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Abstract

Vision can be consideredas a featuremining problem. Visually meaningfulfeaturesare often geometrical,e.g.,
boundaries(or edges),corners,T-junctions,andsymmetries.Mirror symmetryor nearmirrorsymmetryisverycommonand
usefulin imageandvisionanalysis.Thecurrentpaperproposesseveraldifferentapproachesto extractthesymmetrymirrors
of 2-dimensional(2-D) mirror symmetricshapes. Propermirror symmetrymetricsare introducedbasedon Lebesgue
measures,Hausdorff distance,and lower-dimensionalfeaturesets. Theory and computationof theseapproachesand
measuresarestudied.

1 Intr oduction and Moti vation

Vision, a multi-level processof perceptiongenerationfrom observed2-D imagesor imagesequences,is first of all, a data
mining problem.At themostfundamentallevel, it is to minethebasicgeometric,topological,material,andchromatic(or
painting)featuresfrom theinput (intensityor range)imagedata.Thesebasicfeaturesor patternsarethenfurtherencoded,
correlated,andre-organized(typically in a tree-codeform [5]), leadingto the perceptionof our evolving but stationary,
generic,andspatiallywell ordered3-D world, which is certainlynot merelyacollectionof molecularor atomicclutters.

Thecurrentpaperis intendedto makecontributionsto themining of mirror symmetryof 2-D shapes,perhapsthemost
commonandaccessiblesymmetrytypein imageandvision analysis.Figure1 demonstratesthreefamiliarexampleswhich
aremirror symmetricor closeto be.

Figure1: Examplesof (nearly)mirrorsymmetricshapes.

In manufacturing industries(e.g., automobiles),mirror symmetryoffers great conveniencein merchandisedesign
and production. In life science,it is so astonishingthat geneticDNA codesat the molecularlevel could lead to such
universal(near)mirror symmetryin theglobalappearanceof humanbeingsandmostanimals.Finally, in thepsychology
of architecturedesign,theancientmysterystill remainswhy mirror symmetrylookssopleasingto humanbeings(seefor
example,theEiffel Tower, Paris,andtheBig Domeof MIT, Boston,USA).

In this paper, we shallcall any compactset
�������

with positiveLebesguemeasure� � �
	�������
������������� �����! 
a (Lebesgue)compactpositive shape. In imageandvision analysis,most shapesareLipschitz domains(except fractal
coastlines).Let " denoteany affine hyperplaneof co-dimension1 in

�#�
, $ oneof its two unit normals,and %'&(" a fixed

referencepoint. Thereflection
�*)

aboutmirror " is definedto be,for any +,& ��� ,� ) + 	 +.-0/!12+3-4%  $657$489
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A shape
�

is saidto bemirror symmetricabout" , or " -symmetric,if�:);� 	 �  =< 8 >�8  
andthen " is calledthesymmetrymirror of

�
.

We shall work with ? 	 / only, as motivatedby imageand vision analysis. All the resultsare valid for higher
dimensions,exceptwheretheoppositeis explicitly stated.

Thecurrentpaperstrivesto make boththeoreticalandcomputationalcontributionsto themining of mirror symmetry.
We intendto answerthefollowing two key questions:

1) Supposethata genericshape
�

is mirror symmetricor closeto be(ascommonin imageandvision analysis).How to
extract thesymmetrymirror " in a computationallyefficient way, which is alsostableandinsensitive to the inaccuracy
of shapeextractionalgorithmsandvarioustypesof perturbations?

2) Insteadof a binarydecisionlike “
�

is eithermirror symmetricor not,” canwedevelopmeaningfulmetricsto beableto
saythat“

�
is 0.618mirror symmetricin a scaleof @ �A �CB ?”

Themaincontentis almostexplicit from thetitles of thefivemajorsections:D
2. Mirror identificationandcomputation:methodsof cut-and-weight,andPCA(principlecomponentanalysis).D
3. Mirror symmetryvia lower-dimensionalfeatures.D
4. Metricsof mirror symmetry:thesymmetryindex, andHausdorff distancefor featuresets.D
5. Mirror symmetryof convex shapes(via supportfunctions).D
6. Mirror symmetryof E � shapesvia normalpairs.

Finally, we want to emphasizethat, in orderto clearlyunderstandwhich mechanismshumanobserverstruly employ,
all the modelsand algorithmsdevelopedhereshouldbe further validatedby psychologyexperimentsin humanvision
research.For the oppositedirection,i.e., mathematicalmodelingdirectly motivatedby laws from vision psychologyand
psychophysics,pleaseseetheauthor’swork in [8].

Generoustolerancefrom our readerson theclumsyEnglishis secretlybut deeplyappreciated.

2 Mirr or Identification and Computation

In this section,we proposetwo approachesto identify the mirror of a shapewhich is mirror symmetricor closeto be.
(
D

4 clarifiessuchcloseness.)Thealgorithmsmustbestable,meaningthatwhena perfectlymirror symmetricshape
�

is
perturbedto

�*F
, the identifiednew mirror "HG shouldundergo a minor changeaswell. In imageandvision analysis,such

perturbationis verycommonsinceshapesareoftenapproximatelysegmentedandextractedfrom intensityimagesby some
othernumericalalgorithms(e.g.,suchastheimplementationof thecelebratedMumford-Shahmodel[6]).

2.1 Method of cut-and-weight Denoteby I:J
K;L�M theunit diskof radiusN , centeredat L . Definethemasscenter@ � B & ��O
of acompactshape

�
by

(2.1) @ � B�	 �� � � �P + �
�Q�
R  + 	 K �  R MS8
For eachNUT �WV � � -4I:J�KX@ � B M � ��� , similarly defineY J 	 @ � -4I:JZK�@ � B M B  
which representsthe masscenterof

�
with a disk holecut out. It is in this sensethatwe have namedour approachafter

“cut-and-weight.”

PROPOSITION 2.1. Let
�

bea positivecompactshape. Thenthereexistsa uniqueN  �[� , sothat� � -4I#J
KX@ � B M � ���A NU&4@ �A N  MC\ � � -]I#JX^_K�@ � B M ��	 � 8



Proof. Define ?4KHNZM 	�� � -]I#J
K�@ � B M � . It canbeeasilyestablishedthat

a) ?]K � M �[� and ?4KHNZM`T � is non-increasing;

b) ?]K;NaM is acontinuousfunction;and

c) ?]K;NaMcb � whenr is largeenough.

Thenit follows from thethreepropertiesthatwe musthave N  	edWfhg ?(i � K � M �[� 8 j
Therefore,for any NWklN  ,

Y Jm& � O is well-defined.

Y J givesa one-parametercontinuouscurve in
� O

. (Moreover,
examplescanbeconstructedin which n fhdJpomJCq^

Y J doesnot exist.)

THEOREM 2.1. If A is mirror symmetricaboutmirror " : �*)H� 	 � . Then,for any NrksN  ,

Y J &6" .
Proof. It sufficesto show that

�*) Y J 	 Y J . First

(2.2)
� ) @ � Bt	 �� � � �� � ) + ���u��Rv	 �� � � ��wyx2 + �
�Q�
Rv	 @ � B 8

By Euclideaninvariance, � ) I:J�KX@ � B M 	 I#J
K � ) @ � B M 	 I:J�KX@ � B MS8
Therefore, � ) K � -4I#J
KX@ � B MXM 	 � -4I:J�KX@ � B MS8
In (2.2),having

�
replacedby

� -]I#J
K�@ � B M , we obtain�:) Y J 	 �:) @ � -]I J K�@ � B M B�	 @ � -4I J KX@ � B M By	 Y J 8
Thiscompletestheproof. j

Notice that for genericshapes,

Y J
K;NskzN  M is a continuouscurve containingmorethanonepoints. We shall call
it themasscentercurve. The above theoremimplies whena genericshape

�
is " -symmetric,the mirror " is completely

determinedby themasscenterline. This nourishesourfirst algorithmfor mirror identification.
In practice,dueto bothimperfectshapeextractionandboundaryperturbation,

�
canonly benearlymirror symmetric.

As a result, the masscentercurve is only nearly straight. Thus, insteadof the ideal algorithm basedon the Euclidean
principle “two pointsdeterminea straightline,” we turn to the techniqueof weightedleastsquare fitting [9] to extract the
mirror " .
Definition. (GeneralizedMirror) Let

�
bea genericcompactshapewith positive mass

� � �
. A straightline "|{ is saidto be

its mirror if

(2.3) "|{ 	e}Z~p�
dWf2g ) � J ^{ � O K Y J  "�M7?4KHNZM � N 	e}
~���dWfhg ) >�@ " B  
where

� Kh+  "�M denotestheEuclideanpoint-linedistance,and ?]K;NZM is definedasin Proposition2.1.
This notion of generalizedmirrors appliesmeaningfully to nearly mirror symmetricshapes,meaningthat it well

approximateshumanperceptualestimation.Lateron in
D

4, amoregeneraldefinitionfor genericshapeswill beintroduced.
In this weightedfitting model, the weight ?]K;NaM has beenmotivatedby the following consideration:larger mass?]K;NaM 	�� � -eI:JZK�@ � B M � makes the masscenter

Y J 	 @ � -lI#J
K�@ � B M B more reliable,sincefrom the statisticalpoint of
view, averagingis takenovera largerpoolof samples.

We now discusshow to computationallysearchfor themirror "|{ of a nearlymirror symmetriccompactshape
�

. Fix
any referencepoint % , for example, % 	 K �! p� M . For any straightline " , let + denotetheorthogonalprojectionof % on " .
Define � 	e� K;%  "�M 	�� +�-4% �  $ 	 Kh+�-]%#M�� � 8



Noticethatgenerically
� �[� and $ is indeedwell-defined.Moreover, "���K �  $�Mc& � ����r� � is acompleterepresentation.

Thusweshallsimply identify " with thepair K �  $�M , andtheweightedsquaredfitting errorin (2.3) is now givenby>�@ " Bt	 >�@ �  $ Bt	 � J ^{ K�K Y J -4%:M � $z- � M O ?4KHNZM � Na8
To minimizeit, we solve theequilibriumequationsin

� & � �� and $�& � � . First for
�
,� 	,� >�@ �  $ B� � 	 -*/ � JX^{ KXK Y J`-]%#M � $�- � M7?4KHNZM � N  

whichgives � 	 $ �� � JX^{
Y JS?4KHNZM � N�-($ � %  � 	�� JX^{ ?4KHNZM � Na8

It shows that in equilibrium,
�

is completelydeterminedby thenormal $ of themirror. Now for any $�& � � , definethe
tangentialprojection�A��KH��M 	 ��-�KH� � $�M7$48 Takingthepartialderivative � >�@ �  $ B � � $ alongtheuniquecircle � � (i.e.,
manifolddifferentiation)leadsto thenonlinearequilibriumequationfor $ :� 	 � J ^{ K�K Y J -4%:M � $�- � M��A��K Y J -4%:M�?]K;NaM � Na8
Generically, thesetwo equationson K �  $�M canbesolvedby suitableiterative schemesK ���  $ � Mc��K ��� � �  $ � � � M (see,for
example,ChanandShen[2] for similarenergy minimizationproblemsinvolving unit normals).

We mustpoint out thatin practice,thecontinuousintegral � J�^{ is computedby a Monte-Carlotypescheme.Both

Y J
and ?]K;NaM arerandomlysampledandcomputedatsomeN �  N O  �����  N¡  . Thediscreteversionfor theweightedsquarederror
becomes >a¢�@ �  $ Bt	  £�S¤ � K�K Y JX¥*-0%*M � $z- � M O ?4KHN � MS8
Notethateventheintegrationweight

� N � � � -6N � � hasbeendroppedsinceour intrinsic focusis merelyontheoptimalmirror" . ¦ shouldbelargeenoughsothat § Y Jp¨  �����  Y J�©«ª containsat leasttwo distinguishable(accordingto somethreshold)
points.Larger ¦ alsohelpsstabilizethesolutionby averagingout theeffectsof noiseandperturbations.

2.2 Method of principle componentanalysis (PCA) The secondapproachfor mirror identificationis basedon PCA
or singularvaluedecompositions,andthuscarriesa moregenuinetasteof datamining. It is fundamentallystochasticin
treatinga shapeasacollectionof randomsamplesfrom a Gaussiandistribution:¬ K2+rM 	 �K�/Z��P®C¯t°`MX±
² O ®C³P´¶µ�- �/ Kh+�-�+ { M�·X° i � K2+.-�+ { M�¸08
Then mirror identificationis simply to computethe principle directionsof the distribution, i.e., the eigenvectorsof the
correlationmatrix ° .

Let
�

bea givencompactshapewith positive Lebesguemass
� � �

. Theexpectationtype functional ¹  is definedfor
any locally squareintegrablefunction(scalaror vectorial) º�Kh+WM 	 º�K �  R M :¹  º 	 �� � � �  º�K2+UM �
�Q�
R 8
Masscenter@ � By	 K � {  R {�M in theprevioussectionis simply ¹  @ + B . Furthermore,definetheauto-correlationmatrix to be

°  	¼» ¹  K � - � {aM O ¹  K � - � {�M�K R - R {¡M¹  K � - � {aMCK R - R {¡M ¹  K R - R {¡M O ½ 8
Thefoundationof thispseudo-probabilisticapproachis solidifiedby thefollowing theorem.

THEOREM 2.2. If
�

is " -symmetric,thenthemirror’s normal $ mustbetheeigenvectorof °  .



Proof. Notice that theauto-correlationmatrix °  is both rotationandtranslationinvariantwith respectto
�

(in thesense
of orthonormalsimilarity). Thus,without lossof generality, assumethat @ � B�	 K � {  R {¡M 	 K �! p� M and " is the

�
-axis. Then

theoff-diagonalin °  is �� � � �  �uRP�
�Q�
R�	 �/ � � � �  K �uR�¾¿� KX- R MXM ���u��Rv	 � 8
Thus °  is diagonaland the

�
and

R
axesarepreciselyits principle directions. In particular, the

R
axis is the normal

directionof themirror. j
The proof hasbeengreatlysimplified by rotationalinvariance.In practice,this is alsoexactly the main virtue of the

PCAapproachsincetheunknown rotation(i.e. themirror direction)is foundby solvinga spectralanalysisproblem.
But thecorrelationmatrix °  hastwo principledirections:oneis normalto themirror andtheothertangential.The

magnitudeof theassociatedeigenvaluesdoesnotprovidevaluableinformationfor identifyingwhichoneis thenormal(since
theshapecanbeeither“f at” or “slim” with respectto themirror). Thusanextravalidationstepis requiredto furthersingle
out the normal from the two independenteigenvectors. The computationis straightforwardby comparingthe symmetry
indices(

D
4) of thetwo hypotheses.

We concludethesectionby a stability theorem.

THEOREM 2.3. (LEBESGUE STABIL ITY) Supposethat
�

is a positivecompactshapesymmetricwith respectto themirror" 	 KX@ � B  $�M , and the two eigenvalues À � and À O of °  are distinct. Let
� F

be a perturbedcompactshapeso that� �*FÂÁs� �Ã	eÄ KHÅZM as Å�� � , and " F 	 KX@ �«F B  $ F M theidentifiedmirror fromthePCAalgorithm.Then� @ � B -[@ � F B���¾�� $,-($ F �
	�Ä KÆÅ
MC8
Proof. We only sketchtheproof by pointingout thatwhen À �UÇ	 À O , thespectraldecompositionof symmetricmatrices°° 	 À � $ �_È $ �_¾ À O $ O È $ O
is a local diffeomorphismbetweensymmetricmatricesandthe productspace

Ä K ��O M � ��O . Here
Ä K ��O M representsthe

orthogonalgroupand
�#O

for theeigenvaluepair. It is alsostraightforwardto show that� @ � B -[@ � F B��
	�Ä KÆÅ
M  ° �É 	 °  ¾�Ä KÆÅ
MC8 j
3 Mirr or Symmetry via Lower-DimensionalFeatures

In imageanalysisand visual perception,many deterministicshapefeaturesare invariant underdiffeomorphisms. LetÊ K � M �e� O denotethespatiallocationsof sucha classof features(e.g.,edges,corners,T-junctions),and Ë V � O � � O
a

givendiffeomorphism.Then, Ê K�Ë¿K � MXM 	 Ë¿K Ê K � M�MS8
Two visually importantclassesof lower-dimensionalfeaturesareedgesandcorners.We shalldenotethemby � � andÌ �
separately. Their Hausdorff dimensionsareoneandzerofor genericLipschitzshapes.(In imageandvision analysis,

cornersmostly belongto compactshapeswith piecewise E � boundaries.A corneris wherethe tangentspacecannotbe
defined.)It is easyto seethatindeedthey areinvariantunderdiffeomorphisms:� Ë¿K � M 	 Ë¿K � � M  Ì ËsK � M 	 Ë¿K Ì � MC8

Euclidian transforms(i.e. translation,rotation, and reflection) are specialexamplesof (linear) diffeomorphisms.
Especially, for mirror reflection

�:)
, wehave

Ê K �*)H� M 	 �*) Ê K � M . Thus,

PROPOSITION 3.1. If
�

is " -symmetric,somustbe
Ê K � M V �*) Ê K � M 	 Ê K � M .

This providesthefoundationfor mirror detectionvia featuresets.Theadvantageof goingfrom shapesto featuresets
is the dimensionalityreductionandthe resultingefficient computationalapproach.It is believed in cognitive sciencethat
humanvisualperceptionoftencleverly relieson featureandpatternextractionandprocessing.Waveletstheoryis themost
well known examplefor nicelyencodingandprocessingsingularfeaturessuchasedges[1, 4].



Suchdimensionalityreductiondoescomeat a potentialcost. Featuresare often only necessarybut not sufficient,
meaningthat if

� 	 I , then
Ê K � M 	 Ê K�IUM , but theoppositeis generallyunguaranteed.A possibleway to improve is to

furtherquantify thefeatures.Take theclassof cornerfeaturesfor example,onemayenricha cornerposition + by adding
theassociatedinteriorangleÍ : +'��K2+  Í�M (referenceto Figure2).

Let
��Î

be a suitablemeasureon
Ê K � M , for example, the 1-D Hausdorff measure

� Ë � for � � , and the atomic
(or counting)measurefor

Ì �
. Then both the cut-and-weightand the PCA approachescan be similarly developedonK Ê K � M  �
Î M for mirror detection,with integration �  ���u��R substitutedby ��Ï_Ð �Ñ ��Î . Figure2 illustratesthecut-and-weight

approachfor thecornerfeatureset
Ì �

.

m

mr: r1 < r <r2

r: r<r1

r2

r1

4 corners

l

Figure2: Methodof cut-and-weightfor thecornerfeatureset.

4 Metrics of Mirr or Symmetry

Theprevioussectiondealswith mirror symmetricor nearlymirror symmetricshapesfor which theextractedmirrorswell
approximatehumanperception.In this section,we intendto quantitatively measurethe degreeof mirror symmetry, and
developpropermetricswhichallow usto saythat“the degreeof mirror symmetryof shape

�
is 0.618from ascaleof [0,1].”

We call 0.618thesymmetryindex of
�

.

4.1 Symmetry index Let Ò �� 	 Ò �� K �#O M denoteall non-negative Lebesgueintegrablefunctions. The spaceof 2-D
compactshapescanbenaturallyembeddedinto Ò �� by thecharacteristicmap:� � �  K2+rM 	.�  +Ó& � \ �! otherwise8
Thenit is easyto seethat � ��Á I �
	�� w�Ô �Õ�  - �¡Ö*� ���u��Rv	�×Z�  - ��Ö#×CØ ¨ 8
The notion of mirror symmetryappliesto Ò �� aswell. º�&eÒ �� is saidto be mirror symmetricabouta straightline " , ifº 	 ºrÙ � ) . It is obviousthata compactshape

�
is mirror symmetricabout" if andonly if

�  Kh+WM is.
For any straightline " , and º¶&�Ò �� K �#O M , definethe " -symmetriccomponentKÚº � "ÚM and " -asymmetriccomponent@ º � " B ofº by KÚº � "ÚM�Kh+rM 	 º�K2+WM ¾ º�K � ) +WM/  @ º � " B Kh+rM 	 º�K2+UM�-0º�K � ) +rM/ 8

Then

PROPOSITION 4.1. º is " -symmetricif andonly if K�º � "�M 	 º , or equivalently, @ º � " BQ	 � .
Definition. (SymmetryIndex) Assumethat º�&�Ò �� , and " is a givenstraightline.

1) Thesymmetryindex of º with respectto " is definedto be� ) @ º Bt	3� - × @ º � " BÛ×× K�º � "�M × 8
Herethenormsarebothin Ò � . Also define

� ) @ � BQ	3� .



2) The(overall)symmetryindex of º is definedto be � @ º Bt	lÜ�Ý ´) � ) @ º B 8
We definethesymmetryindicesof a compactshapeby setting

� ) @ � B�	 � ) @ �  B and
� @ � B�	 � @ �  B . Theproof of thenext

list of propertiesis left to thereaders.

PROPOSITION 4.2. Suppose
�

is a compactshape, º�&6Ò �� K ��O M , and " a mirror. Then,

(a) �WÞ � ) @ º B Þ � , andbothequalitiesare achievable.

(b) º is " -symmetricß � ) @ º Bt	3� .
(c)

� ) @ º BQ	 � ßàº � ºrÙ � ) 	 � , a.e.;
� ) @ �  Bt	 � ß � � ) �sá�� �Ã	 � .

(d) For a compactshape
�

, � ) @ � By	 � ��á�� ) � �� �sá6�*)H� ��¾�� �[Á¿�:)H� � �Z/ 8
Thusthenotionof symmetryindex doescoincidewith our commonintuition in visualperception.Whatseemsmore

interestingis the following theoremwhich claims,roughlyspeaking,that if you addmoresymmetry, thesymmetryindex
doesincrease.

THEOREM 4.1. Supposeâv&�Ò �� K ��O M is " -symmetric(i.e.
� ) @ â BQ	.� ). Then� ) @ º ¾ â B T � ) @ º B  äã º�&�Ò �� 8

Theequalityholdsonly whenâ 	 � or
� ) @ º Bt	.� .

Proof. By linearityand @ â � " BQ	 �! KÆâ � "ÚM 	 â ,@ º ¾ â � " B�	 @ º � " B�¾ @ â � " BQ	 @ º � " B \�KÚº ¾ â � "�M 	 K�º � "�M ¾ âQ8
Therefore � ) @ º ¾ â BQ	3� - × @ º � " B�×× K�º � "�M ×�¾�× â × T � - × @ º � " B�×× K�º � "�M × 8
Theequalityholdsif andonly if

× â ×c	 � or
× @ º � " B�×`	 � , which completestheproof. j

As for compactshapes,asimilar but independenttheoremcanbeestablished.

THEOREM 4.2. If a compactshapeI is " -symmetric,thenfor anycompactshape
�

,� ) @ �så I B T � ) @ � B 8
Thetechnicalindependenceof thetwo theoremsis dueto thatgenerally,� yæ Ö Ç	.�  ¾e� Ö 8
Proof. First if

�3� E , then
��ç T �  , and K ��ç*� "�McT�K �  � "�M . In particular, K � yæ Ö:� "�MèT�K �  � "�M . Now that

� yæ Ö¿	.��Ö�¾��  i Ö
and I is " -symmetric,wemusthave @ � yæ Ö � " B�	 @ �  i Ö � " B 8
Thustheproofwill becompleteif we areableto show� @ �  i Ö*� " BP� Þ � @ �  � " BP� 8
Suppose

� @ �  i Ö � " B Kh+rM �QÇ	 � . By definitionwemusthave @ �  i Ö � " BQ	�éU� �
/ , andoneandonly onefrom §ê+  �:) +�ª belongs
to
� -¶I . Then §ê+  � ) +�ª á I mustbeemptysinceI is " -symmetric,which impliesthatoneandonly oneof §S+  � ) +�ª is

in
�

. Thus, @ �  � " B K2+rM 	�éU� �
/ . This concludestheproof. j



Theconceptof symmetryindex bringstwo new degreesof freedom:

1) any compactshapecanhavecertaindegreeof mirror symmetry;and,

2) mirror identificationbecomesanoptimizationproblem:
Ü�Ý ´ ) � ) @ � B 8

For a generalcompactshape
�

, it seemsto theauthorthat thereis no directefficient optimizationalgorithm.When
�

is a
smoothshape,� ) @ � B is smoothin " aswell, andgradientdescentmarchingin " works. Still uniquenessis not guaranteed,
but existencecanbeestablished.

THEOREM 4.3. (EXISTENCE OF OPTIMAL M IRRORS) There existsa mirror "|{ sothat
� )hë @ � Bt	ed�} ³ ) � ) @ � B .

Proof. Let " � 	 K2+ �  $ � M bea maximizingmirror sequence.( " 	 Kh+  $�M meansthat " goesthrough+ with normal $ .)
Without lossof generality, assumethat

� ) ¥�@ � B ���! êì 	.�  /  ����� . Let í�K � M denotetheconvex hull of
�

. Then " � ám� cannot
beempty. Otherwise, thesetof innerproducts1�íîK � M
-:+ �  $ � 5 mustbeeithersimultaneouslynon-positiveor non-negative.
It implies that íîK � M andthus

�
mustlie on onesinglesideof " . In particular,

� ) ¥ ��á�� is empty, andby Proposition4.2,� ) ¥�@ � By	 � , contradictingto our assumption.Therefore,we canassumethat + � &�íîK � M , ì 	.�  /  ����� . We finally wrapup
theproof by applyingthecompactnessof both íîK � M andtheunit circle � � to thesequenceK2+ �  $ � M . j
4.2 Hausdorff distance for feature sets The above approachonly appliesto 2-D shapesand functions. For lower-
dimensionalfeaturesets

Ê K � M suchas � � and
Ì �

(see
D

3), we turn to Hausdorff distance.
For any compactset

Ê �[��O
, its ï -neighborhoodis definedasÊÛð 	 §S+ � � Kh+  Ê M Þ ïÃª�8

ThentheHausdorff distancebetweentwo compactsets¹ and
Ê

is definedby�Ãñ K;¹  Ê M 	lf2gPò §¡ï � ¹ � Êîð and
Ê � ¹ ð ª�8

Let
Ê 	 Ê K � M denotea featuresetof

�
. For any mirror " , we definethesymmetryindex of

Ê
with respectto " by� ) @ Ê B�	 ®C³P´�KX- ��ñ K Ê  � ) Ê MXMC8

As in theprevioussection,theoverallmirror symmetryindex is definedto be� @ Ê Bt	eÜ�Ý ´) � ) @ Ê B 8
NoticethatHausdorff doesweigheachindividual featurepoint,which is differentfrom Lebesguemeasures.
Like thesymmetryindex for shapesandfunctions,we have

(a) � k � ) @ Ê K � M B Þ � for any featureset
Ê K � M .

(b) A featureset
Ê K � M is " -symmetricif andonly if

� ) @ Ê K � M B�	.� .
(c) Theoptimalmirror for

Ê @ � B exists.

Many propertiesin theprevioussectioncanbesimilarly studied.

5 Mirr or Symmetry of ConvexShapes

In this section,we proposea new approachfor studyingmirror symmetryof compactconvex shapes,basedon thetool of
supportfunctions.

Let
�

beacompactconvex shapein
��O

. Its supportfunction í  K;��M is definedfor any vector �ó& ��O by:í  K;��M 	edW} ³t1 �  ��5 	ld�} ³ôcõ  12+  ��5S8
Recallthebasicpropertiesof thesupportfunction(e.g.,[7]):

(a) For any scalarÀ ��� , í  K�ÀA��M 	 Àuí  KH��M .



(b) For any �  �ö & � O , í  K;� ¾ ö M Þ í  KH�6M ¾ í  K ö M .
(c) For any two convex compactshapes

�
and I , let

�Ãñ K �  IUM be their Hausdorff distance,andrestrict í  on the unit
circle � � . Then ��ñ K �  IrM 	�× í  -4í Ö:×�Øu÷ Ð2ø ¨ Ñ 8
In fact,(a) and(b) completelycharacterizea supportfunction[7]. That is, a function º�KH��M is thesupportfunctionfor

someconvex shapeif andonly if it carriestheproperties(a)and(b). Moreover, thecorrespondence
� ��í  is one-to-one

andevenisomorphicin somesuitablesensebasedon thelastproperty.
Thesupportfunctionis not translationinvariantin

�
sinceí  � ô K;��M 	 í  KH��M ¾ 1h+  ��5S8

We proposeto homogenizeí  by Ë  K;��M 	 í  KH�6M ¾ í  K�-���MC8
We shallcall Ë  thehomogenizedsupportfunction.By designit is translationinvariantin

�
, andË  KX-���M 	 Ë  KH��M  

which makes Ë  K;��M well definedon therealprojective line
��ù �

. Let � 	 ®C³P´�K;úûÍ�M berestrictedon theunit circle � � and
defineË  KHÍÃM 	 Ë  KH��M . Then Ë  KHÍÃM is � -periodic:Ë  K;Í ¾ ��M 	 Ë  KHÍ�MC8

Now let " beany givenmirror. It is easyto seethatË w x  K;��M 	 Ë  K �:) ��MC8
In particular, if

�
is " -symmetric,so is Ë  K � M . Since Ë  is translationinvariantin

�
, we canassumethat themasscenter

of
�

is theorigin: @ � B�	 K �A �� M . Then " passesthroughtheorigin. Let ü�{ 	 ®C³P´yK;úÚÍ�{aM bethetraceof " on theunit circle (any
onefrom thetwo tracepoints).Thenthemirror reflection� 	 ®C³P´�KHúûÍ�Mè� � ) � is equivalenttoÍU�¼/aÍ { -]Í!8
Therefore,wehaveprovedthat

PROPOSITION 5.1. If a convex compactshape
�

with masscenter @ � Bt	 � is " -mirror symmetric,thenË  KHÍ�M 	 Ë  KÚ/aÍ { -]Í�MS8
Here ®�³�´îKHúûÍ�{¡M is thetraceof " on theunit circle.

This theoremprovidesthefoundationfor mirror mining basedon thehomogenizedsupportfunction Ë  restrictedon
theunit circle. We shallseethatmirror identificationnow becomesaphaseidentificationproblem.

SinceË  K;Í�M is � -periodic,it Fourierseriesarein theform of

Ë  KHÍ�M 	äý£ i ý < ± > i O�þ ±
ÿ 8< i ± 	 < ± becauseË  is real.Thus Ë  K�/ZÍ�{«-(ÍÃM 	äý£ i ý K < ± >�� þ ±�ÿ
ë MX> i Opþ ±
ÿ  

andwemusthave < ± 	 < ± > � þ ±
ÿ ë  �� 	3�  /  ����� 8 Define ü { 	 > � þ ÿ ë and ü ± 	 < ± � < ± & � � (possiblyhaving thosevanishing< ± ’s dropped).Then

(5.4) ü ±{ 	 ü ±  �� 	3�  /  ����� 8



In practice,for nearsymmetricconvex shapes,(5.4)only holdsapproximately. Thusweapplytheleastsquarefitting to
extract ü�{ . First truncatetheFourierseriesto finite

�
terms,andthensolve theminimizationproblemdWf2g

� ë��
	 � ë�	 ¤ � �£± ¤ �� ± � ü ±{ -4ü ± � O  
with a suitablesetof positive weights K  ± M , often larger for lower frequency modes.Finally, noticethata singleoptimalü�{ canproducefour anglesÍ�{  Í�{ ¾ �î�Z/  Í�{ ¾ �  Í�{ ¾�� �î�Z/ , correspondingto the optimalmirror andthe dual mirror "��
perpendicularto it.

6 Mirr or Symmetry of E � Shapesvia Normal Pairs

In thissection,wegiveanew characterizationfor mirror symmetryof 2-DcompactE � shapes,i.e.,shapeswith E � boundary
manifolds.

Definition. (NormalPairs)Let
�

bea compactE � shapewith boundary� � . A pair of distinctpoints +  %�& � � is saidto
bea normalpair if +3-4%���� ô � � and +3-4%������ � �  
Where� ô � � denotesthetangentspaceat + .

PROPOSITION 6.1. (2-D ONLY) Suppose
�

is " -symmetric.Thenany pair of distinct points +  %�& � �lá " is a normal
pair.

Proof. Simply noticethatif +Ó& � �¿á " , then � ô � � mustbeperpendicularto " .
Thispropositionis generallyfalsein higherdimensions.

If all normalpairsarealongthemirror, thenmirror identificationcertainlybecomesthedetectionof normalpairs.But
thetruth is thatgenerically, thereindeedexistsat leastonenormalpair off themirror.

THEOREM 6.1. (2-D ONLY) Let
�

bea compactE � shapethat is " -symmetric.If, in addition,
�

is connected,then
�

has
at leasttwodistinctnormalpairs.

Proof. Since
�

is connectedand " -symmetric,it is not difficult to show that � ��á " is non-emptyandcontainsat leasttwo
points,whichcontributeat leastonenormalpairaccordingto thepreviousproposition.(Payattentionto theassumptionthat� � is a E � submanifoldof

��O
, whichprohibitssingularcontactingboundarypointsshapedlikea soft � .)

Now we look for anothernormalpair which is perpendicularto themirror. For simplicity, assumethat " goesthrough
theorigin K �A �� M . Let $ denoteany oneof thetwo unit normalsof " . Definethenormalprojectionfunctionâ�Kh+rM 	 12+  $�5  +Ó& � O 8
Sinceâ is continuousand

�
is compact,thereexistssome%�& � sothat% 	 }Z~p�
d�} ³ ô õ  â�Kh+WMS8

By mirror symmetry, wemusthave �*) % 	l}Z~p�
dWf2g ô õ  â�Kh+WMC8
It is thennotdifficult to show that(1) %  � ) %�& � � ; (2) ��� � �  � wyx � � � �e$ ; and(3) %s- � ) %��e" . Thus % and

� ) % is a
new normalpair. Thisconcludestheproof. j

For anidealdisk, thereareinfinitely many normalpairs.For agenericellipse,therearetwo andonly two normalpairs
correspondingexactly to thetwo symmetrymirrors.For genericshapes,normalpair is still a powerful tool to extracteither
thetangentialor normaldirectionsof thesymmetrymirrors,eventhoughsuccessis not100%guaranteed.

We concludethis sectionby statinganalgorithmfor computationallyidentifying normalpairs.

Normal Shooting Algorithm (NSA). Start with any initial guess+ { & � � , and do the following iteration + � � � 	����� Kh+ � M . Let
� �

denotethenormalline of thecurrenttangentspace� ô ¥ � � . Thentakeany + � � � &]K � � -¿§S+ � ªaM á � �
(whichmustbenon-empty).

It is not difficult to establishthefollowing theorem.

THEOREM 6.2. Supposethat (+ O � ) convergesto +�� , and(+ O � � � ) to %�� , as ì �! . The +"� and %#� is a normalpair.
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Figure3: TheNormalShootingAlgorithm (NSA) andits convergence.

7 Conclusion

Thecurrentpaperproposesseveraldifferentapproachesto extractsymmetrymirrors from 2-D compactmirror symmetric
shapes. Visually meaningfulsymmetrymeasuresare introducedbasedon Lebesguemeasure,Hausdorff distance,and
lower-dimensionalfeaturesets.Theoryandcomputationof theseapproachesandmeasuresaredeveloped.

Importantapplicationscanbefoundfor humanandobjectdetection,templatebasedobjecttracking,datacompression,
andhigh-level inpaintingalgorithmsbasedon globalfeatures[3].

The presentwork also setsan example for studyingmore complex symmetrytypessuchas affine and projective
symmetries,which arealsovery importantin mathematicalimageandvision analysis.

To understandwhich mechanismshumanobserverstruly employ, however, all the modelsandalgorithmsdeveloped
heremustbefurthervalidatedby psychologyexperimentsin humanvision research.
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