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Risk contagion concerns any entity dealing with large scale risks. Suppose Z = (Z1, Z2) denotes a risk vector pertaining
to two components in some system. A relevant measurement of risk contagion would be to quantify the amount of
influence of high values of Z; on Z;. This can be measured in a variety of ways. In this paper, we study two such
measures: the quantity E[(Z; — t)4|Z2 > t] called Marginal Mean Excess (MME) as well as the related quantity
E[Z1]|Z> > t] called Marginal Ezpected Shortfall (MES). Both quantities are indicators of risk contagion and useful in
various applications ranging from finance, insurance and systemic risk to environmental and climate risk. We work
under the assumptions of multivariate regular variation, hidden regular variation and asymptotic tail independence
for the risk vector Z. Many broad and useful model classes satisfy these assumptions. We present several examples
and derive the asymptotic behavior of both MME and MES as the threshold ¢t — oo. We observe that although we
assume asymptotic tail independence in the models, MME and MES converge to co under very general conditions;
this reflects that the underlying weak dependence in the model still remains significant. Besides the consistency of the
empirical estimators we introduce an extrapolation method based on extreme value theory to estimate both MME
and MES for high thresholds ¢ where little data are available. We show that these estimators are consistent and
illustrate our methodology in both simulated and real data sets.
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1. Introduction

The presence of heavy-tail phenomena in data arising from a broad range of applications spanning hydrology
[2], finance [37], insurance [16], internet traffic [8, 34], social networks and random graphs [5, 14] and risk
management [11, 24] is well-documented. Since heavy-tailed distributions often entail non-existence of some
higher order moments, measuring and assessing dependence in jointly heavy-tailed random variables poses
a few challenges. Furthermore, one often encounters the phenomenon of asymptotic tail independence in the
upper tails; which means given two jointly distributed heavy-tailed random variables, joint occurrence of
very high (positive) values is extremely unlikely.

In this paper, we look at heavy-tailed random variables under the paradigm of multivariate regular vari-
ation possessing asymptotic tail independence in the upper tails and we study the average behavior of one
of the variables given that the other one is large in an asymptotic sense. The presence of asymptotic tail
independence might intuitively indicate that high values of one variable will have little influence on the
expected behavior of the other; we observe that such a behavior is not always true. In fact, under a quite
general set of conditions, we are able to calculate the asymptotic behavior of the expected value of a variable
given that the other one is high.
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and support from Karlsruhe Institute of Technology during a visit in June 2015.
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2 B. Das and V. Fasen

A major application of assessing such a behavior is in terms of computing systemic risk, where one wants
to assess risk contagion among two risk factors in a system. Proper quantification of systemic risk has been a
topic of active research in the past few years; see [1, 3, 6, 15, 17, 28] for further details. Our study concentrates
on two such measures of risk in a bivariate set-up where both factors are heavy-tailed and possess asymptotic
tail independence. Note that our notion of risk contagion refers to the effect of one risk on another and vice
versa. Risk contagion has other connotations which we do not address here; for example, it appears in causal
models with time dependencies; see [19] for a brief discussion.

First recall that for a random variable X and 0 < u < 1 the Value-at-Risk (VaR) at level u is the quantile
function

VaR,(X) :=inf{zr e R: Pr(X >z) <1—u} =inf{z e R: Pr(X <z) > u}.
Suppose Z = (Zy, Z3) denotes risk related to two different components of a system. We study the behavior
of two related quantities which capture the expected behavior of one risk, given that the other risk is high.

Definition 1.1 (MARGINAL MEAN EXCEsS) For a random vector Z = (71, Z;) with E|Z;| < oo the
Marginal Mean Excess (MME) at level p where 0 < p < 1 is defined as:

MME(p) = E [(Z) — VaRy_,(Z)), |22 > VaR, p(ZQ)} (1.1)

We interpret the MME as the expected excess of one risk Z; over the Value-at-Risk of Z5 at level (1 — p)
given that the value of Z; is already greater than the same Value-at-Risk.

Definition 1.2 (MARGINAL EXPECTED SHORTFALL) For a random vector Z = (Z1, Z;) with E|Z;| < oo
the Marginal Expected Shortfall (MES) at level p where 0 < p < 1 is defined as:

MES(p) =E [Zl|ZQ > VaRl,p(Zg)] . (12)

We interpret the MES as the expected shortfall of one risk given that the other risk is higher than its Value-at
risk at level (1 — p). Note that smaller values of p lead to higher values of VaR;_,,.

In the context of systemic risk, we may think of the conditioned variable Z5 to be the risk of the entire
system (for example, the entire market) and the variable Z; as one component of the risk (for example, one
financial institution). Hence, we are interested in the average or expected behavior of one specific component
when the entire system is in distress. Although the problem is set up in a systemic risk context, the asymptotic
behaviors of MME and MES are of interest in scenarios of risk contagion in a variety of disciplines.

Clearly, we are interested in computing both MME(p) and MES(p) for small values of p, which translates
to Zy being over a high threshold ¢. In other words we are interested in estimators of E[(Z1 — t)4|Z2 > {]
(for the MME) and E[Z;]|Z2 > t] (for the MES) for large values of ¢. An estimator for MES(p) has been
proposed by [7] which is based on the asymptotic behavior of MES(p); if Z; ~ F} and Zy ~ F, define

. € Yy
R(z,y) = lim ¢Pr (1 ~Fi(2) < F.1- Ba(Zs) < ;) (1.3)
for (z,y) € [0,00)°. It is shown in [7] that

1
lim ————MES(p Rz~ 1) dz 1.4
p—0 \ﬁlf{l p(éZl u/n ( )
if Z; has a regularly varying tail with tail parameter «;. In [25] a similar result is presented under the further
assumption of multivariate regular variation of the vector Z = (Z1, Z5); see [21, 40] as well in this context.
Under the same assumptions, we can check that

1
lim —— MME(p R(z—1,1) 15
20 VaRy_p(Z1) / (1.5)

where VaRy_(Z2)
. alvy—pl42

= 1 T ——

¢ Pl—r{%) V&Rl_p(Z1)7
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if ¢ exists and is finite. For ¢ to be finite we require that Z; and Zs are (right) tail equivalent (¢ > 0) or
Zs has a lighter (right) tail than Z; (¢ = 0). Note that in both (1.4) and (1.5), the rate of increase of the
risk measure is determined by the tail behavior of Z;; the tail behavior of Z5 has no apparent influence.
However, these results make sense only when the right hand sides of (1.4) and (1.5) are both non-zero and
finite. Thus, we obtain that as p | 0,

MME(p) ~ const. VaR1_,(Z1), and MES(p) ~ const. VaRi_p,(Z1).

Unfortunately, if Z1, Zs are asymptotically upper tail independent then R(x,y) =0 (see Remark 2.3 below)
which implies that the limits in (1.4) and (1.5) are both 0 as well and hence, are not that useful.

Consequently, the results in [7] make sense only if the random vector Z has positive upper tail dependence,
which means that, Z; and Z, take high values together with a positive probability; examples of multivariate
regularly varying random vectors producing such strong dependence can be found in [22]. A classical example
for asymptotic tail independence, especially in financial risk modeling, is when the risk factors Z; and Z,
are both Pareto-tailed with a Gaussian copula and any correlation p < 1 [11]; this model has asymptotic
upper tail independence leading to R = 0. The results in (1.4) and (1.5) respectively, and hence, in [7]
provide a null estimate which is not very informative. Hence, in such a case one might be inclined to
believe that E(Z1|Zy > t) ~ E(Z1) and E((Z1 — t)4+]|Z2 > t) ~ 0 as Z; and Z, are asymptotically tail
independent. However, we will see that depending on the Gaussian copula parameter p we might even have
lim; 00 E((Z1 — t)4+|Z2 > t) = oo. Hence, in this case it would be nice if we could find the right rate of
convergence of MME(p) to a non-zero constant.

In this paper we investigate the asymptotic behavior of MME(p) and MES(p) as p | 0 under the assumption
of regular variation and hidden regular variation of the risk vector Z exhibiting asymptotic upper tail
independence. We will see that for a very general class of models MME(p) and MES(p), respectively behave
like a regularly varying function with negative index for p | 0, and hence, converge to co although the tails
are asymptotically tail independent. However, the rate of convergence is slower than in the asymptotically
tail dependent case as presented in [7]. This result is an interplay between the tail behavior and the strength
of dependence of the two variables in the tails. The behavior of MES in the asymptotically tail independent
case has been addressed to some extent in [22, Section 3.4] for certain copula structures with Pareto margins.
We address the asymptotically tail independent case in further generality. For the MME, we can provide
results with fewer technical assumptions than for the case of MES and hence, we cover a broader class of
asymptotically tail independent models. The knowledge of the asymptotic behavior of the MME and the MES
helps us in proving consistency of their empirical estimators. However, in a situation where data are scarce
or even unavailable in the tail region of interest, an empirical estimator is clearly unsuitable. Hence, we also
provide consistent estimators using methods from extreme value theory which work when data availablility
is limited in the tail regions.

The paper is structured as follows: In Section 2 we briefly discuss the notion of multivariate and hidden
regular variation. We also list a set of assumptions that we impose on our models in order to obtain limits
of the quantities MME and MES under appropriate scaling. The main results of the paper regarding the
asymptotic behavior of the MME and the MES are discussed in Section 3. In Section 3.3, we illustrate a few
examples which satisfy the assumptions under which we can compute asymtptoic limits of MME and MES;
these include additive models, the Bernoulli mixture model for generating hidden regular variation and a
few copula models. Estimation methods for the risk measures MME and MES are provided in Section 4.
Consistency of the empirical estimators are the topic of Section 4.1, whereas, we present consistent estimators
based on methods from extreme value theory in Section 4.2. Finally, we validate our method on real and
simulated data in Section 5 with brief concluding remarks in Section 6.

In the following we denote by — vague convergence of measures, by = weak convergence of measures and

by it convergence in probability. For € R, we write 3 = max(0, x).
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4 B. Das and V. Fasen
2. Preliminaries

For this paper we restrict our attention to non-negative random variables in a bivariate setting. We discuss
multivariate and hidden regular variation in Section 2.1. A few technical assumptions that we use throughout
the paper are listed in Section 2.2. A selection of model examples that satisfy our assumptions is relegated
to Section 3.3.

2.1. Regular variation

First, recall that a measurable function f : (0,00) — (0,00) is regularly varying at oo with index p € R if

lim f(tz) =z’

t—oo f(t)
for any > 0 and we write f € RV,. If the index of regular variation is 0 we call the function slowly varying
as well. Note that in contrast, we say f is regularly varying at 0 with index p if lim,_,¢ f(tz)/f(t) = 2 for
any x > 0. In this paper, unless otherwise specified, regular variation means regular variation at infinity. A
random variable X with distribution function F has a regularly varying tail if F =1 — F € RV_,, for some
a > 0. We often write X € RV _, by abuse of notation.

We use the notion of M-convergence to define regular variation in more than one dimension; for further
details see [12, 23, 27]. We restrict to two dimensions here since we deal with bivariate distributions in this
paper, although the definitions provided hold in general for any finite dimension. Suppose Cy C C C [0, oo)2
where Cg and C are closed cones containing {(0,0)} € R2. By M(C\Cy) we denote the class of Borel measures

on C\ Cy which are finite on subsets bounded away from Cy. Then p, LY pin M(C\ Co) if pn(f) = u(f)
for all continuous and bounded functions on C \ Cy whose supports are bounded away from Cy.

Definition 2.1 (MULTIVARIATE REGULAR VARIATION) A random vector Z = (Z1, Z2) € Cis (multivariate)
regularly varying on C\ Cy, if there exist a function b(¢) T co and a non-zero measure v(-) € M(C\ Cy) such
that as t — oo,

v() =tPr(Z/b(t) e ) B u()  in M(C\Cp). (2.1)

Moreover, we can check that the limit measure has the homogeneity property: v(cA) = ¢~ “v(A) for some
a > 0. We write Z € MRV(a,b,v,C\ Cy) and sometimes write MRV for multivariate regular variation.

In the first stage, multivariate regular variation is defined on the space E = [0,00)> \ {(0,0)} = C\ Cq
where C = [0, 00)* and Cy = {(0,0)}. But sometimes we need to define further regular variation on subspaces
of E, since the limit measure v as obtained in (2.1) turns out to be concentrated on a subspace of E. The
most likely way this happens is through asymptotic tail independence of random variables.

Definition 2.2 (ASYMPTOTIC TAIL INDEPENDENCE) A random vector Z = (Zy,Z5) € [0,00)° is called
asymptotically independent (in the upper tail) if

lim Pr(Z5 > Fy(1=p)|Z1 > Ff (1-p)) =0,
p

where Z; ~ F;,i=1,2.
Asymptotic upper tail independence can be interpreted in terms of the survival copula of Z as well.

Assume (w.l.o.g.) that Fy, F5 are strictly increasing continuous distribution functions with unique survival
copula C' (see [30]) such that

o~

Pr(Z, > x,Zy > y) = C(F1(x), Fa(y)) for (z,y) € R?.

Hence, in terms of the survival copula, asymptotic upper tail independence of Z implies

~

_Clp,p) .. Pr(Zi>TF) (p),Z >TFs (p))
lim ————= = lim —
pl0 P pl0 Pr(Z, > F; (p))

=lmPr(Z, > F(p)|21 > F(1-p) =0. (22)
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Independent random vectors are trivially asymptotically tail independent. Note that asymptotic upper
tail independence of Z € MRV (a,b,v,E) implies v((0,00) x (0,00)) = 0 for the limit measure v. On the
other hand, for the converse, if Z; and Zs are both marginally regularly varying in the right tail with
limy_yoo Pr(Z1 > t)/Pr(Zy > t) = 1, then v((0,00) x (0,00)) = 0 implies asymptotic upper tail independence
as well (see [32, Proposition 5.27]). However, this implication does not hold true in general, e.g., for a regularly
varying random variable X € RV _,, the random vector (X, X?) is multivariate regularly varying with limit
measure v((0,00) x (0,00)) = 0; but of course (X, X?) is asymptotically tail-dependent.

Remark 2.3 Asymptotic upper tail independence of (Z7, Z2) implies that
R(z,y) = ltlim tPr(l1—F(Z1) <z/t,1 — Fy(Z3) < y/t)

= lim tC (f Q) < max(z,y) lim Clss) =0 (using (2.2)).

t—00 tt -0 s
Hence, the estimator presented in [7] for MES provides a trivial estimator in this setting.

Consequently, in the asymptotically tail independent case where the tails are equivalent we would ap-
proximate the joint tail probability by Pr(Zs > x|Z; > z) = 0 for large thresholds z and conclude that risk
contagion between Z; and Z; is absent. This conclusion may be naive; hence the notion of hidden regular
variation on Eg = [0,00) \ ({0} x [0,00) U[0, 00) x {0}) = (0, 00)? was introduced in [33]. Note that we do
not assume that the marginal tails of Z are necessarily equivalent in order to define hidden regular variation,
which is usually done in [33].

Definition 2.4 (HIDDEN REGULAR VARIATION) A regularly varying random vector Z on E possesses hidden
regular variation on Eq = (0,00)? with index ag (> a > 0) if there exist scaling functions b(t) € RV, and
bo(t) € RV1/q, with b(t)/bo(t) — oo and limit measures v, v such that

Z € MRV(O(, b,v, E) N MRV(O((), bo, l/o,]Eo).

We write Z € HRV(ay, bo, vp) and sometimes write HRV for hidden regular variation.

For example, say Zi,Z- are iid random variables with distribution function F(zr) = 1 — 2~} 2 > 1.
Here Z = (Z1,Z5) possesses MRV on E, asymptotic tail independence and HRV on Eg. Specifically, Z €
MRV(a = 1,b(t) = t,v,E) N MRV(ap = 2,bo(t) = V1,10, Eg) where for x > 0,y > 0,

1 1 1
0 0,y)°)=—+ - d = —.
v(([0,a] x [0,y])) = — + , M vo([z, 00) x [y, 00)) p”
Lemma 2.5. Z € MRV(«a,b,v,E)NHRV(ag,bo, vo, Eo) implies that Z is asymptotically tail independent.
Proof. Let b;(t) = (1/(1 — F;))* (¢t) where Z; ~ F;,i = 1,2. Due to the assumptions we have

omax(by(@),ba(t) L min(b(1), (1))
N AL Lt )

Without loss of generality by(t)/bo(t) — oo. Then for any M > 0 there exists a to = to(M) so that
by (t) > Mby(t) for any t > to. Hence, for x,y > 0

lim tPr (1 — Fi(Z1) <z/t,1 — F3(Z3) <y/t) = lim tPr(Zy > b1(t/x), Z2 > ba(t/y))
t—s00 t—o0

> 1.

< lim tPr (21 > Mbo(t/x), Zo > 27 bo(t/y))
— 00
< Cryno([M,00) x [271,00)) M3 0,
so that Z is asymptotically tail independent (here C , is some fixed constant). O

Remark 2.6 The assumption Z € MRV(«, b, v,E) N MRV (ayp, by, o, Eo) and Z is asymptotic upper tail
independent already implies that Z € HRV (g, by, vp); see [29, 33]. Consequently lim;_, oo b(t)/bo(t) = oo as
well.
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6 B. Das and V. Fasen
2.2. Assumptions

In this section we list assumptions on the random variables for which we show consistency of relevant
estimators in the paper. Parts of the assumptions are to fix notations for future results.

Assumption A
(A1) Let Z = (Z1, Z>) € [0,00)” such that Z € MRV(a, b, v, E) where

=<

b(t) = (1/Pr(max(Z1, Z2) > )" () = Fruax(z,,2,)(1/) € RV1/a.
(AZ) Elzl‘ <EOH'
(A3) ba(t) := Fz,(1/t) for t > 0.
(A4) Without loss of generality we assume that the support of Z; is [1,00). A constant shift would not affect

the tail properties of MME or MES.
(A5) YAS MRV(&U, b07 Vo,E()) with (67 Z (0% Z 1, where

bo(t) = (1/Pr(min(Z1, Z2) > )~ () = Frain(z,,2) (1/t) € RV1/aq,
and b(t)/bo(t) — oo.
Lemma 2.7. Let Fz, € RV_g, 8> 0. Then Assumption A implies a« < 3 < ag.

Proof. First of all, 8 > « since otherwise Z € MRV(«, b, v, E) cannot hold. Moreover,

1~ tPI‘(Zl > bo(t),ZQ > bo(t)) < tPI‘(ZQ > bo(t)) S vaiﬂ. (23)

0

Thus, if g < then lim; o tPr(Z2 > bo(t)) = 0 which is a contradiction to (2.3). O

Remark 2.8 In general, we see from this that under Assumption A, liminf; o tPr(Zs > bo(¢)) > 1 and
hence, for any € > 0 there exist Cy(e) > 0, Ca(e) > 0 and zg(e) > 0 such that

Ci(e)z™* ¢ < Pr(Zy > z) < Cole)z™ "¢

for any x > x¢(e).

We need a couple of more conditions, especially on the joint tail behavior of Z = (Z1,Z2) in order to
talk about the limit behavior of MME(p) and MES(p) as p | 0. We impose the following assumptions on the
distribution of Z. Assumption (B1) is imposed to find the limit of MME in (1.1) whereas both (B1) and
(B2) (which are clubbed together as Assumption B) are imposed to find the limit in (1.2), of course, both
under appropriate scaling.

Assumption B

© Pr(Zy > at, Zo > t
(B1) lim lim i > ot By > )
M—oot—oo [y Pr(Zy > t,Z5 > t)
VM py(Z) > at, Zo > t)
B2) lim li :
(B2) M obe t 0 o Pr(Zy >t,Zy > t)

x=0.

x=0.

Assumption (B1) and Assumption (B2) deal with tail integrability near infinity and near zero for a specific
integrand, respectively that comes up in calculating limits of MME and MES. The following lemma trivially
provides a sufficient condition for (B1).

Lemma 2.9. If there exists an integrable function g : [0,00) — [0, 00) with

PI‘(Zl >y, Jg > t)

S <
AP PL(Zy >t 2y > 1) 9(y)

fory >0 and some tg > 0 then (B1) is satisfied.
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Lemma 2.10. Let Assumption A hold.
(a) Then (B2) implies

. PI‘(ZQ > t)
1 = 0. 2.4
1500 tP1(Z1 > t, Zn > 1) (24)

(b) Suppose Fz, € RV_5 with a < B < ag. Then ag < B+ 1 is a necessary and ag < B+ 1 is a suffi-
cient condition for (2.4) to hold. Hence, ay < S+1 is a necessary condition for Assumption (B2) as well.

Proof.
(a) Since the support of Z; is [1,00) we get for large t > M, by (B2),

t,M— oo

dx

Pr(Zy > t) B /1/t Pr(Zy > at, Zy > t) Ao < /1/M Pr(Zy > at, Zy > t)
tPI‘(Z1 >t, 49 > t) 0 PI‘(Zl >t, 4y > t) —Jo PI"(Zl >t, 4y > t)
But the left hand side is independent of M so that the claim follows.
(b) In this case
PI‘(ZQ > t)
tPI"(Zl >t, 49 > t)

from which the statement follows. O

€ vaﬁfﬂ*ao

Remark 2.11 If Z;,Z, are independent then under the assumptions of Lemma 2.10(b), ap = a + 5.
Moreover if 1 < o < 8 then clearly ag = a4+ 5 > 14 and oy < 1+ cannot hold. Hence, Assumption (B2)
is not valid if Z; and Z; are independent. In other words, Assumption (B2) signifies that although 7, Z5
are asymptotically upper tail independent, there is an underlying dependence between Z; and Z; which is
absent in the independent case.

3. Asymptotic behavior of the MME and the MES

3.1. Asymptotic behavior of the MME

For asymptotically independent risks, from (1.5) and Remark 2.3 we have that

1
lim ——MME =0
P20 VaRy_,(Z1) (p) =0,

which doesn’t provide us much in the way of identifying the rate of increase (or decrease) of MME(p). The
aim of this section is to get a version of (1.5) for the asymptotically tail independent case which is presented
in the next theorem.

Theorem 3.1. Suppose Z = (Zy1,Z3) € [0,00)? satisfies Assumption A and (B1). Then

b (b2(1/p)) b (VR y(Z)
o Ry M) = e )

MME(p) = /100 vo((x,00) x (1,00)) dz. (3.1)
Moreover, 0 < [~ vo((z,00) x (1,00)) dz < oco.

Proof. We know that for a non-negative random variable W, we have EW = fooo Pr(W > z)dz. Let
t = ba(1/p). Also note that b (t) = 1/Pr(min(Zy, Za) > t) = 1/Pr(Zy > t,Z2 > t). Then

pb§ (b2(1/p)) B o ()b (1)
WMME(Z’) = z% E((Z1 —t)4]Zs > 1)
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8 B. Das and V. Fasen
Pr(Zy > t)b§ (t) [ Pr(Zy > x,Z2 > t)
B t /t Pr(Zy > t)
C Pr(Zy > x,Zy > t)
:/t tPr(Zy > t, 2 > 1)

© Pr(Zy > te, Z2 > t) /°°
= dx =: dx. 3.2
/1 PI‘(Zl >t, 4y > t) v 1 Vt(x) o ( )

dx

Observe that for z > 1, by Assumption (A5),

. PI‘(Zl > tx, Zy > t) e
Vt(x) o PI‘(Z1 >t, 49 > t) -0

(t)Pr (f € (z,00) x (1, oo)>

We also have

_ Pr(Zy > tx, Zy > t)

= 1 > 1.
Vt(x) PI‘(Z1 >t, 49 > t) =h =

Now, for > 1, we have vy((x,00) X (1,00)) < vp((1,00) x (1,00)) = limy—, o, #4(1) = 1. Hence, for any M > 1
we have flM vo((x,00) x (1,00)) dzz < M. Therefore using Lebesgue’s Dominated Convergence Theorem,
M M
lim v(x) dz :/ vo((z,00) x (1,00)) d. (3.3)
1

t—o0 1

Next we check that 0 < [ vo((x,00) x (1,00)) dz < cc. Define for M > 1,

(IYRES tlg& y ve(z)de.
By Assumption (B1), we have
lim )y = 0. (3.4)

M—o0

Hence, there exists My > 0 such that || < 1 for all M > M. Applying Fatou’s Lemma, we know that for
any M > My,

/OO vo((xz,00) x (1,00)) da < 1iminf/oo ve(z)de < pr < 1.

M t—o0 M

Therefore, for fixed M > My,

/100 vo((x,00) x (1,00)) da = /1 vo((x,00) x (1,00)) dx + /MOO vo((z,00) x (1,00))dz < M +1 < 0.

Moreover, vy ((z,00) X (z,00)) is homogeneous of order —aq so that

/100 vo((x,00) x (1,00)) da > /100 vo((z,00) X (x,00)) dx = 15((1,00) x (1,00)) /100 =% dz > 0.

Hence 0 < [ vo((2,00) X (1,00)) da < co. Therefore, since t = by(1/p) 1 0o as p | 0, we have

b (ba1/p)) &
olb  ba(1/p) e ),

- lm [ /1 Y @) da /Moo vi() dx]
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M [eS)
= lim [lim / ve(z) dz + lim v () dx] (since it is true for any M > 1)
1

M—oo [t—00 t—oo [ar
M
= lim vo((z,00) x (1,00)) dz+ lLm (using (3.3))
M—oo [q M —o00

/100 vo((z,00) x (1,00)) da (using (3.4)).
O

Corollary 3.2. Suppose Z = (Z1, Zs) satisfies Assumptions A, (B1) and Fz, € RV_g for some a < 3 <
ag. Then MME(1/t) € RV(148-a0)/8- For 14+ B > ag we have lim,, .o MME(p) = oo with

#e [1—0‘0_1, 1]@(071]

ag
and for 1 + 8 < ag we have lim, .o MME(p) = 0.

Remark 3.3 A few consequences of Corollary 3.2 are illustrated below.

(a) When 1+ 8 > ayg, although the quantity MME(p) increases as p | 0, the rate of increase is slower than
a linear function. o

(b) Let Z € MRV(«,b,v,E). Suppose Z; and Z, are independent and Fz, € RV_, then by Karamata’s
Theorem,

1
a—1

MME(p) ~ VaRl_p(Zg)PI'(Zl > VaRl_p(Zg)) (p J, 0)

This is a special case of Theorem 3.1.

Example 3.4 In this example we illustrate the influence of the tail behavior of the marginals as well as
the dependence structure on the asymptotic behavior of the MME. Assume that Z = (Z;,Z3) € [0,00)?
satisfies Assumptions (A1)-(A4). We compare the following tail independent and tail dependent models:

(D) Tail dependent model: Additionally Z is tail dependent implying R # 0 and satisfies (1.5). We denote
its Marginal Mean Excess by MME® .

(ID) Tail independent model: Additionally Z is asymptotically tail independent satisfying (A5), (B1) and
1+ 8> o > o Its Marginal Mean Excess we denote by MME!.

(a) Suppose Zi, Z> are identically distributed. Since ¢/b§ (b2(t)) € RVi_qy/a and 1 —ap/a < 0 we get

MME/ (p) C Lo
MMED(p) p—0 pbi(b2(1/p)) p—0

This means in the asymptotically tail independent case the Marginal Mean Excess increases at a slower
rate to infinity, than in the asymptotically tail dependent case, as expected.
(b) Suppose Z;, Z5 are not identically distributed and for some finite constant C' > 0

PI‘(ZQ > t) ~ CPI‘(Zl >t, 49 > f,) (t — OO)

This means that not only Z € MRV (ayg, by, vp, Eg) but also Zs € RV_,, and Z; is heavier tailed than
Z5. Then

RCA0) 1 ¢

= 1. = l. —_— < = O.
oo 1 1500 tP1(Z1 > ba(t), Za > ba(t)) =00 tP1(Z2 > ba(t))
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10 B. Das and V. Fasen
Thus,

MME/ (p) = lim % C/ vo((z,00) x (1,00)) dx

lim ——
P30 VaRy_p(Za) 230 ba(1/p)

and MME! (+) is regularly varying of index —0%0 at 0. In this example Z, is lighter tailed than Z;, and
hence, once again we find that in the asymptotically tail independent case the Marginal Mean Excess
MME/ increases at a slower rate to infinity than the Marginal Mean Excess MMEP in the asymptotically
tail dependent case.

2. Asymptotic behavior of the MES

Here we derive analogous results for the Marginal Expected Shortfall.

Theorem 3.5. Suppose Z = (Z1,Z2) satisfies Assumptions A and B. Then

. pby (VaRy_p(Z2)) pb§ (b2(1/p))
o Vel () S = e )

MES(p) = /000 vo((x,00) x (1,00)) da. (3.5)

Moreover, 0 < [~ vo((z,00) x (1,00)) dz < oco.
The proof of Theorem 3.5 requires further condition (B2) which can be avoided in Theorem 3.1.

Proof. The proof is similar to that of Theorem 3.1 which we discussed in detail. As in Theorem 3.1 we
rewrite

by (b2(1/p)) ~ Fz, b5 () ) (1) /M
) MES() = E(Z1|Zs > 1) V /1 /

We can then conclude the statement from (B2) and similar arguments as in the proof of Theorem 3.1. O

PI‘Z1>t$ Zg>t)
PI‘Zl>t Z2>t)

A similar comparison can be made between the asymptotic behavior of the Marginal Expected Shortfall
for the tail independent and tail dependent case as we have done in Example 3.4 for the Marginal Mean
Excess.

Remark 3.6 Define

Then lim;_, o, a(t) = 0 is equivalent to

lim Pr (Z2 > t)

=0.
t—oo tPT(Zy > t, 75 > t)

Hence, a consequence of (B2) and (2.4) is that lim; o a(t) = 0 and finally, lim;, o MES(p) = occ. Again a
sufficient assumption for lim; ,c a(t) = 0is Fz, € RV_g with ag < § + 1 and a necessary condition is
ap < B+ 1 (see Lemma 2.10).

Remark 3.7 In this study we have only considered a non-negative random variable Z; while computing
MES(p) = E(Z1|Z2 > VaR1_,(Z2)). For a real-valued random variable Z;, we can represent Z; = Z;" — Z
where Z;” = max(Z;,0) and Z; = max(—Zs,0). Here both Z;” and Z; are non-negative and hence can be
dealt with separately. The limit results will depend on the separate dependence structure and tail behaviors
of (ZF,Zy) and (Z] , Z3).
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3.3. Illustrative models and examples

We finish this section up with a few models and examples where we can calculate limits for MES and MME.
In Sections 3.3.1 and 3.3.2 we discuss generative models with sufficient conditions satisfying Assumptions A
and B. In Section 3.3.3 we further discuss two copula models where Theorems 3.1 and 3.5 can be applied.

3.3.1. Mixture representation

First we look at models that are generated in an additive fashion (see [10, 38]). We will observe that many
models can be generated using the additive technique.

Model C Suppose Z = (Z1,%,),Y = (Y1,Y2),V = (V4,Va) are random vectors in [0,00)” such that
Z =Y + V. Assume the following holds:

(C1) Y € MRV(a, b, v, E) where a > 1.

(C2) Yi,Y> are independent random variables.

(C3) Fy, €ERV_o-, 1 <a < a*.

(C4) V € MRV(ap, bo, 1o, E) and does not possess asymptotic tail independence where o < g and

_ Pr(|V] > 1)
lim —— = 2 =0
oo Pr(|[Y || > 1)

(C5) Y and V are independent.
(C6) a<ap<1l+a*.
(C7) E|Z1] < o0.

Of course, we would like to know, when Model C satisfies Assumptions A and B; moreover, when is

Z € HRV(ag, by, o, Eq)? The next theorem provides a general result to answer these questions in certain
special cases.

Theorem 3.8. Let Z=Y + V be as in Model C. Then the following statements hold:

(a) Z € MRV(a, b, v,E) N HRV (v, bo, 1o, Eo) and satisfies Assumption B.
(b) Suppose Y1 = 0. Then (Z1,Z1 + Z3) € MRV (a, b, v, E) N HRV (g, bo, v , o) with

vy (A) = wvo({(v1,v2) € Eg: (vi,v1 +v2) € A})  for A € B(Eo)

and satisfies Assumption B.
(¢) Suppose liminf;_,o, Pr(Yy > t)/Pr(Ya > t) > 0. Then (Z1,min(Z1,Z2)) € MRV(a,b,v™" E) N
HRV(OLQ, bo, Vam'n’ ]Eo) with
v™m(A) = v({(y1,0) €E: (y1,0) € A})  for A € B(E),
vi"(A) = w({(vi,v2) € Eg : (v, min(vy,v2)) € A})  for A € B(Eop)

and satisfies Assumption B.
(d) Suppose Y1 =0. Then (Z1,max(Z1, Zs)) € MRV («a,b,v, E) N HRV(ag,bo, Vi, o) with

v (A) = wy({(v1,v2) € Eo : (v, max(vy,v0)) € A})  for A € B(E)

and satisfies Assumption B.

For a proof of this theorem we refer to [9)].

Remark 3.9 Note that, in a systemic risk context where the entire system consists of two institutions with
risks Z; and Zs, the above theorem addresses the variety of ways a systemic risk model can be constructed.
If risk is just additive we could refer to part (b), if the system is at risk when both institutions are at risk
then we can refer to part (¢) and if the global risk is connected to any of the institutions being at risk then
we can refer to the model in part (d). Hence, many kinds of models for calculating systemic risk can be
obtained under such a model assumption.
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12 B. Das and V. Fasen
3.3.2. Bernoulli model

Next we investigate an example generated by using a mixture method for getting hidden regular variation
in a non-standard regularly varying model (see [12]).

Example 3.10 Suppose X;, Xo, X3 are independent Pareto random variables with parameters «, oy and
v, respectively, where 1 < a < ap < 7 and ap < 1 4 «a. Let B be a Bernoulli(q) random variable with
0 < ¢ < 1 and independent of X7, X5, X3. Now define

Z = (Z1,Z2) = B(X1, X3) + (1 — B)(Xa, X2).
This is a popular example, see [10, 29, 33]. Note that
Pr(max(Zy,Z2) >t) ~ gt~ and Pr(min(Zy,Z) >t) ~Pr(Zy >t) ~ (1 —q)t=* (t = o),

so that b(1/p) ~ qap~a, bo(1/p) ~ ba(1/p) ~ (1 — q)ipfﬁ as p J 0. We denote by €., the Dirac measure
at point z. Note that the limit measure on E concentrates on the two axes. We will look at usual MRV which
is given on E by

Pr ((b(t) b(t)) €dx dy) 2oz Mz - eo(dy) = v(dz dy) (t — o0) in M(E),

where the limit measure lies on the x-axis. Hence, we seek HRV in the next step on E\{z-axis} = [0, 00) X
(0,00) and get

Z Z M P N . .
o ((boéy boé)) cdv dy) = age= M- e (dy) = wo(da dy) (¢ 00)  in ME\{a-axis}).

Here the limit measure lies on the diagonal where x = y. Thus, we have for any x > 1,
—ao

vo((x,00) x (1,0)) =z

Now, we can explicitly calculate the values of MME and MES. For 0 < p < 1:

B 1 qo (1 =q)ag o —ao+1
MES(p) = VaRi o (Z2) = T (1 = g)VaRs (Za) - [a — VaRi—p(Z2)77 + Prenn VaRy_(Z5) " } ;

_ 1 q —vy—a+1 (1_q) —ap+1
MME(p) = qVaRy_,(Z2)— + (L — q)VaRi_,(Za)— [a — 1VaR1—p(Z2) 14 w1 1VaR1_p(Z2) + ] .
Therefore,

pby (b2(1/p)) 1 I

P EIAME() ~ o MME() ~ —— = / vol(w,00) x (L,oc))dz (p 4 0),
and

pb§ (b2(1/p)) N Q0 _ OOV v o o)) da

DT IIMES (5) ~ s MES() ~ 2 = [ ((a00) x (L)) de (040)

3.8.8. Copula models

The next two examples constructed by well-known copulas (see [30]) are illustrative of the limits which we
are able to compute using Theorems 3.1 and 3.5.

Example 3.11 In financial risk management, no doubt the most famous copula model is the Gaussian
copula:

Cs p(u,v) = o (O (u), @ (v)) for (u,v) € [0,1]?,
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where ® is the standard-normal distribution function and ®, is a bivariate normal distribution function with
standard normally distributed margins and correlation p. Then the survival copula satisfies:

Cop(u,u) = Co p(u,u) ~ urTl(u) (u— 0),

for some function ! which is slowly varying at 0, see [26, 31]. Suppose (Z1, Z2) has identical Pareto marginal
distributions with common parameter @« > 0 and a dependence structure given by a Gaussian copula
Cs,p(u,v) with p € (—1,1). Now we can check that (Z1,Z3) € MRV(a,b,v,E) with asymptotic tail in-
dependence and (Z1, Z3) € MRV («, bo, 1o, Eg) with

2a o o

- d y X N = I+p 7m7 , >0
o T+s an vo((z,00) X (y,0)) = x Y T,y

Hence, for p € (1 —2/(a+1),1) we have lim,_,o MME(p) = oco. In this model, Assumptions A and (B1) are
satisfied when oo > 1+ p and a > 1. We can also check that Assumption (B2) is not satisfied. Consequently,
we can find estimates for MME but not for MES in this example.

Example 3.12 Suppose (Z1, Z3) has identical Pareto marginal distributions with parameter o > 0 and a
dependence structure given by a Marshall-Olkin survival copula:

~

Coyy o (U, v) = womin(u™",v72)  for (u,v) € [0,1]?,

for some 1, v2 € (0, 1). We can check that in this model, we have (71, Z3) € MRV (a, b, v, E) with asymptotic
tail independence and (Z1, Z3) € MRV (ay, bo, vo, Eg) with

ap =amax(2—71,2 — ) and

gty e, M <,
VO((J)7OO) X (ZU,OO)) = ‘Tﬁayia maX(z7y)7a’yla Y1 = 2, T,y > 0.
xiayia(liwz)v Y1 > V2,

Then min(vy;,72) € (1 — 1/, 1) implies lim,_,o MME(p) = co. Moreover this model satisfies Assumptions A
and (B1) when 47 > ~5. Unfortunately again, (B2) is not satisfied.

4. Estimation of MME and MES

4.1. Empirical estimators for the MME and the MES

4.1.1. Empirical estimator for the MME

Suppose (Zl(l), ZF))7 . (Z,(ll)7 Zy(lz)) are iid samples with the same distribution as (7, Z2). We denote by
Z((i)n) >...> Z((z?n) the order statistic of the sample ZfQ), ceey fo) in decreasing order. We begin by looking
at the behavior of the empirical estimator

n

T 1 1 2
MMEenp,n (k/n) := 7 3 (21 = 260+ Lges g

i=1
of the quantity MME(k/n) = E((Z1 — b2(n/k))+|Z2 > ba2(n/k)) with k& < n. The following theorem shows

that the empirical estimator is consistent in probability.

Proposition 4.1. Let the assumptions of Theorem 5.1 hold, and let Fz, € RV _z for some o < B < ap.
Furthermore, let k = k(n) be a sequence of integers satisfying k — oo, k/n — 0 and b§ (b2(n/k))/n — 0 as
n — oo (note that this is trivially satisfied if by = by ).
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14 B. Das and V. Fasen

(a) Then, as n — oo,

b5 (ba(n/k)) M @ P
(Z"' -2 1 dz.
Cbo(n/k) 2; (ki) + L gz@ 520 3 = /1 vo((w,00) x (1,00)) dz

MMEepp o (k/n) P

1
MME(k/n) 51 asn— .

(b) In particular, we have

To prove this theorem we use the following lemma.

Lemma 4.2. Let the assumptions of Proposition 4.1 hold. Define for y > 0,

by (ba(n/k)) 1

Eu(y) bolngk) m 2B B iy
Blu) = [ wllrioc) x (v00)) do.

Then E(y) = y'=*E(1) and as n — oo,
P .
(En(®)y>172 = (EW))y>1/2  in D([1/2,00),(0,00)),
where by D(I,E*) we denote the space of cadlag functions from I — E*.
Proof.

We already know from [34, Theorem 5.3(ii)], Z € MRV (ag, by, Vo, Eo)
b§~ (ba(n/k))/n — 0 that as n — oo,

be (bo(n/k)) — .
Vé”) = M ZE( Z(l) Z(2) > = 10 mn M+(E0)

i=1 B3 (/R B (n/R)
Note that
S b5 (ba(n/k)) 1 ~, (1
En(y) _/y V(() )((‘T7OO) X (yv OO)) dz = Ob2 n/k E Z; ( - b2 n/k) ) {Zi(2>>b2(’ﬂ/k)y}'

Hence, the statement of the lemma is equivalent to

( JACRICESE (y,oo»dx) B (B())ys1/2 in D([1/2,50) . (0,00)).

y>

[ME

We will prove (4.2) by a convergence-together argument.
Step 1. First we prove that E(y) = y'=* E(1). Note that

B2 = ba(0/ )1 22500 0)
_ /°° Pr(Zy > xba(n/k), Za > ba(n/k)y)
1 Pr(Zy > ba(n/k), Zy > ba(n/k))
_ yPr(Zl > ba(n/k)y, Zo > ba(n/k)y) /°° Pr(Zy > x(ba(n/k)y), Z2 > ba(n/k)y) d
Pr(Zy > ba(n/k), Zs > ba(n/k)) Ji  Pr(Zy > ba(n/k)y, Za > ba(n/k)y)
o Pr(Z1 > ba(n/k)y, Zo > ba(n/k)y) ./OO () dz
Pr(Z1 > b2(’ﬂ/k)7Z2 > bg(n/k)) 1

dx

and

(4.2)
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(where 14 is as defined in (3.2) with ¢t = be(n/k)y )

Iy Ly /100 vo((2,00) x (1,00))dx = y* = E(1). (4.3)

The final limit follows from the definition of hidden regular variation and Theorem 3.1. On the other hand,
in a similar manner as in Theorem 3.1, we can exchange the integral and the limit such that using (2.1) we
obtain

b (b2 (n/k)) * Pr(Zy > aba(n/k), Zs > ba(n/k)y)
WE((Zl - bQ(n/k)y)+]l{Z2>b2(n/k)y}) A PI‘(Zl > bQ(TL/k), Z2 > bg(n/k)) dx
nrp0 /1 vol(2,00) % (y,00)) dz = E(y).  (4.4)

Since (4.3) and (4.4) must be equal, we have E(y) = y! = E(1).
Step 2. Now we prove that for any y > 1/2 and M > 0, as n — o0,

M - p M
S (y) = vy ((z, 00 y,00)) dx vo((x, 00 y,00))dx =: y). .
EM (y) / (2, 00) X (y,00))d */1 (2, 00) % (,00)) dz = EMD(y) (4.5)

Define the function fas, : Eo — [0, M] as fary(21,22) = (min (21, M) — )1y, 5y -, >y} Which is continuous,
bounded and has compact support on Eq and for any y > 1/2 define Fiy,, : My (Eg) — R4 as

m > faay (21, 22) m(dz, dzs).
Eo

Here m is a continuous map on M, (Ep) under the vague topology. Hence, using a continuous mapping
theorem and (4.1) we get, as n — o0,

M M
/1 u (2, 00) X (3,00)) dz = Fagy (1) = Fary (o) = / vol(z, 00) X (3, 00)) da (4.6)

in R. Since the right hand side is deterministic, the convergence holds in probability as well.
Step 3. Using Assumption (B1),

M

E (sup /MOO Vén)((x,oo) X (y,00)) da;)

1
925

E (/OO U (2, 00) (1/2,00))013;)

by (ba(n/k)) /MOO Pr(Zy > xba(n/k), Zy > ba(n/k)/2) dx

. > PI"(Zl > l‘bg(n/k‘), Loy > bg(’fl/k‘)/?)
o /M PI‘(Zl > bg(n/k), Zy > bg(n/k))

n—o0,M—oc0o

dz 0.

Step 4. Hence, a convergence-together argument (see [34, Theorem 3.5]), Step 2, Step 3 and EXM) (y) — E(y)

as M — oo result in E,(y) KA E(y) as n — oc.
Step 5. From Step 1, the function E : [1/2,00) — (0, E(1/2)] is a decreasing, continuous function as well as
a bijection. Let E~! denote its inverse and define for m e Nand k = 1,...,m,

Y = E" (E(l/Q):L) .

As in the proof of the Glivenko-Cantelli-Theorem (see [4, Theorem 20.6]) we have

sup 1B,(0) — E@) < 22 4 up 1Bnn) = Bl

y>1/2 m k=1,...,m
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16 B. Das and V. Fasen
Let € > 0. Choose m € N such that m > 2E(1/2)/e. Then

Pr ( sup |En(y) - E(y)| > 6) < Pr ( sup |En(ym,k) - E(ym,k)‘ > E(1/2)m1>

y>1/2 k=1,...,m
m
< Y Pr(|Ea(ymi) — E@mi)| > E(1/2)m™") "7 0,
k=1
where we used Ey, (Ym,k) LS E(Ym) asn — oo for any k = 1,...,m, m € N by Step 4. Hence, we can
conclude the statement. O

Proof of Proposition 4.1.
(a) By assumption, Fz, € RV_g. From [34, p. 82] we know that

(2)

Z

LED IO D

o] B h) L, mD0ec (0,00)
y>0

and in particular, this and Lemma 4.2 result in

Z((?liy]:n) P —1 .
(En(y))yZ%ﬂ W/k) — ((E(y))yzév(y ﬁ)y>0) m ]D)([]-/Qa OO),(0,00)) X ]D)((0,00] 7(0700))
y>0
Let D¥((0,2°] ,[1/2,00)) be a subfamily of D((0,2°],[1/2,00)) consisting of non-increasing functions. Let
us similarly define C*+((0,2°],[1/2,00)). Define the map ¢ : D([1/2,00),(0,00)) x D*((0,2°],[1/2,00))
with (f,g) — fog. From [39, Theorem 13.2.2], we already know that ¢ restricted to D([1/2, 00), (0, 0)) X
(Ci((O, 25] ,[1/2, 00)) is continuous. Thus, we can apply a continuous mapping theorem and obtain as n — oo,

(2)

Z
([ky]:n) P _1 . B
Eo | Gtdis 5 (B ﬁ))yemﬁ] in D((0,2%], (0, 00)).

y€(0,2°]

As a special case we get the marginal convergence as n — 0o,

n (2)
by (b2(n/k)) 1 ) (km) | P /°°
—_ Z:771, e 2 = FE, E(l) = , 1, dz.
bg(n/k) n ; i {Zf )>Z((k:)n,)} bg(n/k;) — ( ) o VO((IE OO) X ( OO)) x

(b) Finally, from part (a) and Theorem 3.1 we have

1\ (1) by (ba(n/k)) 1 (1)
i Zi Lo e TG w i Ze L@y [ (2, 00)  (1,00)) da .
— — 5o =5
MME(k‘/?’L) Sbﬁ(bQ(n/k)) MME(k/n) fO l/()((l‘7 OO) X (1, OO)) dx
bg(’n/k‘)
which is what we needed to show. O

4.1.2. Empirical estimator for the MES

An analogous result holds for the empirical estimator

VIS 15,

MESempn (k/n) = + ; 20 0500
of MES(k/n) = E(Z1|Z2 > ba(n/k)) where k < n.
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Proposition 4.3. Let the assumptions of Theorem 3.5 hold, and let Fz, € RV _z for some o < B < ap.
Furthermore, let k = k(n) be a sequence of integers satisfying k — oo, k/n — 0 and b§ (b2(n/k))/n — 0 as
n — oo.

(a) Then, as n — oo,

b (ba(n/k) 1 5~ 1) P/OO
WE;ZZ, Ligsz@,y = [ vol(00) x (1,00)) da.

MESeppn (k/n) P

MES(k/n) —>1 as n — 0o

(b) In particular,

The proof of the theorem is analogous to the proof of Proposition 4.1 based on the following version of
Lemma 4.2. Hence, we skip the details.

Lemma 4.4. Let the assumptions of Proposition 4.3 hold. Define for y > 0,

b (ba(n/k))
Ef(y) = 2 A
() O Z

E(y) = / °°VO<(x,oo)x<y,oo))dm.

Then E*(y) =y~ E*(1) and as n — oo,

{Z}Q’ >ba(n/k)y}’

(Ba()yz1/2 = (B*()yz1/2 in D([1/2,00),(0,00)).

Proof. The only differences between the proofs of Lemma 4.2 and Lemma 4.4 are that in the proof of
Lemma 4.4 we use Ex™ (y) := fi ™ ((2,00) x (y,00)) da: and that in Step 3, we have
M

+ S
)
0 M

where Assumption (B2) has to be used. O

lim lim E <Sup

M —o00 n—+00 yZ%

00) X (y,00)) dx) =0

4.2. Estimators for the MME and the MES based on extreme value theory

In certain situations we might be interested in estimating MME(p) or MES(p) in a region where no data
are available. Since empirical estimators would not work in such a case we can resort to extrapolation via
extreme value theory. We start with a motivation for the definition of the estimator before we provide its’
asymptotic properties. For the rest of this section we make the following assumption.

Assumption D Fz, e RV_gfora<B<ayg<fB+1.

Assumption D guarantees that lim;_, a(¢) = 0 (see Remark 3.6). The idea here is that for all p > k/n, we
estimate MME(p) empirically since sufficient data are available in this region; on the other hand for p < k/n
we will use an extrapolating extreme-value technique. For notational convenience, define the function

_ by (62(1))
a(t) == i)

Since by~ € RVq, and ba € RVy /5, we have a € RV ag-s-1. Now, let k := k(n) be a sequence of integers so
B
that k/n — 0 as n — oo. From Theorem 3.1 we already know that

E{ga(l/p)MME(p) = /100 vo((x,00) x (1,00)) do = nleréo a(n/k)MME(k/n).
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18 B. Das and V. Fasen
Hence,

MME(p) ~ Z(gjﬁ)) MME(k/n) ~ (:p) © MME(k/n) (p0). (4.7)

If we plug in the estimators Qg p, B, and l\mn(k/n) for ag, p and MME(k/n) respectively in (4.7) we
obtain an estimator for MME(p) given by

Bn—8g,n+1
MME, (p) = (np> ’ MMEcmp n (k/n).

Similarly, we may obtain an estimator of MES(p) given by

Brn—80,n+1
— k Bn —
MES, (p) = () MESemp,n(k/n).
np
If B > « then the parameter «, the index of regular variation of Zi, is surprisingly not necessary for the
estimation of either Marginal Mean Excess or Marginal Expected Shortfall.

Theorem 4.5. Let Assumptions A, (B1) and D hold. Furthermore, let k = k(n) be a sequence of integers
satisfying k — oo, k/n — 0 as n — co. Moreover, p, € (0,1) is a sequence of constants with p, | 0 and
np, = o(k) as n — co. Let &y, and B, be estimators for ag and B, respectively such that

k k R
In () (Qo,n — o) 50 and In (> (ﬁn - ﬁ) B0 (n— ). (4.8)
P -
mn(pn) P
T ——_— 1 )
(a) Then MME(p,) = 1asn — oo
ME n n
(b) Additionally, if Assumption (B2) is satisfied then 1\459(% 51 asn— .
Proof. (a) Rewrite
MME,(p,) (r’;n) °r " MMEemp.n(k/n)

MME(pn) MME(pn)
Bn—Go,n+1
—— a/py) (£ e
MMEemp,n(k/n) a(n/kE)MME(k/n) — “atu/k) (npn)
MME(k/n)  a(1/p,)MME(p,) (%)% (k)%

k

NPn

= Il(n) Ig(n) I3(7’L) 14(71)
An application of Proposition 4.1 implies

MMEemp.n (k/n) P

L) = = NME(k/n)

as n — oo. For the second term I(n), using Theorem 3.1 we get

P

B2 (/)
Ir(n) = —= =1 (n— ).
n b5 (b2(1/pn))
P (l)yz(lz/pn)p MME(pn)
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Since a € RV (a,—p-1)/8, k/n — 0 and np,, = o(k), we obtain lim,, o I3(n) = 1 as well. For the last term
I,(n) we use the representation

En—&om,+1

U)o (1 (1)
(ky_%oﬂ - Bn B npn) )’
npn

1- aO,n N 1- aOn A~
2. 7= e G g

and

| =

Since by assumption (4.8) we have Qg i «, Bn i B, using a continuous mapping theorem we get,

040 n k ~ 1 p

Hence, we conclude that Iy(n) 51 as n — oo which completes the proof.
(b) This proof is analogous to (a) and hence is omitted here. O

5. Simulation study

In this section, we study the developed estimators for different models. We simulate from models described
in Section 2 and Section 3, estimate MME and MES values from the data and compare them with the actual
values from the model. We also compare our estimator with a regular empirical estimator and observe that

our estimator provides a smaller variance in most simulated examples. Moreover our estimator is scalable to
smaller p < 1/n where n is the sample size, which is infeasible for the empirical estimator.

5.1. Estimators and assumption checks

As an estimator of 3, the index of regular variation of Z; we use the Hill-estimator based on the data

Z1(2)7 ceey Z,(LQ) whose order statistics is given by Z((lz) ) >...> Z((z) ) The estimator is
Ly ) @)
> 2 2
o= g, ()~ )
for some ko := kao(n) € {1,...,n}. Similarly, we use as estimator for ag, the index of hidden regular
variation, the Hill-estimator based on the data min(ZfI) ZEQ)) min(Zfll), Z(Q)) Therefore, define ZMit =
min(Zi(l), Zf2)) for i € N. The order statistics of ZI" ..., Zmin are denoted by Zérl‘m) > ... > ZE‘““) The
Hill-estimator for aq is then
1 &
Qo = T > [n(Zgn) —n(Zg, )]
i=1

for some kg := ko(n) € {1,...,n}.

Corollary 5.1. Let Assumptions A and D hold. Furthermore, suppose the following conditions are satisfied:

1. min(k, ko, ko) — oo, max(k, ko, k2)/n — 0 as n — oo.
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2. pn € (0,1) such that p, | 0, np, = o(k) and In(k/(np,)) = o(min(v/ko, vVk2)) as n — oo.
3. The second order conditions

bo (tw) _ ]_/a bz(tal) _ ]_//8 5
P 710 R VO e SRR 71C) _ sl
tooe Ao(t) Po tooo As(t) p2

z >0,

where po, p2 < 0 are constants and Ag, As are positive or negative functions hold.
5. There exist finite constants Ao, A2 such that

lim Vkodo (= ) =X and  lim \/kads (=) = s
n—o0 ko n—o0 ko
Then (4.8) is satisfied.

Proof. From [13, Theorem 3.2.5] we know that vE2(8 — B,) = N as n — oo where A is a normally

distributed random variable. In particular, Bn L B as n — oco. The analogous result holds for &y, as well.
Since by assumption In(k/np,) = o(vk;) (i = 0,2), we obtain

In (£ ~
\/%(aoﬁn - OZ())W 5) 0 and \/E(ﬂn - B)i

Lo, (n — o)

_
B
/N
3

| 3)
N—

which is condition (4.8). O

Remark 5.2 In our simulation study in Section 5.2 we take k = k; = k5. In the study of extreme values,
the choice of k plays an important role and much work goes on in this area; see [35] for a brief overview. We
choose k to be 10% of n, which is an ad-hoc choice but often used in practice.

Remark 5.3 An alternative to the Hill estimator is the probability weighted moment estimator based on
the block maxima method which is under some regularity condition consistent and asymptotically normally
distributed as presented in [18, Theorem 2.3] and hence, satisfies (4.8). Moreover, the peaks-over-threshold
(POT) method is a further option to estimate ag, 5 which satisfies as well under some regularity conditions
(4.8); for more details on the asymptotic behavior of estimators based on the POT method see [36].

5.2. Simulated Examples

First we use our methods on a few simulated examples.

Example 5.4 (GAUSSIAN COPULA) Suppose (Z1, Z3) has identical Pareto marginal distributions with com-
mon parameter o > 0 and a dependence structure given by a Gaussian copula Co ,(u,v) with p € (—1,1)
as given in Example 3.11. A further restriction from the same example leads us to assume p € (1 — %ﬂ’ 1)
so that lim,_,o MME(p) = oo.

In the Gaussian copula model, we can numerically compute the value of MME(p) for any specific 0 < p < 1.
In our study we generate the above distribution for four sets of choices of parameters:

(a) a=2,p=0.9. Hence oy = 2.1.
(b) a=2,p=0.5. Hence oy = 2.67.
(¢) @ =2.3,p=0.8. Hence oy = 2.55.
(d) a=1.9,p=0.8. Hence ap = 2.11.
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Figure 5.1. Box plots of l\memp(p)/MME(p) with p1 = 1/500, p2 = 1/1000 and of l\m@)/MME(p) with pl = 1/500,p2 =
1/1000, p3 = 1/5000,p4 = 1/10000 for Example 5.4 with Gaussian copula: (a) top left: @ = 2,p = 0.9 and ag = 2.1; (b) top
right: « = 2,p = 0.5 and ag = 2.67; (c) bottom left: a = 2.3,p = 0.8 and ap = 2.55, (d) bottom right: « = 1.9,p = 0.8 and
ag = 2.11.

The parameters « and «q are estimated using the Hill estimator which appears to estimate the parameters
quite well; see [34] for details. The estimated values & and «aq are used to compute estimated values of MME.

In order to check the performance of the estimator when p <« 1/n we create box-plots for M/ MME
from 500 samples in each of the four models, where n = 1000, ¥ = 100 and we restrict to 4 values of p given
by 1/500,1/1000,1/5000,1/10000. The plot is given in Figure 5.1. Overall the ratio of the estimate to its
real target value seem close to one, and we conclude that the estimators are reasonably good.

Example 5.5 (MARSHALL-OLKIN COPULA) Suppose (Z1, Z2) has identical Pareto marginal distributions
with parameter a > 0 and a dependence structure given by a Marshall-Olkin survival copula with parameters
1,72 € (0,1) as given in Example 3.12.

We note that a parameter restriction from Example 3.12 is given by min(vy,7v2) € (1 —1/a, 1). Hence, we
find estimates of MME for the 71 > 75 case but not for MES in this example. For v; > 5, we can explicitly
compute

MME(p) = 1=2—t/a,

a—lp

imsart-bj ver. 2014/10/16 file: eshrv_jmva_resub.tex date: April 26, 2017



22 B. Das and V. Fasen
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Figure 5.2. Box plots of l\memp(p)/MME(p) with pl = 1/500,p2 = 1/1000 and m(p)/MME(p) with p1 = 1/500,p2 =
1/1000, p3 = 1/5000,p4 = 1/10000 for Example 5.5 with Marshall-Olkin copula: (a) left two plots: a = 2,71 = 0.8,v2 = 0.7
and ag = 2.6; (b) right two plots: & = 2.5,71 = 0.8,v2 = 0.8 and ag = 3.

In our study we generate the above distribution for two sets of choice of parameters:

(a) =2, =0.8,72 = 0.7. Hence ay = 2.6.
(b) a =25, =0.8,v2 = 0.8. Hence ag = 3.

In Figure 5.2, we create box-plots for M/ MME from 500 samples in each of the four models, where
n = 1000, k = 100 and we restrict to 4 values of p given by 1/500,1/1000,1/5000,1/10000. Again we observe
that the ratio of the estimate to its real target value seem to be close to one, and we conclude that the
estimators are reasonably good.

MME: Empirical vs. actual MME: Estimated vs. actual MES: Empirical vs. actual MES: Estimated vs. actual
: H .
. H H B

- : - ‘ ‘ - — -
i 1 — | \ - = 3 ; : ‘
o 4 i S s s - B L e s
T T T T T T T T T T T T
FMEeg(p1) MMEers(p2) WIME(p1) WIME(p2) TWIME(p3) TWIME(p4) MESunp(p1) MESeny(p2) WES(p1) WES(p2) WES(p3) WES(p4)
MME(p1)  MME(p2) MME(p1) MME(p2) MME(p3) MME(p4) MES(p1)  MES(p2) MES(p1) MES(p2) MES(p3) MES(p4)

Figure 5.3. (a) Left two plots: Box plots of memp(p)/MME(p) with p1 = 1/500,p2 = 1/1000 as well as m(p)/MME(p)
with pl = 1/500,p2 = 1/1000,p3 = 1/5000,p4 = 1/10000 for Model C in Example 5.6 with o = 1.5,29 = 2. (b) Right two
plots: Analog plots for MES.

Example 5.6 (MODEL C) We look at Model C where Y = (Y7,Y2) and Y7, Y> are iid Pareto () random
variables, V' = (V1,V3) with V; = V, following Pareto (ag) and Z =Y + V. Using Theorem 3.8 we can
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check that Z € MRV (a,b,v) N HRV (o, bo, o) if o < g < ae+ 1 and all conditions (A), (B1) and (B2)
are satisfied. Thus, we can find limits for both MME(p) and MES(p) for p going to 0. It is also possible to
calculate MME and MES explicitly. We do so for o = 1.5 and ag = 2 here.

We found that the Hill plots were not that stable, hence we used an L-moment estimator (a probability
weighted moment estimator could be used as well) to estimate «a and ag; see [13, 20] for details. The
estimates of the tail parameters are not shown here. In Figure 5.3, we create box-plots for m/MME
and @/MES where n = 1000,k = 100 with 500 samples and we restrict to 4 values of p given by
1/500,1/1000,1/5000, 1/10000. The ratios of the estimators and the targets seem close to one. Of course,
the empirical estimators for p = 1/500,p = 1/1000 do not perform so well.

5.3. Data Example: Returns from Netflix and S&P

In this section we use the method we developed in order to estimate MME and MES from a real data
set. We observe a data set which exhibits asymptotic tail independence and we compare estimates of both
statistics (MME and MES) under this assumption versus a case when we use a formula that does not assume
asymptotic independence (similar to estimates obtained in [7]).

angular density for Netflix vs SnP

0.08 0.10
| |
0.6
|

0.06
|
0.4

SnP 500 returns
0.04
|

angular measure density

0.2
|

0.02
|

0.00
|
0.0
|

T T T T T T T T T T T T T
0.00 0.05 0.10 0.15 0.20 0.25 0.30 -0.5 0.0 0.5 1.0 15 20

Netflix returns theta
Figure 5.4. Left plot: Scatter plot of (NFLX, SNP). Right plot: angular density plot to of the rank-transformed returns data.

We observe return values from daily equity prices of Netflix (NASDAQ:NFLX) as well as daily return
values from S&P 500 index for the period January 1, 2004 to December 31, 2013. The data was downloaded
from Yahoo Finance (http://finance.yahoo.com/). The entire data set uses 2517 trading days out of which
687 days exhibited negative returns in both components and we used these 687 data points for our study.

A scatter plot of the returns data shows some concentration around the axes but the data seems to exhibit
some positive dependence of the variables too; see leftmost plot in Figure 5.4. Since the scatterplot doesn’t
clearly show whether the data has asymptotic tail independence or not, we create an angular density plot of
the rank-transformed data. Under asymptotic independence we should observe two peaks in the density, one
concentrating around 0 and the other around 7 /2, which is what we see in the right plot in Figure 5.4; see [34]
for further discussion on the angular density. Hence, we can discern that our data exhibits asymptotic tail
independence and proceed to compute the hidden regular variation tail parameter using min(NFLX, SNP)
as the data used to get a Hill estimate of agy. The left two plots in Figure 5.5 show Hill plots of both the
Netflix negative returns (NFLX) and the S&P 500 negative returns (SNP). A QQ plot (not shown) suggests
that both margins are heavy-tailed and by choosing & = 50 for the Hill-estimator we obtain as estimate of
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Figure 5.5. Hill plots of the tail parameters of the two negative returns (NFLX,SNP) and that of hidden tail parameter g
estimated using min(NFLX,SNP).

the tail parameters anprx = 2.39, @snp = 2.46 (indicated by blue horizontal lines in the plot). Again using
a Hill-estimator with & = 50, the estimate ag = 2.86 is obtained; see the rightmost plot in Figure 5.5.

Now, we use the values of agnp = 2.46 and ag = 2.86 to compute estimated values of MME and MES.
In Figure 5.6 we plot the empirical estimates of MME and MES (dotted lines), the extreme value estimate
without assuming asymptotic independence (blue bold line) and the extreme value estimate assuming asymp-
totic independence (black bold line). We observe that both MME and MES values are smaller under the
assumption of asymptotic independence than in the case where we do not assume asymptotic independence.
Hence, without an assumption of asymptotic independence, the firm might over-estimate its’ capital shortfall
if the systemic returns tend to show an extreme loss.
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Figure 5.6. MME and MES plots under the tail dependence model as well as the asymptotic independent model.
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6. Conclusion

In this paper we study two measures of systemic risk, namely Marginal Expected Shortfall and Marginal
Mean FEzcess in the presence of asymptotic independence of the marginal distributions in a bivariate set-up.
We specifically observe that the very useful Gaussian copula model with Pareto-type tails satisfies our model
assumptions for the MME and we can find the right rate of increase (decrease) of MME in this case. Moreover
we observe that if the data exhibit asymptotic tail independence, then we can provide an estimate of MME
that is closer to the empirical estimate (and possibly smaller) than the one that would be obtained if we did
not assume asymptotic tail independence.

In a companion paper, [9], we investigate various copula models and mixture models which satisfy our
assumptions under which we can find asymptotic limits of MME and MES. A further direction of work would
involve finding the influence of multiple system-wide risk events (for example, multiple market indicators)
on a single or group of components (for example, one or more financial institutions).
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