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Abstract

Statistical inference based on moment conditions and estimating equations is of sub-
stantial interest when it is difficult to specify a full probabilistic model. We propose a
Bayesian flavored model selection framework based on (quasi-)posterior probabilities from
the Bayesian Generalized Method of Moments (BGMM), which allows us to incorporate
two important advantages of a Bayesian approach: the expressiveness of posterior distribu-
tions and the convenient computational method of Markov Chain Monte Carlo (MCMC).
Theoretically we show that BGMM can achieve the posterior consistency for selecting the
unknown true model, and that it possesses a Bayesian version of the oracle property, i.e.
the posterior distribution for the parameter of interest is asymptotically normal and is as
informative as if the true model were known. In addition, we show that the proposed quasi-
posterior is valid to be interpreted as an approximate posterior distribution given a data
summary. Our applications include modeling of correlated data, quantile regression, and
graphical models based on partial correlations. We demonstrate the implementation of the

BGMM model selection through numerical examples.

Key words and phrases: Bayesian, GEE (generalized estimating equations), GMM (generalized
method of moments), MCMC, model selection, moment condition, oracle property, posterior

validity.

1 Introduction

We consider the estimation problem based on the following unconditional moment restric-

tions

E{g(D,0)} =0 (1)
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where D is a set of random variables with domain D, 6 is a p-dimensional vector of parameters
to be estimated, and ¢ is a m-dimensional mapping from D x R? to R™. Typically it is neces-
sary to have m > p for the point identification of 6. Given an i.i.d. or stationary realization
D = {Ds,...,D,} of D, one can estimate 6 directly from such a set of m moment functions,
without needing to fully specify the underlying data generating process of D. In this paper, we
consider the case where in (), the true parameter 6y could possibly lie in a lower dimensional
subspace. Our goal is to consistently select the relevant variables and estimate their effects,
namely the nonzero components of 6y, when the specification of full probabilistic model is un-

available but a sufficient number of moment conditions are present.

We consider a Bayesian-flavored approach, where a quasi-posterior can be derived from a
prior distribution and a quadratic form of moment restrictions. This enables us to accommodate
two important advantages of the Bayesian approach: the expressiveness of the posterior distri-
butions and the convenient computational method of MCMC. These are particularly useful for
the model selection problem that we study. We are able to report the most probable model,
the second most probable model and so on, together with their quasi-posterior probabilities,
which are shown to be asymptotically valid in large samples. We can also use the reversible

jump MCMC algorithm (IG_E_e_e_UI |19_9j, hlellamﬂ@&al] |2M) to traverse the space of different

models and simulate the quasi-posterior probabilities.

For this framework of moment-based Bayesian method of model selection and model aver-
aging, our paper will prove several appealing fundamental theorems. They will address model
selection consistency, oracle property, and valid interpretation of the quasi-posterior distribu-
tion. In the following, we will first review the related works and then describe in detail the

contributions of our current paper.

1.1 GMM and BGMM

The moment based estimation problem (] is important and has been extensively studied
in econometrics and statistics. Well known methods include the generalized method of mo-
ments (GMM |H311mu| |_l_9§d Emw hm, |_ijm;z| bﬂﬂfﬂ), the empirical likelihood (EL,
|Q\AL€D| , blnjnd_l@ﬁdﬁsg |J_9_9_Z}I), the exponential tilting (ET, Ki |19_9j),
the exponential tilted empirical likelihood (ETEL, [S&lﬁ[m&i]l |21)1ﬁ, |21)1H|) and the generalized
empirical likelihood (GEL, Mmms_mﬁﬂ |21)D_4ﬂ) Essentially they all share the same first

order efficiency of optimally weighted GMM estimator, and have been applied to independent
data, time series data and panel data in econometrics. On the other hand, researchers in
statistics also use the moment based methods for constructing efficient estimators, especially
for clustered and correlated longitudinal data. For example, [Qu et alJ (IZQLEJ) proposed a GMM
type estimator to avoid the inefficiency from misspecified working correlation matrices in gen-

eralized estimating equations (GEE) for longitudinal data. |Wa.ng_e_t_a.l.| (IZD_ld) considered the
EL approach to address the within-subject correlation structure. Recently frequentist penal-

ization methods have been proposed to accommodate increasing dimension p. See for example



Wang et al, (|2Q12|), Leng and Tang (IZQIZI), Cho and Qu (IZDl}i), \Caner and Zhang <|2Q]_3J), ete.

In general, the moment based estimation methods only require information on the low order
moments of D and are therefore more flexible, efficient and robust to model misspecification,

as long as the moment conditions are correctly specified.

Our work focuses on the Bayesian inference of # under the moment constraint (). Com-
pared to the abundance of frequentist literature, the development of Bayesian methods on this
problem still remains limited. One difficulty that hinders the fully probabilistic Bayesian mod-
eling is that some prior distribution on both the distribution of D (denoted as Pp) and the
parameter 6 needs to be specified, such that the pair (Pp, #) satisfies the set of restrictions ().

Recent progress in this direction includes hiEmmm_amm (|2_Q1_l|) and mmmm&mmll
(IZ_QLj) hmmmlm_amm (|2_Q1_1|) tried to minimize the Kullback-Leibler divergence of Pp

to a Dirichlet process, which leads to an ET type likelihood function that computationally re-
quires optimizations within each MCMC iteration step. |E]Dl‘_ens_aﬂ.¢s_lm9_nj (IZD_].d) exploited

the Gaussian process prior and required a functional transformation of the data that is only

asymptotically Gaussian, which still leads to a misspecified likelihood function in finite samples.
Besides, both methods have only been tested on simple examples that involve a few parame-
ters and moments. Instead, another analytically simpler Bayesian way of modelinﬂ is the

(2002)

Bayesian generalized method of moments (BGMM), first proposed and studied by

and ), which constructs the simple quasi-likelihood function
1 n_ —1-
a(D[0) = rexp {~39(D.0) V. '5(D.6)} (2)
det (277V,,/n)2

where g(D, 0) is the sample average of ¢g(D;,0),i = 1,...,n, V,, is a m x m positive definite
matrix that could possibly depend on the data D, and det(A) denotes the determinant of a
matrix A. Hereafter we use the symbol “¢” to denote the quasi-likelihood function and the
quasi-posterior. This quasi-likelihood functlon has been studied under a Bayesian framework
in m ) and is named the limited information likelihood (LIL), which minimizes the
Kullback-Leibler divergence of the true data generating process Pp to the set of all distributions
satisfying the less restrictive asymptotic constraint lim,, ,,, E {ng(D, 00) 'V 1g(D, 90)} /m =
1. This relation holds when we choose V', to be a consistent estimator of the covariance matrix

Var(g(D, 6y)). Given a prior distribution 7(6), the quasi-posterior takes the form

1
a(6]D) rexp {~53(D.60) 'V G(D.6) } x(6). 3)
det 27V, /n)
By using ¢(D|f) in the Bayesian model, we only need to specify a prior on 6 and thus cir-
cumvent the difficulty of directly assigning a prior on the pair (Pp,#) with constraints (IJ). In
the computational aspect, ¢(D|6) takes an explicit analytical form that allows straightforward

MCMC updating for the corresponding Bayesian posterior without any iterative optimization

steps . Furthermore, when V,, is chosen as a consistent esti-

mator of Var(g(D, 0 ):; the e Eonentlal part of ¢(D|#) resembles the optimally weighted GMM

criterion functlon which in large samples can be viewed as a second order ap-

proximation to the true negative log-likelihood function that follows a chi-square distribution



with p degrees of freedom if m = p and both are fixed (IED‘ @)

The theoretical properties of BGMM have been investigated extensively inbbﬂmzbum.n.d_m

) and MMMLQIMM]&HI dZDﬂ_d), who show that a Bernstein-von Mises theorem
holds, i.e. the posterior distribution converges asymptotically to normal. The computational
aspects of BGMM with no model selection have been investigated in |Xm| (IZD_Qd) and [Yi
(IZD_]_]J) |K1D:J (IZ_QlAI) has established the pairwise consistency theoretically when each candidate
model is compared to the true model separately, and has used MCMC in simulations for such

model comparison. |Hm1g_ami_£msﬁm| (IZQ_lj) has discussed a more general Bayesian model se-

lection framework including BGMM as well as Bayesian GEL, and has studied the consistency

of Bayes factors and Bayesian information criterion (BIC) under both nested and nonnested
scenarios (see a more detailed comparison later in Remark 3 in Section 2). Other applications
of BGMM include the moment inequality models (ILL&D_&DQM bﬂld) and the nonparamet-

ric instrumental regression (Li , |2_Qlj) However, theoretical properties

of BGMM, such as the limiting distribution and the posterior interpretation, have not been

systematically studied in the context of model selection with increasing dimensionality.

1.2 Contributions of current paper

We study theoretical properties of BGMM in the context of model selection. The detailed

contributions of the current paper include the following:

1. We prove that BGMM automatically achieves the “global model selection consistency”

(see, e.g., Lkﬁmmn@udﬁ&s&ﬂ]l bﬂlj) under some regularity conditions on the moment function

g(D,0) and the prior. This is to say that the BGMM posterior probability of the true model
converges to 1 with high probability.

2. We derive an oracle property for the BGMM procedure, which states that the BGMM
posterior distribution converges in total variation norm to a normal distribution concentrated
on the true model space with an efficient variance, as if the true model were known. This

oracle property is the Bayesian analog of the frequentist post-model-selection oracle prop-

erty of ), and is comparable to the Bayesian oracle property proposed by

([20_L1|) While hﬂwﬂ.ﬁa& (|2_Q1_l|) showed this oracle property only for

the posterior mean estimator in the normal linear model, our version of Bayesian oracle property
studies the global asymptotic concentration behavior of the whole posterior for the general form
of moment conditions. We apply BGMM to our motivating examples in Section 1.3 and show
that the model selection consistency and oracle property hold under mild regularity conditions

on the data and the moments.

3. Our theory for BGMM allows the number of parameters p to increase with the sample size

n. This is technically challenging because the number of candidate models 2P will increase

exponentially fast with n. Although |Hm1g_am_El_esLQu| (IZQ_lj) andm (M) have established




model selection consistency for BGMM with a fixed number of models, their techniques based on
pairwise model comparison are not sufficient for showing the global model selection consistency
under our increasing dimensional setup. Our theoretical results accommodate an increasing
dimension p that satisfies p*/n — 0 up to some logarithm factors, which is the same as the
growth rate in i (IZD_O}J), who studied BGMM without model selection.

4. We present a novel interpretation of the BGMM quasi-posterior, as an approximate posterior
conditional on a data summary that is equivalent to the GMM estimator. Particularly for model
selection, we derive the convergence rates of Bayes factors for the BGMM method and the fully
Bayesian method given the GMM estimator, and show that they have similar asymptotic be-
havior. Therefore, the model posterior probabilities from BGMM are asymptotically valid and

can be used directly for comparing different models.

5. Our numerical experiments provide practical guidance on the MCMC computation in a com-
plicated setup with 2P candidate models. The previous works on BGMM computation either
have not considered the model selection problem (I_ﬁn_@j]_] l20_ll|), or have only considered

pairwise model comparison using MCMC (e.g. ). We implement the reversible jump

MCMC algorithm and demonstrate BGMM as a practically feasible and efficient alternative to

the frequentist regularization methods.

Below we provide some motivating examples that involve the moment condition (1) and can

be easily incorporated into the BGMM framwork.

1.3 Three motivating examples

The moment condition model () is much more general than probabilistic models such as
the normal linear model and generalized linear models, since one could set the moment function
to be g(D,0) = Jglnp(D|6), where p(D|6f) is the probability density of D. For example, in the
Poisson regression model D = (Y, X")T and Y|X ~ P(BXTG) for some covariates X, we can
use the moment function g(D,0) = X (Y —eX TG) for quasi-posterior based inference from (3),
although the likelihood based inference would be more straightforward in this case. In fact,
the proposed moment based method has more flexibility when only the lower order moments
or quantiles are specified rather than the complete probabilistic model, as described in the

following examples.

Example 1. Correlated longitudinal data. In longitudinal studies, suppose the jth observation
for the ith subject is a scalar response variable Y;; and a p-dimensional covariate vector X;;. For
simplicity, we assume that each subject has the same number of observations, i.e. j=1,...,s
and i = 1,...,n. Let V; = (Yi1,...,Ys)", X; = (Xi1,...,X5s) ", and E(Y|X;) = u(6),
where 11;(0) = (u(X;}0),...,1(X,10))" and u(-) is a monotone link function. To account for
the heteroscedasticity, we assume the conditional variance of Y;; given X;; is a function of the
single index X;H, ie. Var(Y;;|X;;) = (ﬁ(Xi;H). Then the frequentist GEE method estimates 6



by solving equations

Z Wi0) 51— (o)) = 0 (4)

where S; = Ag/QRAil/z7 A; = A;(0) = diag {$(X,10),...,9(X,L0)} is the diagonal matrix with
the conditional variance of Y given X and R is a working correlation matrix. If we denote the
data as D; = (V;, X;)", then the moment function is defined by

. T
o(D.0) = 20 g1 — o)), o)

And the moment condition () is satisfied.

Example 2. Quantile regression. Suppose that Y is a continuously distributed response vari-
able, and X is a p-dimensional predictor vector for the 7-th quantile (7 € (0,1)) of Y. The
conditional quantile function of Y given X is specified by F: v X( 7) = X 16, where FY| y is the
generalized inverse of conditional distribution function of Y given X. Then let D = (Y, X )T

and we can construct p moment functions as
g(D,0) = X {1(v —xT9 <0) -7}, (6)
where 1(+) is the indicator function.

Example 3. Partial correlation selection. The partial correlation structure of a s-dimensional
random vector Y is specified by its precision matrix @ = £~ where ¥ = E {Y -EY)Y -EY)"}
is the covariance matrix of Y. Hereafter without loss of generality, we assume that Y is centered
such that EY = 0. The partial correlation between the ith and the jth components of Y is
defined by pi; = —w;;//Wiitj;, where w;; denotes the (i, j)th entry of €. w;; = 0 implies zero
partial correlation between the ith and the jth components of Y given all the other components.
For multivariate Gaussian random vector, there is an equivalence between the conditional in-
dependence and the zero partial correlation. In the general case where multivariate Gaussian
assumption is not satisfied, we can still use the second moment of Y to identify the zero entries

in . Let 0 be the vectorized upper triangle part of 2. Then we can define the moment function
9i(Y,0) = YiY; — (271, (7)

for 1 < i < j < s, and the stacked moment vector g(Y, ) satisfies ([Il). We have dim(6) =
dim(g) = s(s + 1)/2 =: p where 6 is just identifiable. The model selection problem for partial

correlation has been studied in, for example, |D1I9_u_a.nd_Rerlma.n| )s

), etc.

1.4 Organization of the paper

The rest of the paper is organized as follows. In Section 2.2, we derive the oracle properties
for BGMM model selection based on a set of high level assumptions. In Section 2.3, we discuss
the validity of the proposed BGMM quasi-posterior. Section 3 provides the algorithm we use

for BGMM and numerical experiments to illustrate the empirical performance of BGMM model



selection. Section 4 includes further discussions. We check these assumptions for the three
motivating examples in Section and include the technical proofs of all theorems in the

supplementary material. A real data application can be found in the online technical report

Li and Jiang (2014).

1.5 Some useful notation

We define some useful notation. Let |- |, denote the Ly norm for k£ € [0,00] and || - || be
the Euclidean norm (Lo norm). For any generic square matrix C, let A\(C), A(C) denote the
smallest and the largest eigenvalues of a square matrix C. Let ||C|| = y/A(CT C) be the matrix
operator norm. For two stochastic sequence {a,} and {b,}, let a,, < by, a, > b, and a,, =< b,
denote a,, = o(b,), b, = o(ay) and ay, b, having the same order as n — co. a Vb = max(a,b)
and a A b = min(a,b). The notations o, and O, always refer to the probability measure Pp of
the sample D. We use “C” to denote any generic constant whose value can change in different
places. We use the statement “the event A happens w.p.a.l as n — o0” as an abbreviation
for the statement “the event A happens with Pp probability approaching 1 as n — oo 7, i.e.
lim,, o, Pp(A) = 1.

2 Theoretical Properties of Bayesian GMM Model Selection

The Bayesian model selection problem has been extensively studied, but mostly for nor-

mal linear regression models and generalized linear models. See for example,

|Ql11.pmﬁnﬂ_aﬂ
(2001), [Smith and Kohyl (1996), lIshwaran and Rad (2005), liang (2007), Liang et al. (2008),
Lkzhnsg_u_amLRst_eﬂ (IZQ].d )s |l4lang_eLa.l.| (|2Qlj), etc. Our Bayesian model selection is substan-

tially different from all these papers. Instead of having a probabilistic model such as the simple

normal linear model, we work with the moment conditions (1) and do model selection using
BGMM. Our true parameter 6y is the unique solution of (I) and possibly lies in a lower di-
mensional subspace of the whole parameter space © C RP. We restrict © to be a compact and

connected set in RP, with finite Ly radius R = supycg ||0]| for some large constant R > 0.

Without loss of generality, in the following we will consider models generated by all the
possible coordinate subspaces of RP, which leads to a total of 2P different models M and the
parameter space partition © = (J, yq<, ©(M). Let k = [M]| (0 < k < p) be the size of a generic
model M, which is the number of nonzero components in any 6 € M. Suppose My is the true
model space that contains 0y, and kg = |Mp] is the dimension of §y. For a given model M and
a generic 6, let 6 = (9;'—, GJ)T where 6; € R* and 6 € RP~* correspond to the components that
lie in and outside ©(M), respectively. So 6, = 0 if § € ©(M). We emphasize that the meaning

of subscripts “1” and “2” can change with the model index M.

For such a model selection setup, the prior distribution can be written in the hierarchical

structure () = 35, T(O|M)T(M) = 30\, T(OIM)T(M|IM]| = k)m(k) for k = 0,1,...,p. If



a model M does not contain all the nonzero components for a given 6, then w(9|M) = 0. We
assume that each 7(6|M) has a density function. For two different models M; and Maj, the
(quasi-) Bayes factor of M; with respect to My is defined as

q(D|My) f@(/vtl) (D6, My)m (0| M1)do

PR M= DI Tou,) 0D MmO 0 Y

and accordingly the (quasi-) posterior odds is the product of the Bayes factor and the prior
odds

¢(DIM) 7(Mi1)  Joumy 4DI8 MI)T(OIM)AE 7(Mm,)
¢(D|Mz) 7(Mz2)  [o(py,) a(D]0, Ma2)m(0]M2)d0  7(Mo)

POq[/\/l1 . Mg] == (9)

The model selection consistency we are going to establish is the global model selection

consistency (L]_o_h.nsgn_and_Bﬂanj |20_]j), in the sense that asymptotically the true model M,

will not only be the MAP model (maximum a posteriori) but also have posterior probability

tending to 1. Equivalently, we will show that the sum of all posterior odds PO4[M : My]
with M # M converges to zero in probability. This strongest mode of consistency implies
that the posterior mass will be concentrated around the true model and most of the 2P models
receive negligible probabilities. This is a desirable property in practice for interpretation, since
commonly used Bayesian estimation procedures such as model averaging will then involve only

a few models instead of many candidate models.

2.1 Assumptions

The set of assumptions below follows closely the set of conditions for Z-estimation in

). They are high level assumptions imposed on the data gen-
eration process, the model parameters, the moment conditions and the priors. For a specific
model, these assumptions are not necessarily in the most general form, but they do cover a wide
class of moment condition models in practice and are sufficient for illustrating the theoretical
properties of BGMM.

For the data generation process and the true parameter 0y, we make the following assump-

tions.

Assumption 1 (Data Generation Process) {D;,i = 1,...,n} is an i.i.d. sequence. E g(D,6y) =0
for some 0y € ©. © is a compact and connected set with Lo radius R for some large constant

R > 0, and it contains an open neighborhood of 6.

Assumption 2 (Dimension) Let dim(f) = p and dim(g) = m. Assume that p < m, p < m,
p*In®n/n — 0 and p>**Inn/n® — 0, where a is defined in Assumption 4.

Assumption 3 (Beta-min) Let €, = /p/n. Assume 1 = minjen, |0o,;)| = VInne,, where

bo,(jy’s for j € My denote the nonzero components of the true parameter .



The ii.d. assumption in Assumption 1 can be possibly relaxed to a weakly dependent
stationary process using more involved techniques. The compactness assumption for the pa-
rameter space © is standard and mainly for technical convenience, and it can be relaxed to
the full space of RP if we can control the tail behavior of the prior (see the discussion after

Assumptions 7 and 8). Assumption 2 allows increasing dimension p, and the growth rate of

p is comparable with those in Bﬁlbummlﬁhﬂnﬂzbu]ﬁ)szl (IZD_Qd) klbp_a.n_dQJ (IZQL"i) w

(|2Q1_l| h‘mgﬁmﬂhné (lZD_lj etc. The beta-min condition in Assumption 3 is commonly used
in the frequentist GEE literature (see e.g. |Wa‘ng_ejjl.| l20_lj, tmg_ami_l‘ané |2111j7 Lcm_amgﬁ

). It gives the minimal magnitude of nonzero coefficients that could be detected by BGMM.

Let By(e) = {0 € © : [|§ — 0y|| < €} for any e > 0. We make the following assumptions on

the moment conditions.

Assumption 4 (Moment) (i) The moment function g(D, 6) satisfies the continuity property
T 2 1/2 @
sup  [E{(n" (9(D.0) = g(D,00)*}| " < O (/B0 — 66])™),
n€R™, [Infl=1
uniformly in § € © for some constant « € (0, 1].
(ii) The class of functions F = {n' (g(D,0) — g(D, 6y)),0 € ©,n € R™, ||n|| = 1} has an envelope
function F' almost surely bounded in Lz norm ||-||p, 2 as order O(,/p). The Lz uniform covering
number N (¢||F||py .2, F, L2(Pp)) satisfies that for any small € > 0,

In N (| Fllpy.2, F, L2 (Pp)) = O<pln (%))

Assumption 5 (Linearization) (i) || E g(D, 0)| > do A (61]|0 — 6p||) uniformly on © for some pos-
itive constants dg, d1.

(ii) G := VyE g(D, ) exists, and the eigenvalues of G' G are bounded from below and above
as n — 0.

(ili) H(0) := V,r Eg(D,0) exists for 6 € By(Ce,), and uniformly over 6 € By(Ce,) for any
fixed C'> 0, sup |y =1, |jv||=1,uvere [H(0)(w,v)[| = O(/p).

Assumptions 4 and 5 on moment function g(D, ) parallel the conditions ZE.1 and ZE.2
n bﬁlﬂmﬂﬂmmim]@_vl dZQDd) respectively. The continuity index « in Assumption 4(i)

satisfies @ = 1 for the mean regression, such as the examples of correlated longitudinal data

and partial correlation selection, and o = 1/2 for the quantile regression model. The entropy
condition in Assumption 4(ii) controls the complexity of the class of moment functions g(D, ).
Assumption 5(i) guarantees the point identification of the true parameter 6y, and part (ii) and
(iii) impose mild assumptions on the first and second derivatives of E g(D, 8) around 6. These
regularity conditions are mainly used to derive large deviation bounds via empirical process re-
sults, and they will be verified later for our motivating examples. Note that unlike

(IZQ]j), |L.e.ug_a.n_d_Ta.né (IZQ]A) and klbp_a.n_dQuI (IZQ]j), we do not require the moment func-

tion g(D,0) itself to be differentiable. This allows more general applications to discontinuous

g(D,0), such as in the case of quantile regression.



Assumption 6 (Variance) V,, is a positive definite matrix for all n, and converges in the matrix
operator norm to V' = Var {g(D, fp)}. The eigenvalues of V,, and V are bounded below and

above for some positive constants A and A w.p.a.l as n — oo.

Assumption 6 assumes that the positive definite weighting matrix V', is a consistent estima-
tor of the covariance matrix of g(D, 6) at 6, similar to the preliminary estimator of the optimal
weighting matrix used in the two step GMM estimation. Although this consistency of V', to
V is not required for the model selection consistency, it is necessary for the valid posterior
inference such as posterior credible sets. Essentially V,, needs to satisfy the generalized infor-

mation inequality (Immlkmmxmm |ZDD£4), such that the LIL asymptotically satisfies

the second Bartlett identity as a true likelihood function does. Such consistent estimator V',

usually exists for all our motivating examples.
Finally we impose the following assumptions on the prior.

Assumption 7 (Prior on ) (i) m(0|M) has a density function restricted to ©, and is bounded
above by a constant ¢, uniformly over all model spaces M.

(ii) Suppose 8 = (0] ,0,)" is decomposed according to the model M. Then uniformly over
all models M D My, for any given C' > 0, |In7w(0;|M) — In7(0p pm,1|M)| = o(1) as n — oo
if & = (0],0N)T € ©(M) N By(Cey), where 0y pq1 is the subvector of the true parameter 6o
restricted to ©(M).

(iii) Uniformly for all models M D My, there exist constants cg,c; > 0, such that m(6g|M) >
e~ and [In (80,011 M) — In 7(60lMo)| < e1(IM] — [Mol).

Assumption 8 (Prior on models) The model prior m(M) satisfies:

(i) Jimp 00 SUP{Ag A5 Mo} (T(M)/T(M0)) (p/ /)70l < 0.

(ii) suppae: mo\ oy (M) /T(Mo) = e"PIM" for some constant r; > 0 as n — oo.

Our Assumption 7(i) that the prior is restricted on a compact set © is mainly for technical
simplification, which can be relaxed as long as the tail probability of w(6|M) decays sufficiently
fast on each model M. The idea is that the one can divide the possibly noncompact support
into a compact set ©,, with radius increasing sufficiently slowly with n, and let the prior mass

outside ©,, be negligible as in the large n asymptotics (L]_mg_amiw |ZDD§) Other than

this, Assumption 7(i) is mild and encompasses most of the commonly used priors truncated on
©. Assumption 7 (ii) and (iii) for the priors on parameters 7(6|M) are satisfied by, for example,
a uniform prior on the model space O(M), or a truncated multivariate normal prior on ©(M).

Assumption 8 requires that the models larger than the true model Mg do not receive overly
large prior mass, and the prior on the true model cannot be exponentially small compared to any
other models. This is automatically true when p does not increase with n, provided that m(M,)
is a positive constant. With increasing dimensions, these requirements can be satisfied by, for
example, a prior where each coordinate enters the model independently with a fixed probability
v € (0,1), which includes the uniform prior as a special case if v = 0.5. Other examples include

priors that propose a model size | M| according to Poisson or geometric distributions upper

10



truncated at p, while all models of the same size are equally likely. A detailed verification of

Assumption 8 for these priors can be found in Section 4 of the supplementary material.

2.2 Oracle Properties of BGMM

With all these assumptions, we now state the main results as follows. The proof of Theorem

[ is given in the supplementary material.

Theorem 1. Suppose Assumptions 1-8 hold. Then
(i) (Model Selection Consistency)

q(Myp|D) — 1, w.p.a.1 as n — o0

that is, the quasi-posterior probability of the true model converges to 1, w.p.a.1 as n — oco.

(ii) (Posterior Asymptotic Normality) Given a model M, let Gaq be the submatriz of the
derivative matriz G with respect to the subvector 61 in 6 = (6,04 ). Let Opy1 = Oo M1 —
(GLOVZLIGMO)AGLOV;%(D, 6o), where Oy o1 is the subvector of 6y restricted to ©(My).
Then w.p.a.1 as n — oo,

sup — 0,

/ ¢(0)D)d6 — / 6 (01:0010.1, (G R, Vi ' Gt ™ /) a1
ACO|JA ANB(My)

where ¢(-; p, X) is the normal density with mean p and covariance matriz X, and 6 = (0, ,05 )T

s decomposed according to the true model M.

Part (i) of Theorem [ establishes the global model selection consistency of BGMM, similar
to previous Bayesian results from Lk)hnso_u_amLRst.eﬂ (IZQ].j) and |L_Lang_eL_alJ (lZQlfi) for the

normal linear model and the generalized linear models. Based on the BGMM posterior, the zero

components of the true parameter 6y are estimated to be zero with Pp probability approach-
ing 1. It also implies that asymptotically the MAP model M converges to the true model

My in Pp-probability. This parallels the frequentist model selection results via penalization

for moment based models and estimating equations (I_Wang_e_t_a.lj |2Q]j, h&ngjndlané |2Q]j,
chmmgdlzﬂd, etc.)

Part (ii) of Theorem [ establishes an asymptotic normality result, in the sense that the

total variation difference between the BGMM posterior measure and a kg-dimensional normal
distribution concentrated on the true model converges to zero in probability as the sample size in-
creases. This is a direct extension of the Bayesian CLT result in (IZD_Oj)

and Wﬁm&ﬂu@&l (IZ_O_O_d) from a single full model space to the joint of all submodel

spaces. Because the BGMM posterior is a mixture distribution on 2P model spaces ©(M) with

different dimensions, we do not present result using the L; distance between two densities ¢(6|D)
and ¢ (61 Or.1, (G/TMOVILIGMO)_l/n). The asymptotic mean of the normal distribution faq, 1
is the first order approximation to éMo,l = arg mingee () 9(D, 0)"V . 1g(D,#),ie. the GMM

estimator restricted to the subspace ©(M,). Furthermore, given Assumption 6, the generalized

information equality is satisfied J ), and the asymptotic variance
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of the limiting normal distribution is the same as the corresponding frequentist variance of the

GMM estimator GAMOJ.

Remark 1. Bayesian oracle property. The conclusion of Theorem [ can be written heuristically

as follows: Let 6 = (9]—, HJ)T be decomposed according to the true model M, then

(i) 62|D ~ 0 w.p.a.l as n — 00 ;
(i) q(611D) = N (Opn,1, (Giy, V' Gate) ™t /n) wopal as n— oo .

The zero components in 6y are estimated to be zero given the data D with large probability,
and the nonzero components in 6y almost follow a normal distribution centered at the first or-
der approximation to the GMM estimator under the model Mg, with the same optimal GMM
asymptotic variance matrix, as if the true model My were known. We call this the Bayesian
oracle property for model selection, which resembles the frequentist oracle property for penal-

ized likelihood in M_LJ (IZ_OQ_]J) Theorem [ guarantees that the BGMM posterior will

automatically identify the unknown true model, and automatically converges to an asymptotic

normal distribution centered around the unknown true parameter with the optimal GMM vari-

ance, as if the true model were known. Compared to the oracle property in
M), our version is much stronger in two aspects: 1. Our model assumptions are based on
the general form of moment conditions (Il) and are therefore more general than the normal

linear regression model in hshﬂamn_anﬁLBad (IZ_Q]_]J), 2. Our oracle property characterizes the

overall shrinkage of posterior distribution to an asymptotic normal distribution on the true

model, while hﬂnmaﬂ_am_Bﬁd ([20_L1|) only considered the asymptotics of the posterior mean

estimator.

Remark 2. We explain why the oracle center 0 Mo,1 (of the asymptotic normal approximation
to the quasi posterior) is a desirable result. Roughly speaking, this oracle center will be often

close to the unknown nonzero components of the true parameter 6y in large samples, since

their difference has the order O, ( \ p/n} This oracle center is also similar to the center of
Bayesian CLT in i b c ) and it applies to all our motivating examples
in Section [L3l Furthermore, in many cases we have the higher order approximation from 6 Mo, 1
to the GMM estimator 0 Mo,1, with the difference [|aq,1 — 0 g ), following the

(@j When thls high order

stochastic expansion of GMM estimator 1n
approximation holds, the oracle center 6 Mo,1 in Theorem [ (ii) is equivalent to and can be

replaced by the oracle GMM estimator 6 Mo,1-

Remark 3. Our work in model selection of BGMM may be regarded as a more detailed study

of a special case of |HQ_n.g_a.n.d_Br_QsLD_U| (IZ_Q]_A) They have considered model selection in a more

general framework, which allows general objective functions, including the GMM and GEL

criterion functions. In addition, they allow multiplicity in the set of “best models” which could
be mutually nonnested (see their Section 4.2.2). Their results indicate that model selection
consistency can hold in the nested case but fail in the nonnested case. Regarding such opposite

conclusions in these two cases, we have benefited from an anonymous referee on clarifying

this point, who noted that consistent model selection has two meanings in
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(IE) The first meaning is that a consistent model selection procedure selects the set of “best”
models w.p.a.1l. The second meaning is that if there is multiplicity in the set of best models, a
consistent model selection procedure should pick the most parsimonious model among the best
models w.p.a.1l. Our result in model selection consistency of BGMM is obtained in the nested
case, since we have considered all 2P coordinate subspaces of RP. Therefore, the oracle property

of BGMM in Theorem 1 fulfills both two meanings of consistent model selection described in

Mjmﬁmﬂgul (|2Q1j).
Although the nested case we have considered is not as general as |Hm1gj..ud_£rﬁshm| ([ZQ_lj),

we have allowed the dimension p to increase with n, which is new for BGMM model selection

and also technically challenging. Because the number of candidate models is 2P, which increases
exponentially fast in p and hence in n, the previously studied pairwise model comparison us-
ing posterior odds or Bayes factors between one candidate model and the true model (such as

|Ho_ug_a.nd_]3r_esm_ul |2Qli |K_1m| |2Ql_4|) is insufficient to show the global model selection consis-

tency. In addition to the increasing dimensionality and the more detailed study on the limiting

distribution, we will also discuss below the asymptotic validity and interpretation of the BGMM

quasi-posterior, which is new in the literature.

2.3 Asymptotic Validity of the BGMM Posterior

As shown inlEm‘ (@), the limited information likelihood we have used for BGMM provides
a large sample approximation to the true likelihood function of 6 given the moment restrictions
Eg(D,0) = 0. One may ask about how well this approximation could be. For the validity of
usual Bayesian inference, such as constructing the Bayesian credible sets, it is necessary and

sufficient to impose Assumption 6 that V,, consistently estimates V', i.e. V,, satisfies the gen-

eralized information equality as in ) and ). However,
due to the limited information contained in E g(D,f) = 0, in general one cannot expect the
LIL ¢(D|0) to coincide with the true likelihood function p(D|6#). Instead the quasi-posterior
q(0|D) can be used to approximate the posterior of # given some summary statistic from the
sample. Let 6 be the minimizer of the GMM criterion function 4(D,0)"V~1g(D,#) over the
full p-dimensional model space. So 0 is implicitly a statistic of the sample D, and it does not
depend on g and the unknown true model My. Since the asymptotic center of the BGMM
posterior is the first order approximation to the GMM estimator, one can expect that the LIL
q(D|6) approximates the density p(é|9) of 8. Accordingly, the BGMM posterior q(0|D) approx-
imates the posterior p(0]0) of  given 0, at least asymptotically. In the following, we formalize

this idea and show more general results under the model selection setup.

For two generic models M; and M, we define the Bayes factor based on p(é|9) as

_ p(6|M1) _ fe(Ml)p(élé’)ﬂ(HIMl)dH
POIM2)  Jongy 2(010)m(6]M2)d0

For theory development, in this section we focus on the situation with a nonincreasing di-

BF, My 1 Ma]

mension p. We make the following extra assumption.
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Assumption 9 (i) dim(0) = p and 1 < p < p, for some large fixed integer p.

(ii) minjem, |0o,(j)| > € for some small constant 6 > 0.

(i) Let V() = Var{g(D,0)} and G(0) = VgEg(D,0). Then the elements of V() and
G(0) are continuous functions of @, and the eigenvalues of G() " G(#) and V () are uniformly
bounded below and above for all § € ©.

(iv) For any two models M; and My, there exists a constant r > 0 such that 7(May)/m(M1) <.
(v) Hé —0|| = 0,(1/n), where 0 is the GMM estimator on the full model space, and § =
6 — (G'VIG)'G'V~lg(D,b).

The strengthened beta-min condition in (ii) is to emphasize the difference between the mod-
els that make the type I error and the type II error. According to theorems we are going to
present below, the models in the former group have an exponentially small BF[M : My,
while the models in the latter group have a polynomially small BF4[M : M,g]. This is also
the essential behavior from the Bayesian hypothesis test, which favors the true alternative hy-
pothesis more. We will show that similar behavior is also shared by BF4[M : Mg], and hereby
establish a correspondence between the BGMM method and the exact Bayasian method given 6.

Part (iii) assumes the continuity of the matrices in 6 and also the uniform bound for eigen-
values. This is a mild assumption given the compactness of ©. Part (iv) has strengthened
Assumption 8 and required that no model should be assigned extremely large or small prior.
Part (v) is about the high order approximation of 6 to the GMM estimator 6 on the full model

space, similar to the discussion in Remark 2l which usually holds when the moment condition

g(D,0) is continuously differentiable in ¢ d&&wﬂ&mﬁﬂbﬂﬂfﬂ) and hence may not apply to

the example of quantile regression.

Let F(#) be a p x p matrix such that F(0)'F(0) = G(0)'V(9)"'G(6). Define Z =
VnF(0)(0 —6). Then Z is asymptotically p-dimensional standard normal if the true parameter
is 6y = 0. We impose the following high level assumption on the difference between the exact

density function pz(z) of Z and the normal density.

Assumption 10 (Uniform Bound) As n — oo,
supsup (14 [[2[[P*1) [pz(2(6) — ¢(2;0,I,)| = 7,
e =z

where 7, = 0(1) does not depend on z and 6, and I, is the p x p identity matrix.

Assumption 10 claims that the difference between the density of the normalized GMM esti-
mator Z and its asymptotic limit of normal density can be uniformly bounded by an integrable
function ¢(||z|) = 1/(1+||z||P*!), and the uniformity is for both the value of z and the parameter

f in the compact space ©. This is a high level condition that originates from the Condition E in

). We do not intend to give a full proof of it under low level assumptions,

but we explain why it is a reasonable assumption below.
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Consider the case where the (p + 1)-th moment of g(D, 6) exists. To show Assumption 10,
we proceed in several steps. First, under similar regularity conditions that make Assumption
9(v) hold, one can see that for a fixed 6, the density of Z is asymptotically uniformly close to
the density of the normalized first order approximation Z = /nF(0)(0 — 6), up to the order

O(1/4/n), where 6 is defined in Theorem [II (ii). See mlmm_]ﬂﬂsxgmé (IZD_]_i |20_]j) for the

formal proofs of a general class of nonlinear estimators, which can also be applied to the GMM

estimator. Second, due to the sample average form of # and hence Z, one can use Proposition 1

in M}aﬂd (IZ_OQ_AJ) and take c¢(x) = 1/(1+2PT1). This proposition provides a bound for

the difference between the density of Z and its limiting normal density, which holds uniformly

for all # € ©. Its proof involves the techniques in Chapter 19 of
) about the uniform convergence of continuous characteristic functions in the compact

set ©. Third, one can show that in Proposition 1 of M}&r&l dZDQ_éﬂ), the summation

of the Edgeworth series beyond the leading normal density term has the order o,(1). This is

due to the finite moments of g(D,#) up to the (p + 1)-th order, as well as the boundedness of
multivariate Hermite polynomials. Finally we combine all these pieces and conclude that the

uniform deviation in Assumption 10 holds with some 7, = o(1).

The next theorem provides a comparison between the convergence rates for the Bayes Factors

BF;[M : Mo from the likelihood given the statistic 0 with BF,[M : My| from the BGMM
method.

Theorem 2. (Equivalence of Bayes Factors) Suppose Assumptions 1-10 hold, and the true
model size is | My| = ko. Then under the same prior w(0|M) and m(M), w.p.a.1 as n — oo,
(1) For any model M with M 2O My,

BF([M : M) R
BF@[M : Mo
IM|—kg p—kq

BFqM : Mo] < BF4jIM : Mo] xn™ 2 =n" 2 ;

(ii) For any model with M with Mo\M # 0, there exists a constant C' > 0, such that

p—ko+1

BF M : Mo] <exp(—Cnb?) <n~ 2z ;

p—ko+1 p—kg+1

BFé[M : MO] S eXp ( - CnQ2) V Tnni 2 < n- 2

Theorem B compares the Bayes factors from BGMM and p(6]0), for the models that make
a type I error (Part ii) and a type II error (Part i). The theorem has at least two direct im-
plications. First, for the models that make a type II error (including more components of
than necessary), the Bayes factors are asymptotically equal, and both decrease polynomially in
the sample size n. The polynomial index reflects the difference in dimensions between M and
M. Second, for the models that make a type I error (missing at least one nonzero component
in 6p), the Bayes factor from BGMM decreases exponentially fast in n. For the Bayes factor
from p(é|9), we have obtained an upper bound for its rate, which also depends on the rate 7,, in
Assumption 10 besides the usual exponential rate. Because 7;,, = o(1) by Assumption 10, we can

—-1/2

see clearly that there exists at least a n gap between the convergence rates of Bayes factors
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for the models with type I and type II errors. The threshold rate is n~(?—%0)/2 which depends
on the unknown dimension kg of the true model My. In general, the posterior probabilities of
the models with type I errors converge faster to zero than the posterior of the models with type

IT errors.

This extra part 7,,n~?~%0+t1)/2 for the Bayes factor in (ii) arises mainly technically from our
Assumption 10. Usually, the order 7,, = 0(1) in Assumption 10 is tight and cannot be improved.
However, we conjecture that it could be removed by making stronger assumptions on the density
function p(6|0), or the density pz(z|0) of the normalized statistic Z. For example, one can
assume that py <\/ﬁF(9)(é - 9)‘9) decreases exponentially fast in n as 6 moves away from
the true parameter 0y. However, we note that usually it is difficult to verify such assumptions
because 6 does not have an explicit density, except for a few special cases where 0 comes from

the exponential family. We also note that such compromised rate also shows up in Lemma

1 of Ma.nn_e_t_aﬂ (IZD_IAI), where they studied the convergence rates of Bayes factors given a
general statistic. Although typically one cannot obtain the exact form of the density p(d]6)
and its posterior p(@\é), Theorem [2] provides some evidence that in the asymptotic sense, the
Bayes factors from BGMM behave very similarly to the Bayes factors from p(é|9), indicating
the validity of using BF([M : My for model selection purpose.

Remark 4. In principle, Theorem Bl provides a guideline to interpret the BGMM posterior
probabilities of different models. For simplicity, suppose that all models receive the uniform
prior 71(M) o 1. Then since ¢(Mo|D) — 1, the posterior ¢(M|D) is roughly the same as
BF([M : My]. Because of the gap between the polynomial rate in (i) and the exponential rate
in (ii), we can choose any rate in between as a threshold, for example e~ V", If a model M has
qM|D) > e~V™, then we can approximately regard q(M|D) as the true posterior probability
p(M|é) and consider M as a model with nonnegligible posterior. This fits well with the common
practice that we rank the models according to their posterior probabilities and only study the

models on top of the list.

Based on Theorem [2, we can further show that the BGMM posterior ¢(f|D) and the exact

posterior p(9|é) are close in the total variation distance asymptotically.

Theorem 3. Suppose Assumptions 1-10 hold. Let the full model be Mgy Then under the
same prior w(0|M) and m(M), w.p.a.1 as n — oo,
(i) (Model Selection Convergence Rate) If Mo # Mg, then

q(M : M # Mo|D) 1
p(M : M # Mol0)
G(M : M % Mo|D) = p(M : M # My|) < n"2 — 0;

7

If My = Mg, then for some constant C' > 0,

q(M : M # Mo|D) < exp ( — Cnf?) — 0;

p—ko+1

p(M: M # Mo]é) < exp ( — CnQQ) Vron 2z =0
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(ii) (Asymptotic Posterior Validity)

/Aq(e\D)de—/Ap(aw)da

Part (i) of the theorem is a direct corollary from Theorem 2l It implies that the posterior

sup — 0.

ACO

probability of the true model M converges to 1 at exactly the same rate using either the
BGMM or p(f|6), when the true model is a strict submodel of the full model. When the true
model is exactly the same as the full model, we have only upper bounds for the model selection
convergence rates, as they usually decrease exponentially fast, but again the rate is compro-
mised by 7, from Assumption 10 when we consider p(M : M % Mg|0). In either scenario, we
have the global model selection consistency for both the BGMM posterior and the posterior

given 6.

Part (ii) gives the asymptotic validity of the BGMM posterior, in the sense that it provides
the same asymptotic inference as the exact posterior of 0 given the statistic 6. It has the
immediate implication that the posterior credible sets for the parameters constructed from the
BGMM posterior are asymptotically valid. It is worth noting that the conclusion of (ii) is
only related to the global model selection consistency for both the BGMM posterior and the
posterior of p(@]é), and does not depend on the exact convergence rates of model selection in
Part (i). In fact, Part (ii) also holds for general non-model selection prior 7(6) as long as it
has a bounded continuous density on ©. This can be obtained from combining Theorem 1 in

|Chernozhuk0v and Hongl (IZD_Oj) and Theorem 2 in |X1m_a,ndﬁ]_a,rkej (|2_0_0_4|) (where T, = 0),

under Condition E in ). Our proof of Theorem Bl follows a similar route

by using Assumption 10, but has accommodated the nature of model selection priors 7(6, M) =

(0| M)m(M).

Remark 5. We have discussed the asymptotic closeness of the BGMM posterior to the pos-
terior given the GMM estimator 6. One can further explore the higher order asymptotics of
q(0|D) and p(9|é), for example expanding both posterior densities as Edgeworth series of the
asymptotic pivotal quantity \/nF(0)(0 — 0). In this sense, our result in Part (i) of Theorem Bl
only captures the leading order closeness from ¢(6|D) to p(0]|0). However, we conjecture that
in general the higher order terms of ¢(6|D) and p(0]d) do not match with each other, since the
LIL takes a quadratic form of the moment conditions while the true density of 6 depends on
other features of Pp, such as the high order moments. Similar work in this direction includes

Eaﬂgﬁm_Muk&rjﬁ_ﬁl dZDDd), where they have shown by a simple example of sample mean that

the Edgeworth expansions from the empirical likelihood and the density of the sample average

do not agree in high order terms.

3 Numerical Study

3.1 Algorithm

Because the LIL (@) allows any form of moment function g(D, 6), usually one cannot derive

an analytical close form for the BGMM model posterior ¢(M|D). Therefore, we adopt a
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reversible jump MCMC algorithm with Metropolis moves both between models and within a
model to explore the joint posterior of ¢(f, M|D), similar in spirit to the MCMC algorithm

for the Gibbs posterior model selection (Iﬂmn_eiiﬂ_.l Lh@ngjmm |ZDD§J) and also
the PAC-Bayesian model selection (IA!gnmmi_BLad [20_1;4 ﬁmw . In the

ith iteration, the between-model steps either add a new component to the nonzero part of

6, or remove an existing component in the nonzero part of 8%, each with probability 0.5.
When we add a new component, the parameter value for this new component is sampled from
N(0, agdd), while the values of the existing components in 0 are retained. Both the “add” and
the “remove” operations will be accepted or rejected with a probability based on the ratio of the
posteriors evaluated at the new proposed parameter and the current parameter. This between-
model step is then followed by a within-model step, in which we draw a new parameter value in
the same model as () from a proposal distribution. In practice, to efficiently explore each model
space, we use a normal distribution as a proposal distribution, with mean zero and a properly
chosen variance ¢ - Eq. Here E 4 is the submatrix of 2 with rows and columns corresponding
to the model M, and = is an estimated covariance matrix for the GMM estimator 6, which

can be obtained numerically by inverting the Hessian matrix at the preliminary one-step GMM

estimator @ on the full model space. We set ¢ = 2.42 as suggested in ) to
achieve the ideal acceptance rate for within-model Metropolis moves. We also run pilot chains
to tune the value of 0,44 for better mixing of the Markov chain. As a result, the Markov chain

consists of #) drawn from the full BGMM posterior across different model spaces.

3.2 Example: Correlated Binary Responses

The conditional mean p;;(6) = E(Y;;|X;;) of the longitudinal binary response Yj; is given
by

(0
mtu® x50, (10)
1 — i (0)
where : = 1,...,n and j = 1,...,s. In the following simulations, we first fix the sample size

n = 400 and the cluster size s = 10, in order to compare with the similar simulation setups in

|Wa‘ug_ejjl.| (IZ_QLj) For X;; = (Xij1, ... ,Xijp)T, we consider two situations with p = 50 and

p = 100. Xjj1,...,X;jp are generated independently from a uniform distribution on [—1,1]. We

also consider two sets of true parameter values,

0o = (1.5,—1.5,1,—1,0.5,—0.5,0,0,...,0)
0o = (1.5,—1.5,1.5,—1.5,1,—1,1,—1,0.5,-0.5,0.5,—0.5,0,0,... . , 0)

with the number of nonzero components kg = 6 and kg = 12 respectively. Note that 6y contains

weak signals 0.5 and —0.5 and more nonzero components in the second setting. Similar to

|Wa‘n.g_€ij.l.| (IZD_lj) andbkmmi@ul (|2Q1j), we use the R package mvtBinaryEP to generate the

correlated binary responses (Y;1,...,Y:s)! for each i = 1,...,n with an exchangeable correla-

tion structure with correlation coefficient p = 0.3.

Since this is a special case of the first motivating example in Section [[3] we examine the

performance of BGMM using the moment function g(D,#) defined in (E). We compare the
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BGMM method to the frequentist penalized GEE method (PGEE) proposed by m
) which is used to fit high dimensional longitudinal data. Let 6 be the kth component
of . The PGEE solves a similar estimating equation to (@)

. Buz
12 HY; = pi(0)) = Py, (0) = 0,
with an additional SCAD penalty Py\(0) = (Px(6(1)),- - - ,P)\(H(p)))—r and for k=1,...,p,

Pa(0() = A § L0y < An) +1 (A < Oy < adn) Ta—Dn, |

The PGEE can be solved by an iterative Newton-Raphson algorithm as described inm
). In our simulations, we perform in the same way as |Qb£>_a.nd£u| (IZ.Q]j), fix a = 3.7 and

truncate the estimated coefficients to zero if ]é(k)] <1073 (k=1,...,p). A, is selected from
the grid set {0.01,0.02,...,0.2} by 5-fold cross validation. We use an estimated correlation
matrix for R based on the sample, instead of varying the correlation structures in

). In fact, the finite sample estimates of R are quite precise for the true R in our p < n case.

For the BGMM method, the prior on 6 given a model M is the product of independent

normal densities .
( )

m(0lM) = [T i, (11)
JjeEM \/%

where we choose gg = 10 for a large prior spread. Note that although theoretically this prior is

not truncated on a compact set © as in Assumption 7, in practice this has no influence on in

our experimental results.

The prior on the model M is specified as follows:
(M) o vMI(1 = pyp=MI, (12)

which means that each component of 6 independently enters the model M with probability
v € (0,1). When v = 0.5, this is the same as the uniform prior over all 2P models. When v
moves towards zero, the prior gradually induces more sparsity on 6 and favors more parsimo-
nious models, which imposes a further penalization on the model size besides the incorporated
BIC-type penalization in BGMM. It can be verified (see Section 4 of the supplementary mate-
rial) that the prior (I2)) satisfies Assumption 8 when v € (0, 1) is either fixed or v = n~¢ for

some ¢ > 0, and it satisfies Assumption 9(iv) if v is fixed.

In our simulation, for each simulated datasets, we run one single Markov chain with the
length 3 x 10%, and drop the first 10* iterations as burnin. We consider two choices of the tun-
ing parameter v in ([I2). In the first case (referred to as BGMM1), we fix v = 0.5 throughout
the Markov chain for the next 2 x 10% iterations. In the second case (referred to as BGMM2),
we adopt a two-step tuning strategy in an effort to make the value of v more adaptive to the

sparsity level of the true model. We estimate the posterior average model size E M|DIM| using
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the first 10* MCMC runs after the burnin, and then reset v = EM‘D|M|/p for the next 10*
MCMC runs. Finally for both chains of BGMM1 and BGMM?2, we keep N = 103 MCMC
samples from the last 10* runs for every 10 iteration. The variance of proposal normal density
described in Section 3.1 is fixed at 0,499 = 0.2. Our experiments with other values of 0,44 (such
as 0.05,0.1,0.15,0.25) show that 0,99 = 0.2 is sufficient for exploring the full posterior of 8, and
the MCMC results such as the MAP models and posterior distributions of parameters are not

sensitive to different values of g,qq.

As a benchmark, the PGEE method and the BGMM method are compared together with
the naive method and the oracle method. The naive method estimates 6 by usual GEE without
doing model selection, while for the oracle method, the true model is pretendedly known and
0 is estimated only on the nonzero components. We apply each method to the same dataset
and repeat this process for 100 Monte Carlo replications. We compare three aspects of these

methods: the model selection, the parameter estimation, and the prediction.

To evaluate the model selection performance, we consider the model selected by PGEE and
the MAP model from BGMM, and report the proportion of times the method exact selecting
(EX), underselecting (UN) and overselecting (OV) the nonzero components of 6. We also re-
port the true positives (TP, the average number of correctly selected nonzero components in
o), and the false positives (FP, the average number of selected nonzero components that are

actually zero in 6y).

For the estimation accuracy, similar to |Qh9_a,nd&u| (|2_Qlj), we report the estimated mean
square error (MSE) S22 119,,, — 602/ (100kg), where 6,,, is the mth estimated parameter vector.

m=1

This MSE is calculated for the naive method, the oracle method, the PGEE method, and the
posterior mean of # from the BGMM method.

For the prediction accuracy, we calculate the average MSE for the conditional mean f;;
(denoted by pMSE), defined as > 7, 7%, <Mij (0) — ,uij(Ho))z /(ns) for the naive, the oracle,
and the PGEE method. For the BGMM method, we use the pMSE averaged over the poste-
rior sample Y7, 378, S (150 — ,ul-j(ﬂo))2 /(Nns), where 60 ... 0(N) are the MCMC

draws of 6.

As Table [ indicates, both the frequentist PGEE method and our BGMM method have
always successfully identified the nonzero components of 6y with no underselection. However,
the PGEE performs much more conservative and has a serious overselection problem in all the
simulations settings, which is consistent with the findings in |kami&u| ([20_1&) It selects the
true model for 33% of all time when p = 50, and only 16% of all time when p = 100 and ko = 12.
Meanwhile PGEE overselects about 4 ~ 6 extra redundant variables on average. In contrast,
the BGMM MAP models have much higher probability of exactly selecting the true model, and

have much smaller false positives. We also note that the extra two-step tuning of v in BGMM?2
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has brought significant advantage over the uniform model prior with fixed v = 0.5 in BGMMI1.
When p = 100, the performance of BGMM1 deteriorates as the probability of exact selection
drops to about 50%, but BGMM2 still maintains a high accuracy with over 90% of exact model
selection. This is because that in BGMM2, the first step of 10% runs has consistently estimated
the true proportion of nonzero components in 6, and then the second step of 10* runs can
learn the sparsity of the model space better with v roughly equal to the true average marginal

inclusion probability.

For the estimation and prediction, it is clear that the naive GEE estimator with no model
selection performs poorly in MSE and pMSE compared to the oracle estimator. Figure 1 and
Figure 2 show that the MSE and pMSE for the BGMM method are comparable to those from
the oracle and the PGEE method, as their boxplots largely overlap with each other. Also it
seems that BGMM tends to have smaller variation across difference simulations than PGEE.
The averaged levels of three MSEs from both BGMM methods are also slightly smaller than
those from the PGEE estimator in most of the cases (Table [l), and they are all close to the
MSE and pMSE from the oracle estimator. Overall, BGMM2 seems to be the best of all these
methods besides the oracle. This has partly supported our theoretical results about the oracle
properties of the BGMM method, in the sense that the posterior variance of BGMM is asymp-

totically the same as the variance of the oracle GMM estimator.

Finally, we vary the sample size n among 200, 400, 800, 1200, 2000 and compare the perfor-
mance of PGEE, BGMM1 and BGMM2 for the model (I0)) averaged over 20 simulated datasets.
Figure 3 and Figure 4 plot their exact model selection probabilities (the same as the EX in Table
), MSEs and pMSEs. Overall, BGMM2 has the best performance of exact model selection, and
BGMM1 tends to perform better as n increases. All three methods have poor model selection
accuracy for p = 100, n = 200 due to the relative high dimension and the small sample size. As
the sample size n increases, the differences between their MSEs and pMSEs become negligible,

as they all perform similarly to the oracle estimator.
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Table 1: Comparison of BGMM with PGEE for Correlated Binary Responses. kg is the number

of nonzero components in the true parameter 6y. p is the dimension of #y. n is the sample size.

Standard errors are shown in the parentheses. EX: exact selection; UN: under selection; OV:

over selection; TP: true positives; FP: False positives.

prediction mean square error of p;;(6).

MSE: mean square error of ; pMSE:

ko = 6, p = 50, n = 400

EX UN OV TP FP MSE (x10-3) pMSE (x10~%)
Naive 0 0 1 6 44 2481(057)  21.77 (0.43)
Oracle 1 0 0 6 0 4.15 (0.35) 2.66 (0.16)
PGEE 033 0 067 6 518  7.02(0.57) 5.05 (0.41)
BGMMI 080 0 020 6 021 558 (0.40) 3.85 (0.23)
BGMM2 098 0 002 6 002 506 (0.38) 3.33 (0.20)
ko =12, p = 50, n = 400
EX UN OV TP FP MSE (x10-3) pMSE (x10~%)
Naive 0 0 1 12 38 13.09(0.35)  20.33 (0.40)
Oracle 1 0 0 12 0 5.53 (0.49) 4.82 (0.19)
PGEE 033 0 067 12 408  6.13 (0.58) 6.61 (0.38)
BGMMI 088 0 012 12 0.13  5.13(0.29) 5.91 (0.23)
BGMM2 094 0 006 12 0.07  4.89 (0.27) 5.63 (0.22)
ko = 6, p = 100, n = 400
EX UN OV TP FP MSE (x1073) pMSE (x10~%)
Naive 0 0 1 6 94 4928(0.67)  42.53 (0.61)
Oracle 1 0 0 6 0 6.72 (0.68) 3.09 (0.17)
PGEE 028 0 072 6 527 9.6 (1.37) 5.21 (0.51)
BGMMI1 055 0 045 6 0.61 839 (0.51) 5.32 (0.27)
BGMM2 093 0 007 6 007 7.32(0.51) 4.05 (0.21)
ko =12, p = 100, n = 400
EX UN OV TP FP MSE (x1073) pMSE (x10~%)
Naive 0 0 1 12 88  27.39(0.55)  42.74 (0.63)
Oracle 1 0 0 12 0 8.09 (0.64) 5.85 (0.22)
PGEE 016 0 084 12 6.35 10.20 (1.40) 8.62 (0.63)
BGMMI1 059 0 041 12 055  8.24 (0.52) 8.82 (0.36)
BGMM2 090 0 010 12 010  7.76 (0.52) 7.68 (0.29)
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4 Discussions

In this paper, we have studied some theoretical properties and applications of a Bayesian
moment based model selection method. As we have commented, this method combines ad-
vantages of a Bayesian approach, such as the expressiveness of the posterior distribution and
convenient MCMC algorithms for computation, with the model robustness of the moment based
methods. We have formulated and proved the Bayesian oracle property of the proposed model
selection method, which guarantees efficient posterior inference as if we knew which variables
are truly relevant. We have studied the meaning of the quasi-posterior probabilities used in
BGMM, which can be interpreted as the leading order large sample approximation to the true
posterior probabilities conditional on the observed GMM estimator. The empirical performance

of BGMM has been demonstrated by numerical experiments.

We have only considered quasi-posterior constructed from the GMM based quasi-likelihood
function. Many other alternatives, such as EL, GEL, and ETEL, can be formulated under a
similar Bayesian framework, with possible interpretations of the induced quasi-Bayesian pos-

terior. See for example, bbﬂmzbumm_m (|20_Od), |l@zal| (|20_Od), [Ss;h.enn.a.cﬂ (|2D_0_é), ete.

We conjecture that similar Bayesian asymptotic properties for model selection can be derived

for these quasi-likelihoods.

Acknowledgment: We thank the Associate Editor and the two anonymous Referees from

Journal of Multivariate Analysis for their helpful suggestions on improving the paper.
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Supplementary Materials

This document consists of four parts. Part 1 includes the proof Theorem 1 in the main
paper. Part 2 includes the proofs of Theorem 2 and 3 in the main paper. In Part 3 we prove the
oracle property for the three motivating examples mentioned in Section 1.3 of the main paper.
In Part 4 we provide a proposition that verifies Assumption 8 for several examples of priors on

the models.

1. Proofs for the Bayesian Oracle Property of BGMM

We first prove some useful lemmas. For a generic square matrix C, let tr(C') be the trace of
C, and ||C||p = 4/tr(C T C) be the Frobenius norm of C. In the following, we use the statement
“the event A happens w.p.1 —7” to denote the relation Pp(A) > 1 —n.

Lemma A.1. (IBQUQm' and (Zhemgzﬁmkgzl lZ_QQé) Let

Wn(D’a) = g(D’H) —Eg(D,H) - (g(DaHO) _EQ(D’HO)) .

Then under Assumptions 2 and 4, uniformly for all 0 € ©,

Wa(D,0)| = O, (

Proof: The proof can be found in (A.10) ofmmmﬂmm&mm (lZD_O_d) The Lo norm of

the deviation W,,(D,#) can be controlled using an empirical process result when the moment

g(D, 0) satisfies Assumption 4. The only adaptation here is that the condition on VC dimension
in ZE.1 of their paper is now replaced by the condition on the uniform covering number in
Assumption 4(ii). The conclusion still holds according to the proof of Lemma 16 inlém

). n

Lemma A.2. Given a model M, let 0 = (0] ,05 )" be decomposed according to M, and let G pq
be the same as defined in Theorem 1. Define

n _ _ _ _ _ _
Spm(D) = exp {—EQ(D,HO)T (vn1 VIGMGLVIIGM) 1GLvn1) g(D,HO)} ,
9_,/\/1,1 = Oo.m,1 — (GLV;IGM)flGLV;LIQ(D,HO),

where Og pm1 € RMI be the subvector of 8y restricted to O(M). Then under Assumptions
1-8, uniformly for all spaces M 2 My, for any fized constant C > 0,

/ e~ 29(D:0) TV 1a(D.0) 1 (9| M)A

Bo(Cen)NO(M)

— (1 + Op(l))SM (D)/ 67%(‘91*éM,l)TGTny_LlGM(91*97./\/1,1)71-(9|M)d91.
Bo(Cen)NO(M)
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Proof: First of all, the Ly norm of g(D, ) satisfies for any C' > 0,
_ p\ _ nE|g(D,b)|* _ tr(Var(g(D, b)) _ V)
P D, 0y)| > = < = < Al
r (H.g( ’ O)H = C\/;) = C2p 02]) =02 ( )

which implies that [|g(D,0)| = O,(y/p/n) since the eigenvalues of V = Var (g(D,6p)) are
bounded above according to Assumption 6.

Second, for § € By(Ce,) N O(M), let rp(D,0) = g(D,0) — g(D,6y) — Ga(61 — Oo.pm,1)-
Then using second order Taylor expansion of E g(D, 0) at 6y for 8 € By(Ce,) N O(M) and with

all zero components of # excluded, we have

1 _
rm(D,6) = §HM(91)(61 —Oo.m,1,01 — O 1) + Wi(D,0),

where 6, is between 6; and Oo,m,1 and 6 = (HT, 0)", H , is the submatrix of the second order
derivative matrix H restricted to ©(M). By Assumption 5(iii), we have that

sup  H(6)(u,v)
Jull=1,foll=1

| F (@01 = 00.7.0,61 = B0, < 161 = 601> < O(V/ped).

Therefore, using Lemma [AJ] we obtain that the order of ry((D,0) on 6 € By(Ce,) N O(M)
uniformly for all M D M, is,

Irad(D, )| < 0y (0™ P2+ (p/m)*F Vinn + 0~ 'p* 2 mn) = o, ((pn)1/2),

where the last equality also holds if p increases as in the footnote of Assumption 2. Then using
decomposition g(D,0) = G (01 — 6o am,1) + (D, 6p) + (D, 6) we have

(A.2)

where 0 is defined in the lemma. By Assumptions 5(ii) and 6, the eigenvalues of V,, and
GG are bounded above and below w.p.a.1 as n — oo, so are the eigenvalues of any GLGM
since Gp is a submatrix of G. Therefore on By(Ce,) N O(M), ||ram(D,0) "V, 'rp(D,0)| <
AV rad(D,0)[12 = 0 (pn) 1), [2aa(D, 0) TV G an (01 —bo,aa0) | < 2A(V.) NG G
lraa(D,O)] - 116 = boll < 0p((pr)~"2en) = 0p(n™"), [[2rm(D,0) TV, g(D, o) < 2A(V) ™"
(D, 0)]] - |g(D, 00)|| = 0,((pn)~Y2(p/n)1/?) = 0,(n~"). These together imply that the last
term in (A.2) is of order o0,(1), and this holds uniformly for all M O M. The conclusion then
follows if we define Saq(D) as in the lemma, which does not depend on # and can be moved

outside the integral. [ ]
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Lemma A.3. Under Assumptions 1-8, there exists a constant Cy > 0, such that uniformly for
all spaces M 2O My, for any fixed constant C > C1 and all sufficiently large n,

Bo(Cen)NO(M)

— (2n/n) M2 L det(GRL Vi Gan)} P (80| M) (1 + 0, (1)), (A.3)
where H_MJ 1s defined in Lemma[A.3 and 6 = (91'—, 9;)—'— s decomposed according to M.

Proof: First we let Py = V;l/QGM(GL V;lGM)*lGLV;l/z, where V&/? is the symmetric
positive definite square root of V,,. Then P 4 is idempotent and has eigenvalues 0 and 1. The
difference between 6 m,1 and 0o aq,1 can be controlled by

10a1,1 — Borm1]? = GV, 'Ga) G LV, a(D, 6) |1
<AMGMVLIGM) - g(D,00) V2PV, 25(D, bo)
<SMV)AMGTG)™ - AV,) Hg(D, b))

Since ||g(D, 6o)|| = Op(+/p/n), we know that [|Oag1 — 0o ra1] is also O,(1/p/n) since all the
eigenvalues here are bounded. So for any small n > 0, we can pick C’ sufficiently large, such
that |01 — Ooma ]l < C'\/p/n w.p.1 —n and uniformly for all M D M.

Next we evaluate the integral on the left hand side of [(A3]) on B (Ce,) := {0 = (6{,0)" €
O(M) : || — Or1]| < Cey} for a fixed C > 0. We observe that the integral takes the same
form as a Gaussian random vector centered at 1. Define U ~ N'(0,G |V, 'Grq). Then we
have that there exists a large C”, such that when C' > C”, w.p.1 — 25 and uniformly for all
M 2 Mo,

[ 0 LRG0T (o ),
B (Cen)

— 2n/n)MP2Ldet(GL Vi G} P Pr (JIU] < Cy/p) - m (8ol M) (1 + o(1))
— (21 /n)MI2Ldet(G LV Gan) Y r (Bl M) (1 + o(1)), (A.4)

where the o(1) depends on 7 (and hence on C' and n). In the first equality above, we have
used Assumption 7(ii) to obtain that (6| M) = 7(0g|M)(1+0(1)) as n — oo uniformly over all
M D Mg and all § € By((C+C")e,), since w.p.1—n, By(Cey,) C Bo((C+C")ep). In the second
equality, we used the fact that the eigenvalues of G/T\,l V., LG 1 are bounded in probability using
Assumptions 5 and 6. Hence by Chebyshev’s inequality, ||U|| = O,(,/p). Hence we can pick a
large C” such that for C' > C”, w.p.1 —n, Pr(|U| < C/p) =1+ o(1).

Finally we set C; = C’' + C”. Then for C > Cy, Bp((C — C'ey,) € Bo(Cepn) N O(M) C
Bm((C+ Cey), and C — C" > C” guarantees that (A4) is satisfied w.p.1 — 21 and uniformly
for all M O M. Therefore (A3]) follows since the integral on the left hand side of ([A3]) can
be bounded between the integrals on Ba((C' — C")ey,) and Ba((C + C')ey,), and both integrals

satisfy (A4). [ |
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Lemma A.4. Under Assumptions 1-8, there exists a constant Cy > 0, such that uniformly for

all spaces M 2 My, for all large constant C' > Co, w.p.a.1 as n — 00,

n =

/ e~ 59 g(D, G)TVn g(D,0) ((9’./\/1)
O(M)\Bo(Cen)

47.(.5\ [M]/2 0252 1w
< A .
<cr <n5%> exp < 6 > + exp ( 4)\ 50) ,

where ¢ is from Assumption 7(i), and dy,d1 are from Assumption 5(i).

Proof: The proof uses similar techniques to the proof of Lemma 8 1n|B_€l]D_u]_aﬂ£lﬂler_DQZbu]mx|
(@) Here we first directly cite part of the results from mlm@udﬂmmmmml (lZD_Od

since they remain valid under our Assumptions 2, 4, and 5.

1. For any small n > 0, there exists a large C' > 0, such that ||Eg(D,0)| > 8||g(D,6p)l||
uniformly on ©\By(C’e,) w.p. 1 —1n. €’ depends on dp,d; in Assumption 5(i) and A in

Assumption 6.

2. [[Wn(D,0)|| = op(||[Eg(D,0)|) uniformly on ©\By(C’e,). So for n sufficiently large,
|Wn(D,0)|| < ||Eg(D,0)||/8 for all § € ©\By(C’ey,) w.p. 1 —1n.

Note that the two results above hold uniformly for all § € ©(M)\By(C’e,) and for all
M D M. Therefore, we have

19(D,0)|| = [[Eg(D,0) 4+ g(D, 6o) + Wi (D, 0)
= 1 Eg(D,0)] = llg(D, bo)l| — [[Wn(D,0)]

3
> 2 [Bg(D,0)]

uniformly for all § € ©(M)\By(C'ey,), all M D My, and all sufficiently large n w.p. 1 — 2.
Therefore, for C > C’, by Assumptions 1-8, we have

/ e 39DO) TV 1a(D.0) 1 (9] AM)dH
(M)\Bo(Cen)

_ 9
< exp {—gwn)-l 2 uEg(D,e)uZ} (0| M)d0

/(9(M)\BO(Cen)

n—_
/ exp { =163 10— 6} o
O(M)\Bo(Cen)

+/ exp{ - %X‘lég}w(G\M)dG
O(M)\Bo(Cen)

IN

N 1
<o (Tp) PeUIE OV e (<5315)
drn\ M2 2% Ny 12
Cr <n—5%> exp <— 6 p) + exp <_Z)\ 50) (A.5)

where in the second inequality we used Assumption 5(i), 6 and 7(i) and required n to be
sufficiently large, in the third inequality we let U ~ N (07 (20/6DT | M‘), applied the Gaussian
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concentration inequality and required C' > Cy = max(2V2\/d1, C’). The whole inequality holds
uniformly for all M O My, and all sufficiently large n, w.p. 1 — 2n. [ |

Lemma A.5. Suppose Assumptions 1-8 holds. Then w.p.a.1 as n — oo, uniformly for all

M:_DM07

o\ SM(D) [det(G L Vi G )} (B0l M)
BF (M : Mo =< | = 5 - 17 ;o (A6)
n MO {det GM Vn GMO)} W(HO‘MO)
where Sy(D) is defined in Lemma A2 Moreover,
Sm(D
0< 1nM = (IM] — |[My)). (A.7)

SMO (D)

Proof: We first establish an approximation of the integral on the true model space ©(My).
From Lemma [A2] [A.3]and [A.4] we can pick a large constant C' > max(C7, Cs) such that for all

sufficiently large n,

/ ¢~ 39D TVIHDO) 1 (9] My )
O(My)

— (14 0p(1)) Sao (D) (27 /0) M2 { det (G Vi ' Giago) s> (60| Mo) (A.8)

This is because the density at 6y on My is lower bounded by e~“*0 by Assumption 7(iii), and
hence the upper bound in Lemma [A4] is of smaller order compared to the right hand side of
([A.3)), which implies that the integral on the space ©(My) is mostly concentrated on the neigh-
borhood B(Ce,) and the outside part is negligible.

For any M D My and M # My, we can decompose the Bayes factor in two parts:
_ng T
JomnBocay € 27 IDOTV9(DO) (9| M)dB

[M M ] ,%g(Dﬂ)TV; g(D.,0) 77(9|M0)d9

f (M) €

fe(M)\Bo(Cen) e 39DOTVTI DO (9| M)do
Joug € EPOTV AP (9] Mo)do

=1+ I (Ag)

Based on Lemma[A.2] Lemma [A3]and (A.§), I; can be bounded by

_ (1+op<1>)sM<D><2w/n>'M'/2{det(GLV*GM)}‘”Z (60| M)
(1+ 0p(1)) St (D) (2 /) Mol/2{ det (G g, Vi Giay)} P (00| M)

(A.10)

where the 0,(1) holds uniformly for all M D M. Now we analyze the term Sx((D)/Sp, (D)
and prove ([AT). According to the definition of Spy((D) in Lemma[A.2]

Sm(D) n_ T (v—1 T -1 AT -l
W—GXP{EQ(DHQO) (Vn GM(GMVn GM) GMVn

_VglGMO(G]\—/l()V 1GMO) 1GM0V ) (D 60)}
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n _ _ _
= exp {Eg(D’HO)Tan/Q(PM - PMO)an/Z!J(Dﬁo)}a (A.11)

where P, is the projection matrix defined at the beginning of the proof of Lemma [A3]

Given M D My, Py — Py, is semi-positive definite and idempotent, with trace |M| —

|Mo|. Since by CLT, \/HV;VQQ(D,HO) converges in distribution to N(0, I,), it follows that

2In (Spm(D)/Sam, (D)) is asymptotically a X|2M|7\Mo| random variable. Hence (A7) is proved.
For Iy, Lemma [A.4] (A.8) and Assumption 7 together yield

o\ (M]/2 0252 -
L o (38) " e (= Tir) +e (- 33')
2

T (14 0p(1)) St (D) (2 /) MOI2[ det (G Vi ' Goan )]~ (00| Mo)

Hence we take the ratio of I to I; in (AI0), and have

) IMI/2 28 .
é < CW(%) eXp(_ 165\1 > —i—exp(_z)\ 158)
L™ (14 0p(1)) Sa(D) (2 /n) MI/2{ det(G R,V 'Gag) ) (60l M)
3\ MI/2 2o s M2
. (1+ Op(l))cw<% exp < — 016(;11)) _ (Ai?VnC);)>
. exp{ - Q(D,Qo)Tvglg(D,ao)} . e—col M|

where in the second inequality, we applied Assumption 7(iii), and also a lower bound on Sx(D)
using its definition in Lemma[A.2] In fact, by (A.T)

(A.12)

|3

n 1=
53(D,00)"V'5(D, 6) = Op(p).

So one can see that in (AI2), w.p.a.l as n — oo, we can pick C sufficiently large, such that
I/1; is arbitrarily small, since the exponential index | M| cannot exceed p. Therefore, in (A.9]),
BF([M : M) = (14 0,(1))11, and the conclusion of (A.6) follows from this and (A.10). [ |

Lemma A.6. Suppose Assumptions 1-8 holds. Then w.p.a.1 as n — oo, there exists a large
constant C1 > 0, such that uniformly over all M with My\M # 0,

. ; 2
BF M : M| < exp (—ClndéljlélO 907(]‘)) . (A.13)

Proof: First we observe that if Mo\M # (), i.e. M misses at least one component of the
true model My, then for any 6 € ©(M), it must hold that |0 — bo[| > minj.g, 20 00,j)- By
Assumption 3, there exists a sequence ¢,, — 0o such that min;e s, |907(j)| = VInnt,e,. Therefore
for n sufficiently large, the whole space ©(M) is outside the neighborhood BO(\/then).
Similar to the derivation of (A, we can bound the marginal probability ¢(D|M) by

/ e~ 39DV O 1 (9| M) df
O(M)

/ e~ 39O VD0 1 (9| M) 6
O(M)\Bo(Vinntnen)

AN IM[/2 c?5? , Ns_1.2
< - _ — )
Cr < n6%) exp < ™ tzpln n) + exp ( 4)\ 50) (A.14)
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for sufficiently large C.
Therefore, by using the approximation ([A.8)), we have that w.p.a.1 as n — oo,

BF([M : My]
3\ IMI/2 <
. Cr (%) exp < — 0126(;% tiplnn) + exp ( — %)\*158>
T (14 0p(1)) St (D) (27 /0) Mol/2{ det (G oy, Vi ' Gany) } 2 7(60] Mo)
5\ IMI/2
(1+0p(1))cr <%) exp < — 0126(;% t2pIn n>

ko/Q
exp { — %9(D,60)"V,'4(D, 90)} <;%é‘§2)) e~ coko

)

where in the last inequality, we did the same as in (A12]), and the second term on the numerator
is absorbed into the first term because t2pInn = nminje H(QM =< n by Assumption 3. Now
because the term t2p In n dominates all the other terms in the exponential, the conclusion follows

by choose appropriate C > 0. |

Proof of Theorem 1 (i):

We combine the results from Lemma and Lemma [A.6] and show that 3~ POg[M :
Myl = 0 w.p.a.l as n — oo, since this is equivalent to ¢(My|D) — 1 w.p.a.l as n — oo.
To prove this, it suffices to show >~y v\ poep POq[M + Mo] — 0 and 3 4. yo a4, PO[M -
M) — 0 respectively. For those models with Mg\ M # 0, Assumption 8(ii) implies that
SUPL A Mo\ M0} T(M)/T( M) < e"Pnn for sufficiently large n, and Assumption 3 implies
that 2rplnn < Cinminjep, 6
[A.6] that as n — oo,

g(j) for sufficiently large n. Therefore it follows from Lemma

> POGM : M

M:Mo\M#AD
(M) < <2
< Z exp | —C1n min 607@
MM MAD W(MQ) JjEMo

< 2P .e riplnn — Cyn min 62,
= Xp< 1P 1 FEv 07(J)>

< exp(pln2+riplnn —2rplnn) — 0.

For those models with M D M, we use the conclusion of Lemma [A.5l Note that on
the right-hand side of ([A.G)), 7(0g|M)/7(6p|Mo) < exp(ci(|M| —|Myl)) by Assumption 7(iii).
Based on Assumptions 5, 6, (A6) and (A7), we can pick a large constant Cy > 0, such that

uniformly over all these models, w.p.a.1 as n — oo,

_ IM=IMy|

BF[M : Mo < (Can)

By Assumption 8(i), we know that for any M D M, 7?((/{\/140)) = |0(1)|-(\/ﬁ/p)|M|7‘MO‘ asn — 0o,

where o(1) is uniform for all such M. Therefore we have

> POGIM : M
M:MDMo
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(M) - sl
< M:MZDMO 77(/\/[0)(02 )
<hl- 3 (P10 () o
k=ko+1 0
~ (p—k 1\
s Zo:—l—l <k o k(;> <\/C_2p>

k=k
< Jo(1)] - {<1 + \/é_zp>pk0 - 1}

So the proof is complete. |

Proof of Theorem 1 (ii):

In the conclusion of part (ii), the first integral can be rewritten as

J ateipya
B Yo m(M) fAm@(M) q(D|0, M)m (0| M)do
- Yo T(M) fe(M) q(D10, M) (0| M)do
B ZM¢MO (M) fAm@(M) q(D|0, M) (8| M)dO + w(Mo) fAm@(MO) q(DI0, M)m (0| Mg)de
T T S tpnty TOM) Jo g 218 M)T(OIM)AE + (M) Jo gy, 2(DI6, M0 Mo)d0

Therefore if we divide the numerator and denominator by 7(My) f@(Mo) q(D0, M) (0] M,)db,

we have

2 Mzmy POGM : Mol + [4n6 (o) @(011D)d0:
ZM#MOPOQ[M:Mo]—i—l '

§(01]D)d0
Jaropy AOIDIO / ¢(6|D)d0 <
2 MMy POgM e Mol +1 7/

~ _ a(D],M)7 (6| Mo) . o . .
where ¢(6,|D) Tomg) AT M)T(@1Mo)d0 is the conditional quasi-posterior on the true model
space My and 6y represents the nonzero components of ¢ in the true model M. According to
the model selection consistency of Theorem 1 part (i), >y zpq, POq[M : Mo] — 0 w.p.a.l as

n — oo. Hence

fAﬂ@(Mo) 6(91 ’D)dal
1+ Jop(1)]

fAm@(Mo) q(61D)do: + |op(1)]
1+ Jop(1)]

g/Aq(eyD)dag

Since f@(Mo) q(61|D)df; =1 and [ q(f|D)d# = 1, and the o0,(1) does not depend on the set
A, the inequality above implies that for all set A C O, w.p.a.l as n — oc.

‘/q(&\D)d@ - 201D}t - 0.

A ANO(My)

Therefore, to show part (ii) of Theorem 1, it suffices to show that w.p.a.1. as n — oo,
swp | [ qOD — [ (6 0a0, (G, Vi G )t 0. (A.15)
Aco ! Jane(Mo) ANO(Mo)
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Note that the densities ¢ and ¢ are defined on the same support © (M), so the rest is a standard

proof of Bayesian CLT similar to i ). Using the decomposition
(A2) in Lemma[A2] Lemma and Lemma [A 4] we have

/ 4(61/D)d6;
ANO(Mp)

Sy (D) fAme(M )e—%(gl—gMo,l)TGLOVEIGMo(91—5Mo,1)+0p(1)77(91’Mo)d(gl
N 0

(14 0p(1)) Sty (D) (2 /) MOl det(G g, Vi ' Goatg) } (6] M)

(1 + Op(l)) fAﬁBo(Cen)ﬂG)(Mo) e*%(ﬁf«gMo,l)TGLOV;lGMO(91797/\40,1)7.(.(91|M0)d91

(27 /n)Mol/2{ det(G oy, Vi Gang) } 7 (60| Mo)

= (14 0,(1)) / & (015 0Mm0.15 (G iy Vi ' Gagy) ™" /m)dby
AﬁBo(CEn)OG(MO)

B (015 0010,1, (G g, Vi 'Grty) /)01 + 0p(1) (A.16)

/AmBo(Csn)ﬁe(Mo)

The numerator of the second equality shrinks the range of integral to within the neighborhood
By(Cep) because the integral outside By(Cey,) is of 0,(1) compared to the denominator, accord-
ing to the approximation in (A.§]). In the third equality, we used Assumption 7(ii) and have
that on By(Ce,) N O(My), (0| Mg)/m(0p|Mp) = 14 o(1). The op,(1) in the last expression
does not depend on the set A. Therefore (A.13]) holds and this completes the proof. |

2. Proofs for the Asymptotic Validity of BGMM

In this section, we give the proofs of Theorem 2 and Theorem 3. For the ease of notation, let
2(0) = G)'V(9)"'G (), where G(0) and V (0) are defined in Assumption 9. In the following,
for any matrix A(#) that depends on 0, we use the notation “A” to refer to the matrix evaluated
at 0. For example, ¥ = G'V~'G, where G and V are defined in Assumption 5 and 6, i.e.
G(0) and V (0) evaluated at 6 = 6, respectively. For any model M, one can partition any
matrix G(6) into G(0) = (G (0), Gage(6)), according to the partial derivative with respect to
the components of 0 in either M or M¢€. Let

21(0) = Gp(0) TV (0) LG (0)

212(0) = G (0) T V(0) LG A (0)

92(0) = Grge(0) TV (0) LG A (0)

Jm(0) =TI, = V(0) 'Gum(0)(Gm(0) 'V (0) ' Gr(0) ' Gua(0)"

We have the following lemma about the quadratic term in the asymptotic normal density

of the GMM estimator 6. The proof is straightforward algebra.

Lemma A.7. Under Assumptions 1-10,
20— 0RO —0) = 20~ 6 0) TS0 0) 01~ 6 (0)) + Tu(0)
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51(0) = él + 211(0)_1212(0)é2
T(0) = gé;c;w(e)TJM(e)V(e)—lc;Mc(e)é2

where 6 = (éf—,é;)—r is the GMM estimator on the full model space in RP and is decomposed

according to the model M.

Lemma A.8. Suppose Assumptions 1-10 hold. Then uniformly for all 0 € By(Ce,) N O(M)
and all M 2 My, with any fized constant C' > 0, for & (0) in Lemma[A7,

&1(0) = Oa1 + 0p(1/v/),

where a1 = 0o i1 — (G Vil Ga) " GV, 1g(D, 00) is the same as in Lemma [ There-

fore,

S0 =TS0 = 0) = (01— 0ra.1) " B11(0)(01 — Oanr) + Taa(6) + 0p(1).

Proof: First we use the continuity of G (§)G(#) and V() in # from Assumption 9(iii), and
replace 311(0) and 312(0) in the expression of £ (6) by 311 and 319, respectively. This is
because we are considering 6 € By(Ce,), and this leads to (note that fy = O,(1//n))

51(9) = él + (21’11212 + Op(l))ég = él + 21’112129} + Op(l/\/ﬁ)

Next we use Assumption 9(v), and replace 0, and 0 with their first order approximations. For
the # in Assumption 9(v), suppose we decompose it into § = (6,0, )" according to a given
model M. Then by Assumption 9(v), we have ||6; — 61 = O,(1/n) and |62 — bs]| = O,(1/n).

Furthermore, through pure matrix algebra, we can derive that

£1(0) = 01 + 3] B1202 + 0,(1//n)
=01 + 27 S1202 + 0,(1/v/n) + Op(1/n)
= (T 211 212)0 + 0p(1//0)
= 0Or1 + 0p(1/V/n),

where in the last display, 6,1 is defined in Lemma Therefore from Lemma [A7] for any
6 € Bo(Cen)

50 -0)TS(6)(0 - 6)
= 201 = &(0) E0(0)(6: — €1(0)) + T (6)
= 3(91 — Opt1 + 0p(1/Vn) " Z01(0) (61 — Oan1 + 0p(1/v/)) + Tan(6)
= 3(91 = 0p,0) " Z11(0)(01 = Oan1) + Taa(0) + 0, (1),
which completes the proof. m
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Lemma A.9. Suppose Assumptions 1-10 hold. Let Txq(0) be given in Lemma [A.7 For any
generic model M, w.p.a.1 as n — oo,

(1) Uniformly for all @ € By(Cen) NO(M) and all models M D My, Ta(68) — Tas(6o) = 0p(1),
given any fized constant C > 0;

(11) For any M D My, Ty (00) — Tam(0o) = In(Sm(D)/Spmy (D)) + op(1), where Sp(D) is
defined in Lemma [A.2

Proof: First, we can use Assumption 9 and the uniform boundedness of the eigenvalues of
G(0)"G(0) and V(0) for 6 € ©, and express T(0) as

Tam(0)
= @@T Grie(8) T Tm(0)V (0)
(92 —02) TG e (0) T T M (O)V(0) L Goge (0) (62 — 2)
= 592TGM0( ) T m(O)V () Gage(0)02 + Op(1/3/n) + Op(1/n)
= 503 Gre(0) Taa(O)V (6) " Gane(9)82 + (1), (A.17)

(0)' G pae(0)82 + 1y G jye (g T m(O)V(0) ' Gpre (0)(62 — )

where 6 is the same as defined in Theorem 1 and 65 is the subvector of  with all those compo-
nents not contained in model M.
Furthermore, if M 2 My, then 6y r1,2 = 0. It can be shown by straightforward matrix algebra
that in this case,

Oy = (G eI MV LG rMe) LG e TV LG(D, 6p). (A.18)
Given the expression of Th(0) in (AI7) and f, in (AIS), it is clear that the dependence of
Tr(6) on 6 is only through the weighting matrix G e (0) " J o (6)V (0) "' G a4c(#) up to an error
of 0,(1) that is uniform for all M. Since Assumption 9(iii) has assumed the continuity of G(6)
and V (6) with respect to 6, it follows that for any fixed model M, G rqc(0) T T A (0)V (0) " G age ()
is also continuous in §. Moreover, due to the boundedness of p in Assumption 9(i), we have
at most 2P models M, so the continuity is uniform in M. Therefore, in the shrinking neigh-
borhood 6 € By(Ce,) where ¢, — 0, we have that uniformly over all models M 2 My,
Tim(0) — Tmi(6o) = op(1), which has proved (i).

By (AI7) and (AIR), for any M D My, we have Th(0p) = 2g(D,0p) " K (M)g(D,0) +
op(1), where

K(M) =V I Gre(Gled iV 'Gae) "G e VL

By pure matrix algebra, it can be shown that

K(Mo) — K(M)
=V IGMGUV TIGM) TGV T = VT GM (G, V' Gty) Gy VT

Because V,, is a consistent estimator for V' and their eigenvalues are bounded, we can replace

V' in the display above by V,,, which will incur an error of oy(1). Then it follows that

Ty (00) — Tra(o)
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n _ _ _ _
= 53(D.00) { V. Gu(GR V' Ga) ' GV,
~ Vi G (G R, Vi Gt T Gl Vi (D, 00) + 0, (1),

We compare this with (AI1]) and obtain that T, (60) —Ta(00) = In (Spm(D)/Sa, (D)) +o0p(1).
(ii) is proved. [ |

Lemma A.10. Under Assumptions 1-11, uniformly for all models M,
A A 1 p=|M|
‘p(@\@l) — $(0;01,2(0)7" /n) (61| M)dG1 = O, <Tnn 3 ) (A.19)
o(M)

where 0 = (0,05 ) is decomposed according to M, p(0|61) denotes the conditional density of 0
given 0 = (0] ,0)", and

¢(0;01,%(0)""/n)

P A
2\ 2 . . 0, —0
= (=) det(2(0)2exp —2 (@] — 67, 60)@0) (2 ) ¢ (A.20)
n 2 92
where 0 = (0] ,00)7 is decomposed according to M.
Proof: Let ¢(x) = 1/(1 + 2P*!). First one can do a variable transformation from 6 to

Z = nF(0)(0 — 0), where = (0] ,0)7 and F(0)TF() = GO)"V(0)"'GO) = X(6).
The densities have the relation p(0|0;) = nP/2det(F(0))pz(z]61) and ¢ <é;91,2(9)_1/n) =
nP/? det(F(0))¢(2;0,1,). Note that this transformation is in R? and does not directly involve
the integration with respect to #;. Then using Assumption 10, the left-hand side of (A.I9]) can
be bounded by

[ Jpl@160) — 600:60,26) /)| mier] )0
o(M)

— nP/? sup det(F(G))/ ‘PZ(Z‘Hl) — #(2;0, Ip)‘ﬂ(el‘M)dal
0cO O(M)

nP/? su w p/2.7- c(||z|D
= 968( AV (0)) > "/@(M) (12l (61| M)d6y

< 968< ) o /@ g U (A.21)

where in the last inequality we have used Assumption 7(i) that m(6;|M) < ¢, uniformly for all
M. We now transform 6, into g = \/ﬁ(él — 601) in the foregoing integration about the function
c(|lz]]). We have

1212 = n(6 — 0)T=(0)(0 — 0) = A(2(9))||Vn(d - )%,

and
T O e R Y

Furthermore, the eigenvalue satisfies

inf ACS(0)) 2 jnf AG(O)T GOINV(6) 7,
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which is lower bounded by constant according to Assumption 9(iii). Therefore, along with the

nonincreasing property of the function ¢(-), we have

N =OR0),
[, s <o [ MC<9€£> . rrmw) 1
_ Ml
(e AGOTGE) )T eI

The conclusion follows from ([A.21]), (A.22), and the boundedness of the eigenvalues of 3(6). B

Proof of Theorem 2 (i):

01601)m(61]M)do
We derive an order expression for BF;[M : M| = ffg(M)ZEé:eli EGI:M))d; where M 2 M.
o(My) 1) (01| Mo)do1

Here the two 6;’s in the numerator and the denominator lie in M and M respectively, possibly

with different dimensions if M D> M. Hereafter, all 0, and O, hold uniformly over all the
models with M D M. First of all, based on Lemma [A_10, we have

/ p(0]61)7 (61| M)d6;
O(M)

< [ Jpl@160) ~ 60560, 56) " | w(@r M08 + [ 600360, 2(6) yn(6r|M)dor
o(M) O(M)

p—|M]|

<Oy (mn™ )+ [ 60660, 2(6) yn(61|M)d6r (A23)
O(M)

We claim that the second term in (A.23]) satisfies

p—|M|
= Op n 2 s

(A.24)

/ 6(0: 01, 5(0) /n) (62| M)A, — / 6(0:01, 51 /n)m (01| M)dts
(M) O(M)

where we have replaced 3 (0) with X, i.e. the matrix ¥X(0) evaluated at 0 = 6.

To show (A.24]), we first observe that both integrals in the display can be made to order
Op (n%) outside the neighborhood By(Cey,) for some constant C' > 0. This is because by the
decomposition in Lemma [A.7]

/ $(6: 61, 3(6)"1 /m)m (61| M)d6,
O(M)\Bo(Cen)

-p/2 . .
B / (2_7T> det(2(6))"/2e~ 500" =O0O=0) 7 (g, | M)a6,
O(M)\Bo(Cen) \ T

9 _Pp inf 3 ~ ~
< CW(—T(> 2 Supdet(z((g))l/Q/ exp _ ninlpeg A( (6)) (9 B G)T(a B 9) dé,
n/  geo O(M)\Bo(Cer) 2

p
2\ 2 inf > ~ N
< <—”> " sup det((0))"/? / exp{—”m bco A (6))<91—91)T<91—91>}del
O(M)\Bo(Cen)

n 0o 2
27 -E Supgee det(X(0))1/2 1
<co|— 0O / ¢ (91;6317 . I ) déh
where we have used Assumption 7(i) that the prior is bounded, and the fact that Tx(6) > 0. All

the determinants and the eigenvalues here are bounded from below and above, by Assumption
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9. By choosing C' sufficiently large, we can make the integral in the last display arbitrarily

small, due to the Gaussian concentration inequality. Hence as we choose C' arbitrarily large,

/ 6(0:0,, 3(0) " m)w(O1|M)A0, = o, (n* ) (A.25)
O(M)\Bo(Cen)

Similarly we have

/ 0(0:0, 2 n)(01|M)dd, = o, (n* ). (A.26)
M)\ Bo(Cen)

Therefore it is sufficient to show (A24) on ©(M) N By(Ce,). We will use the continuity
of 3(#) with respect to 6 again, in the sense that det(3(6))/det(X) = 1 + o0,(1) and also
1X11(0) — 211]] = 0p(1) for 8 € By(Cep). It follows from Lemma [A.8] Lemma [A.9] (i) and the

Gaussian concentration inequality that

/ 6001, 57(0) /m) (01| M)
O(M)NBy(Cen)

—p/2 _ _
:/ (2_7T> ’ det(g(g))1/26*%(91*9M,1)T211(9)(91*GM,l)*TM(GHOp(l)W(QI|M)d91
O(M)NBo(Cen)

n

2 —p/2
-/ () " a0+ o))
O(M)NBy(Cen) \ T
n — — n _
eXP{ - 5(91 —O0pm1) Z11(01 — Or1) + 0p (5 H91 — 9/\4,1“2)

— Tt (B0) + 0p(1) (62| M) by
<2—”>_p/z det(3)1/2.

n

—(1+0,(1) [

O(M)NBoy(Cen)

= o ): “Lin)w
=(1+ p(l))/e(M)ﬁBO(Cen)¢<9,91,2 / ) (01| M)db,
-\ = . 1/2
=1+ Op(l))e_TM(Go) <%> ((i%gﬁ)) (0o M1 |M). (A.27)

Therefore, (A24) follows immediately from (A25]) - (A27) and the fact that Th(0y) = Op(1).
We can further combine (A.23]) and (A.24]) and conclude that

/ p(0]6:)m (61| M)dg; = / 6001, 5 /n)w (62 M)t + 0, (n" 5 ).
O(M) O(M)

Given this result, the Bayes factor based on p(é\@l) can be directly translated into the Bayes
factor based on ¢ (@ 0,, 27! / n) It follows that

BF;[M : Mo
 Jogu pO181)T (61| M)d6,
f@(MO)P(é|91)W(91|MO)d91
Sy @(6; 01, 571 /n)n(6:1| M)Ay + 0, (n" )

p—| Mo

) Jomo) ¢(0; 01,271 /n)m(61|Mo)do1 + 0p(n” 2 )
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p—

p—|M]|

_p=IM]
a1 op()e ™ () {det(GRV, ' Gan kP m(Bomal M) + 0y (0"

)

p—| Mo

(1+op(1))e*TMo<90><2§)f P {det(G Ly Vi ' Gane) Y180 01| Mo) + 0p(n

Lemma [A9] (ii) (1+0 (1))<2_7T>/\”2/V10 SM(D) . {det(GLV;lGM)}il/Qﬂ(HO‘M)
g Smo(D) {det(Gy, Vi 'Gane) ) 7(60| Mo)

The last display is exactly the expression of BF4[M : M| in Lemma Also note that
uniformly over all M D My, by Assumptions 7 and 9(i), we have 7(6p| M) /7(6p|Mo) = 1+0(1)

and 7(0g|M) > exp(—co|M|) > exp(—cop) which is a constant lower bound. This is why the

p—IM] p—| M| . . BFg[M: M)
terms oy, (n 2 ) and o, (n 2 ) can be absorbed in the last equality. Therefore, BF, (M- Mo]
1 has been proved. Since now p is bounded above by p in Assumption 9(i), one can see that the

M-
order of BF;[M : My] is equal to n™ 5 ko, which completes the proof. |

%

Proof of Theorem 2 (ii):
The first inequality directly follows from Lemma[AL6] and Assumption 9(ii). For the second one,
we have that for z = /nF(0)(0 — 0) with any 6 € (M) and Mo\M # 0,

l|2]|2 = n(6 — 0)T2(0)(0 — 6) > Gig(gA(E(H))nHé —0)?

> n inf M(2(0))(]|0 — 01]|* + [|62]>
> inf ACR0)(10 - 1|2 + 02])
Since Mo\M # 0, w.p.a.l as n — 00, By — O uq.2 # 0. Furthermore, by Assumption 9(ii),

A 1 1
16211 = [160.0.211* + 0p(1) > Sllfom2]* > 50%.
Therefore, if we let C1 = infpcg A(X(0)), then w.p.a.l as n — oo,

) A A C16°n
||Z‘|2 > C1n(||9 — 91”2 + ||92||2) > Cl'I’LHH _ 91”2 + 15 ‘

Thus for some constant C' > 0, we can bound the difference between p(é|91) and the normal

limit, by

/9(/\/1) ‘p(é]@l) -9 <é;6’1, 2(9)_1/71) ‘77(61’/\/1)(191

1
< nP? sup(det(2(0)))"/? -Tncﬂ/ ——db;
6co oM) 1+ (||z]1?) =
< CTnnP/2/ 1 FS d@l

~ 2
O {Cumloy - i + S}

2, /9)— 2+
— CTnnP/Q/ (01Q n/ ) 2p+1 dé,
O(M) (110,—012 kR
(it +1)
_1 1
<Cr,n 2 / —pﬂdu
oM (1 + [[ul|2)"+

RS x\./\/l\fl
<Ct,n 2 / —dx
o

p+1

1+22)2

40

p—

M

2

ol

)



NI

<Cmpn” 2, (A.28)

where C' has absorbed all the constant terms. Using (A28]), we can bound the marginal prob-
ability [opg, P(0161)7 (61| M)d6; as

/ p(0]601)m (61| M)do;
(M)

= /@(M) (P@ll@l)—¢<9A;91,2(9)*1/n) (w(ellM)d91+/ &(0;01,(0) " /n)m (61| M)d6,

O(M)
_» . A ) e
< CTnnfé + Cﬂ/ 2_7T ’ {det(E(@))}UQ e*%(91791)T(91791)*014Q do;
N o(M) \ N
9 _p*\QM\
< Cran™7 + ¢ det(£(0)) /20 M2 Cint® /4 (%)

1 2
< Oy e e

for some redefined constants C,Cy > 0. Therefore, w.p.a.1 as n — oo, the Bayes factor can be
bounded by

_ Joy P(O101)7 (01| M)d6,
fQ(Mo)p(éwl)ﬂ(el‘Mo)del

1 _ 2
Cymyn~2 + e~ 278

p—|

(1+ 0p(1))e T @) (22) 5 Lot (G, V' Gagy) )

n

—-1/2

—[Mol
7T(907M71|./\/l0) + op <np h )

ko—p—1

ko—=p—1 _ 2
<Tt,n 2 e Cné

for some redefined constant C' > 0 and the first constant can be absorbed into 7,,. This completes

the proof of Theorem 2 (ii). [ |

Proof of Theorem 3 (i):

If My # Mg, then there exists at least one model M such that M O M. Also the total
number of models is now bounded by 2P. Hence under the same prior (6, M), Theorem 2 (i) and
Assumption 9(iv) imply that » . \5aq, POsIM : Mo] = Oy (n=1/2), Y Mmoo POgIM
M) =0, (n"1/?), and

Z PO4IM : Mo] = (1 + 0p(1)) Z POG[M : M].
M:MDMy M:MDMo
On the other hand, Theorem 2 (ii) implies that ZM:MO\M;A(ZJ PO M : M| = eXp(—Cngz) for

some constant C' > 0, and also

Z POé[./\/( : Mo
M:Mo\MZAD

—p—1

k
< 2P exp (—CnQQ) V Thn =
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kog—p—1

< exp (—CnQQ) V TN 0
with adjusted C and 7, = 0p(1). Therefore, it is clear that

3 POq[./\/l:Mo]:op< 3 POq[M:MO])

M:Mo\M#D M:MDMg
S POYM : M| = o,,( ST POM: M0]>
MM\ MF#D M:MD Mo

Hence it is clear that the posterior consistency follows, with ¢(Mo|D) = 14-0,(1) and p(Mo|8) =
1+ 0p(1). Moreover,

q(M:M¢MO\D):< ST POJM:M+ Y Poq[M:MO])q(MOyD)

M:Mo\M#D M:MD Mg
=(140y(1)) D POGM: Mo =<n~'/?
M:MDMo
p(M:M;éMo\é):( S POM:M+ Y POé[M:MO])p(.MOIé)
M:Mo\MAD M:MDMy

= (1+o0,(1)) Z PO, M : M) = L1/
M:MDMo
gM: M #Mo|D)  (1+0p(1)) 3 mimom, POM = Mo

. — — 1

M= MF MolB) L+ 0p(0) > pions, POSM - Mo
w.p.a.l as n — oo.
When My = Mg, there is no model M with M > M. Hence

gM:M#MID)= Y POGM: My] - q(Mo|D) < exp (— Cnb?);

M:Mo\M£D
PM:M#AMIO) = 3 POIM : Mo] - p(Molf) < exp (= Cnb®) Virn =
M:Mo\M£D

Proof of Theorem 3 (ii):
Because of the model selection consistency in Theorem 3 (i) for p(6]d) and the normal approx-
imation in the proof of Theorem 2 (i), one can show that

— 0, (A.29)

sup
ACO

[ 001810 = [ 6 (62:61(60). (G, Vi Guaas) ! /) by

where 6 = (0],60,)7 is decomposed according to the true model My, and &;(6p) is defined
in Lemma also according to My. ([A29) can be proved using similar arguments to the
proof of Theorem 1 (i), and hence we omit it here. By Lemma [AR] & (60) = 0,1 +0p(1//0).
Therefore, using the relation between the total variation distance and the Kullback-Leibler (KL)

divergence (Pinsker’s inequality), we can obtain that

sup
ACO

[ & (61380000, (GRa Vi Guaay) ! ) a6~ [

6 (01:61(00). (Gha, Vi Gny) ™! /) oy
A
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1

{%KL (¢ (020001, (G, Vi ' Gane) /) 16 (61560(60), (G, Vi Giny) /) ) }

IN

_ %wl (Brtgs — 61(00)) T G e Vi "Gty (Bt — E1(60))
< %X (G;\FonglGMo) -n HéMml - §1(90)H2 = Op(l)7 (A.30)

where KL(f1, f2) denote the KL divergence between two densities fi and fo. Based on Assump-
tion 1-11, the result of Theorem 3 (ii) immediately follows by combining Theorem 1 (ii), (A.29])

and (A.30). [ |

3. Application to Motivating Examples

In this section, we prove the Bayesian oracle property for the three motivating examples in

Section 1.3 of the main paper.
Example 1: Correlated Longitudinal Data

We use the same notations as in the introduction. Without loss of generality, we assume Y;
and each Xj;; has been centered such that EY; = 0and E X, =0,fori=1,...,n,j=1,...,s
and k= 1,...,p. For the ease of presentation and the simplification of our proofs, we assume
that the working correlation matrix R is correctly specified and does not depend on 0. We
also plug in a preliminary consistent estimator § for 6 to the nonlinear part %#S;l of the
moment function g(D;,#). Such consistent estimator 0 exists even with growing p. For example,
one can take 6 to be the solution of estimating equations "% | X;(Y; — pui(0)) = 0. Under the

assumptions given in the theorem below, one can show that [|§ — 6p|| = O,(1/p/n) similar to

Example 1 in [Wan ).

The matrix V,, in BGMM can be taken as V,, = n= ' 31" (¢(D;,0) — g(D, 0))(g(D;,0) —
g(D, 5))T, where 6 is any preliminary consistent estimator of 6;. One can show that V,, con-

verges in probability under the operator norm to V' = Var(g(D, 6))).

Let j1(x) and ji(z) be the first and the second derivatives of p(x). We then have the following
theorem for the BGMM based on the moment function (5) for the correlated longitudinal data.

Theorem S1 For the moment function (5) in the main paper, suppose that Assumptions 1, 2,
3, 7 and 8 hold. Suppose 0 is the preliminary estimator that solves S X;(Y; — pi(6)) = 0
and V., =n= 3" (9(Di,0) — §(D,0))(9(D;i,0) — §(D,0))". In addition, if

(1) | Xiji| < Cx almost surely for some large constant Cx >0 and alli=1,...,n,j=1,...,s,
k=1,...,p. supj< < E(Yj4) < 005

(2) B(X] X;) and R have eigenvalues bounded above and below by constants for alli =1,...,n;
(3) ﬂ(XJH) is bounded above and below uniformly for all possible values of X;; and 6 € ©.
M(XJH) is bounded above, and qﬁ(X;H) is bounded above and below uniformly for all X;; and
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0 € By(cey) for any fized ¢ > 0;
then Assumptions 4, 5 and 6 hold with « = 1. Therefore BGMM for the moment function (5)

in the main paper satisfies the Bayesian oracle property in Theorem 1.

Remark 6. In Condition (1) we impose an absolute bound on all the covariates for convenience,
though this can be replaced by relaxed conditions on the tail behavior or the high order moments
on X;;i. Condition (2) for eigenvalues are standard. Here for simplicity, we use only one working

correlation matrix R such that m = p, though the result can be easily extended to more than

one working correlation matrices like in (IZ_OQd) Condition (3) requires certain bounds
on the derivatives of p and also ¢. In particular, u(t) = ¢ for linear regression trivially satisfies
this condition. For logistic regression, u(t) = /(1 + €') and ¢(t) = e'/(1 + €')%. Since in
our Assumption 2 the dimension p is fixed, condition (3) is satisfied for the derivatives of p
and ¢ evaluated at XJ 0. Similar arguments can be applied to Poisson regression, exponential

regression and probit regression, etc. In h‘mgg_am_ngﬂl (I_lM) and |Wa‘n.g_€ij.l.| (|2Qlj), the

marginal density of Y;; is modeled as a canonical exponential family, with Var(Yj;|X;;) =

w/l(Xi—]r. 0), where v is the dispersion parameter. Here we have considered a general form of the

function ¢ and therefore our setup includes theirs as a special case.

Proof of Theorem S1:
In the following, for a generic random variable D = (Y, X)" (independent of the sample D),
we omit the subscript ¢ in X;; and write X; to represent a generic p-dimensional covariate
vector measured at time j, for j = 1,...,s. Define pu.(0) = (u(X10),...,u(XL0)T, B(#) =
) — (U XT0)X1,...,(X10)X5)T, and S(0) = A(6)/2RA(0)/2 (if X has sample index
i, then we use the notation S;(#)). So the generic moment function can be written as g(D,0) =
B(0)"S(0)"' (Y —1.(0)), where @ is a preliminary estimator that solves > | X;(Y;—p;(0)) = 0
Similar to the proof of (3.3) in @
16 — 6]l = O, (\/p/—n> For simplicity we omit the proof of this relation here.

Suppose that the constant upper and lower bounds for gb(XZ—; 6p) in Condition (3) are ¢ and
¢ respectively. Since w.p.a.l as n — oo, 10 — 6o]] < Cepn, Si(6) = A;(0)/>RA;(9)"/? and
A;(0) = diag {#(X,10),...,¢(X;.0)}, we know that w.p.a.1 as n — oo, the eigenvalues of S;(6)

can be bounded as

), one can show that given the conditions (1)-(3),

(R)A(Ai(9)) < M(R) tr(Ai(9)) < soA(R)

(R)A(A;(0)) > pA(R),

A
A(S;(0))

IN

vV
[> >

where the upper and the lower bounds are constants that do not change with n.

We now check Assumptions 4 and 5. Let /1 and f+ be the constant upper and lower bounds
for ﬂ(XiE 6) in the condition (2). Then for Assumption 4(i), using the boundedness of X;;;, in
the condition (1), we have that w.p.a.l as n — oo,
sup E{(n7(9(D:0) = g(D.0n)))*} < sup E{(nAXTSE)AX (0 - 0))*}
n||=1 n||=1

< FEA(S0) 72 sup 0" B{XTX(0-00)(0— 0)" XX
[Inll=1

< PAS6)PMEX X)) tr(X T X)[10 — 6o
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< iEAS(0)2NE(XT X)) - spCk110 = 6oll* = O (020 — 6o1])?)

Therefore this implies that in Assumption 4(i) we can take o = 1, and also in Assumption
4(ii), the Lo norm of the envelope function F' for the class F is of order O(,/p), since the L
radius of © is assumed to be bounded by constant R in Assumption 1. Next we estimate the
Lo uniform covering number of F = {f(n,0) = n" B()" S(6) " (u.(60) — p.(0)),0 € O,n €
R™, ||n|| = 1}. Suppose there exists a enet in Lo(Pp) norm for F:{(n1,61),..., (nn,0n)},
with N = N(¢||F||pp.2,F,L2(Pp)). Then by definition, for any (7, ), one can pick out a pair
(1, 0%), for some 1 < k < N, such that E|f(n, 0,) — f(1,60)|* < €2. Then since

E|f (1, 0) = f(n,0)]”
<28 {( — ) B@) SO) (.06) — p.00))} +2E {n" BO)SE) " 1.0) ~ 1.00) }
< 9FPA(S () ME(XT X)) - spCk i - AR i —

+2nPEAS @) 2 AEXTX)) - spC 0 — 0]

< (Con 2 —ll) -+ (Can?l01 01

for some constants C7,Cy > 0 that depend on the eigenvalues, R, and ji. Thus we only need

Ime —nll < €/(2C1p"/?) and ||, — 0] < €/(2C2p"/?). Since ||n|| = 1 and || — 7| < p1/2’77k—77’005

we estimate the covering number on 7 using L., grids and need no more than N, = @ +1

P
points. Similarly since ||| < R, we need no more than Ny = <QCQTRP + 1) points. Together

we have shown that for small € > 0,
90102])2R P
N (e||F|lpp,2: F: La(Pp)) < NyNg < —a >
which give In N (¢||F'|| pp 2, F, L2(Pp)) = O (pIn(n/e)). So Assumption 4(ii) holds.

For Assumption 5(i), we have

IEg(D,6)] = [E(B@)TS@) " (1.6) - 1. 00)) | = #2AS@) 72 (BXTX)) 19 = o]l

Therefore Assumption 5(i) holds with & = ZA\(S(¢ 7)) 'AE(X X)) and &y = Ré;.

For Assumption 5(ii), G = VgEg(D,HO) = — { @ S(é)_lB(HO)}. By conditions (2)
and (3),

MGTG) < i*A(S(6)) 2 (E(XTX)>2
AGTG) < i*X(S(0) 2 (B(X X))

so the eigenvalues of G'G are bounded above and below as n — cc.
In Assumption 5(iii), let K(6) = (ju(X]10)(Xq ® X.1),...,ji(X[0)(X.s® X.S))T. Then for
any unit vectors u,v € RP,

|H (6) (u,0)|| = HE {B(@)TS(é)—lx(a)} vec(u ® U)H

< AA(S(@) A (B(XT X)) - VBCx,
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where we used the upper bound on M(XJH) for any 6 € By(ce,) in condition (3). Therefore
Assumption 5(iii) holds.

To show Assumption 6, we note that since V,, and V are symmetric positive definite ma-
trices, |[V] = \/AV V) = X(V) and also |V ,|| = A(V,). If we can show ||V, — V| —= 0
w.p.a.l as n — oo and the eigenvalues of V' are bounded from above and below, then we have

(Vo) =Vl S IVa = V[ + V] =V, = V] + V)

ANV

AV, = mllkr;n V> mlnn vy - maxn V=V,
ne

>2AV) = Va—=VI.

Therefore w.p.a.1 as n — oo, the eigenvalues of V,, are also bounded from above and below,

as long as ||V,, — V|| = 0. Next we show the boundedness for the eigenvalues of V' and the

convergence of ||V, — V||, respectively.
Since E g(D, 6y) = 0, we have

V = Var(g(D,60)) = E{ B(60)S(00) "' (Y — u(00))(Y = u(60)) " S(60) " B(60) }
=B (B(6o)" S(60) "' S(60)S(60) " B())
= E(B(6) S(60) " B(%))

By a similar argument to the boundedness of eigenvalues of S (é), one can show that the eigen-

values of S(6y) are also bounded from above and below by constants. Therefore,
AV) <A 2 (B(XT X)) A(S(60)) ™
AV) = A (B (B(60) B(0:)) ) A(S(00) " > 22 (B(X X)) X (S(60))

The boundedness of A(V') and A(V) is proved.
To show ||V, — V|| — 0, we first note that

i=1
1 n _ _ n B B
== 9(Di.0)g(Di.0)" +~> g(D.0)g(D.0)"
=1 i=1

N 2 « =
= > 9(Ds, 60)9(Di, 00) " + - > (9(Di,0) — g(Di, 00)) g(Di, 60) T
i=1 =1

~ T _ _
+ = Z (Dy,0) — g(Ds, 60)) (9(Di, 6) — g(Di, 60))  + g(D,0)g(D,0)"
= E1 =+ E2 + Eg + E4. (A?)l)
We derive bounds for each term. For E{ we have

1By~ VI < [|By - V[
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=>.> [“71 > 9;(Ds, 00)gx(Di, 69) — Elg; (D, 60)gx (D, 60)] i

7=1k=1 i=1

Hence by Chebyshev’s inequality, for any C' > 0,

P(|E1—=V|?*>C)

p n )
<c™? Z ZE {"_1 Zgj(Dzs 00)gx(D;,00) — Elg; (D, 60) gk (D, 60)]]
j=1k=1 i=1
1 p p
=02 DD Var(g;(D, 00)gx(D, 60))
7j=1k=1
2 2
< su E‘l),@2 D,92<p—su E’D,04
Yo Ry 195(D. 00)"gw (D, 60)°] < — =5 Sup [9;(D,00)"]
2
p Ay T -1 4
<— E[X, S(6 Y — (6
< nc S AELXG S0) (Y = (o))
2
p- - _
< s htSPCRA(S (00)) T E|IY — p(6o) I
2 s
P - - )
= S ht S ORAS(00)) T B [ D (V) — 11 (00))7]

j=1
2 s
SRS CIAS (00) " B[ () — 1y (60))"]
j=1

IN

9 s
VRS CRAS(00) T E Y [V + (00

IN

2
nC =
16p® <4 4 4 4
< = C (S0 E(Y:7).
< A s OxA(S(0)) S (Y5)

Since sup; < j< E(Yj‘l) < oo as in Condition (1), we conclude that ||E1—V || = O,(p/+/n) = 0p(1).
Next we bound E3. Because [0 — 6p|| = O,(y/p/n), we have that for any generic D,

lg(D. ) = (D00l = | BO)” S@) " (u(0) - u00))|

= |B@O)T @) B@)G-00)| < |BO) SO BE)

Jp=
< i2AS(0) - 1XTX] - ||d - 6o < i2AS@) - 1X2 - 0, (\@

< x(80) 5050, (/2) = 0, (@) — op(D) (A.32)

where 6 is between § and 6y, and the derivation shows that if we replace D with D;, then the

upper bound is uniform over all i = 1,...,n. Therefore

B3 < 0t S [[(9(Di,6) — 9(Dis00)) (9(D1.6) — 9(Di,00) |
=1

n

<! i oD ) - g(Di,HO)H2 0, (p_g> .
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Given the bounds for E1 and FE3, we can bound Es as
HE2H—2n‘1HZ (D1,0) - 9(Ds 00)) 9(Di,00) " |

25 o) - o000 [ 0

<0, <\/%> o~ 2 Hg(Di,HO)H
<o, (Z)-0 (42) 00 (£) et

For E4, we use ||g(D,0)| = O, <\/p/n) and (A.32)

1B = [[a0.8)]| < (19(D.8) — 9(D.60)]| + 19(D. 60)])’

< (0 (VFTm) + 0, (Vo) = 0y (6 /) = 0y(1).

Finally, we combine the bounds for E;, E9, E3, E4 and conclude that ||V, — V| = op,(1).

Therefore Assumption 6 holds.
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Example 2: Quantile Regression

Without loss of generality, we assume that the random variables Y and X are centered
such that EY = 0 and EX = 0. The conditional distribution Fy|x is assumed to be contin-
uous, and let fy|x be its conditional density. It can be calculated that V' = Var(g(D,th)) =
7(1—7)E(XXT") for the unconditional moments (6), and we can estimate V by V,, = n~17(1 —

)Y XiXiT . Then we have the following theorem about quantile regression.

Theorem S2 For the moment function (6) in the main paper, suppose that Assumptions 1, 2,
3, 7 and 8 hold. Suppose that V,, =n~'r(1—7)> 0" X;X,". In addition, if

(1) For any generic random vector X = (X1,...,X,)", | X;| < Cx almost surely for some large
constants Cx >0 and all j =1,... p;

(2) Jy|x is continuously differentiable with the first derivative fY‘X. Jy|x and fy|X are almost
surely bounded above on the support of Y for any value of X. fy|x is further bounded below for
any value of X.

(8) E(XXT) has eigenvalues bounded above and below by constants.

then Assumptions 4, 5 and 6 hold with « = 1/2. The BGMM for the moment function (6) in

the main paper satisfies the Bayesian oracle property in Theorem 1.

Remark 7. The quantile regression example can be generalized to the instrumental variable
quantile regression model (IVQR), as discussed in bhﬂnﬂzﬁblﬂmjmmi_ﬂaﬂs_eﬂ (IZ_O_Oj, |20_0_d) In

the IVQR, the predictor X could contain endogenous components, and we can still consistently

estimate the parameter 6 using other informative and exogenous instrumental variables. The

model formulation will be more complicated but can be incorporated into the BGMM framework

using the unconditional moments based on IV (e.g. ))-

Proof of Theorem S2:
We check Assumptions 4 and 5. For a generic 6, let A = {Y is between X "0 and X "6p}. Let
f, f and f be the upper bounds for the conditional density fy|x, its derivative fy‘ x and the

lower bound for fy|x in condition (2). Then

sup B {7 (9(D.6) ~ (D.60)} = swp BE{nTX(1v < XT0) ~1(v < xTe0))}’
lInll=1 [Inll=1

= sup n'Ex {X (/ fYX(?/)d?/> XT} n
lInll=1 4
< X (BEXT)) Oxp"?|0 — ol

Therefore Assumption 4(i) follows by taking o = 1/2, since the eigenvalues of E(XX ) are
bounded by condition (3). It also implies that the Ly norm for the envelope function F' of the
class F in Assumption 4(ii) is bounded by O(RY?p'/*) < O(p'/?). Moreover, the VC index of
the class F is of order O(p) (see Lemma 18-20 of Mm_ej@l_.l l20_ll|), and the bound on the

uniform covering number follows by Theorem 2.6.7 of ).

For Assumption 5(i), we have

[Eg(D.0)I = [ {x00v < xT0) - }||" = [ {x (B (XT0) ~ Fyix(x T}
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= [E{XXT A (T 0= 0} = 22 (BXXT)) o - P,

where in the second equality we used the iterated expectation, in the third equality 0 is between
0 and 0. This implies that || Eg(D,0)| > 61]|0 — 6o||, with §; = fPAE(XX")). Therefore we
can simply take g = 2Rd;, and Assumption 5(i) holds.

For Assumption 5(ii), one can calculate that G = E {XXTfy|X(XT90)}. Using the definition

of the matrix operator norm, one can see that the eigenvalues of GG can be bounded as

NGTG) < fA(E(XXT))
AGTG) > /A (B(xXXT))

For Assumption 5(iii), for any unit vectors u,v € RP,
IH (6)(u,v)|| = HE {XXT ® XTf'y‘X(XTG)} vec(u ® U)H
<A (E(XXT)) - /PCx |-

Hence Assumption 5(iii) holds.
For Assumption 6, by Chebyshev’s inequality, for any C' > 0, we have

Pr(|[V,— V]| >C) <Pr(|V,-V|F=>C)

< MV{H { ZZ < ZXz]sz Xz]sz))2}

]: k=1

2 1— 2,2 204 2 _ 2
T ( 7_) p sup E(Xsz) xT ( T)

< 3
nC 1<j,k<p nC

Therefore ||V,,— V| = O, (p/v/n) = 0p(1). The boundedness of eigenvalues of V' follows directly

from the boundedness of eigenvalues of E(X X ") in Condition (3), and hence the eigenvalues of

V,, are also bounded from above and below w.p.a.1 as n — oc. |
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Example 3: Partial Correlation Selection

We use the same notation as in the introduction. Suppose the true covariance matrix is
3o and the true precision matrix is €2y, whose dimensions are s x s. Each parameter 6 we
consider here corresponds to a positive definite matrix €2, since 6 comes from the vectorization
of the upper triangle of such a 2. The true parameter 6y comes from 3. We can take
V,=n"13" (9(Di,0) — g(D,0))(g(D;,0) — g(D,A))", where 6 is the estimated parameter
by inverting the empirical covariance matrix. Then we have the following theorem for partial
correlation selection.

Theorem S3 For the moment function (7) in the main paper, suppose that Assumptions 1, 2,
3, 7 and 8 hold for p = s(s+1)/2. In addition, if

(1) Uniformly for all 6 € O, the corresponding Q@ has eigenvalues bounded above and below by
constants;

(2) For any random vector Y = (Y1,...,Yy) T, SUp;<j<s E(ng) < 00;

(3) The eigenvalues of V- = Var(g(D, 6y)) are bounded from above and below by constant;

then Assumptions 4, 5 and 6 hold with « = 1/2. Therefore BGMM for the moment function

(7) in the main paper satisfies the Bayesian oracle property in Theorem 1.

Remark 8. Here we restrict the space of the precision matrix € to a (possibly large) convex
and compact set, with boundaries set by the smallest and the largest eigenvalues of €2 as in
the condition (1). The boundedness of sup; E(Yj8) in the condition (2) is to guarantee the
convergence of V', to V. Here we have directly assumed that the eigenvalues of V' are bounded
from above and below, mainly because this condition is not trivial and can hardly be obtained

from any low level conditions.

Proof of Theorem S3:

Hereafter we denote the (i,7)th entry in a generic s X s positive definite matrix ¥ or € as
oij or w;j, respectively. Denote the (i,j)th entry in the true covariance matrix 3y and the
true precision matrix €2y as 0,0 or wjj 0, respectively. For a generic parameter 6, we denote the
corresponding precision matrix as € and the corresponding covariance matrix as ¥ = Q~!. The
coordinates of # and any other p-dimensional vector is subscripted by “ij” with 1 <i <j <s.
Then we can first establish an equivalence between the Lo norm of 6§ and the Frobenius norm

of . Since # contains the entries in the upper triangle of €2, it is obvious that
1
1192 = QollF < (16— 6ol* < 12 — Qo7 (A.33)

so these two norms are equivalent.

Now we check Assumptions 4 and 5. For Assumption 4(i), since m = p = s(s+ 1)/2 for this
example, we have that for any 7 € R? and ||||?> = doi<i<i<s 77i2j = 1, by the Cauchy-Schwarz
inequality,

2

E {WT(Q(Q@) - 9(D790))}2 =< > mijloij — oij0)

1<i<j<s

o1



< > omhe Y (eg—ope)’ < Y (o —0i0)

1<i<j<s 1<i<j<s 1<i<s,1<5<s

== -2 = o7 (@ - 2)0 127 [ 12 — o[l l126 17
< A(R)2AR0) 222 — Qo7 = O (02110 — 60 ])?) (A.34)

I P

where we used the submultiplicativity of the Fronbenius norm, the boundedness of eigenvalues
in the condition (1), the relation ||A|% < sA(A)? for a s x s positive definite matrix A, the
relation p = s(s 4+ 1)/2 and (A.33]). Take supremum over 1 and Assumption 4(i) is proved.

For Assumption 4(ii), we have derived above that the envelope function of F has Ls norm of
order O(p'/?) given ||@]| < R. Note that in fact for the partial correlation selection example, the
functions in F do not have any randomness. Suppose a Lo e-net of F is {(n1,61),...,(nn,0n)}
for N = N (¢||F||pp,2, F,L2(Pp)). Then for any f(n,0) € F, we apply a similar procedure of

([A234) and have

E|f (e, 0k) — F(0, 0 < 2/ f (s Ok) — f(0,08)1> + 2| f(1,08) — (1, 0)]?
< 2llme — nlPA(%) T2A(R0) 357 - AR 42X () T2A(R) 2s? - 2)|0, — 617
= (C1p"?||mk — nl))* + (Cap™? |16k — 0]))°,

where €, is the matrix € with parameter 6. Therefore by a similar argument to the proof of
Theorem S1, N (¢||F||pp,2, F, La(Pp)) < (9C1Cop?R/€*)” , which give In N (¢||F||pp,,2, F, La(Pp)) =
O (pln(n/e)) and hence Assumption 4(ii) holds.

For Assumption 5(i), we have

1
IEg(D,0)|> = > (04 —0ij0)* > 3 > (o —0i0)
1<i<j<s 1<i<s,1<5<s
1
=§HE—20H§——HQ (R0 - ||} > 5 EAQ)A00) %2 - (A35)

where we have used the fact that for two positive definite matrices A and B,
IAB|% = (BTATAB) > A(B)* tr(AT A) > A(B)*| A £

Now since we have assumed in the condition (1) that the eigenvalues of €2 are bounded above
by constants, (A.33]) implies that || E g(D,0)| > 01|60 — 6o with 0 < §; < AM(Q)7IA(Q) "1 /V/2.
So Assumption 5(i) holds with this d; and dp = Rd;.

To show Assumption 5(ii), we only need to show that for any unit vector u € RP, uw GTGu
is bounded above and below by constants, where G = VygEg(D,60y). Define a linear op-
erator 0, = Zlgz‘g]‘gs ul-ja%ij and define wj; = wu;; for any j < 4. Then WTGTGu =
0uEg(D,00) 0, Eg(D,0y) = |0, Eg(D,0)|?, and similar to (A33]), one can show that

1y _
5102 7 < 110.Eg(D, 00)” < 10,2 |17,

and also

1= lull* < [10.80]% < 2[|ul® =2

52



Since Q! = I, we take first derivative and have 9,27 ! = —Q71(9,2)Q 7. Therefore, we

have

HauﬂalH%‘ - Hﬂal(au )

20)2 7 < A0)*|0u0[7 < 22(Q0) 7"
10,82 17 = 11925 (9u$20)€25 |

0
(20) " [10uS20]7 = A(€20) 7,

o

A
A

>

which implies the boundedness of eigenvalues of G G, given the condition (1).

For Assumption 5(iii), we use the same technique and have that for unit vectors u,v € RP,
| H (0)(u,v)||? = |0.0,Eg(D,0)||* < (0,0, '||%. While for any generic €, using 9,Q2! =
2710, 297, we get

2,0, = - 1,00 v, ! - v 0.0 - 1,000
Therefore since 9,,0,€2 = 0 for any €2,
IH (0)(u, 0)[I” < |27 (0.2)2 10,2277 + |27 (0.0 (8.0 |F
< 2M(Q) 7 +220(2) 7% = A ()77,

which is bounded above by constant for any € considered here by the condition (1). Hence
Assumption 5(iii) holds.

For Assumption 6, we have assumed the boundedness of eigenvalues of V', and we still need
to show the convergence |V, — V|| = 0 w.p.a.l as n — co. By Chebyshev’s inequality, for any
C > 0, we have

Pr(|[V,—V|[>C)<Pr(|[V.-V]r=>0)

1 1
o2 Z Z Var {E Z(Yij1Yik1 - O'jlkl,(])(Y;thkz - 0']'216270)

1<51<k1<s 1<j2<k2<s i=1

IN

—E {(Y}1Yk1 - Uj1k170)(}/}2yk2 - O-j2k270)}}

2 2
s7(s+1)
< T anCZ . ]?up N E {(leY/ﬂ - Uj1k1,0)2(yjzyk2 - O-j2k270)2}
J1,R1,72,R2
45%(s + 1) 272 1212 16p* 8
E{Y2Y,Y2y: | < —— E(Y?°).
nC? o, YY) S S i BO)

Hence we have ||V,, — V|| = O, (p/+/n) = 0p(1). This together with Condition (3) implies the

boundedness of eigenvalues of V,, w.p.a.1 as n — co. Therefore Assumption 6 holds. |

4. Examples of the prior on models

In this section, we verify Assumption 8 for several examples of priors on models. They are
summarized in the following proposition.
Proposition Assumption 8 is satisfied by the following three priors on models:

(a) Every component of 0 enters the model M independently with probability v € (0,1), excluding
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the empty model: ©(M) oc vMI(1 — )P~ M Here v is either a fized constant or v = n=¢ for
some constant ¢ > 0.

(b) The prior factorizes as 7(M) = t(M||M| =k)r(IM| =k) fork=1,....p. a(M | IM] =
k)= (Z)fl, and w(|M| = k) o< ¢¥e=C/k! for some constant ¢ > 0.

(¢) The prior factorizes as 1(M) = n(M||M| = k)r(|IM| =k) fork=1,....p. 7(M | IM]| =
k) = (ﬁ)_l, and T(|JM| = k) < e=* for some constant ¢ > 0.

Proof of the proposition:
We verify Assumption 8 (i) and (ii) for each of the three priors. We note that if p satisfies the
growth rate in Assumption 2, p < \/n/p — o0 as n — oo.

For the prior in (a), let C] = max (L ﬂ) Then 1 < C7 < nf We have

1-v’ v

a(M) oM ML\ IMIEEMo
(Mo) = VRT(1 — )il ( ) -

If M S Mo, [M]| — |[Mo| > 1, then
|M][—[Mo]

1—v

T(Mo) — \1—v
If Mo\ M # 0, then since |[|[M|— | Myl| < p,
(M)

< C{‘M‘*VVIOH < neP =< erlplnn,
m(My)

where we can choose 7 = ¢. So Assumption 8 holds for the prior in (a).

For the prior in (b), let |[M| =k and |My| = ko. We have

T(Mo)  m(Mo|[Mo| = ko)m(J]M]| = ko) (,ﬁ))_lckzsfc ~ (p—ko)!

"M wMIMI=RrMI =R DTS 0k e,

If M D My, then k—ky > 1 and (p — k)! < (p — ko)!. It follows that

(M) k—k k—k
< 0 0,
M) < < (Vn/p)
If Mo\ M # 0, then since |k — ko| < p, (p — k)! < pP, and Inp < Inn by Assumption 2,
(M)

SppCp _ eplnp—i—pln( < erlplnn7

m(Mo)

for some constant r; > 0. So Assumption 8 holds for the prior in (b).
For the prior in (c), let |[M| =k and |[My| = ko. We have

M) MM =RrMI=k) Q) et Re =R )

m(Mo)  m(Mol||Mo| = ko)m(| M| = ko) (15))716_090 ~ kol(p — ko)!

If M D My, then k —ky > 1, (p— k) < (p— ko)!, k!/ko! < kF~Fo < pk=Fo_ Tt follows that

(M) ko —C(k—ko k—ko
mﬁpkkeqkk)<(\/ﬁ/p) .

o4



For Mo\ M # 0, notice that we always have (k!(p — k)!)/(ko!(p — ko)!) < pl*~*0l. Therefore

W(M) <p\k—ko\e—ﬁ(k—ko) <ppeCp < eplnp-l—p( =< erlplnn’

m(Mo) ~

for some constant r; > 0. So Assumption 8 holds for the prior in (c). |
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