Lnyilﬁjl,izyh T § : (O‘Tn + Br )
(u,v)EUiq nig—1,51 Ajo—1
x (P(s"m) — i1 —u) —P(s"m) 1)
i1tji—l—u—v — 1 U i1tji—l—u—v — U u
P(s¥m) — P(srm) iy — 1 i
X ( intjo—l-u—v — 27U ) ( iotjo—l—u—v — L2 _u) )
12 N\12—1 1
IO )= 3 Atz < L 0< v <1
1»712 1 _ V2
U=—0o0
Obviously,

1
nt Z Z LSZhJMz,Jz

(%1,J1) €Ty, 0y, (12,72)EThyy b

2
//// 1/2 COV Ol(slatl) Zfo)(slatl) Z( )(SQ,tQ) ZfTB)(SQ,tQ))) dSldtldSthQ,

where due to (7)), Propositions 24 X7 and Fatou’s lemma the right hand side converges

to 0 as m — oo. Furthermore, using Remark one can find an upper bound for
2

nix.juizger DOMELY
@ D¢(5/4)
7,21,J1,22,J2 — (arnﬂrn)g(il Vg + j1 \/jz)l/4
with some positive constant D. Hence,
1 20D¢(5/4
Z L(2) < C( / ) 0

A n,01,51,82,02 = (y, Br )3n1/4

n . .
(11,51) €Tk, 0,

as n — oo. Finally, if v, denotes one of the sequences «,, or [, we have

1
JE{;; Z Z Z L3 ) s ey ="

i=—Lp+1j1=—i+1 jo=—i+1

that completes the proof. O
Proof of Proposition Using the same techniques as in the proof of Proposition
with the help of representation (G.3]) one can show that

niz Qnm Qnm 1 | 1)i>0 as n — o0.
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