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Abstract: Novel Dual-Input Single-Output (DISO) behavioral modeling and linearization techniques for Envelope Tracking 
Power Amplifiers (ET PAs) in wireless  application are presented in this paper. The proposed modeling approach applies the 
Hammerstein structure for the Amplitude-to-Phase (AM/PM) conversion. An extension of the Saleh AM/PM model is also 
proposed to model the static nonlinearity in the ET PA AM/PM conversion. This paper presents a new linearization 
technique for ET PAs by inverting the proposed ET PA model and using it as a Digital Predistortion (DPD). The measurement 
results show that both the proposed model and DPD can clearly outperform both the original Saleh model and the DPD 
based on the Saleh model inversion. Compared to the state-of-the-art behavioral models for ET PAs, the proposed model 
and DPD can offer an improved complexity-accuracy trade-off thanks to the lower number of coefficients. 
 

Keywords:  Envelope tracking, hysteresis effects, linearization, nonlinearity, power amplifiers. 
 

1. Introduction 

Envelope Tracking (ET) is a technique that has been widely 
deployed in RF Power Amplifiers (PAs) to enhance the 
power efficiency in wireless communications (i.e 4G). The 
wide bandwidth and high Peak-to-Average Power Ratio 
(PAPR) of the modern wireless waveforms (i.e 4G/5G) pose 
significant challenges to the ET PA design [1]–[2]. Power 
amplifiers produce significant hysteresis nonlinearity when 
operated at high PAPR and wide bandwidth signals because 
of the wide dynamic variation in the transistor parasitic 
capacitance and inductance. In addition, the biasing and 
matching circuits in PAs are frequency-dependent 
components. The hysteresis effects can have long-time 
constants in both amplitude and phase of the baseband 
signals. Hence, it is difficult to accurately predict the circuit 
response. The dynamic supply voltage in envelope tracking 
scenario can also affect the PA circuit characteristics [3]. 
Various behavioral models have been presented in the 
literature to characterize the hysteresis nonlinearity in ET 
PA for different accuracy and model complexity [2]–[8]. 
The mathematical models using two-dimensional look-up 
tables are simpler approaches for the ET PA modeling. 
However, they have low accuracy because they are 
implemented based on the data interpolation approximation 
[4]. Single-Input Single-Output (SISO) and Dual-Input 
Single-Output (DISO) memory models derived from 
Volterra series (i.e Generalized Memory Polynomial Model 
(GMPM)) have been widely deployed for ET PA modeling 
and linearization. However, these models often require a 
high number of coefficients, which can increase the 
numerical operations instability in such ways as inverting 
matrices of a large number of elements when estimating the 
model coefficients. In addition, the computational expensive 
model makes the real time implementation of the DPD more 
difficult. Another drawback of a complex model architecture 
is that it can be mathematically difficult to invert it (i.e Cann 

 
 
model [8]) for  DPD identification. 
This paper presents a low complexity and high accuracy 
behavioral model for ET PA and novel linearization 
techniques. The proposed extension of the Saleh Amplitude-
to-Phase (AM/PM) model and the Hammerstein approach 
are important techniques that improve the model’s accuracy 
and reduce its complexity. The dynamic supply voltage is 
considered in the AM/PM model to account for the change 
in the PA characteristics due to the dynamic supply voltage 
in the envelope tracking scenario. The proposed ET PA 
modeling approach can predict the dynamic nonlinearity in 
the Amplitude-to-Amplitude (AM/AM) and AM/PM 
conversions due to the hysteresis effects of the energy 
storage elements in power amplifier circuits. This paper also 
describes the inversion techniques of the DISO ET PA 
model when identifying the DPD to linearize both the 
AM/AM and AM/PM conversions. The proposed DPD 
model can linearize the distortion contributions induced by 
the modulated supply voltage.  
This paper is organized as follows: Section 2 describes the 
proposed model structure and the AM/PM extension of the 
Saleh behavioral model. Section 3 presents the derivation of 
the proposed DISO DPD model to compensate for the 
nonlinear distortion in the ET PA. Section 4 describes the 
experimental results, including the measurement set-up, and 
the performance evaluation of the proposed model and 
linearization techniques. Finally, Section 5 outlines the 
conclusions. 
 

2. Proposed ET PA Model  

 
The ET PA system can be represented in a simplified block 
diagram using an equivalent baseband DISO structure as 
shown in Fig. 1. The DISO behavioral model is a black-box 
representation which describes the two-to-one relationship 
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Fig. 1. Block diagram of the equivalent baseband DISO 
representation of the ET PA. 

 
 
Fig. 2.  Block diagram of the proposed ET PA model 
architecture.  

of the PA ports. The ET PA model output can be 
mathematically expressed in terms of AM/AM and AM/PM 
functions using the complex notation in magnitude and 
phase as 
 
 
 
 

              
 p sj f r,v x

A sz f r,v e  (1) 

where fA(.) and fp(.) are the ET PA AM/AM and AM/PM 
functions, respectively. r is the magnitude of the complex 
baseband input signal x which consists of In-phase (I) and 
Quadrature-phase (Q) components. vs is the PA modulated 
supply voltage, z is the corresponding complex baseband 
output of the ET PA. The operator  (.) is used to indicate 
the phase of the complex variable. The output of the fA(.), 
and fp(.) functions are represented by 𝑦ௗ  and θd, respectively. 
The fA(.) function was modeled using a static AM/AM 
function in (2) in cascade with a Finite Impulse Response 
(FIR) filter  in (3) as in [5].  
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where y(r,vs) is the output magnitude of the extended Saleh 
AM/AM model, αi and βi are Saleh model coefficients, and 
NA and NB are the maximum orders of the polynomial 

functions in αi and βi, respectively. The memory effects in 
the AM/AM conversion were considered as in [5] using  the 
FIR filter as 
 

 
 

              
0

AMM

d
m

y n h m y n m


             (3) 

 
where h(m) represents the filter coefficients, MAM is the 
memory depth in the AM/AM conversion, and 𝑦ௗ(𝑛) is the 
output of the dynamic AM/AM model. 
In this paper, we propose to model the dynamic AM/PM 
conversion using the Hammerstein approach. Hammerstein 
provides a simpler and more flexible way for modeling the 
dynamic nonlinear systems [9]. The dynamic AM/PM 
conversion is modeled using a static DISO model (Saleh 
AM/PM extension) in series with the FIR filter to account 
for the hysteresis effects in the AM/PM conversion. The 

model architecture of the dynamic AM/AM and AM/PM 
components is  depicted in Fig. 2. 
 
2.1    Proposed Saleh AM/PM Extension 
 
The Saleh AM/PM model [10] for constant-supply PA can 
be expressed as  

                                

 
2

21




 


r

r
 (4)

 
where λ and γ are the Saleh AM/PM model parameters, and 
θ is the output phase. The ET PA phase is dynamically 
varying with the supply voltage [11]. Hence, we propose to 
express the parameters of the Saleh AM/PM conversion as 
polynomial functions of the modulated supply voltage as 
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where λ(vs) and γ(vs) are proposed to model as follows: 
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The Pa and Pb are the maximum orders of the polynomial 
functions.  By substituting (6) and (7) in (5), we obtain a 
static DISO Saleh AM/PM function which can be expressed 
as 
 

               

2

1

2

1

( ,

1

)








 






a

b

P
j

j s
j

P
j

j s
j

s

r v

r v

r v

 

 
 
 

            (8) 

The polynomial functions in (8) can be expressed in a vector 
form as 
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2 T

2 T1
 


λ

γ

λv

γv

r

r
  (9)

 
where 𝝀 = ൣ𝜆ଵ  𝜆ଶ … . 𝜆௉ೌ

൧ and  𝛄 = ൣ𝛾ଵ  𝛾ଶ … . 𝛾௉್
൧  are the 

model coefficients, and vλ and vγ are vectors of the 
modulated supply voltage in the polynomial orders as 
 

     1 ...
   v aP2

s s sv v v    (10)

 
     1 ...

   v bP2
s s sv v v   (11)

 
 
2.1.1  Coefficients Estimation 
 
The extended AM/PM model in (9) can be expressed as 
 

 2 T 2 T   λ γλv γvr r   (12)

 
By applying the time samples on (12), we obtain the 
following matrix equation: 
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where k is the time sample, and vλ and vγ are the row vectors 
that are expressed as 
 

            1[ ] ...
   v aP2

s s sk v k v k v k    (14)

  
      1 2[ ] ...

   v bP
s s sk v k v k v k  (15)

 
Equation (13) can be expressed in a matrix notation as 
 

 θ = Q L   (16)

 
where θ is a (𝑘 × 1)column vector of the ET PA output 
phase samples, Q is a (𝑘 × (𝑃௔ + 𝑃௕) )matrix includes the 
samples of the baseband input magnitude and modulated 
supply voltage, and L is a ((𝑃௔ + 𝑃௕) × 1 ) vector of the 
model coefficients. The model coefficients L can be 
calculated as 

  †L = Q θ  (17)

 
where (.)† denotes the matrix pseudo-inverse which can be 
calculated using the Least Squares (LS) as  
 

      † T 1 T( )Q = Q Q Q  (18)

 

where (.)T denotes the matrix transpose. 
 
2.2 Hysteresis Effects  
 
The energy storage elements in the power amplifier circuits 
(i.e capacitors and inductors) cause hysteresis (or memory) 
effects in both AM/AM and AM/PM nonlinearities. Other 
causes of hysteresis effects include the dynamic variation of 
the amplifier chip temperature [12]. The PA operation under 
time-varying supply voltage in the ET scenario can also 
cause an additional hysteresis effect in the AM/PM 
conversion [6], [13]. We use the FIR filter in cascade with 
the static AM/PM nonlinear model in order to consider the 
hysteresis behavior in the AM/PM nonlinearity. In other 
words, the FIR filter is used to model the residuals that are 
not possible to capture using the static model in (9) due to 
the memory effects. The dynamic output phase θd(n) of the 
complete AM/PM model can be expressed as 
 

      
0

PMM

d
m

n g m n m


    (19)

 
where M PM  is the memory depth of the proposed AM/PM 
model, θ is the output phase of the static model in (9), and 
g(m) represents the filter coefficients. A least squares 
method can be used to calculate the FIR filter coefficients as 
 

                          T -1 Tg = ( ) d                                   (20)  

 
where g is a vector of the FIR filter coefficients, θd is a 
vector of the output phase samples θd(n), and ψ is a matrix 
composed from the extended Saleh model output phase 
samples θ(n). 
The total number of coefficients ( Nc)  for the complete 
proposed model is  
 
       2A B a b PM AMcN N N P P M M                 (21) 

 

3. Proposed Digital Predistortion 

 
An important property of the Saleh model for the constant-
supply voltage is that it can be mathematically inverted to 
obtain a digital predistortion [14]-[15]. The modulated 
supply voltage vs is considered a new independent variable 
in a DISO DPD modeling scenario to account for the 
nonlinear distortion due to the dynamic variation of the 
supply voltage [4], [6], [13], [11]. This section presents the 
DPD model which consists of two functions, the AM/AM 
DPD function which is used to linearize the PA gain, and 
the AM/PM DPD function which is used to linearize the PA 
phase. The inversion approach of each DISO function is 
presented as follows:  
 

3.1. AM/AM Digital Predistortion 
 
The AM/AM digital predistortion is a nonlinear function 
combined to the ET PA AM/AM function to produce a 
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linear power gain. The AM/AM DPD can be expressed as an 
inverse function of the proposed ET AM/AM model as 
 
 
 

   1A s sD u,v y r,v  (22)

The DA(.) is the DPD AM/AM function, and y(.) is the ET 
PA static AM/AM function defined in (2). The polynomial 
functions in (2) can be expressed in a vector form to 
simplify the derivations as 
 
 

 
T

T 21



α

β

αv

βv
s

r
y r,v

r
    (23) 

 
where 𝜶 = ൣ𝛼ଵ  𝛼ଶ … .  𝛼ேಲ

൧  and β = ൣ𝛽ଵ  𝛽ଶ … . 𝛽ேಳ
൧  are  

vectors of the ET PA model coefficients, and 𝐯𝛂 and 𝐯𝛃 are 
vectors defined as  
 

1 ...   αv AN2
s s sv v v  (24) 

  
1 ...   v BN2
s s sv v v  (25) 

 
The DPD model output is the same as the ET PA input, 
because they are connected in series as shown in Fig. 3. 
Hence, the output of the AM/AM DPD model is 
 

 

 
         ( , ) A sD q v r     (26) 

 
where q is introduced to represent the magnitude of the DPD  
complex baseband input signal u, and r is the magnitude of 
the ET PA baseband input signal x. The objective of the DA 

(.) function is to compensate for the static AM/AM 
nonlinear distortion. Therefore, the condition to be satisfied 
by a linearized ET PA AM/AM can be expressed as 
 

                                          ( , ) A sy D q v q                                    (27) 

 
Substituting (23) and (26) into (27) leads to 
                                        

                                  
T

T 21







αv

βv

r
q

r
                                 (28)    

     
           

 
Equation (28) can be rewritten in a quadratic formula as 
 

                      T 2 T 0   βv αvqr r q                       (29) 

 
The solution of (29) can be calculated as 
 

                         

T T 2 T 2

T

( ) 4

2

αv αv βv

βv

q
r

q

  



 
                 (30) 

 
A negative sign solution is considered in the square root, 

because the variable r is real and normalized in this work. 
Equation (29) is valid within the magnitude interval defined 
as 

 
The AM/AM DPD function in (30) considers the 
nonlinearity due to the modulated supply voltage 
represented by the polynomial vectors 𝐯𝛂 and 𝐯𝛃. This is an 
additional advantage for improving the linearization 
capability. 
 
 

3.2. AM/PM Digital Predistortion 
 

The AM/PM DPD function DP (.) is introduced to eliminate 
the AM/PM distortion of the ET PA. Thus, the objective of 
the AM/PM DPD function is to cancel out the ET PA 
AM/PM conversion as 
 
 
 
 
 
 
where θ(.) is the ET PA AM/PM function which was 
derived in Section 2.1. The DP(. ) function can be calculated 
by substituting (9) into (32) as 
 

 
2 T

2 T
( , )

1





λ

γ

λv

γv
p s

q
D q v

q
 (33) 

 
where 𝝀 and  𝛄 are the ET PA coefficient vectors which 
were derived in Section 2.1.1. The complex representation 
of the complete DPD model can be expressed in terms of the 
AM/AM function DA (.) and the AM/PM function DP (.) as 
 

 

 

  ( , )
P sj D q,v u

A sx = D q v e  (34) 

 
A block diagram of the complete DPD architecture with ET 
PA is shown in Fig. 3. The derived AM/AM and AM/PM 
DPD expressions in (30) and (33) are simple as compared to 
the state-of-the-art DPD model. In addition, the proposed 
DPD model uses the same coefficients of the proposed ET 
PA model. This is another advantage that can significantly 
reduce the computational cost for the DPD coefficient’s 
identification. 
 

4. Experimental Results 

4.1 Experimental Set-up 
 
The data acquisition and validation system for the envelope 
tracking power amplifier was implemented as shown in Fig. 
4. The measurement set-up consists of a RF signal generator 
which was connected to the RF power amplifier, and a  

         
T 2

T

( )
0

4




 
αv

βv
q  (31) 

   
( ( , )) ( ( , )) 1 P s sj D q v j r ve e     (32) 
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Fig. 4.  Block diagram of the experimental set-up. 

 
 

Fig. 3.  Block diagram of the proposed DPD model structure. 

 waveform generator which was connected to the envelope 
modulator. Both the RF signal generator and the waveform 
generator were controlled by MATLAB software. 
 
 
 

 

The ET PA was designed using a RF power amplifier 
(RFPA3809) from RFMD and an in-house linear envelope 
modulator designed using OPA2674 from Texas 
Instruments. The ET PA system was driven by 10,000 
symbols of 3.84 MHz bandwidth WCDMA signal. A DC 
power supply was used to feed the main power amplifier 
and the envelope modulator. 
The power amplifier output signal was acquired using the 
signal analyzer and exported to MATLAB in a complex 
baseband format for modeling computations and accuracy 
evaluation. 
 
 
4.2 Behavioral Modeling Results 
 
The proposed model coefficients were calculated based on 
the obtained data from the experiment, and for the model 
nonlinear orders NA=3, NB=2, Pa=2, and Pb=3. The 
proposed model results as well as the measured results of 

gain and phase conversions are depicted in Fig. 5. This 
shows a significant modeling improvement in both AM/AM 
and AM/PM conversions as compared to the original Saleh 
model. The modeling accuracy was evaluated in the time 
domain using Normalized Mean Square Error (NMSE) and 
in the frequency domain using Adjacent Channel Error 
Power Ratio (ACEPR). NMSE and ACEPR are figures of 
merit that are widely used in the state-of-the-art model 
accuracy evaluation [5]–[8] and they are defined, 
respectively as follows [16]:  
 
 

 

 

2
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1
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s
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s
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z n z n

NMSE

z n
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 

 
  

 
 
 




 (35) 

 
 
where zs(n) and zm(n) are the baseband output measured and 
modeled signals, respectively. J is the total number of 
symbols.  
 

   
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f f
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s
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E f df E f df

ACEPR =

Z f df

 
 
 
 
 
 
  
 

 


     (36) 

 
 
where E(f) is the frequency domain error signal (zs - zm), 
Zs(f) is the frequency domain of the measured ET PA output 
signal. fs,L and fp,L are the start and stop frequencies, 
respectively, of the lower adjacent channel. fs,U and fp,U are 
the start and stop frequencies, respectively, of the upper 
adjacent channel. fs,ch and fp,ch are the start and stop 
frequencies, respectively, of the desired  channel. The 
proposed modeling NMSE versus the swept maximum 
nonlinear orders NA, NB, Pa, and Pb are depicted in Fig. 6. 
This indicates the optimal static model accuracy. The 
amount of the memory depth in the AM/AM and AM/PM 
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(a)  

         

                                          
                                             (b) 
 
Fig. 7.  NMSE and ACEPR versus the swept memory 
depth.  (a) NMSE and ACEPR versus the memory depth 
MAM, where MPM is set to 5. (b) NMSE and ACEPR versus
the memory depth MPM, where MAM is set to 5. 

 

 
        (a) 

 
        (b) 

 
Fig. 5.  Measured and modeled results. (a) Gain. (b) Phase 
deviation.  

        
                                                             (a)                                                                                             (b) 

Fig. 6.  NMSE versus the model maximum nonlinear orders. (a) NMSE versus NA and NB.  (b) NMSE versus Pa and Pb.  

conversions can be obtained from the model NMSE versus 
the swept memory depth MAM and MPM as shown in Fig. 7. 
The proposed model accuracy evaluation is compared to the 
state-of-the-art ET PA models, such as the Dual-Input 
Memory Polynomial Model (2D-MPM) and the Memory 
Binomial Model (MBM) [6], each for a different number of 
coefficients. 
 
 
 
 

 
 

The compared behavioral modeling accuracy for different 
nonlinear orders and memory depth is shown in Table 1. 
The NMSE and ACEPR -42.48 dB and -51.80 dB, 
respectively, are the optimal model accuracy compared to 
the optimal performance of the 2D-MPM and MBM as 
shown in Fig. 8. 
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Table 1 Models’ NMSE and ACEPR versus the number of coefficients 
 

Model 
Number of 

Coefficients 
Nonlinear Order Memory Depth NMSE(dB) ACEPR(dB) 

Proposed  
12 NA=2, NB=1, Pa=2, Pb=1 MAM=2, MPM=2 -38.32 -47.62 

20 NA=3, NB=2, Pa=2, Pb=3 MAM=4, MPM=4 -42.48 -51.80 
 

Dual-Input Memory 
Polynomial 

 

27 K=2, N=3 M=2 -42.81 -52.63 

36 K=2, N=3 M=3 -43.28 -53.22 

72 K=3, N=3 M=5 -43.71 -53.05 

 
Memory Binomial  

 
 

28 N=3 M=2 -42.23 -51.45 

57 N=4 M=3 -43.52 -52.77 

121 N=5 M=5 -43.57 -52.85 

 

 
 

Fig. 8.  NMSE (Solid lines) and ACEPR (dashed lines) 
versus the number of coefficients for the proposed model, 
dual-input memory polynomial model, and memory 
binomial model. 

 

 
                                                     
Fig. 9.  The AM/AM and AM/PM conversions of the ET 
PA with and without DPD. (a) AM/AM conversion.  (b) 
AM/PM conversion.   
 

 

 
 
4.3 Digital Predistortion Results 
 
The proposed digital predistortion was evaluated in the time 
domain and in the frequency domain using WCDMA 
measurement data. The ET PA AM/AM and AM/PM 
conversions for both cases with and without DPD are shown 
in Fig. 9. The proposed DPD model clearly improved the ET 
PA linearity in both amplitude and phase characteristics. 
The DPD linearization capability in a frequency domain 
using the Power Spectral Density (PSD) is shown in Fig. 10. 
An improvement of -17.11/-16.75 dB in Adjacent Channel 
Power (ACPR) was observed in the PSD when the DPD was 
applied to compensate for the nonlinear distortion. Table 2 
reports the ACPR values versus the number of coefficients 
for the proposed DPD model, and compared to the state-of-
the-art 2D-polynomial and binomial models.  
 
5. Conclusions 

 
This paper proposed a new behavioral model and digital 
predistortion for the envelope tracking RF power 

amplifiers. The proposed model characterizes the dynamic 
nonlinearity in the AM/AM and AM/PM conversions due 
to the hysteresis effects in the power amplifier circuits. The 
Hammerstein approach was applied to model the dynamic 
nonlinearity in the AM/PM conversion, since it can provide 
high accuracy at low complexity. The proposed model 
considers the nonlinearity effect due to the time-varying 
supply voltage in the envelope tracking case. Digital 
predistortion was derived to compensate for the nonlinear 
distortion in the AM/AM and AM/PM conversions. In 
addition the DPD model compensated for the nonlinearity 
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due to the dynamic supply voltage. The proposed ET PA 
model and DPD parameters can be calculated easily using a 
least squares method. The proposed model was evaluated 
using NMSE and ACEPR for different number of 
coefficients and memory depth. The optimal modeling 
accuracy was -42.48 dB in NMSE, and -51.8 dB in 
ACEPR. The proposed DPD linearization was evaluated in 
ACPR using WCDM signal. The obtained ACPR was -
52.33/-51.31 dB for the ET PA with DPD, whereas it was  -
35.22/-34.56 dB for the ET PA without DPD. Our reported 
results showed how the proposed ET PA and DPD models 
can achieve such performance with a lower number of 
coefficients and a lower computational cost compared to 
the state-of-the-art dual-input memory polynomial and 
binomial models.  
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Fig. 10.  Normalized Power Spectral Density (PSD) of the ET PA 
output with and without Digital Predistortion. 
  

 

 




