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Abstract

Rician noise removal for Magnetic Resonance Imaging (MRI) is very important because the MRI
has been widely used in various clinical applications and the associated Rician noise deteriorates
the image quality and causes errors in interpreting the images. Great efforts have recently been
devoted to develop the corresponding noise-removal algorithms, particularly the development
based on the newly-established Total Variation (TV) theorem. However, all the TV-based
algorithms depend mainly on the gradient information and have been shown to produce the so
called “blocky” artifact, which also deteriorates the image quality and causes image interpretation
errors. In order to avoid producing the artifact, this paper presents a hew de-noising model based
on sparse representation and dictionary learning. The Split Bregman lteration strategy is employed
to implement the model. Furthermore, an appropriate dictionary is designed by the use of the
Kernel Singular Value Decomposition method, resulting in a new Rician noise removal algorithm.
Compared with other de-noising algorithms, the presented new algorithm can achieve superior
performance, in terms of quantitative measures of the Structural Similarity Index and Peak Signal
to Noise Ratio, by a series of experiments using different images in the presence of Rician noise.
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1. INTRODUCTION

The issue of image restoration in the presence of noise, (including either de-noising or de-
noising plus de-blurring), is a basic and important topic in the field of image processing.
Many de-noising algorithms have been proposed to deal with, for example, the Gaussian
white noise [1][2], Poisson noise [3][4], multiplicative noise [5][6][7], and impulse noise [8]
[9]. As Magnetic Resonance Imaging (MRI) is being widely used in daily clinical
applications, the associated Rician noise becomes a clinically-significant concern, because
the noise deteriorates the image quality and causes errors in interpreting the images in the
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clinical applications. To relieve these concerns, our main goal here can be mathematically
described as restoring the true (or desired) image «from the acquired image £ which is
degraded by the Rician noise. For the particular Rician noise occurred in MRI, the degraded
image fcan be expressed as:

f= (u+,71)2+,7§ 1)

where 5, and r, represent independent Gaussian white noise.

Recently there have been many algorithms reported for removing the Rician noise, such as
non-local mean filtering [10], wavelet packet [11], and wavelet domain filtering [12]. At the
same time, other models or theories for Rician noise removal were presented, for example,
the model proposed by Rudin, Osher and Fatemi [13], where the primal-dual algorithm [14]
was employed to solve the model; and the maximum a posteriori (MAP) model [15], where
the L2 gradient-descent numerical method was used to solve the model. In the MAP model,
the first item reflects the data fidelity under the image acquisition process condition and the
second term considers the characteristics of the desired true image as much as possible.
Unfortunately, these two items of the MAP model together render a non-convex cost
function, resulting in a challenging task for solving the model or minimizing the cost
function. To mitigate the challenge, Getreuer et al proposed a convex model [15] to
approximate the MAP solution and solved the convex model by the Split Bregman Iteration
(SBI) algorithm [16][17]. Although this approximated model is convex, its fidelity item is a
piecewise function which is complicated and its mathematical properties are not very clear.
To avoid the complication of the piecewise function, Chen et al [18] proposed a convex
model to describe and remove the Rician noise, based on the newly-established Total
Variation (TV) theorem.

Although the newly-established TV regularization strategy can preserve the nature of the
edge very well, it will make flat areas spread along the edge direction and produce virtual
edges inside a flat image area. This results in the so called blocky artifact. On the other hand,
sparse is an important characteristic of natural images [19] and it has been applied
successfully in the domain of image processing, such as image de-noising [20][21][22],
image de-blurring [23], super resolution imaging [24][25][26][27], etc. Based on these two
observations, a new regularization strategy for the Chen model [18] is proposed in this study.
Using sparse representation, we avoid computing the gradient so the removal of Rician noise
does not generate blocky artifacts. The SBI algorithm is employed to solve the new model or
cost function. We update the associated dictionary in the sparse representation by the Kernel
Singular Value Decomposition (K-SVD) algorithm [21] to find the most appropriate
dictionary for image restoration. Compared with most of the TV-based Rician noise
removing models, the effect of sparse feature representation used in this paper is much
better. The experimental results show that our model can retain more edge details in the
restored images.
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The rest of this paper is organized as follows. Section 2 introduces the related works and our
new model. Section 3 shows some experimental results. Conclusion is drawn in Section 4.

2. METHOD

2.1. Some relevant models

Getreuer et al. [15] propose a TV-based model based on the MAP framework. According to
equation (1), fis a known degraded image and v is the original image. The probability
distribution function of 7 for Rician noise, is given by

u+f

P(flu) = Lexp(— B, (f 4 (@)
(o2

where ¢ is the standard deviation of the noise, and By, is the modified Bessel function [28] of

T
zero order B, (x) = %f ¢**eos(nd)ds. The MAP solution for the original image v is
0

expressed as # = arg maxP(ul ). By using the Bayes’ theorem, we obtain
u

arg maxP(ul f) & arg maxP(u)P(flu) < arg min ( — log(P(u)) — log(P(f1u))) (3)

According to the Gibbs prior [5], we assume the prior P(u) = exp(y| Vuldx), where y is a
parameter and V is the gradient operator. Then, according to the Rician distribution (2), we

can obtain
1 2, 2 Su
inf|l — (u +f )dx— log Bo| =~ |dx+v [ |Vuldx
u |20 o
Q Q Q

where Q is the image domain. Since the noisy image fis known, the model (4) can be

written as
mf( / 2dx — / log BO( )dx+y f IV uldx

Chen et al. [18] add the penalty term %/(\/ﬁ —J/)%dx into the original model (5) and obtain a
Q

(4)

®)

new model as follows
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inf| f 2d)c—‘/‘logB(
u 26

This model is solved by primal-dual algorithm [14]. In the rest of the paper, we refer to this
as Chen’s model for simplicity.

)dx+ f(f \/_)de+y/IVu|dx (6)

2.2. The new model based on sparse representation and dictionary learning

2.2.1. The de-noising model—Assume 7 € R" is an image ( represents the size of
image, it also can be seen as a number of total pixels in the image if the image matrix piles

N,
up by column) and 7, € R 'is one of the image patches extracted from the image /with size

NXN.
N;. Using an over-complete dictionary matrix D € R !, every image patch can find an

N,
appropriate sparse vector «; € R * such that 7, ~ Da;. The entire image can also be
represented by the set of { ai}and the sparse coefficients « obtained through all sparse

vectors. We change the regularization term of the model (6) and rewrite it as:

2 logB( ) + L= 1+ ||] stu=Da (7)

1
o 5ol

where £, u, By, o and a were defined before, x is a parameter, ||-|[pand ||-||» represent 0-norm
and 2-norm separately. The SBI algorithm [16] is used to solve the problem (7). Equation (7)
can be converted into an equivalent form as follows,

rLrtligl (G(u) + R(a)), s.t. u—Da=0 (8)

where G(u) = ul|, — log Bo(f—;) + %H\/ﬁ - Jﬂ@ and R(a) = ﬂHaHO. According to the SBI
o

algorithm, the problem (8) can be solved as

LHl = argmin(R(a) + %”Da —uk 4 yk”§) 9)
a

W= argmin(G(u) + %”Dak ot yk”§) (10)
u
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k+1 k k+1 k+1
Y=y —p( 1 -Dd+1) (1)

where yis the related variable of the SBI algorithm, p is a parameter and & is the number of
iteration. We will describe the solution of variables « and in detail below.

The o sub-problem: The problem (9) can be rewritten as

= arg:zin(%”a”o + %”Da - rk”§) (12)

where /& = uf — | every image patch ri=Rjr, R; is an operator that extracts the patch *

from 7. From the view of image patch, the problem (12) can be changed to

a= arg;nin Z %”Daj - Rjrk||; + Z %”“i”o (13)

J J

where a; is a sparse vector and K is a parameter. Sparse image coefficient & can be obtained

by Equation (13) and the initial training dictionary D is a complete DCT dictionary. The
problem (13) can be solved by the orthogonal matching pursuit (OMP) algorithm [29].
Figure 1 is the procedure of the new model based on sparse representation and dictionary
learning.

Thewu sub-problem: The problem (10) can be converted to:

min(G(u) + F(v)), s.t.u—v=0 (14)

where G(u) = . 2 u) 4 L1 e =712 Foy = 2 pak + 1 = v+ || According t
u)—z— u||, = log By | + —IVu = Vfll5, F(v) = 5| Dat v+y"|l,. According to
(2

2
o

SBI algorithm, the problem (14) can be changed to

Yol - argmin(F(v) + %“uk -V- bk”;) (15)
v

= argmin(G(M) + %”u —kFT bk”;) (16)
u
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bk+1 — bk—/l(uk+1 _Vk+1) (17)

where b is the related variable of the SBI algorithm and 1 is a parameter.

Solution of variable v: It can be seen from equation (15), solution of the variable v contains
sparse coefficient o, and then we can convert this problem into a sparse representation for
each patch,

Sl =arg;m'n Z %HDalj+l _ij+y’;||§+%||uk_v—bk||§ (18)

J

The problem (18) is a convex problem and it can be solved as follows,

-1

KL E+ ) E RIR,| (A" = 6")+p E RIDas T +35)|  (29)

J J

where E'is identity matrix and 7 means transpose.

Solution of variable u: The derivative equation of objective function (15) has a unique
solution because the objective function is convex. Therefore, we can use the Newton’s
method [7][15] to solve the derivative equation.

2.2.2. The model of de-noising plus de-blurring—The Rician noise removal model
has been described in the past subsection. Now we will try to deal with the de-noising plus
de-blurring problem by the new model. The two kinds of blur models we consider in this
paper are Gaussian blur and motion blur. Meanwhile, images are also degraded by Rician
noise. Some visual effects are shown in Fig. 2.

With both the system blur and the presence of Rician noise, the degraded image Fcan be
expressed as

f=4/(Au+ 711)2 + 71% (20)

where A is a known linear blurring operator or a matrix if the image seen as a matrix. Then,
the following optimization problem should be solved in order to restore image.

. 1 2 Au- f 1 2
min 7‘2”‘4””2_1%’30( )+;||\/ﬂ—\/f||2+ﬂ”a”0), s.t.u—Da=0 (21)

2
U, o
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Equation (21) can be converted into an equivalent form,

min (G(z) + R(@)), s.t.u—Da=0, Au—z=0 (22)
,u,a

2 . . . L.
where G(z) = %”z”z —log Bo(f—zz) + §||\/Z - ﬁ||§, R(a) = ”H“”o' zisavariable and it is
20 c

constrained by Au. Then, the problem (22) can be changed to

2 P
i 2l o2 {2 + 2Nz 7B+ e+ gm0

u,a 262

P
+ 3= dut )

where y, and y, are variables related to the SBI algorithm, p,, p,are two weighted

parameters. The optimization problem (23) can be converted into the following sub-
optimization problems

dktl= arg{:nin(R(a) + %”Da —u+ y]1(||§) 24)

K= argzmin(G(Z) + %“Z ~ A+ }’g”i) (25)

k+1

u = argrin(%”Dak"' Yuy ylf”i + %”zk o Au+ yé”i) (26)

k+1 k k+1 k+1
B =y —py(adt =T (28

We will discuss the solution of the sub-problems one by one.

According to equation (24),
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o = argyin(p%”a”o + %HDa - r/f“i) (29)

where % = i — )%, the problem (29) can be written as

) . Z 1 K12 E K
a=argoftnln j”Daj_Rjrl”z"' . p_i”aj”() (30)

J J

This problem is similar to problem (13) and it also can be solved by OMP algorithm [29].
Then the initial training dictionary can be updated by K-SVD algorithm.

It is obvious that the objective function of problem (25) is strictly convex, we can use the
same method as (16) to solve it. The sub-optimization problems of variables zand v can also
be solved similarly as described in the previous section.

3. EXPERIMENTAL RESULTS

We use MATLAB 7.10 (R2010a) as the tool to carry out all algorithms on a PC with
Windows 7 operating system. The parameter » is manually selected as 1 in our algorithm for
all experiments. De-noising performance is evaluated using the structural similarity
index(SSIM) [30] and Peak Signal to Noise Ratio (PSNR) values in dB which is defined by

2
10 - log, o( M ) (31)

LY Wi ) - ut, )y
i= 1

1/=

where u'(x, y) denotes the restored image with respect to the original image u(x, y), mand n
are the width and height of image, M = max ( max u(,j),  max u'(i,j)).
1<i<m 1<i<m

1<j<n 1<j<n

Figure 3 shows some slices of T1 and T2 MRI images obtained from [30]. All slices come
from normal brain MRI images with slice thickness of 1 mm, no noise, and no intensity non-
uniformity. There are 181 slices for one 3D MRI brain image. We chose some slices
manually that contain more brain information for testing. The result of the new model will
be compared with MAP model [15], Getreuer’s model [15] and Chen’s model [18]. Some
visual effects of T2 weighted MRI images are shown in Fig. 2. Figure 4 shows the
corresponding SSIM and PSNR values for the images in Fig. 2. Together these demonstrate
that our model produces better results than the traditional methods on T2 weighed MRI
images. The average time of MAP model, Getreuer’s model, Chen’s model and our model
are 58.2896, 45.9461,60.7792 and 1774.2 seconds separately. Our model will spend more
time due to the dictionary learning. At the same time, the cost also depends on the size of the
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image, the hardware and software of the computer. It can be sped up with a stronger
computer and optimized algorithm.

The de-noised results of A T1 weighted MRI image slice and their corresponding SSIM and
PSNR values under different models are shown in Table 1 and Fig. 6. The details of images
obtained by our model are clearer than the results of other models. Notably, the blocky
artifact that appears from the other models does not occur in the images generated by our
model. This is more obvious for images with heavier noise levels. The SSIM and PSNR
values in Fig. 6 also reflect this phenomenon. Figure 6 and Table 1 show that our model is
superior to other models, not only in visual effects, but also in SSIM and PSNR values.

We also test some natural images with Rician noise to further evaluate the effectiveness of
our model. The size of the dictionary is 64x512 and the size of each image patch is 8x8
pixels. Experimental results indicate that our model is superior to the other three models on
natural images with simulated Rician noise as well. The blocky artifact does not appear in
the de-noised images from our model. This can be seen in Fig. 7, Fig. 8 and Fig. 9.

Figure 7 is the results of different models in removing the Rician noisy image “Barbara
(512x512)” with ¢ = 15. Figure 7(g) is the result of our model and the texture of it is clearer
than other results. Figure 8 shows the de-noising results on image “peppers (256x256)” with
Rician noise of standard deviation ¢ = 20. The PSNR value of our model (seen in Fig. 8(g))
is higher than the results of the other three models. We test the de-noising method on
“monarch (256x256)” with higher noise level of standard deviation ¢ = 25 and the results are
shown in Fig. 9. More PSNR values of experimental results are shown in Table 2. We also
emphasize the results of our method and have marked them in bold color in the Table. The
compared PSNR values can also be seen from Fig. 10 directly. It is obvious that the PSNR
values of our results are higher than the other three models.

Since we have demonstrated that our model outperforms the other three for both MRI and
natural images, we test some natural images for de-blurring and de-noising where the effects
are more readily visible. These images are tested with two kinds of blur models. One of
them is Gaussian blur with the window size 9x9 and standard deviation is 1, the other is
motion blur with the blur length 5 and the angle 30°. Meanwhile, after blurring, images are
also degraded by Rician noise with ¢ = 20. Figure 11 is the visual effects of different models
in removing the Rician noise and Gaussian blur in image “boat (512x512)”. Fig. 12 shows
the restored effects of “lena (512x512)” with Motion blur. Table 3 lists the corresponding
PSNR values. We also emphasize the result of our method and have marked them in bold
color in the Table. We note that in the presence of noise and blur, our model still performs
better than the other three models tested.

4. CONCLUSION

Image restoration is very important in the field of image processing. There are many types of
noise and proposed methods to deal with them. For the particular Rician noise occurred in
MRI, great efforts have been recently devoted to develop the corresponding noise-removal
algorithms, most notably the development based on the newly-established Total Variation
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theorem. However, all the developed algorithms have produced the “blocky” artifacts, which
deteriorate the image quality and causes image interpretation errors. On the other hand,
sparse is an important characteristic of natural images and it has been applied successfully in
the domain of image processing, such as image de-noising, image de-blurring, super
resolution imaging, etc.

Based on these two observations, a new regularization strategy for Chen’s model is proposed
in this study, based on sparse representation, to avoid gradient computing and therefore
prevent the blocky artifact in removal of the Rician noise. The SBI algorithm is employed to
solve the new model or cost function. We update the associated dictionary in the sparse
representation by the K-SVD algorithm to find the most appropriate dictionary for image
restoration. Compared with most of the TV-based Rician noise removing models, the effect
of sparse feature representation used in this paper is much better. The experimental results
show that our model can retain more edge details in the restored images.
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Figure 1.
The procedure of the new model based on sparse representation and dictionary learning.
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(a) (b) (c)

Figure 2.
MRI brain image with blur and noise. (a) original image; (b) Gaussian blur; (c) Motion blur;

(d) Rician noise only; (e) Guassian blur plus Rician noise; (f) Motion blur plus Rician noise.
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T1-MRI

T2-MRI

Figure 3.
Some slices of MRI images with size 217x181.
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Figure 4.
Experimental results for different slices. The 15t, 2nd, 31 rows are 78t, 88t 98t slice from

the same 3D T2 weighted MRI image. The 15t 2nd, 3rd 4th 5th 6th columns are original
image, noisy image, the result of MAP model, Getreuer’s model, Chen’s model and our
model separately.
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Figureb.
SSIM (top) and PSNR (bottom) values of denoised Brain MRI images corresponding to Fig.

3.
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Figure 6.

15

Standard Deviation

SSIM and PSNR values of denoised Brain MRI image with different models.
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Figure7.
Visual effects of different models in removing the Rician noise ¢ = 15 of image “barbara”.

(a) original image; (b) zoomed original image; (c) noisy image; (d) result of MAP model; (e)
result of Getreuer’s model; (f) result of Chen’s model; (g) result of our model.
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Figure8.
Visual effects of different models in removing the Rician noise ¢ = 20 of image “peppers”.

(a) original image; (b) zoomed original image; (c) noisy image; (d) result of MAP model; (e)
result of Getreuer’s model; (f) result of Chen’s model; (g) result of our model.
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Figure.
Visual effects of different models in removing the Rician noise ¢ = 25 of image “monarch”.

(a) original image; (b) zoomed original image; (c) noisy image; (d) result of MAP model; (e)
result of Getreuer’s model; (f) result of Chen’s model; (g) result of our model.
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Figure 10.
PSNR(dB) values of denoised image “Barbara”, “House” and “Lena” with different models.
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Figure11.
Visual effects of different models in removing the noise ¢ = 20 and Gaussian blur in image

“boat”. (a) original image; (b) zoomed original image; (c) noisy image; (d) result of MAP
model; (e) result of Getreuer’s model; (f) result of Chen’s model; (g) result of our model.
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—Jh

Figure 12.
Visual effects of different models in removing the noise ¢ = 20 and Motion blur in image

“lena”. (a) original image; (b) zoomed original image; (c) noisy image; (d) result of MAP
model; (e) result of Getreuer’s model; (f) result of Chen’s model; (g) result of our model.
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The results of images and SSIM, PSNR values of de-noised Brain MRI image under different models.

Table 1

Getreuer’s model
g
=10
SSIM=0.9340
PSNR=30.6292
g
=15
SSIM=0.9124
PSNR=25.4232
g
=20
SSIM=0.8765
PSNR=21.9422
ag
=25
SSIM=0.8339
PSNR=19.2112

MAP model

SSIM=0.9345
PSNR=31.2579

SSIM=0.9146
PSNR=27.1726

SSIM=0.8809
PSNR=24.4572

SSIM=0.8416
PSNR=21.9467

Chen’s model

SSIM=0.9338
PSNR=32.0959

SSIM=0.9123
PSNR=27.5423

SSIM=0.8785
PSNR=24.3484

SSIM=0.8353
PSNR=21.5361

Ours

SSIM=0.9385
PSNR=33.0389

SSIM=0.9286
PSNR=30.352

SSIM=0.8995
PSNR=28.5992

SSIM=0.8751

PSNR=27.3854
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The result of PSNR(dB) values of deblurring and denoised image under different models.

Image Models Gaussian Blur | Motion Blur
Boat Degraded 21.40 21.12
MAP 26.41 25.66
Getreuer’s 26.25 25.86
Chen’s 26.34 26.05
Ours 26.52 26.05
Barbara | Degraded 23.55 20.12
MAP 23.64 23.55
Getreuer’s 23.57 23.50
Chen’s 23.63 23.62
Ours 23.78 23.71
Lena Degraded 21.79 21.67
MAP 29.20 28.61
Getreuer’s 29.00 28.73
Chen’s 29.08 28.84
Ours 29.25 28.85
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