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Abstract

The conventional force-directed methods for drawing
undirected graphs are based on either vertex-vertex repul-
sion or vertex-edge repulsion. In this paper, we propose
a new force-directed method based on edge-edge repul-
sion to draw graphs. In our framework, edges are mod-
elled as charged springs, and a final drawing can be gener-
ated by adjusting positions of vertices according to spring
forces and the repulsive forces, derived from potential fields,
among edges. Different from the previous methods, our new
framework has the advantage of overcoming the problem
of zero angular resolution, guaranteeing the absence of any
overlapping of edges incident to the common vertex. Given
graph layouts probably generated by classical algorithms
as the inputs to our algorithm, experimental results reveal
that our approach produces promising drawings (especially
for trees and hypercubes) not only preserving the original
properties of a high degree of symmetry and uniform edge
length, but also preventing zero angular resolution. By al-
lowing vertex-vertex overlapping, our algorithm also re-
sults in more symmetrical drawings.

Keywords: Force-directed method, potential field, angular
resolution.

1 Introduction

As graphs are known to be one of the most important
abstract models in various scientific and engineering areas,
graph drawing (or information visualization in a broader
sense) has naturally emerged as a fast growing research
topic in computer science. Among various graph drawing
techniques reported in the literature, the so-called force-
directed methods (see, e.g., [1, 3, 4, 5, 8]) have received
much attention and have become very popular for drawing
general, undirected graphs. In such a framework, a graph is
viewed as a system of particles with forces acting between
the particles, and then a good configuration or drawing of
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the particles could be generated with locally minimal en-
ergy, i.e., the sum of the forces on each particle is zero.

Generally speaking, the notions of repulsions in the set-
ting of conventional force-directed methods fall into two
categories, namely, vertex-vertex repulsion and vertex-edge
repulsion. First, Eades [5] presented a vertex-vertex repul-
sion model in which vertices are replaced with charged steel
rings and edges with springs to form a mechanical system.
The equilibrium configuration, where the sum of repulsive
forces due to rings and attractive forces due to springs is
zero, normally results in a good drawing. Frunchterman
and Reingold [8] subsequently presented an effective mod-
ification of the model.

In subsequent studies, vertex-edge repulsion models
have been proposed to prevent a vertex from being placed
too close to an edge, overcoming a potential shortcoming as
a result of using the vertex-vertex repulsion model. David-
son and Harel [4] used the paradigm of simulated annealing,
suited for combinatorial optimization problems, to draw
graphs. Their method tries to find an optimal configuration
according to a cost function inclusive of a measure for the
distance between each pair of vertex and edge. This mea-
sure penalizes the vertex and edge that are too close to each
other. In addition, Bertault [1] presented a force-directed
method based on vertex-edge repulsion to ensure that two
edges cross in the final drawing if and only if they cross in
the initial layout as well.

Aesthetic criteria specify graphic structures and proper-
ties of drawing, such as minimizing number of edge cross-
ings or bends, minimizing area, and so on, but the prob-
lem of simultaneously optimizing those criteria is, in many
cases, NP-hard. Among important aesthetic criteria, an-
gular resolution refers to the smallest angle formed by
two neighboring edges incident to the common vertex in
straight line drawing, and constructing straight-line draw-
ings of huge graphs with large angular resolution is very
important in visualization applications and, in addition, the
design of optical communications networks [7]. Formann
et al. [7] were the first to study the angular resolution of
straight-line drawings, and showed that deciding whether a
graph of maximum degree d has an embedding with resolu-
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tion 27 /d (obvious upper bound) is NP-hard.

The main aesthetic criteria concerned in this paper are
symmetry, uniform edge length, and maximization of an-
gular resolution. Theoretical and experimental results (see,
e.g., [6] and [5]) have suggested that force-directed meth-
ods usually enjoy the merit of producing graph layouts with
a high degree of symmetry and uniform edge length. How-
ever, their graph layouts may have the problem of zero an-
gular resolution!, i.e., there exist at least two of the edges
incident to the common vertex overlapping, resulting in a
bad drawing with edge-edge and vertex-edge crossings si-
multaneously. In this paper, a new force-directed method
using the concept of edge-edge repulsion based upon the
theory of potential fields is presented to draw graphs with-
out zero angular resolution. The concept of potential fields
has already found applications in a variety of areas in com-
puter science and engineering, such as path planning [2]
and drawing of graph with nonuniform nodes [3], among
others. In our setting, the repulsive forces applied to an
edge are caused by its neighboring edge being present in
the potential field.?> Although [2] has derived analytically
formulas of repulsive forces between two charged edges re-
spectively, they are unnecessarily complicated to implement
practically. Therefore, as we shall see later in our deriva-
tion, the formulas of our edge-edge repulsion are very sim-
ple and can be implemented easily. Given a nice graph lay-
out probably generated by classical force-directed methods
as the input of our algorithm, the experimental results re-
veal that our approach can produce a drawing not only pre-
serving a high degree of symmetry and uniform edge length
but also preventing zero angular resolution. By allowing
vertex-vertex overlapping, our method often results in more
symmetrical drawings. Finally, because our model is suit-
able for drawing trees for which local minimal problems
are not as critical as for general graphs, our method can be
applied to producing dynamical balloon view drawings of
rooted trees usually used in the field of information visual-
ization.

The rest of this paper is organized as follows. Similar
to other force-directed methods, our method involves two
parts, i.e., the spring model and the optimal algorithm in-
troduced in Section 2 and Section 3 respectively. Finally, a
conclusion is given in Section 5.

2 Model of Edge-Edge Repulsion

Our force-directed method with edge-edge repulsion is
based upon the idea of replacing edges by charged springs,

! Although the simulated annealing method additionally considering a
term of angular resolution can be applied, it’s not efficient.

ZNote that if the repulsive forces are considered by all pairs of edges
incident to a common vertex, then evenly angular resolution cannot be
guaranteed.

|:>repulsive force
=> component
—> spring force

Figure 1. A graph with three vertices A, B,
and C and two edges modelled by charged
springs. (a) The force model where f; and
f- are repulsive forces acting on AB and AC,
respectively. (b) The positions acted by repul-
sive forces f; and f; should be set at the end
points B and C of incident edges of vertex A.

as opposed to charging nodes as was done in [5]. The closer
two adjacent charged edges are, the stronger the repulsive
force between them becomes. Intuitively, larger repulsive
forces should make the included angle between two neigh-
boring edges wider. In our design, in addition to stretch-
ing the included angle, the repulsive forces also contribute
to increasing the lengths of the two edges. Thus the posi-
tions acted by repulsive forces are set at the end points of
the incident edges as Figure 1 explains. On the other hand,
spring forces pull vertices closer when spring lengths are
longer than their natural spring lengths. Finally, a drawing
without zero angular resolution is generated when the cor-
responding model reaches an equilibrium between those re-
pulsive forces and spring forces. With a given embedding,
two edges are said to be neighboring edges if they share
a common endpoint, and one is the successor of the other
along a clockwise or counter-clockwise rotation. (See AB
and AC in Figure 1.)

In what follows, the formulas for capturing spring forces
and repulsive forces are described. The formula of a spring
force is based upon the classical spring embedder model [5],
which uses the following logarithmic function as the force
formula:

fa(d) = Cllog(d/C2) (1)

where d is the spring length, and C'1 and C?2 are constants
to control the magnitude of the spring force and the natural
spring length, respectively.

The generalized formulas of the repulsive force due to
two charged edges can be derived from the theory of po-
tential fields. The reader is referred to [2] for more about
potential fields as well as some of the detailed derivations
of exact formulas. However, those formulas derived in [2]
appear to be a bit complicated and consequently require
special care when implementing such a method. From a
practical viewpoint, such a complication may not be needed
for the purpose of drawing graphs. Therefore, by observing
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Figure 2. Curves displaying the relationships between the magnitude of force and (a) the sum of edge
lengths (the tendency between the magnitude of force and the length of each edge is similar.); (b) the
included angle of two uniformly charged edges. (c) The experimental results designed for measuring

the orientation of force. Consider a variety of ratios of |AC| to |AB| to plot a versus 6.

some characteristics of edge-edge repulsion and experimen-
tal results of [2], we are able to derive a simplified version
of repulsive forces. Experiments based on the model reveal
encouraging and promising results, as reported in the next
section.

The key in our edge-edge repulsion model is to express
the repulsive forces between two neighboring edges solely
in terms of the lengths of the two edges and the included
angle between the two edges. To better explain what this
means, consider Figure 1-(b) as an example. It is easy to
observe that the magnitudes of the repulsive force due to
the two edges AB and AC are

1. positively correlated with the lengths of AB and AC,

2. negatively correlated with the angle between AB and
AC.

Figures 2-(a) and (b) are curves, based upon the implemen-
tation of formulas derived in [2], displaying how the magni-
tude of the repulsive force between AB and AC (see Figure
1-(b)) is related to the length (Figure 2-(a)) and the included
angle (Figure 2-(b)) of two uniformly charged edges. As
Figure 2-(a) indicates, the relationship between the magni-
tude of force and the total length of edges is asymptotically
nondecreasing and concave. Intuitionally, the magnitude
should approach to zero as edge lengths approach to zero,
and flatten out as edge lengths approach to infinity. It can
be captured by an arctangent function on (0, cc), and thus
the component | f|. of magnitude of the repulsive force due
to the two edge lengths can be simplified as follows:?

_ 1 [AB] 1 JAC]
|feC3(tan (04)+tan (04) )
where C'3 and C'4 are constants to control the height of the
approaching horizontal line and the scale of the horizontal
axis, respectively.

3|AB| and |AC]| are the lengths of AB and AC, respectively.

Figure 2-(b) shows the relationship between the angle in-
cluded by AB and AC and the magnitude of force. It turns
out that the curve is asymptotically positive, nonincreasing
and convex. The magnitude approaches to infinity as the
included angle approaches to zero. On the other hand, the
magnitude slowly flattens out as the included angle grows.
Such a behavior can be captured by a cotangent* function
on (0, 7/2], and hence the component | f|y of magnitude of
the repulsive force due to the included angle can be set as
follows:

0
| flo =C5COt(§) 3)

where C'5 is a constant to control the scale of the vertical
axis, and 6 is the angle included by AB and AC. Note
that Figure 2-(b) shows that the magnitude value at 7 is not
zero, which, in fact, should be regarded as the contribution
to edge lengths. In addition, for avoiding the appearance of
values near infinity, | f|s is set to some fixed value when 6
is below certain small cutoff value.

Therefore, the total magnitude |f| can be computed as
the sum of (2) and (3) in the following:

[fl=1fle +1Flo- )

In what follows, to compute the orientation of repulsive
force, consider an angle included by two edges AB and AC
as shown in Figure 3. There exist two angles included by
the two edges, and the angle with degree smaller than 7w
is denoted as . In the process of computing orientation,
however, we need to determine which one is 6, and which
edge is its right or left included edge. Assume that u?Z and
uAC are unit vectors of AB and AC, respectively, and u™
is the unit vector of the sum of them. Based upon u™ and
one of uB and u¢, Proposition 2.1 by using the formula
of cross product below allows us to judge which is the right

“Intuitively, | f|o should be zero when 6 approaches 7. Figure 2-(b)
doesn’t display the behavior because the total force involves nonzero | f|e.
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Figure 3. lllustration of orientation of the re-
pulsive force due to two edges AB and AC
with an included angle 6.

or left included edge of the smaller included angle 6, and
then assign the right (resp. left) edge denoted as AB (resp.
AC), and its corresponding unit vector as uZ (resp. u¢)
accordingly.

Proposition 2.1 Assume that v = (a,b) and v =
(¢c,d), AC' is the left edge of the included angle 0 if and
onlyif (cxb—axd) > 0.

Because the angle included by u4” and u™ is equal to
6/2, 6/2 can be uniquely computed by the inner product
formula of cosine function as follows:

0 1 uM. UAB -1 M AB
5 = COS <W = COS (’LL U ) (5)

where [uM| and |u4?| are lengths of the unit vectors u™

and u“® respectively, and both equal one.
f1 and f are the repulsive forces acting at vertices B and
C respectively. « is the acute angle included by f; and AB.
In view of the curve shown in Figure 2-(c), it is interesting
to observe that # and « appear to be correlated with each
other according to the following simple linear equation:
0 =

where « equals /2 when 6 is zero, and « equals zero when
6 is w. Since, observing (6), « is the complementary angle
of 6/2, the orientation uy, of f; is perpendicular to u,y, i.e.,
~ = 7 /2 in Figure 3.

Therefore uy, can be computed by rotating u™ clock-
wise with degree of /2 as follows:?

wn = A= Rt = (O G ) o

Hence, f; is a vector with magnitude |f| in (4) and ori-
entation uy, in (7) computed as follows, and f, equals — f;.

Note that the repulsive force in (8) has the advantage that
f1 is determined only by three parameters AB, AC, and 6,
facilitating a simple implementation of our drawing algo-
rithm based upon edge-edge repulsion.

SR(—m/2) is the rotation matrix of —7 /2.

3 Graph Drawing Algorithm

Algorithm 1 EERepulsion( a nice drawing of graph G = (V, E) )
Require: tmpForce[|V|] stores temporary forces of all vertices;
newPos and oldPos record the new and old positions of all ver-
tices V' respectively;
1: Input: a reasonably nice drawing of G
Output: a nice drawing without zero angular resolution

2: assign initial locations of vertices of G
3: determine the neighboring order of adjacency edges of each vertex by
using outer product
4: while converged # 1 do
5:  converged «— 1
6:  oldPosn «— newPosn
7:  initialize tmpForce[|V|] as zeros matrix
8: foreachvinV do
9: if 3 at least two edges incident to v then
10: for all pair (e;,e;) where e; = (v,v;), ej = (v,v;) are
neighboring edges incident to v, and e; is the right edge of
their included angle with smaller degree do
11: calculate the repulsive force fi at e; due to e; according to
®
12: tmpForce[v;] — tmpForce[v;] + f1
13: tmpForcelv;] «— tmpForcelv;] — f1
14: end for
15: end if
16:  end for
17 for each e = (v;,v;) in E do
18: calculate the spring force f, of e according to (1)
19: tmpForcelv;] < tmpForce[v;] + fa
20: tmpForce[v;] — tmpForcelv;] — fa
21:  end for
22:  draw graph and simultaneously save new positions to newPosn

according to C6 x tmpForce[|V|] where C6 is a constant to
control the magnitude of movement in each iteration

23:  if ||newPosn — oldPosn|| > e then

24: converged < 0

25:  endif

26: end while

Our drawing algorithm is sketched in Algorithm 1. The
algorithm mainly includes three parts: for each vertex, first,
lines 8-16 compute the repulsive forces due to each pair
of neighboring edges incident to the vertex; second, lines
17-21 compute the spring force of each edge; third, lines
22 draws the graph according to certain scale of the forces
acting at each vertex. In addition, the flag converged is
used to control the convergence of the algorithm, and the
algorithm can reach convergence if appropriate parameters,
C1 — C6, are given. Assuming that d,, is the maximum
degree of vertices, the algorithm in each iteration takes time
complexity O(d,,|V]) to compute repulsive forces, O(|E|)
to compute spring forces, and O(|V|) to draw graph; hence,
the time complexity of the algorithm is O(d,,|V'| + |E|).
Note that line 3 preprocesses to determine the neighbor-
ing order of adjacency edges of each node, and hence costs
O(|V| x dy, logd,y,). The preprocess only runs once since
the model of edge-edge repulsion doesn’t alter the neigh-
boring order in each iteration as long as each vertex moves
slowly under small C6.
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Conventional force-directed methods cannot guarantee
nice drawings for all kinds of graphs because they can-
not reach global minimal configuration, i.e., the repulsive
forces among some vertices(rings) might be too weak or
too strong. Fortunately, some local minimal problems can
be resolved by adjusting coefficients of the models. How-
ever, the model of edge-edge repulsion doesn’t avoid the
occurrence of any kind of local minimal because we only
locally consider repulsive force of each pair of neighboring
edges, and hence the input of our algorithm is restricted to
a reasonably nice drawing (see line 1).

4 Implementation and Experimental Results

Based on the formulas detailed in the previous sections,
we develop a prototype system for drawing undirected
graphs. The implementation is in C++ using OpenGL li-
brary, and runs on a Pentium IV 3.2GHz PC with memory
of size 512MB. Some of experimental results for a variety
of graphs using our method and the classical method [5]
are presented in Figure 4, and their corresponding statistics
are shown in Table 1. About executing time, Table 1 only
gives the term of "average time per iteration’ because both
the number of iterations and the total running time® depend
on the settings of different parameters and hence cannot be
determined.

For each case in Figure 4, using the initial drawing or
the drawing generated by the classical method as the input
of our algorithm, our method usually preserves the original
properties of a high degree of symmetry and uniform edge
length. As shown in (a), our method has the capacity of
guaranteeing the drawing of a tree with evenly angular res-
olution, but the classical method may not. As shown in (b)
and (c), given stronger springs, our method may reach the
situation of the drawing with the largest angular resolution,
but the classical method may not. As shown in (f), given
stronger springs, the drawing using our method results in
the central star spinning, and hence appears more compact
and has more uniform edge lengths.

(g)-(k) draw the n-hypercubes [9] with n = 2 to 6. Be-
cause the model of edge-edge repulsion allows at least two
vertices coinciding, our approach may produce drawings
with more symmetries. Especially in (g), (j), and (k), al-
though those drawings are improper’, our method has cen-
ter symmetry with clear displays, while the classical method
only has axial symmetry with somewhat confused displays.

Observing StdDev/AvgLen, i.e. the normalized stan-
dard deviation of edge lengths, in Table 1, our approach
without costing more running time seems to have equal or
more uniform edge length than the classical method. As

60ur method sometimes uses the output layout of classical method as
input, and, in the case, the total executing time makes no sense.
7A drawing is improper if there exist at least two vertices overlapping.

for angular resolution, the classical method may have the
problem of zero or few angular resolution (e.g. see (c) and
(1)), and our approach normally has larger angular resolu-
tion than the classical.

Note that our method may not generate a nice drawing
from initial drawing (e.g. see (e) and (i)). Hence two-phase
(i.e. first using classical method and then using our method)
or hybrid strategies can be applied to improve our method.

5 Conclusion

Different from the conventions of force-directed meth-
ods, a new force-directed method based on edge-edge re-
pulsion for generating a straight-line drawing not only pre-
serving the original properties of a high degree of symmetry
and uniform edge length but also without zero angular res-
olution has been proposed and implemented.

A line of future work is to overcome the problem as-
sociated with local minimal (which also poses difficulties
for the conventional force-directed methods) by multilevel
techniques or using optimal heuristics, such as simulated
annealing, genetic algorithm, etc. It is also of importance
and interest to provide more experimental results on graphs
of huge size and theoretical results on the power of the
model of edge-edge repulsion.
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Figure 4. Experimental resulits.

Table 1. Statistics on the experimental results

Graph |[V| | Average time per | Average edge | Standard deviation % Angular resolution
name iteration (sec.) length (AvgLen) | of length (StdDev) (degree)
both classic our classic our classic | our | classic our

Figure 4-(a) | 22 <1073 1.19 1.16 0.15 0.06 0.12 | 0.05 | 25.81 119.96
Figure 4-(b) | 11 <1073 1.01 1.01 0.02 0.01 0.02 | 0.01 | 56.87 58.86
Figure 4-(c) | 18 <1073 1.05 1.02 0.06 0.05 0.06 | 0.05 1.21 11.82
Figure 4-(d) | 10 <1073 1.35 1.30 0.11 0.13 0.08 | 0.10 | 23.48 48.95
Figure 4-(e) | 49 <1073 1.26 1.03 0.08 0.01 0.06 | 0.01 | 85.17 86.64
Figure 4-(f) | 10 <1073 1.29 1.03 0.38 0.04 0.30 | 0.04 | 35.54 22.29
Figure 4-(g) | 8 <1073 1.03 1.32 0 0 0 0 34.68 60.00
Figure 4-(h) | 16 <1073 1.43 1.35 0.05 0.01 0.03 | 0.01 | 32.31 44.16
Figure 4-(i) | 17 <1073 1.01 1.12 0.21 0.25 0.21 0.22 | 0.32 12.60
Figure 4-(j) | 32 <1073 1.70 1.38 0.09 0.01 0.05 | 0.01 | 30.23 35.35
Figure 4-(k) | 64 <1073 2.31 1.40 0.23 0.02 0.10 | 0.01 | 20.08 29.31
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