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Abstract

Bargaining power of teacher unions over teacher wages has been either reduced or eliminated
by several states in U.S. since 2011. This caused public school districts to move away from
single salary schedules (fixed compensation regime) and adapt a flexible compensation regime
at which teacher wage rises with quality (value added). In this paper, using a fully tractable
general equilibrium model of local teacher labor markets, we theoretically analyze the effect
of different compensation regimes on teacher efforts and average teacher quality in a district.
In our model, teachers, heterogeneous in exogenously set quality, endogenously sort across
two districts and also choose teaching efforts. Districts differ by endogenous teacher wages
and exogenous revenues. The marginal disutility of effort for a teacher is different across the
districts. Teacher labor markets clear in each district and teacher wages are determined. We
solve for the unique equilibrium under each compensation regime and theoretically show that
low(high) quality teachers exert the highest effort under fixed(flexible) compensation regime and
exert the lowest effort under flexible(fixed) compensation regime. Also, we show that average
teacher quality is highest in each district under flexible compensation regime and lowest in each
district under fixed compensation regime. Our findings are consistent with several empirical

studies.

JEL-Codes: 121, 128, J20
Keywords: teacher labor markets, teacher compensation regimes, teacher spatial sorting, teacher

effort
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1 Introduction

After the Great Recession, U.S. governmental agencies sought ways of using their funds more econom-
ically. For that sake, since 2011, several states including Idaho, Indiana, Iowa, Michigan, Tennessee,
and Wisconsin passed legislation that either reduced or eliminated the collective bargaining power
of teacher unions over teacher wages. This gave public school districts the opportunity to move
away from single salary schedules and adapt a flexible compensation regime at which compensation
rises with teacher’s quality.! In this paper, we theoretically compare different teacher compensation
regimes with regards to their effects on teacher efforts and average teacher quality in a district.
Changes in teacher efforts and average teacher quality translates into change in average student
achievement since they are essential inputs in producing achievement as found by empirical studies
such as Rockoff (2004) and Rivkin et al. (2005).

Our model economy consists of two public school districts and a continuum of heterogeneous
teachers. Teachers differ by exogenously set quality which is uniformly distributed. Teachers derive
utility from consumption of the numeraire good, average student achievement in the classroom,
and they derive disutility from teaching effort. School districts differ by exogenous revenues and
endogenous teacher wages. School districts also differ by working conditions which is captured by
a parameter that governs marginal disutility of teaching effort. Achievement depends on teacher’s
quality and effort and an exogenously given vector of inputs such as student’s ability, peer effect,
private educational spending, parent’s education level, etc... Each teacher chooses effort for each
student in the classroom. Teachers also make a choice among the two school districts which in
turn yields the supply of teacher quality for each district. School districts determine their demand
for teacher quality so as to equate their revenues with teachers’ wage expenditures. Teacher labor
market clears in each district and teachers’ wages are determined. In our model, there exists a
unique equilibrium under each compensation regime and we can find closed-form expressions for
each endogenous variable.

Using our model, we analyze three teacher compensation regimes: i) flexible, ii) fixed, and iii)
mixed. Under flexible compensation regime, a teacher’s total compensation rises with quality and
wage rate per unit of quality differs across districts. Under fixed compensation regime, a teacher’s
total compensation is fixed in a district and is independent of quality. Fixed wage differs across
districts as in data. In the traditional single salary schedule observed in reality, the teacher wage
is unrelated to quality as noted in Hanushek (2007) and Podgursky (2007). Therefore, we think
of fixed compensation regime in our model as corresponding to the observed single salary schedule.

Under mixed compensation regime, one of the districts implements fixed compensation regime and

'What we mean by "quality" is teacher’s value added.



the other district implements flexible compensation regime. We find that, in equilibrium, low quality
teachers exert highest effort under fixed compensation regime and exert lowest effort under flexible
compensation regime. On the other hand, high quality teachers exert highest effort under flexible
compensation regime and exert lowest effort under fixed compensation regime We also find that
average teacher quality is highest in both districts under flexible compensation regime. And it is
lowest in both districts under fixed compensation regime. The average qualities in the districts under
mixed compensation regime lies between the first two regimes.

Our predictions stated above are consistent with the findings of empirical studies. For instance,
using a rich structural econometric model for Wisconsin’s districts after Act 10, Biasi (2018) finds
that average teacher quality and teacher efforts rise in those districts that switched to flexible pay
scheme relative to the districts that kept the single salary schedule. Lovenheim and Willen (2019) an-
alyzes the state duty-to-bargain law in U.S., which increased the bargaining power of teacher unions,
and finds that education quality, teacher quality and effort decreased as a result leading to decreases
in annual earnings of males. Roth (2019) and Anderson et al. (2019) also find positive effects
on education quality and achievement following the state laws that decreased collective-bargaining
power of teacher unions.

In a dynamic general equilibrium framework, Tamura (2001) shows that per capita incomes
converge across states in U.S. if teacher quality is more important than class size in producing
human capital. Gilpin and Kaganovich (2012) using a dynamic general equilibrium model compares
different teacher pay regimes in terms of teacher quality distribution over time, income inequality,
and economic growth. Different from these papers, our static model is silent about economic growth
and inequality. On the positive side, in our model, teachers choose effort for each student and choose
among the districts different from these papers. As far as we are concerned, the closest theoretical
model to ours is studied in Biasi (2018) at which teachers’ salaries are exogenously given and teachers
cannot choose effort.

In our model, economy-wide teacher quality distribution is exogenous and does not change with
teacher compensation regime. More specifically, teacher quality distribution may be expected to
improve as the economy moves from a fixed compensation regime to a flexible one. However, according
to OECD (2014), the earning of an average teacher is 68% of the earning of an average college
graduate in U.S. in 2012. This implies that the average teacher’s earning should rise by approximately
50% in order to attract an average college graduate into the teaching profession. We believe that
such an increase in average teacher’s earning is unlikely in practice when the economy moves to a
flexible payment regime. Moreover, as noted in Corcoran et al. (2004) and Hoxby and Leigh (2004),
the fraction of highly qualified teachers is decreasing in U.S. over time. Based on these, we believe

that our model is not an oversimplification of reality.



This paper is organized as follows. Section 2 explains the model. Equilibrium is defined in

Section 3 and its theoretical properties are analyzed in Section 4. Section 5 concludes.

2 Benchmark Model

In a static environment, we consider two school districts and a continuum of teachers with measure
one. Teachers differ by exogenously set quality. Teachers’ choice among school districts determines
the supply of quality in each district. Teachers also choose effort for each student in their classrooms.
School districts differ by exogenously given revenues, working conditions, and endogenous teacher
wages. A school district’s revenue is used solely to finance teacher wage compensations. The budget
constraint of a district determines its demand for teacher quality. The teacher labor market in each
district clears and equilibrium wages are determined. There are three possible teacher compensation

regimes in each district: i) flexible (¢), ii) fixed (d), and iii) mixed (m).

2.1 Teachers

The set of students in the classroom of teacher j in district 7 is denoted with .S;; which is exogenously
given. The exogenous probability density function of students over the support S;; is denoted with
fij(s). Economy-wide measure of all students is one. The measure of set S;; is denoted with x(S;;).

We assume S;;, fi;j(s), and p(S;;) are independent of the teacher compensation regime.

2.1.1 Preferences

Teachers have identical preferences. Following Yesilirmak (2019), the utility function for teacher j

in district ¢ with compensation regime r € {¢,d, m} is:

Vi

z%Tﬂ(Sij)fij(3>d57 vi>1 Vi,

(&

u(Cijr, Aijr, {Cijor Fsesi;) = Cijrlijr — /

5,

where ¢;;, denotes the consumption of the numeraire good, @;; denotes the mean student achievement

in the classroom, and e;;,- denotes the teaching effort put by the teacher on student type s € S;;.

Moreover, as clarified below, @;;, depends on teacher’s quality, effort, and other exogenously given

inputs. Teachers getting utility from the mean achievement is consistent with the findings of previous
studies such as Hanushek et al. (2004), Boyd et al. (2005), and Clotfelter et al. (2011).

The second term in teachers’ utility function is the total cost of effort which is a convex function.

The parameter ; captures the marginal disutility of effort and differs across districts to reflect

the empirical fact that working conditions differ across districts (Hanushek and Rivkin (2007)).

Specifically, without loss of generality, we assume 7; > 7, implying that marginal disutility of effort

3



is higher in the first district than the second for any teacher.? Equivalently, working conditions are
worse in the first district.3

In the teacher’s utility function, we assume complementarity between consumption and mean
achievement. As an alternative, one could assume an additively separable utility function. However,
in that case, optimal student specific effort chosen by a teacher does not depend on teacher’s income
which is not desirable in our case since we want to compare optimal effort under different compen-
sation regimes. Moreover, in the additively separable utility case, when consumption is zero teacher
can still get positive utility which is not plausible. On the other hand, the complementarity implies

zero indirect utility when consumption is zero since teacher would set optimal effort to zero.

2.1.2 Incomes

Teachers differ by exogenously set quality A. The exogenous economy-wide probability density func-
tion of teacher quality is denoted with #(-) which is assumed to be a uniform distribution over [0, g].
Total income of teacher j working in district ¢ with compensation regime r € {¢,d,m} is denoted
with [;;. Under flexible compensation regime, I;;; = Ajw; where w;, is the wage rate per unit
of quality in district . Under fixed compensation regime, I;;4 = w;q where wid is the total wage
paid for any teacher in district <. Under mixed compensation regime, we assume fixed compensation
regime prevails in the first district and flexible compensation prevails in the second district. Under
this regime, Iy, = wi, where wy,, is the total wage paid for any teacher in the first district and

I5jm = A\jwa, where ws,, is the wage rate per unit of quality in the second district.

2.2 School Districts

The exogenously given revenue of district ¢ in any compensation regime is denoted with R;. All
revenue in a district is spent on the teachers’ wages which is the unique expenditure. Under com-
pensation regime r, given I;j., school district ¢ demands those teachers with qualities belonging to

the set ;. C [0, ¢].* Then the budget constraint for district 4 is,

R = / Lpt(N)dy Vi (1)
Qir

20ne can also assume working conditions are worse in the second district. This is just a labeling issue.

3In our model, we don’t need to impose any restrictions on the mean incomes of the districts. However, in reality,
richer districts have better working conditions than poorer districts. Thus, one could visualize first district as poor
and second district as rich district.

4Clearly, €;, depends on the district wage which is suppressed in the notation.



2.3 Student Achievement

The achievement of student type s in teacher j’s class in district ¢ with compensation regime r is
determined as follows:

a'ijsr = >\j€a h(Uz’js)> a € (O, 1)

ijsr
where h(-) is a function of exogenously given vector of inputs (v;;5) not captured in the model such
as student’s ability, classroom peer effect, private educational spending, student’s effort, parent’s

education level, etc... Based on this, the average achievement in teacher j’s class in district ¢ with

compensation regime r can be expressed as:
i e . o .. ..
Aijr = /Ajeijsrh(vljs)flj(s)ds'

In our model, student-teacher ratio (or class size) is not considered as an input in determining
achievement. However, as in Tamura (2001), we think of class size as inverse of teacher’s time which

is proxied by teacher’s effort on a student in our model.

2.4 Teacher’s Problem

Teacher j in district ¢ with compensation regime r solves the following problem given I, 1(S;;),

h(vijs)7 and fij (S)I

Vijr = max  u(Cijr, Gijr, {eijST}SESij> (2)
Cijr
{eijST‘}SESU
s.t. Cijr = ]z'j'r;

aijT - /)\je%srh‘<vij5)fij(8)ds7
Sij

where V;;, denotes the indirect utility of the teacher. Teacher j chooses to work in that district at
which indirect utility is highest. The set of teachers that choose district ¢ with compensation regime

r is denoted by L. C [0, q].°

3 Equilibrium

An equilibrium under compensation regime r is a collection of ¢;j,, €ijsr, Lijr, Wir, 24, and L;, for

each district ¢, for each teacher j, and for each student s such that:

L. Cijr, {€ijsr}ses,; solves the problem (2).

5Clearly, L;, depends on the wages in both districts which is suppressed in the notation.



2. Teacher j chooses to work in the district that yields higher indirect utility.
3. Budget of each district is balanced.

4. Teacher labor market clears (L; = €2;,.) and wy, is determined in each district.

4 Characteristics of Equilibrium

In this section, we solve for the unique equilibrium under each compensation regime. The teacher’s

problem (2) can be reexpressed as:

6’77?87'
Vijr = max Iz‘jr/)\jef}srh(vijs)fz’j(S)dS—/ ; 1(Sij) fij(s)ds (3)
Sij

{eijsr}ses,; 5y t

Lemma 1. There exists a unique solution for the problem (3) which is given by:

a)‘jjijrh(vijs) 'Yl%a
Cijsr = | ———a~
’ 1(Sij)

Proof. The objective function is strictly concave since « € (0,1) and 7; > 1. This implies existence

of a unique solution. The solution is characterized by the following first order condition:
a— i—1
aXj e h(vigs) fij(s) = el 1(Si;) fi(s),

solving which implies the desired result. O

Substituting e;;s- into (3) implies that:

)\ﬁ]% o O(’Yi’y—ia i
Vigr = T / (0”“’ - ) (h(vijs)) == fij(s)ds | - (4)
(n(Si)) == \ & Vi

It should be noted that V;;. > 0 for any teacher in any district with any compensation regime since
i
Qe — 0‘7;77& > 0 given that « € (0,1) and ; > 1. Given Vj;,, the following lemma characterizes

a teacher’s district choice under flexible and fixed compensation regimes. For that sake, let us define

x as follows:

71 ~

(n(S2y)) = (Sf_ (a - ) <h<v1js>>niafu<s>ds)

2
a2«

2

5

(h(U2js))”2E“ foj(s)ds




Lemma 2. a) Under flexible compensation regime, teacher j chooses first school district if and only

nrp=e)
: 1 wl01772) —a)(e=-a)
: = 1L — 2a(7 —
if A< A Yr=ar Lo where Ty = K 2201=72)

2a(v1—72)
Way

b) Under fized compensation regime, teacher j chooses first school district if and only if A\; < Mg =
11 (r2—a)

w1772) (1-a)(rp=a)
Wfd where 'y = kK 201—72)
w211 =72)

2d

c) Under mized compensation regime, teacher j chooses first school district if and only if A; < Ao 1=
7 (v2—a)

w2 tra=272a (m—o)(y2—a)
—im — K172t r1a—2720
o= Lm where I'yy = K .
w2 Frie=2ra
2m

Proof. Under any compensation regime r, teacher 5 chooses to work in the first district if and only
if Vi > Vb;,. For flexible compensation regime, substituting I;;, = A\jwi, and Iojp = A\jwge into Vi

and V5j, and solving the inequality implies that:

1
272 271 Y1
w
Yoe—a Y- 14
/\] S Al
Y2 —o
Way

which then proves part a. The proofs for parts b and ¢ follow similarly. n

Lemma 2 also implies that teachers with \; € (A, ¢] choose the second school district. Thus,
Ly, = |0, S\T] and Ly, = (S\T, q]. The sorting of teachers across the districts is illustrated in Figure 1.
Therefore, teachers are perfectly sorted across the districts in our model which is consistent with the
findings of empirical studies such as Lankford et al. (2002), Clotfelter et al. (2011) and Kalogrides
et al. (2012). This type of sorting pattern in our model also implies that average teacher quality in
the second district is higher than the first district.

Now we can find the equilibrium wage rates in both districts using the budget constraints given by
(1). Since teacher quality is uniformly distributed, then the budget constraints under each compen-

sation regime can be reexpressed as follows after substituting the labor market clearing conditions:

X 2
[Auegy = 20—y,
XT[ 0
. A ~
R1=/ YN = fdildd)\zm if r =d, (5)
0 9 0 ¢ '
X ~
Wim — AmWim —
{)‘ . d)\ = . if r =m,
frumay = 00 gy,
Ae
q q Y w
Ry = Ierd/\: fizdd)\:m if r=d, (6)
q PV !
= d
Ar q 232 VYwom .
f )\11;2md)\ — (q A;;) 2 ifr= m,
Am
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Figure 1: Teacher sorting under compensation regime r

Lemma 3. a) The equilibrium wage rates under flexible compensation regime are given by:

T (rg—a) 201=m)a
2Ryt RgFE T
e — ) a(y1—2) )
r; v2(v1—a) q2
2R1q
T (rp—a) 201=m)a
 2Ryq + (2Ryq)2Cao T2
Wop = q2 .

b) The equilibrium wages under fixed compensation regime are given by:

71 (2 —e) %
— Y2 (11—«
Roq + (qu) Y2(r1—a) Fd2 1
a(v1—72) )
Tg \r2hi-9
Riq q

Wig =

71 (y2—a) (v1=72)e

qu + (qu)m F;z(“ﬂ*a)
q

Waog =

c) The equilibrium wages under mized compensation regime are given by:

1
Y1v2tyie—2v9a \ 3

2R2 + R%q (%717;) v2(v1—a)

Wim = 172 tria—2ya
(Fm ) v2(y1—a) q
Riq
r J1v2tvie—2vsa
2Ry + Riq () =77
Wom =

q



m(rp—e)
204(’71 v2)

Proof. a) Substituting A\, = ¢ into (5) implies:

’Y2("/1 a)
2&(71 v2)
22

a(v1—72)

I‘% Y2 (y1—a)
Wop = Wiy-
20 2qu 1/

Substituting this expression for wq, into (6) together with Ao =

7 (ve—a)

2a(71 v2)

result.
b) Proof is similar to part a. Please see appendix.

c) Proof is similar to part a. Please see appendix.

“/2(71 a)
204(71 v2)
Wayp

I’y implies the desired

]

Since teachers are perfectly sorted across the districts, then the average teacher quality in a

district depends on the value of \,. As A, rises, the average quality in each district rises and vice

versa. Next lemma characterizes the equilibrium value of A, for each compensation regime.

Lemma 4. a) The equilibrium value of e under flexible compensation regime is given by:

—72)

a(ry
T2 2“/2(71 a)
_ (2R1q) (2Rﬁq) q
Ao =

Y1 (v2—a) M
<2R2q + (2R1q) 72(71 a)l—‘ Y2 (71 —a) )

[N

b) The equilibrium value of M\ under fixed compensation regime is given by:

a(v1—72)

Xd _ R 1q (qu)'m('u*a)

Ho—a) 0(71 v2) °

Rag + (Rag) 5010 T

c) The equilibrium value of Am under mized compensation regime is given by:

Yivetyia—2voc

R 3 Iy 272 (v —@)
D 19° (R1Q)
A’I’)’L -

T-
W172+71a—2“r2a> 2

<2R2 + qu (]F%;r:]) v2(71—)

- 1
Proof. a) The budget constraint (5) implies Ay = (m—lq) *. Substituting into this the equilibrium

Wie

value of wy, implies the above result.

b) Proof is similar to part a. Please see appendix.



c) Proof is similar to part a. Please see appendix.

4.1 Comparison of Compensation Regimes

In this section, we compare the equilibrium average teacher quality and teacher effort in a district

across different compensation regimes. For that sake, the following lemma compares /N\g, ;\d, and \,,.

Lemma 5. In equilibrium, Xd < Xm < Xg.

Proof. See Appendix. n
Let us denote the average teacher quality in district ¢ under compensation regime r with E;,.()\).

Proposition 1. For any district i, in equilibrium Eig(\) < Ein(A) < Ejp(N).

Proof. For the first district under compensation regime r:

)\r
SAt(N)dN 22 3
_ 0 _ 29 _
Jt(N)dA q
0
For the second district under compensation regime r:
T
q2_(xr)2 ~
q—Ar
Jt(A)dA p
Ar
Since Ag < Am < Ag, then Eig(A) < Epn(A) < Ey(N) and Eog(A) < Eam(\) < Ea(N). O

Next, we compare teacher effort in a district under different compensation regimes.

Proposition 2. In equilibrium in the first district,

a) teachers with \; < min{:\d,xlgd} exert higher effort for each student under fixed compensation

regime compared to flexible compensation regime where \iyq is defined as:

yi(ve—a)  yp—o
Roq® + q (Rig) =01 k2

a(y1—=72) (vo—a) 7p—o

2 v2(v1—c) <2R2q+ (Qqu) %(’Yl—a) K 72 >

AMed =
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b) teachers with \; < min{xm,xwm} exert higher effort for each student under mixed compensation

regime compared to flexible compensation regime where A1y, is defined as:

yo—o (r2=m)a 71(r2—a) 2o %
2R2 + Rl/q; 72 (qu) y2(v1—a) (qu) y2(v1—a) q3/q; 72
/\lfm = a(v1 -2 ( 712 —a) 72a> ’

2v2(v1—0) 2R2q+ (2R1q)72(v1 a) ko 2

c) teachers with \; < Mg exert higher effort for each student under fized compensation regime com-

pared to mixed compensation regime.

Proof. a) Only those teachers with \; < A live in the first district under both flexible and fixed
compensation regimes since M < N by Lemma 5. The optimal value of a teacher’s effort is
found in Lemma 1. Substituting into e, the wy, and w4 given by Lemma 3 implies the

following equilibrium effort levels under flexible and fixed compensation regimes in district 1:

1

o
_1 ylve—a) r2-a
. B (Oé/\?h(vljs)>71a 2Ryq + (2R1q) =0n=2 k72
15s¢ o N Yo—a ’
M(Slj) k72 g2
a(v1=72)
(Qqu)'vz('n*a)
1
n—o

mlre—a) r-o

(Oz)\jh(’uljs)>711_“ Roq + (qu)“/Z(’Yl @) | 2
€ljsd = | — 7o~ Y7o ;
p(S1;5)

K 2 q
a(r1—72)
(Rig) 20—

. (n=a)(ya—a) (m—a)(ya—a) .
where we also substituted I'y = £ 22012 and I'y = k «®1=72) . Then ey < e15q if and

only if:

mlre—a) r-a a(y1=2)
Aj (2R2q + (2R1q) 0= K 2 ) 2720n-)

y1(v2—a) 72—

< Roq + (qu)vz("/l*a)ﬁ T2,

q
This implies \; < Ayyq. Therefore, those teachers with \; < min{\g, Aeq} both live in the
first district under flexible and fixed compensation regimes and exert higher effort under fixed

compensation regime.
b) Please see appendix.

c) Please see appendix.

]

It should be noted that we compare in Proposition 2 the efforts of those teachers who work
in the first school district under the two compensation regimes of interest. For instance, in part

a of the proposition, we concentrate on those teachers that work in the first district under both
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fixed and flexible compensation regimes. Based on the proposition, if fixed compensation regime
initially prevails in the first district, then moving to flexible compensation regime decreases the
efforts of teachers with \; < Airg and moving to mixed compensation regime decreases the efforts of
all teachers. Also, if mixed compensation regime initially prevails in the first district, then moving
to flexible compensation regime decreases the efforts of teachers with \; < Aem-

Parts a and ¢ of Proposition 2 implies that teachers with \; < min{j\d,xud} exert the highest
effort under fixed compensation regime. Moreover, parts a and b of the proposition implies that
teachers with \; < min{Xd,XW,me} exert the lowest effort under flexible compensation regime.
In sum, low quality teachers exert highest effort under fixed compensation regime and exert lowest
effort under flexible compensation regime.

We next analyze the teachers’ efforts in the second district under alternative compensation

regimes. Again, we concentrate on those teachers that work in the second district under the two

compensation regimes of interest.
Proposition 3. In equilibrium in the second district,

a) teachers with \; > max{j\g,xgm} exert higher effort for each student under flexible compensation

regime compared to fized compensation regime where Xagq is defined as:

rle—a) rp—o

Ry’ + q(R1q) =017 k2

Novd

yi(ve—a)  yo—o "

2Ryq + (2R1q) r2(v1—a) g 72

b) teachers with \; > Ao ezert higher effort for each student under flexible compensation regime

compared to mixed compensation regime.

c) teachers with \; > max{Xm,Xde} exert higher effort for each student under mized compensation

regime compared to fired compensation regime where \ogy, 1S defined as:

r1(ye—a)  y2—a
X Rog + (qu) 12(1—9) g 2
2dm -— aya=71) q2-a”

2Ry + R (qu) 72(r1—2) g 2

Proof. a) Only those teachers with \; > M live in the second district under both flexible and fixed
compensation regimes since i < Ao by Lemma 5. The optimal value of a teacher’s effort is
found in Lemma 1. Substituting into eg;s,, the wyy and wyq given by Lemma 3 implies the

following equilibrium effort levels under flexible and fixed compensation regimes in district 2:

_1
yre—a) r3—a\ F3—a

_1
e . (OéA?h(U2js)> Yo —o 2R2q —|— (2R1q) Yo (v1—) K 72
2jst — | =7 a N

p(S25) q?

“We define a low quality teacher with \; < min{Xd,Xlgd,Xugm}.
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1
7g=a) y2-a\ yy-a

B (oz/\jh(vgjs)>w Rog + (qu)’YQ(’Yl*a)K/ 72
€2isd = | — 7o
p(S25) q

. (r1—a)(ve—a) (=) (va—) .
where we also substituted I'y = k 20120 and I'y = K *C1=27 . Then eyjq > €944 if and

only if:

y1lve—a) yo-—o

ylrg—a) 13-« 9
A (2800 + R B R) > Rag® 4 () B0 R

This implies \; > Agq. Therefore, those teachers with \; > max{Xg,X%d} both live in the
second district under flexible and fixed compensation regimes and exert higher effort under

flexible compensation regime.
b) Please see appendix.

c) Please see appendix.

O

In words, Proposition 3 implies that if flexible compensation regime initially prevails in the second
district, then moving to fixed compensation regime decreases efforts of teachers with A; > Aoeq and
moving to mixed compensation regime decreases efforts of all teachers. Also, if mixed compensation
regime initially prevails in the second district, then moving to a fixed compensation regime decreases
the efforts of teachers with A; > Aggn,.

Parts a and b of Proposition 3 implies that teachers with \; > max{j\g,xgm} exert the highest
effort under flexible compensation regime. Moreover, parts a and ¢ of the proposition implies that
teachers with A\; > max{Xg,ngd,XQdm} exert the lowest effort under fixed compensation regime. In
sum, high quality teachers exert highest effort under flexible compensation regime and exert lowest
effort under fixed compensation regime.”

It should be noted that, the mean achievement rises in a teacher’s class as effort for each student
rises. Therefore, based on the Propositions 2 and 3, we can compare the mean achievement in a

teacher’s class under different compensation regimes. Unfortunately, it is not possible in our model

to compare economy-wide mean achievement under different compensation regimes.

5 Conclusion

Since 2011, several states in U.S. decreased the power the teacher unions in bargaining over teacher
wages. This led school districts to switch to more flexible teacher compensation regimes at which
wage rises with quality. In this paper, we compared different teacher compensation regimes with

regards to their effects on teachers’ efforts and average teacher qualities in each district. For that

"We define a high quality teacher with Aj > max{Xz,ngd,ngm}.

13



sake, we set up a fully tractable general equilibrium model of local teacher labor markets with
two school districts. The supply of teacher quality in each district is determined from the spatial
sorting of teachers who maximize their utilities by optimally choosing effort for each student in their
classrooms. The districts’” demand for teacher quality is determined from the districts’ budgets. We
solved for the equilibrium wages in both districts, teachers’ efforts, and the cutoff teacher quality
separating the school districts under each compensation regime.

In our model, there are only two districts. We believe our model can be extended to an arbitrary
number of districts which is left for future research. Our model also lacks household choices which
is another fruitful direction for future research. By extending our model in these directions, one can
quantitatively compare mean achievement, variance of achievement, household welfare, and teacher

welfare under different compensation regimes.

14
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Appendix

y1(ve—a)
. . N a(,yl_’YZ) . . .
Proof of Lemma 3. b) Substituting \y = —4=—1I'; into (5) implies:
w211 =72)
2d
a(y1=72)
I'y \ 201-9
W2d = | 5 Wid-
Riq
v1(72 a;
Substituting this expression for wsy, into (6) together with A = WFd implies the desired
w2(1=2)
Wag
result.
v1(r2—a)
. . ~ Y172 1272 X . .
c) Substituting A, = —=—z—5—T, into (5) implies:
W26 Tga
2m
Yivetria—2v0a
w | v2(11—@) w2
om = | 5 .
m qu im
v1(ve—a)
. . . . . . ~ w2 tria=2va X X
Substituting this expression for ws,, into (6) together with \,, = =t=—~——1I",, implies the
w2“/1’72+71°‘ 272
m

desired result.

[]

Proof of Lemma 4. b) The budget constraint (5) implies Ay = R—lg. Substituting into this the

equilibrium value of wy4 implies the desired result.

¢) The budget constraint (5) implies Am = %. Substituting into this the equilibrium value of wy,,

implies the desired result.

Proof of Lemma 5. Let us first show i < Am. Since R 2¢*> > 0, then:

1

oy — 'v2>

71 (v2—a) a('“_'m) Y1 (ve—a)
R2 q +F72(71 ) (R q)'yz(’n ) 2R2q+F72(71 ) (R q)'m(’n @)

1

a(v1—72) a(r1—72) 71 (y2—a)

F1(v2—o) '
F”Q(Wl ) (R q) yo(v1—a) <2R2(] + FA’Z(“ ) (qu) 72(v1a)>
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Taking square root of both sides implies:

1

04("/1 v2) v1 (vg—a)

Roq + IWQ(M @) (qu) Y2(r1—2)

<

[N

a(v1=72) Y1 (vg—a) 7a("’1 02) 71 (v2—e)
F’YQ(’YI a) (R Q)'V?('Yl ) 2R2q+rvz(v1 a) (R q>m

Rearranging this inequality implies:

a(y1—72) ~1 (2 —a)

q2F2w2 1 —) (R Q)Z"’Q('” ) 1
<

a(y1—72)

2102 =) alv1—v2) v
qu + F’Yz(ﬁ ) (R q) y2(71—@) <2R2 + szz% WZ) (qu>le>

M=

a(v1—72) Y12 tr1e—272c
By definition, I';>""% =T, ™% which can be used to reexpress the above inequality as:

aly1=v2) Nty e=2ysa
Ly \72(1-0a) 1 (Im 2y2(v1—a)
9\ Riq 9% \Riq

Ot(71 v2)

T-
p J1v2tvia—2vga\ 2
Raq + (Raq) B [0 <2R2 T R (Ln) " )

Multiplying both sides of this inequality with R;q implies that A < Am. Now let us show A, < M.

: aly1—2) o1 -v2) . .. .
Since < 1, then 27201- < 2. Using this implies:
2(11-a) ’

1 1
<

2ol —72) 71 (2 =) a(y1-72) 2ol —72) n(p=a)

2Raq + T20 " (Ryg)=0i-o  2%201-0 Ryq + T2 (Ryq) 201

This inequality can be reexpressed as:

R, (R )fwmzfﬂav:?“/zav;a(ﬂ*w) 2W1§72*0‘;
19 v2(v1—a v2(v1—
20(y1— ”/2) oy — 'Yl < —a) 2a0n1-—72) v1(r2—a)

2R; + Ry r, 7201=) (qu)“ﬂ(”ﬂ ) 2Rsq + 272(71 T, 72(71—a) (qu) Vo1 —a)

which can be reexpressed as:

—7172—r1et+2y2e 1—2(r1=72) _alvi—2)
RI(RIQ) Y271 —a) 27 (1) (qu) Y2(r1 )
<
w 1_1r2tyie=2ya y1(ve—a) 2a((71_72>) 1 (va—a)
2Ry + R (Ryq) Y2(ri—a) 2Ryq + 27201=a [, 201~ (R ¢)7201=)
2a(v1—72) yivetvie—2ya
By definition, T, =T, 2%  which can be used to reexpress the above inequality as:
y )y 4 y
e , 2
Y1V2TY TS 1“ Yy2(V1—@
2 3 (I'm v2 (71 —a)
Rig* (Fa) ™ 2hnd’ (2qu>
- Y1v2tria—2vga < v (vg—a) 2e(1=72) *
2Ry + Riq () =77 2Roq + (2R1q) 01 2017
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Taking square root of both sides implies An < s O

Proof of Proposition 2. b) Only those teachers with \; < Am live in the first district under both
flexible and mixed compensation regimes since A < Ao by Lemma 5. The optimal value of
a teacher’s effort is found in Lemma 1. Substituting into ej;sm, the wi,, given by Lemma 3

implies the following equilibrium effort level under mixed compensation regime in district 1:

1
Yivety19=2722 \ 305, —a)

1 —a
(aAjh(uljs)> e [ 2Ry + Rig (E=) 0
eljsm - o N Y172 +710—270 ’
1(S1;5) Im )\~ 720i-a)
J (m) 72(71 q

(m—o)(vg—a) . . . .
where I';,, = km2+1e-2n2e The equilibrium value of ej;s is provided in the proof of part a

above. Then ejs < e1jsm if and only if \; < Aiem. Therefore, those teachers with Aj <
min{j\m,xlgm} both live in the first district under flexible and mixed compensation regimes

and exert higher effort under mixed compensation regime.

c) Only those teachers with \; < Ag live in the first district under both fixed and mixed compensation
regimes since Xd < Xm by Lemma 5. The equilibrium effort levels e;54 and ey, are provided
in the proofs of parts a and b above. Now we would like to prove that ejjsq > e€1jsm for any
teacher living in the first district under both regimes. For that sake, let us start with the

following inequality:

Y1—72) Yoo 2 Y1r2trie—2v9a -« Y- 2
<R2q(R1q)v2("f1 ) + Rigk 72 > > 2R2q(R1q) v2(i—a) g2 (qu/{ 72 ) ,

which implies:

11(v2—a) mp—a y1vetyi =2y
Ryq + (Rig) 2Tk 2R2 + Rigr 2 (Rig) ™ 20i—o)
J2—a Y12 trie—2yee  ya—o
_ k72 q (Riq) 0= "k 72 ¢
a(v1—72)

(R1g) 201

Taking 2(7 D power of both sides and then multiplying both sides of the last inequality with
(a)\ hsil)js ) - 1mplies that €ljsd = €ljsm-

]

Proof of Proposition 3. b) Only those teachers with \; > X live in the second district under
both flexible and mixed compensation regimes since Am < Ao by Lemma 5. The optimal value

of a teacher’s effort is found in Lemma 1. Substituting into ey, the ws,, given by Lemma 3
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implies the following equilibrium effort level under mixed compensation regime in district 2:

1
Jivetyie—2ysa\ 357g

B — 2 F‘"L (n-o)
1(525) q

(M —a)(yg—a) . . . .
where I'), = km72tme-22e . The equilibrium effort levels ey 0 is provided in the proof of part

a above. Now we would like to prove that egjs > €g;sn for any teacher living in the second

7(ve—a)
district under both regimes. Since 27201-) > 1, then:

1(e—a) yp-a _mryetvia—2ya yp—o

2qu + (2R1q)mﬁ? > 2R2q —+ (R1q>2 - g 72

which implies:

m(rp—a) 13-a _Mretria—2ya yp-—o

2Roq + (2R1q) =017k 72 | 2R+ R%q(Riq)” m0nio kg 7
g q

Taking 72%04 power of both sides and then multiplying both sides of the last inequality with

(a)\?h(’Ust)

y2Ta .
(52 implies that esjsr > €2j5m.

c) Only those teachers with A; > Am live in the second district under both fixed and mixed com-
pensation regimes since Xd < S\m by Lemma 5. The equilibrium effort levels es;5q and egjs,, are
provided in the proofs of parts a and b above. Then eyjsq < e€gjsm if and only if A\; > Nodim.-
Therefore, those teachers with \; > max{j\m,xgdm} both live in the second district under fixed
and mixed compensation regimes and exert higher effort under mixed compensation regime.

]
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