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Self Organizing Map algorithm and distortion measure

Abstract

We study the statistical meaning of the minimization of distortion measure and the relation
between the equilibrium points of the SOM algorithm and the minima of distortion measure.
If we assume that the observations and the map lie in an compact Euclidean space, we prove
the strong consistency of the map which almost minimizes the empirical distortion. Moreover,
after calculating the derivatives of the theoretical distortion measure, we show that the points
minimizing this measure and the equilibria of the Kohonen map do not match in general. We

illustrate, with a simple example, how this occurs.

keywords Distortion measure, asymptotic convergence, consistency, Self Organizing Map, empiri-

cal processes, Glivenko-Cantelli class, uniform law of large numbers, general neighborhood function.



SOM and distortion measure 3

1 Introduction

The distortion or distortion measure, is certainly the most popular criterion for assessing the quality
of the classification of a Kohonen map (see Kohonen [§]). This measure yields an assessment of
model properties with respect to the data and overcomes the absence of cost function in the SOM
algorithm. Moreover, the SOM algorithm has been proven to be an approximation for the gradient
of distortion measure (see Graepel et al.[6]).

Although the Kohonen map is proven to converge sometimes on equilibria points, when the
number of observations tends to infinity, the learning dynamic cannot be described by a gradient
descent of distortion measure for an infinite number of observations (see for example Erwin et
al. [2]). Moreover, Kohonen [9] has shown in some examples for the one dimensional grid, that
the model vector produced by the SOM algorithm does not exactly coincide with the optimum of
distortion measure. This property seems to be paradoxical, on one hand SOM seems to minimize
the distortion for a finite number of observations, but this behavior is no more true for the limit,
i.e. an infinity of observations.

In this paper we will investigate the relationship between the SOM and distortion measure.
Firstly we will prove the strong consistency of the estimator minimizing the empirical distortion.
More precisely, we will prove that the maps almost minimizing the empirical distortion measure will
converge almost surely to the set of maps minimizing the theoretical distortion measure. Secondly,
we will calculate the derivatives of the theoretical distortion, and deduce from this calculation that
the points minimizing the theoretical distortion differ generally from the equilibrium point of the
SOM, whatever the dimension of the grid. Finally we will illustrate, with a simple example, why

an apparent contradiction between the discrete and the continuous case occurs.
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2 Distortion measure

We also assume in the sequel that the observations w are independent and identically distributed
(i.i.d.) and are of dimension d. We assume that the observations lie in an compact space, therefore,
without loss of generality, they lie in the compact space |0, l]d. We assume also that these obser-
vations follow the probability law P having a density with respect to the Lebesgue measure of R,
this density is assumed to be bounded by a constant B. In the sequel we call centroid a vector of

[0, 1]d representing a class of observations w. We adopt in the sequel the notation of Cottrell et al.
1.

Definition 2.1 For e € N*, e < d, we consider a set of units indexed by I C Z° with the neighbor-
hood function A from I —1 := {i —j,i,j € I} to [0, 1] satisfying A (k) = A(—k) and A(0) = 1,

note that such neighborhood function can be discrete or continuous.

Definition 2.2 Note ||.|| the Euclidean norm, let

I
DS = {:17 = (wi)ier € ([0, 1]d> , such that ||z; — x| > 6 if i # j}

be the set of centroids x; separated by, at least, 9.

Definition 2.3 if x := (x;)icr is the set of units, the Voronoi tessellation (C; (x)),c; is defined by
Ci(x) = {w e [0, ||a; — w|| < ||lzk —wl| if k# z}

In case of equality we assign w € C; (x) thanks to the lexicographical order. Conversely, the index

of the Voronoi tessellation for an observation w will be defined by

C Y w) =i€el,if and only if w € Ci(x)
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Definition 2.4 distortion measures the quality of a quantification with respect to the neighborhood

structure. It is defined as follows:

o Distortion for the discrete case (empirical distortion): We assume that the observations are
in a finite set Q@ = {w1, -+, wn} and are uniformly distributed on this set. Then, distortion

measure 1S

V@) =53 3 (S AG— )yl

i€l weCy(z) \J€l

e Distortion for the continuous case (theoretical distortion): Let us assume that P is the distri-

bution function of the observations. The theoretical distortion measure is

Vi) =g A0 [

z; — wl||* dP
ijel i(2)

x
As mentioned before the distribution P has a density with respect to the Lebesgue measure

bounded by a constant B > 0.

The distortion measure is well known to be not continuous with respect to the centroids (z;);cs
for the discrete case. Indeed, if an observation is exactly on an hyperplan separating two centroids,
shifting one of the centroids will imply a jump for the distortion. So, the distortion is not continuous
and, in general, a map which realizes the minimum of the empirical distortion, does not exist.
However, if we consider the sequences of maps =™ such that the distortion V;,(z™) will be sufficiently
close to its minimum, then we will show that such sequences of maps 2" will converge almost surely

to the set of maps which reaches the minimum of the theoretical distortion measure V (z).
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3 Consistency of the almost minimum of distortion

This demonstration is an extended version of Rynkiewicz [II]. It follows the same line as Pollard

[10], so we will first show a uniform law of large numbers and then deduce the strong consistency
property.
3.1 Uniform law of large number
Let the family of functions be
G:= ZA w) —7) |lz; — wl? for z € DY (1)
jel

In order to show the uniform law of large numbers, we have to prove that:

sup
mGD?

[ wiiruo) - [ at)aPw)

since, for all probability measure @ on [0, 1]%:

[ e = [ A0 =)l —wlfa@e) = 5 MG [l - elfaQe

Jjel i,7€1
(3)

Now, a sufficient condition to verify the equation (2) is the following (see Gaenssler and Stute [5]):

Ve > 0,V € D? a neighborhood S(z) of x( exists such that

[ sidr) =< [ (xei&go)gmw)) aPw < | (xes;(go)gmw)) 1P@) < [ ga)iP(e) +

(4)
First we prove the following result, using a similar technique as the proof of lemma 11 of Fort and

Pages [3]
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Lemma 3.1 Let x € D‘Is and X\ be the Lebesgue measure on [0,1]%. Note E€ the complementary set
of set E in [0,1]% and |I| the cardinal of set I. For 0 < o < %, let

U (z) = {w € [0, 14/3y € DY, x; = y; if j #i and ||z; — yi|| < @ and w € CE(y) N Ci(x)}

be the set of w changing of Voronoi cells when the centroid x; are moving a distance of at most o.

Then
sup,epp A @) < (111 1) (5 +a) (V) 5)

proof Let z and y € D? checking the assumption of lemma Bl and j # ¢ € I. In order to
prove the inequality, we have to bound the measure of w belonging to the cells Cj(z) and C;(y)

simultaneously, since (Ci(y))® = Ujes 2 Cj ()

Tj—X4
llj =l

Note (z|t), the inner product between z and ¢, and 7Y := The parameter vector
T+ ’ylﬁﬁvj will be the vector with all components equal to x except the component i equal to
T, + 7 ﬁ?

Since [ly; — ;]| < a, we have (y; — x; |ﬁ;ﬂ) =y with 91| < a < %. As the Lebesgue measure
(of R%=1) of all plane sections of [0,1]¢ is bounded by (\/i)d_l, when there is a movement of the

centroid x;, of ylﬁgﬁ, the Lebesgue measure of w changing of Voronoi cells is then bounded by

B (v2)" so

MO (@41 7Y) N Cila) < a(v2)" (6)

.. [}
Moreover, we note that x + ;7% belongs to D;.
On the other hand, let y; — x; — 1 WY := % 7Y, with ||7%|| = 1, be the orthogonal component
to 7' of the movement of z; to y;, i.e. such that (W;ﬂ |?§c]) =0.
. s
As it is shown in figure (), in dimension 2, for all 2’ = z + vy, W% € D?, the Lebesgue measure

of w changing of Voronoi cells for a movement of centroid z}, of yg?ﬁcj is bounded by 27"‘ (\/5) -t
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Therefore, we have

MG (z+mRY +797Y) N Ci(x)) <a <\/§) - + 2a <\/§>d_1 (7)

Figure 1: hatched area < % < —‘/5;206

! V2 v
<
0/2
V2
X
* 902
X'
*Y
0
As this inequality is independent of x, finally we get:
iy - 20y d—1
sup A (Cj (z+ 7Y +7%7TY) NCi(z)) < (a + —> (\/5) (8)
xED? 1)
then
2 d—1
sup A (U (z)) < (JI] — 1) <a + —“) (\/5)
zeD? 0
I
|

Now consider z° € D? and S(2%) a neighborhood of z° included in a sphere of radius a. Let

W (x") be the set of w remaining in their Voronoi cells when z° go to any = € S(zg). For all
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w € W(x") we have

infpe5(e0) 00(@) = 9a0(@) = Xer A (Ot (@) = 5) (e = w2 = infocsen) [12) — w]?)

> g,0(w) = Xjer (19 = @l — infresipo) 129 - w?)

(9)

For all w € [0,1]¢, for a small enough «, we have (||:17(; —w|? - inf,cg(z0) 12 — w||2) < %lfl S0

29 —w|?— inf x‘—w2>de <§and/ <gxow— inf gxw> =
/W@O)j;(u ol nt oy ol ) dP@) < S and [ (g0~ inf 0:)) <5
(10)

Now, let W (2%)¢ be the set of w changing of Voronoi cells when the centroids go from z° to
x € Sy0. For all w € W(z")¢ there exist two different indices i and j such that w € C;(2°) and
w € Cj(z). Let us define a sequence z*, k € {0,---, |||}, by sequentially changing the components
of 2° into the components of x such that 2/l = 2 (2* is the set of intermediate configurations
to transform 2 in z), then there exists a moment I € {0,---,|I| — 1}, such that w € C;(z!) and
w ¢ C;(2'*1). Indeed, if it were not the case, you could find a sequence z*, k € {0, - -, |I|}, with
2l = 2 such that w € Cj(z/!l) = C;(x), which would be a contradiction. So W (2°)¢ is included in
the set of w which change of Voronoi set when we change sequentially the components of 2° by the
components of x.

If a< %, then when the components x? of ¥ are moving sequentially from 2° to x; of z, each
intermediate configuration stays in DI%. Since, for all i € I, ||z; — w]||? is bounded by 1 on [0, 1],

the lemma B.1] assure that

/W(xO)C gz(w)dP(w) < BII|(|I| — 1)) (4704 +a> <\/§)d—1 "
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Finally, if we choose a small enough o such that B|I|(|I| — 1)) (% + «) (\/§)d_1 < 5, we get

J,

Exactly in the same way, for a small enough «, we get

gp0(W)dP(w) —e < /

)
DI

; (Laag 1) v a2

/ ( sup gx(w)> dP(w) </ gzo(w)dP(w) + & (13)
D3 D3

z€S(x0) 9

Therefore, the sufficient condition for the uniform law of large numbers is true.

3.2 Consistency

We want to show the consistency of the procedure involving choosing maps (z™),en+ which almost
minimizes the empirical distortions (V,,(z))nen in D?.
Let
X2 = {:17 € D9 such that V,,(z) < inf V,(z)+ L} (14)
z€D? B(n)

be the set of estimators that almost minimize the empirical distortion, with B(n) being a strictly
positive function, such that lim, o B(n) = oco. Let y = arg min, ¢ ps V(z) be the set of maps
minimizing the theoretical distortion, eventually reduced to one map. It is easy to verify that the
function z — V (z) is continuous on D‘IS, so for all neighborhood N of x, n(N) > 0 exists such
that

Vo € DI\N, V (z) > min V () + 1 (N) (15)

mGD?

to show the strong consistency, it is enough to prove that for all neighborhoods A of ¥ we have

a.s.

lim X EN = lim V(1) V() < 0 (V) (16)
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1 _ a.s.

with V(E) — V(F) = sup{V (z) =V (y) for x € F and y € F'}. By definition V, ()ZS) a;
Vi (X) + IOk and the uniform law of large numbers yields lim, .V, (x) — V (x) = 0

then lim,,_o0 Vi (;zﬁ) ag V(x)+ %N) Moreover, we have lim,_,o, V (xﬁ) -V, <)Zg> £ 0 and

n—o0 n—oo

lim V (;zﬁ) - %N) 2 lim (;zﬁ) TV + %N) (17)

a.s.
finally lim, ,o V (;zﬁ) —V(x) < n(N), this proves the strong consistency of the maps which

almost minimizes the empirical distortion.

4 Differences between the SOM algorithm and distortion measure

Using the result of the previous section we can investigate the differences between the minima
of the empirical distortion and the equilibria of the SOM algorithm. Namely, if these equilibria
were maps almost minimizing the empirical distortion criterion they will converge, as the number
of observations increases, to the minimum of the theoretical distortion measure but we will show
that it is not generally the case. In the next section we will compute the gradient of the function
V(z), and show that even in multidimensional cases, the equilibria of the SOM algorithm and the
minima of V(z) do not match. These results generalize the results of Kohonen [9] obtained for

unidimensional cases.

4.1 Derivability of V (z)

Let us now write

Dy = {(x - (xlznd))ej c ([0, 1]d)1 ‘sz c {1,---,d}(

xf—xg?H>0 ifz’;ﬁj} (18)
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For ¢ and j € I, notes ﬁf,g the vector ﬁ and let
J %

M = {ueRd/<u— xi;xj,xi—g;j> :o} (19)

be the mediator hyperplan. Let us note A2 (w) the Lebesgue measure on MY . Fort and Pages [3],

have shown the following lemma:

Lemma 4.1 Let ¢ be an R valued continuous function on [0,1]%. For x € Dy, let be ®; (z) :=
fC’i(x) ¢ (w) dw. We note also (e1,---,eq) the canonical base of RY. The function ®; is continuously

derivable on Dy and Vi # j, 1 € {1,---,d}

0P; B 1, i 1 T + T y
ol 7 = /C‘i(x)ﬂc_'j(x)qb(W) {5 (7deu) + Ta; —aill << 2 _w> ’el>})\xj wWhd (20)

J

2% (2)

Moreover, if we note ?‘9% () =

' (z) (21)

Then, we deduce the theorem:

Theorem 4.2 If P (dw) = f (w) dw, where f is continuous on [0;1]%, then V is continuously deriv-
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able on Dy and we have

gg‘c/l (@) =2 per A —k) ka(:c) (zi — w) P (dw)
+3 djer 2ker ki Ak =) — A(i = 7))

(22)
* Jevwne e = eI <%ﬁ§i oy X (P - W))
fw)Aydw
S (@)
where g—X (x) =
507 (@)

Proof As the function V () is continuous on Dy, we only have to show that the partial derivatives
exist and are continuous. We note hé e RUIXd the vector with all components null except the

component corresponding to xﬁ , which is h > 0. Then

V(z+hl) -V (z)
I
% Zk,je[, k,j#i A(k—j) ka(Hhﬁ) [l _W”ZP(dw)—% Zk,je], k,j#i A(k—j) fck(z) ll; _W”zp(dw)
h
3 X jer, jri Ai—j) fci(mhﬁ) 2 —wl|® P(dw)— 5 3 e s Ai—5) Je, @) |z —w||® P(dw)
2 (23)
. 2
3 Ckerpzi Mk—i) fck(erhl.)er‘rhé_wH P(dw)= [o, () l2i—w]|*P(dw)
7
h

%(fci(xmﬁ) ||xi+h§_w||2p(d“’)‘fci(w>”““"”zp(d‘”))

Where the first two lines of the sums concern centroids different from x; and the last two lines the

variation involving xz;. Now, by applying the lemma 1] to the first two lines of the sum we get:
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V(z+hl)-V(z)

limy, 0 7 Zk,ye[ ki N (k= J)

-2
Je@ncu@ 175 = I {% < l> + g % (P~ w) a€l>} A (w) dw
_% Zk,jel,k,j;éiA( —J)

S e = wl? {3 (78 e) + _xkn X (55— w) en) AR () d (24)
iy e A=) g (Il 42—t oW () o g sl P ()
. } (fci(z+hg ) Ilfvz-—wll2+2h<xé—wﬂj(h)P(M—fci(z) il P(d) )
Then, by applying the lemma 1] to the last two lines, we get:
tig g Y — 45 s (B =)~ AG = )
J6, (o)) 1175 — {% <WI;Z, €l> + ||:l:,-—1xk|| x (Bt — W) ,el>} i (W) dw
+5 D perppi Ak — 1) )
Je@ne @ e = wlIl? {l <ﬁ§i,el> + ey X (B —w) ,61>} Mt (W) dw
3 Zke[ ki fck )G () 1% — wl|? {% <ﬁm €l> + 1= -'Ek” x ((Bfm — ) ,el>} N (W) dw
+ 3 ker Ak =) fo, ) w} — w')P(dw)
finally
hmh_’ow - g r () = 5 2ok jer wpi Ak —35) = A(i = 7))
Jev@ncuw) II% w]|? {% < Moe > + ey x (B2 - w) ,el>} A () du (26)
+ 2 her Ak —i fC’k(x) w') P(dw) M

If we assume that the minimum of distortion measure is reached in the interior of D (i.e. that
no centroids collapse), we deduce from the previous results that it does not match the equilibrium

of the Kohonen algorithm. Indeed, a point x* := (z]),.; asymptotically stable for the Kohonen



SOM and distortion measure 15

algorithm will verify for all ¢ € I:

ZA(i—k)/ (z; —w) P (dw) =0 (27)

This equation is valid even for the batch algorithm (see Fort, Cottrell and Letrémy [4]). It can

match with a minimum of the limit distortion only if

3 2 e oner i (A (k—=7) = A(i = j))

. (28)
1 1 1 it ki —

but, in general, this term is not null.

4.2 Example of a Kohonen string with 3 centroids

The previous section has shown that the minimum of distortion measure does not match the equi-
librium of the Kohonen algorithm. We will illustrate this with a simple example. The classical
explanation (see Kohonen [7]) of local potential minimization by the Kohonen algorithm is far from
being satisfactory. Actually it seems that the minima of the distortion measure always occur on a
discontinuity point, where the function is not derivable.

To illustrate this, let a Kohonen string be on segment [0,1] (see figure [2)), with a discrete

neighborhood
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Figure 2: Kohonen string

1 1

4.2.1 The theoretical difference

The equilibrium of the SOM algorithm is reached on points z verifying

OV () = Jor@) (@1 = w) P(dw) + [oy 4 (#1 —w) P (dw) =0

Ox1
% (v) = fcl(x) (2 —w) P (dw) + fCQ(fE) (29 — w) P (dw) + fc3(x) (2 —w) P(dw) =0 (29)
g—;/s (z) = sz(:v) (r3 — w) P (dw) + fc3(m) (r3 —w) P (dw) =0

but the minima of the distortion are reached on points z verifying

00) + foy (o) (11— w) P (dw) = [las — 2522 |* £ (2522) = 0
g—;/z (z) = fcl(m) (g — w) P (dw) + sz(:v) (rg — w) P (dw) + fc3(m) (9 — w) P (dw)

o (@) = Joy (0 (@1 —w) P (dw)
P (dw)

4 llws — =2 f (2422) 4 ] oy — g2 | f (2422) =0
(dw)

2
I (@) = Joy(e (@3 = @) P (d) + Jo ) (23 = @) P (d) + [l — 22528 ° f (252) =0

dxs

If we assume, for example, that the density of observations is uniform Ujg,y), i.e. f(z) = 1ifz € [0;1],

then these two sets of points have no point in common. Indeed, if the two sets are equal then

T3 — {El—gwg — 0
(31)

xr] — {Ez—;wg — 0
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Therefore, x1 = x9 = x3, but this point is clearly not an equilibrium of the Kohonen map.

4.2.2 Illustration of the behavior of distortion measure

We will see that if one draws data with a uniform distribution on the segment [0, 1] and then one
computes the minimum of the distortion, then this minimum is always on a discontinuity point.
The more observations one has, the more discontinuities there are, but the global function looks

more and more regular. This is not surprising, since we know that the limit is derivable.

The method of simulation Since we have no numerical algorithm to compute the exact min-
imum of variance, we proceed by exhaustive research based on a discretization of the space of the
centroids. To avoid too much computation, 0.001 is chosen as the discretization step. The following

figures are obtained in the following way:

1. Simulate n “data” (w1, -,wy), chosen with a uniform law on [0, 1].
2. Search exhaustively, on the discretization of Dy, the string which minimizes the distortion.

3. For the best string («7,x3,2%), the graphical representations are obtained in the following

way:

e 3D Representation: we keep one centroid in the triplet (z], x5, z3), then we move the
other around a small neighborhood of its optimal position. The level z is the extended

variance multiplied by the number of observations n.

e 2D Representation: we keep two centroids in the triplet («7, z3, 23), then we move the
last one around a small neighborhood of its optimal position. The level z is the extended

variance multiplied by the number of observations n.
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The following figures show the results obtained for a number of observations n varying from 10,
100 and 1000. We notice that, even for a small number of observations, the minima are always on

discontinuity points.

Figure 3: Distortion measure for 10 observations
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Figure 4: Distortion measure for 100 observations

\/

1195 1200 1205 1210 1215 1220
. L .
)
(
|

12,

12.05

12.00
L
~
~
121
L

| \\\
-
12‘0
e
\\\

03 032 034 036 038 046 048 050 052 054 056 062 064 066 068 070 072
x1

xa

Figure 5: Distortion measure for 1000 observations
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5 Conclusion

For a finite number of observations, the Kohonen algorithm was supposed to give an approximation
of the minimum of distortion measure, but if it were the case, then why can the points of equilibrium
of the algorithm be different from the theoretical minimum of distortion? Moreover, we have shown
that if we choose maps that almost minimizes the empirical distortion, then these maps have to
converge to the set of maps which minimize the theoretical distortion. But, by calculating the
derivative of the theoretical distortion, we have shown that the equilibria of the Kohonen map can
not minimize this distortion in general. We illustrate this fact with an example where the minimum
is always reached on discontinuity points. This fact proves that the local derivability of distortion
measure is not an important property and is not a satisfactory explanation for the behavior of the

Kohonen algorithm when the number of observations is finite.
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