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Abstract

This work considers weak approximations of stochastic partial differential equa-
tions (SPDESs) driven by Lévy noise. The SPDEs at hand are parabolic with ad-
ditive noise processes. A weak-convergence rate for the corresponding Galerkin
approximation is derived. The convergence result is derived by use of the Malli-
avin derivative rather then the common approach via the Kolmogorov backward
equation.
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1. Introduction

In contrast to partial differential equations, the error analysis of approxima-
tions of solutions to stochastic (partial) differential equations (SPDEs) allows
for two conceptually different approaches: weak and strong. Both of these kinds
of error analysis for SPDEs have been actively researched during the last two
decades. While the strong (or pathwise) error has been the subject of a vast
array of publications, the weak error, which is computed in terms of moments
of the solution process, has, to the date, garnered considerably less attention.

In this paper we consider weak-convergence rates of Galerkin approximations
of solutions to the parabolic stochastic partial differential equation given, for
te (0,7)=:T, by
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dX(t)+ AX(t)dt = f(t)dt + G(t)dL(t), )

X(O) =x9 € H. ( )
By H we denote a separable Hilbert space, A is a linear operator on H, f maps
T into H and G is a mapping from T into the linear, bounded operators form
some separable Hilbert space U (not necessarily equal to H) into H. Further,
L denotes a Lévy process defined on the complete probability space (2, F,IP)
and it takes values in U.

For solutions to SPDEs like Equation (), the strong-error rate of Galerkin
approximations has been considered, among others, in |3, @, , ﬁ, @, |E, @, @,
ﬂ, @, @, @] In these references, SPDEs driven by either Gaussian or Lévy
noises are treated. Publications on weak approximations and their error analysis
are, among others, @, E, B, , , , ,%, , ], where, to a great extent,
SPDEs driven by Gaussian processes are considered.

In this paper, we consider an equivalent approach as in HE] and combine it
with the recent results on Malliavin calculus for Lévy driven SPDEs in ﬂﬂ] In
our main result, Theorem [B.4] we show that the weak-convergence rate is twice
the strong-convergence rate. This is akin to the findings in ], where a similar
equation is treated and a weak-convergence result for a Galerkin approximation
via the backward Kolmogorov equation is derived. Our methodology, however,
differs considerably and, with it, the regularity assumptions required on the
functional of the solution.

The paper is organized as follows: In Section [2] we provide the notation
and the results on Malliavin calculus for infinite dimensional Lévy processes
required for the weak-convergence result. In the third section, we introduce the
stochastic partial differential equation in question, as well as its approximation.
We then proceed with the proof of the main result on weak convergence of this
approximation.

2. Notation and preliminaries

Let (U, (-, ")) and (H,(-,-)) be separable Hilbert spaces and let L(U; H)
be the space of all linear bounded operators from U into H endowed with the
usual supremum norm. If U = H, the abbreviation L(U) := L(U;U) is used. An
element G € L(U; H) is said to be a nuclear operator if there exists a sequence
(xg, k € N) in H and a sequence (yx,k € N) in U such that

> lznllg gl < +oo
kEN

and G has, for € U the representation

Gz = Z (2, k) y k-

keN
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The space of all nuclear operators from U into H, endowed with the norm

G 2y 0y = inf{z ekl lyelly 1 G2 =D (= 90)e wk}

keEN k=1

is a Banach space, and is denoted by Ly (U; H). If U = H, we use the abbre-
viation Ly(U). Furthermore, let L (U) denote the space of all nonnegative,
symmetric, nuclear operators on U, i.e.,

L} (U) :={G € Ly(U)|(Gy,y)y; > 0, (Gy, ), = (y,Gz),, forally,z € U}.

An operator G € L(U; H) is called a Hilbert-Schmidt operator if

2 2
1GIL sy = Z [Gerlly < +oo
k=1

for any orthonormal basis (ex,k € N) of U. The space of all Hilbert-Schmidt
operators (Lps(U; H), |||, (v.zr)) is a Hilbert space with inner product given

by
<G’ é>LHS(U;H) . Z <Ge;€, C~Tvek>H7

k=1
for G, G € Lys(U; H) and any orthonormal basis (ex, k € N) of U. If U = H,
the abbreviation Lyg(U) := Lys(U;U) is used.
Given a measure space (5,8, ) and r € [1,+00), we denote by L"(S; H) the
space of all S-B(H )-measurable mappings f : S — H with finite norm

s = ([ 1915 an)

where B(H) denotes the Borel o-algebra over H.

We consider stochastic processes on the time interval T := [0,7], with 0 <
T < +00, defined on a filtered probability space (Q, F, (F;,t € T),IP) satisfying
the usual conditions. We denote by M2 (H) the space of all H-valued, cadlag,
square integrable martingales. The space M%(H) equipped with the norm
”'”M%(H)’ which is defined by

HWWMFgﬂMWWQY—@WWM@Q
for Y € MZ(H), is a Banach space.

2.1. Stochastic integration with respect to compensated Poisson random mea-
sures

Let (S,%,v) be a o-finite measure space. We introduce the notation Z :=
Zy U {+c0}. We, further, work on the measure space (S x T, ® B(T)) :
(ST, %T) and denote by A the Lebesgue measure on (T, B(T)).
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Definition 2.1. A Poisson random measure on (St,¥r) with intensity mea-
sure p:=v ® X is a mapping p : Q0 X Xp — Zy such that:

1. For all w € Q, the mapping B — p(w, B) is a measure,

2. For all B € Y, the mapping p(B) : w +— p(w, B) is a Poisson distributed
random variable with parameter p(B),

3. For any pairwise disjoint By, ..., By € ¥, M € N, the random variables
p(B1),...,p(Buy) are independent.

For B € Y with u(B) < oo we write

and call g the compensated Poisson random measure associated to p.

We assume that the underlying probability space is equipped with the fil-
tration F = (F;,t € T) generated by ¢, i.e.,

Fir:=0(q((r,s] x A0<r<s<t,Ae 3 vl <o)

With slight abuse of notation, we write q(t, A) := ¢((0,t] x A), for t € T and
A € ¥ with v(A) < co. Defined like this we have that for all s,¢ € T with s < ¢,
the increment ¢(t, A) — q(s, A) is independent of F, and that (¢(t, A),t € T) is
a square integrable F-martingale.

As it is common, we start to define the stochastic integral with respect to a
compensated Poisson random measure, by considering elementary processes.

Definition 2.2. An H-valued stochastic process ® : Q x T x S — H is said to
be elementary if there exists some finite partition of T, given by 0 =ty < ... <
ty =T, for some N € N, and for every n = 0,..., N — 1 there exist pairwise
disjoint sets A7, ..., A}, € ¥ of finite v-measure, such that

N-1 M,

=3 > Pnlptxay o

n=0 m=1

where ®7 € L2(Q; H) is Fy, -measurable, for m = 1,...,M,, n = 0,..., N — 1.
The class of all elementary processes is denoted by &.

For ® € £ we define the stochastic integral with respect to the compensated
Poisson random measure q, fort € T, by

[(®)(t) == /(0 t]/sfb(s,z) o(ds, d2)
N—’l M,,

= O (gt A AL) — qltn At AL)).

n=0 m=1
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For every ® € £, I(®) = (I(®)(t),t € T) is a cadlag, square integrable H-valued
F-martingale, i.e., I(®) € MZ(H).
We endow the class of all elementary processes £ with the seminorm

T
jo)2, = B / /S 10(s, 2)1% v(dz)ds.

To define a norm on &, we identify ® with ¥ if |® — U||g, = 0. Then, the
stochastic integral I is an isometric mapping from (&, || - ||sy) to (MZ(H), || -
||M%‘(H))’ i.e., for ® € 5,

(@) az, ey = 1@l 5

Let £°% be the completion of (&, - ||sg). It is clear that there is a unique

isometric extension of I to £ ©. This broader class of integrands is denoted by
NZ(St; H) and can be characterized by

NZ(ST;H) = L* (2 x T x S,Pr(5),P®A@v; H),
where Pr(S) denotes the o-algebra of predictable sets in Q x T x S, i.e.,

Pr(S)=c({Fsx (s, t] x AJ0< s <t<T,F, € F,, A€ 3}
U {FQ X {O} X AlFO e Fo, A€ E})

2.2. The Malliavin derivative

With the stochastic integral in hand, we shall outline the notion of the
Malliavin derivative as introduced in , Section 5]. Given a Poisson random
measure p on (St, YT ) with intensity measure p = v x A, it will be convenient
to introduce the following notation. We write for a tuple B = (B, ..., By),
Bi,...,By € X, M € N,

and denote by e,, the m-th unit vector in R.

Definition 2.3. An H-valued random variable F : Q — H s called cylindrical
if it has the form

n

i=1
where By, € X, with u(Byr) < +oo form=1,..., M, f; : Z_,I‘f[ —Randh; € H
fori=1,...n, for some M,n € N. The collection of all H-valued cylindrical
random variables is denoted by C(Q2; H).

In the sequel, we always assume that the sets By, ..., Bys used in the repre-
sentation of F' € C(Q; H) are pairwise disjoint.
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Definition 2.4. For a cylindrical random variable F € C(Q; H), the Malliavin
derivative DF € L*(Q x St; H) is defined by

DF :=Y """ (fi(p(B) + em) — fi(p(B))) 15, hi.

i=1 m=1

Note that the expression of the derivative does not depend on the particular
representation of F' € C(Q2; H). The proof of the following proposition can be
found in [L1, Theorem 5.6].

Proposition 2.5. The operator D : C(Q; H) C L*(Q; H) — L*(Q x St; H) is
closable.

By abuse of notation, we let D stand for the closure of D : C(Q; H) C
L2 H) — L*(Q x St;H). We denote by D2(Q; H) the domain of this
closure which is a Banach space endowed with the norm

N[

2 2
1Fllp1r2(omry = (HFHLz(Q;H) + HDFHLZ(QXST;H)) )

for F € DY2(Q; H)

Proposition 2.6. Let ¢ : H — H be Lipschitz-continuous, where (H,(-,-)7)
is an arbitrary separable Hilbert space, and let F' € D'2(Q; H). Then ¢(F) €
DY2(Q; H) with derivative

D¢(F) = ¢(F + DF) — ¢(F). (4)

Proor. First, we assume that ' € C(Q2; H). Consider the sequence (¢, ¢ € N)
of functions ¢y : H — H defined by

J4
ou(h) =Y (#(h),he) hu, he H,

k=1

where (ﬁk, k € N) denotes an arbitrary orthonormal basis of H. Now, for every
{ € N we get

9k (p(B1), s p(Bar)) ks

]~

Ge(F') =

k=1
where the functions g : Z{\f — R, k € N, are given by

n

gr(m) := <¢(Z fim)h;), hi) g, m = (m,...mar) € Zf.
i=1
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From this follows that, for all £ € N, ¢,(F) € C(Q; H) with derivative

Dou(F) =3 3" (9(p(B) + ) — 91 (p(B))) 15, T
k=

n

=> 1p, (@(Z filp(B) + €em)hi) — ¢Z(Z fi(p(B))hi)>

If we prove that, for £ — oo,

¢o(F) — ¢(F) in L*(Q; H) and

D¢y(F) = ¢(F 4+ DF) — ¢(F) in L*(Q x St; H), )

Equation ) follows for ¢, by the closedness of D. By the definition of (¢, ¢ €
N) we have, for every h € H, ¢4(h) — ¢(h) as £ — oo. This clearly forces
convergence a.e. in Equation ([@). If we can find dominating functions the
desired result follows from Lebesgue’s dominated convergence theorem. Indeed,
we have

[oe(F) = ¢(F)llg < lo(F)llg <C A+ Fllp),
where we used the Lipschitz-property of ¢ and that, for all x € H, ¢ € N,
¢e(z) — (@)l 7 < llo(@) 7 -
Further, we have
1Dge(F) — (¢(F + DF) — ¢(F))ll 5
<|¢e(F + DF) = ¢o(F)ll g + |o(F + DF) = 6(F)| 5

<2|¢(F + DF) — ¢(F)ll 5
< CIDFlg,

where we used that, for all z, y € H and £ € N,

[@e(x) = de(W)ll iz < llo(2) = ¢(W)ll 7 -

For F € DY2(Q; H) arbitrary, we take a sequence (Fi,k € N) C C(Q; H)
such that
F, — FinD“3(Q; H) as k — oo.

Then, by the Lipschitz-continuity of ¢, it holds that
[¢(Fk) — ¢(F)HL2(Q;F1) < CllF — FHL2(Q;H) ’

where the right hand side tends to zero for £ — co. By the closedness of D, the
proof is completed by showing that

D¢(F}) — ¢(F + DF) — ¢(F) in L*(Q x St; H) as k — oco.
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For this purpose, we assume, by possibly considering a suitable subsequence of
(Fy,k € N), that F, — F P-a.e. and DF, — DF P ® p-a.e. as k — oo.
Since ¢ is continuous, we obtain convergence IP ® pu-a.e.. By the above and the
Lipschitz-continuity of ¢, we have

[Do(Fy) — (¢(F + DF) — ¢(F))| g
< l¢(Fk + DFy) — ¢(Fi)l g + | o(F + DF) — ¢(F)| 5
< C(|DFlla + [IDF||m),

where the right-hand side converges in L?(€2 x St). The result follows by the
application of a generalized version of Lebesgue’s dominated convergence theo-
rem.

Thanks to ﬂl_lL Lemma 5.7], the operator D is densely defined. Therefore
the following definition makes sense.

Definition 2.7. The divergence operator
§ : dom(8) € L*(Q x St; H) — L*(Q; H)
is defined to be the adjoint of
D :DY3(Q; H) C L*(Q; H) — L*( x St; H).

From the definition, it is clear that, for all ' € D*2(Q; H) and ® € dom(J),

E g (DF,®) du=E[(F,6(®))]. (6)

Lemma 2.8. For every ¢ € L*(St;H) it holds that §(¢) € D*(Q; H) and
D(6(¢)) = ¢-

PROOF. Suppose first that ¢ is a simple function

M
¢ = 1phi,
i=1

where B; € ¥, are pairwise disjoint sets and h; € H. By ﬂﬂ, Lemma 5.9], we
have ¢ € dom(d) and

where
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D6<¢>=Z (fi(p(B) + em) — fi(p(B))) 15, h;

M
Z(fz(( )"’ez) fz( 1Bh—z]—Bh—

Now, let ¢ € L?(St; H) be arbitrary. We may choose a sequence (¢, ¢ € N)
of simple functions converging to ¢ in L*(St; H). Since [|6(de)ll 2. =
el p2(sp;mry> for € € N, the sequence (6(¢¢),¢ € N) converges in L?(Q; H).
By the closedness of §, we see that ¢ € dom(d) and 6(¢¢) — §(¢) as £ — oo.
Furthermore, we have

Dé(pe) = ¢ — ¢ in L*(Q x S; H)
The assertion follows by the fact that D is closed.

We return to the situation where p is a Poisson random measure on (ST, X7)
with intensity measure p = A®v. As before we consider the filtration generated
by the corresponding compensated measure q.

Proposition 2.9. Let ® € Nq2 (St; H) be a predictable stochastic process. Then
® € dom(d) and
5(®) = I(®)(T). (7)

PROOF. Suppose first that & € £ is an elementary process as given in Equa-
tion (@) with @7, € C(Q; H), which are F;, -measurable. As § is linear we have,
by [11, Lemma 5.9],

N—-1 M,

=Y ] x AL, = H@)(D).

n=0 m=1

Since C(€2; H) is dense in L?(Q; H), the closedness of § shows that £ is contained
in dom(d) and Equation (Z) holds. Finally, since £ is dense in NZ(St; H),
applying the closedness of § again, the assertion follows.

With the Malliavin derivative in hand we are able to prove the main result
on weak convergence.

3. Weak error estimate for the parabolic SPDEs

Assume L = (L(t),t € T) is a Lévy process in a real separable Hilbert space
(U, (-,-);y) defined on a filtered probability space (£, F, (F;,t € T), P) satisfying
the usual conditions. We assume that for s,t € T with s < t the increment
L(t) — L(s) is independent of F,. We assume that L is square integrable and of
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mean zero. It follows that L is a martingale with respect to (Fi,t € T). It is
well-known that L is square integrable if and only if its Lévy measure v satisfies

/ lull?, v(du) < +oo. (8)
U

Moreover, we assume that the Gaussian part of L vanishes. We always consider
a cadlag modification of L and define the jump process of L by AL(t) := L(t) —
L(t—), for t € T. Let Q € L (U) be the covariance operator of L, which is
determined by the Lévy measure v via

(Qx,2)y = / (x,u); (2, u)y v(du), x,z € U.
U
We introduce the space Uy := Q2 (U) which endowed with the inner product

(0, 20y, = (Q32,Q7H2) . @ zel,

becomes a separable Hilbert space, called the reproducing kernel Hilbert space
of L. Here, Q_% denotes the pseudo-inverse of Q%. Since @ is nuclear, Q%
is Hilbert-Schmidt. Consequently, the embedding Uy < U is Hilbert-Schmidt,
i.e., for arbitrary orthonormal basis (e;,i € IN) of Uy one has

2
E lleillr; < +o0.
i€N

Setting

pi= Z 1{AL(5);&0}5(S,AL(S))
0<s<T

defines a Poisson random measure on (T x U,B(T) ® B(U)) with intensity
measure A ® v. The associated compensated measure is denoted by
q:=p—AQu.

In order to make the results of the previous section applicable, especially
Proposition 229, we assume that F and the filtration (F;,¢ € T) are generated

by q.
Combining [21, Lemma A.2], Proposition X0 with (S,%) = (U, B(U)) and
Equation (@) we obtain

Proposition 3.1. If® € L>(Qx T, Pr; Lys(Uo; H)) and F € DV2(; H), then

<F, / " a(s) dL<s>>

Our main objective is to prove weak convergence of the mild solution X :
Q) x T — H to the stochastic evolution equation

AX (1) + AX (£)dt = f()dt + G(t)dL(1)
X(O) =x9 € H

T
E :E/o /U<[DF](s,u),<I>(s)u)H v(du)ds.

(9)

We make the assumption:
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Assumption 3.2. The data of the stochastic evolution equation (@) satisfy:

1. The linear operator A : D(A) C H — H is densely defined, self-adjoint,
positive-definite and has a compact inverse.

2. The functions f : T — H and G : T — L(U; H) are measurable and
bounded.

Under these conditions, —A is the generator of an analytic semigroup of con-
tractions (S(t),t € T). The mild solution is then given by the variation of
constants formula

X (t) = S5(t)zo +/O S(t—s)f(s) ds +/O S(t — s)G(s) dL(s). (10)

Furthermore, by the assumption there exists an nondecreasing sequence
(Ak, k € N) of positive real numbers, which tends to oo, and an orthonor-
mal basis (ex, k € N) of H such that Aex, = Arex. This enables us to define
fractional powers of the operator A in the following way.

For s > 0, A2 : D(A%) C H — H is given by

wlo

Azg = Z)\E (x,er) ek,

k=1

for all x € D(A%), where
s 2 - s 2
D(A%) = {x € Hll|lz)? = 3" X (w.en)? < oo}.
k=1

Then H* := D(A?) endowed with the norm |[|-||, becomes a Hilbert space. We
may alternatively express the norm |||, as

|z||, = ||A%xHH, for all z € H°.

Let (Vi,, h € (0,1]) be a family of finite dimensional subspaces of H'. Unless
otherwise stated, we endow Vj}, with the norm in H. By P, : H — V} and
Ry, : H' — V;, we denote the orthogonal projections with respect to the inner
products in H and HY, respectively. We assume that the Ritz projection Rp
satisfies the estimate

|Rha — x|y < ChP |lzll,, =€ HP,Be{1,2},he(0,1] (11)

Discrete versions Ay : V, — Vj of the operator A are then defined in the
following way: For x € Vj, we define Apx to be the unique element in V}, for
which

(,y) g = (Apx,y) for ally € V.
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Obviously, Ay, is self-adjoint and positive definite on V}. Hence, —Aj, is the
generator of an analytic semigroup of contractions on V}, which is denoted by
Sp(t) == e~tAn for t € T. In what follows, we use the abbreviation

Ey(t) :== Sp(t)Pr — S(t), t>0. (12)

Given such a family of finite element spaces V}, C H*', we define, for h € (0,1],
an approximation (X (t),t € T) of the solution (X(¢),t € T) to be the mild
solution to

dX ), (t) + Ap Xy (H)dt = Py f(£)dt + PaG(t)dL(t)
Xh(()) = Phxo S Vh

Therefore Xp, : Q x T — V3, h € (0,1], is given by

(13)

Xp(t) = Sh(t)Ph.’L'o + /Ot Sh(t — S)th(s) ds + /Ot Sh(t — S)PhG(S) dL(S) (14)

The following deterministic estimate will be used in the proof of our weak
error result stated in Theorem [3.4] below. For a proof, the reader is referred
to m, Theorem 3.2]. There the result is formulated under the assumption that
—A is the Laplace operator with homogeneous Dirichlet boundary conditions,
the proof, however, can be extended to the more general setting we work in.

Lemma 3.3. Let Equation () hold. Then there exists a constant C > 0 such
that for any h € (0,1] and t > 0

2,1
IER)l Ly < CR7E
With this result in hand we prove our main result on weak convergence.

Theorem 3.4. Given a continuously Fréchet-differentiable mapping ¢ : H — R
with Lipschitz continuous derivative, there exists a constant C'(T') > 0, indepen-
dent of h, such that

|E [6(Xn(T) — (X (T))]| < C(T)(L + [In(h)|)h*.
ProOF. The mean value theorem yields

B [6(X(T)) - 6(X(T))]|
- \E < [ ¢ x4 (1= xX(D) o 0(T) - X<T>>

H ‘

< / B¢ (0Xn(T) + (1 - 0)X(T)) , Fu(T)ao) | do

1
‘)
1 T
+/0 IE<¢’ (oXh(T)—l—(l—a)X(T)),/O Fu(T = 5)G(s) dL(s)>

= I}T) + I}(T) + I}(T).

do

T
E <¢/ (o Xn(T) + (1 - U)X(T))a/o Fu(T = s)f(s) d5>

H

do

H
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To the first term, we apply the Cauchy-Schwarz inequality, the fact that ¢’
grows at most linearly and Lemma 3.3] to get

HT) < / 16/ (o X0(T) + (1= )X (Tl o crrry 4o |Fa(T)ol

<C (1 I X0 (Dl 201y + ||X(T)HL2(Q;H)) IER () ey ol i
<CT 'h%

Similarly, the second term is bounded by

T —3)f(s) ds

/ |6/ (0 Xn(T) + (1 = )X (D))|| 2011y Do

H

T
(1 + | XA (T ||L2(Q mt | X (T )||L2(Q;H)) /o 1 Fn (T — S)HL(H) £ ()|l ds

T—h? T
<c / BT = )y ds+ [ BT =9l d
0 T—h2

T h2
<C —s) tds+hn®

< Ch? (In(T) — 2In(h) + 1)
<o ><1+|1n< K2,

where we used the boundedness of f in the third step and Lemma[3.3]to estimate
the first summand of the third line.

It remains to estimate (7). Applying Proposition B} the chain rule and
the Lipschitz continuity of ¢’, Lemma and the boundedness of G yields

:/01 ‘E/T/ (DY (X () + (1= )X (T)), Fa(T — )G s)u) , v(du)ds| do
<o ["m[ [ [ lotpxamits.n + 1 - DXl

(T — $)G(s)ull y(du)ds] do
<[ [* [ (DX @01y + DX 600ll0) 1T = syl ]
- C/OT/U (IS4 (T — $)PuG(s)ull s + |1S(T — 8)G(s)ully) I|Fn (T — )G (s)ully v(du)ds

<c /U lul? v(du) / BT = )l ds
< C(T)(1 + |In(h) A2,

where the last estimate has already been used in the bound of I?(7T"). Summing
the estimates proves then the assertion.
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