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RF peak power reduction in CAIPIRINHA
excitation by interslice phase optimization
Alessandro Sbrizzia*, Benedikt A. Poserb, Desmond H. Y. Tseb,c,
Hans Hoogduina, Peter R. Luijtena and Cornelis A. T. van den Berga

The purpose of this work was to show that the overall peak power of RF pulses for CAIPIRINHA excitation can be sub-
stantially reduced by applying interslice phase relaxation. The optimal phases are scan dependent and can be
quickly calculated by the proposed method.
The multi-band RF pulse design is implemented as the minimization of a linear objective function with quadratic

constraints. The interslice phase is considered to be a variable for optimization. In the case of a phase cycling scheme
(CAIPIRINHA), the peak power is considered over all pulses.
The computation time (about 1 s) is compatible with online RF pulse design. It is shown that the optimal interslice

phases depend on the CAIPIRINHA scheme used and that RF peak power is reduced when the CAIPIRINHA phase cy-
cling is taken into account in the optimization.
The proposed method is extremely fast and results in RF pulses with low peak power for CAIPIRINHA excitation.

The MATLAB implementation is given in the appendix; it allows for online determination of scan-dependent phase
parameters. Furthermore, the method can be easily extended to pTx shimming systems in the context of multi-slice
excitations, and this possibility is included in the software. Copyright © 2015 John Wiley & Sons, Ltd.

Keywords: RF pulse design; CAIPIRINHA; multi-band; RF peak power; interslice phase relaxation; simultaneous multi-slice;
active-set; linear program

INTRODUCTION

The quest for faster MRI scans has recently led to the revival of
multi-band imaging (1–3), where several slices are simulta-
neously excited while a 2D field of view (FOV) is acquired. The
resulting image can be unfolded by exploiting the sensitivity
profiles of the receive coils (4–6). The controlled-aliasing-in-paral-
lel-imaging-results-in-higher-acceleration (CAIPIRINHA) method
(7) has increased the efficiency of the multi-band techniques. This
approach relies on adding a phase off-set pattern for readout
lines of 2D acquisitions. The effective linear phasemodulation ob-
tained along the phase encoding direction results in a shift of the
image. Images belonging to different slices do not collapse on
top of each other, thus are easier to unfold (lower g-factor pen-
alty) (7,8). The phase cycling effect can be obtained in two differ-
ent ways: by a gradient blip (9) or by a slice-dependent phase
term in the RF excitation (7). The first solution requires fast control
of the gradients and accurate eddy current compensation. In ad-
dition, only regular phase schemes are obtainable, in which the
slice shift is proportional to the slice distance from the isocenter.
The second method employs RF excitations to achieve the

slice shifts, specifically by cycling through a set of multi-band
RF pulses that contain the desired slice-specific phase cycling pat-
tern. This approach is more flexible than using gradient blips, as
any arbitrary slice shift can be produced for each slice, indepen-
dent of the relative slice position. However, RF-induced phase cy-
cling can not be obtained in an EPI scan, which is an important
tool for, among others, fMRI and DTI studies. The two methods
share the need for multi-band pulses, which in the case of simple
complex summation of the N corresponding single-band pulses
will have a factor of N higher transmitter voltage (N2 higher peak

power) (2,10). This sets constraints on the examination time and
results in pulses with a narrower frequency bandwidth.

To overcome excessive RF peak power, the so-called VERSE
technique (11) can be applied. In addition, (12) shows that by in-
creasing the duration of the multi-band pulse and time-shifting
the different frequency bands, the peak voltage can be reduced.
A recently introduced method to effectively reduce the RF
power is the so-called power-independent-of-number-of-slices
(PINS) technique (13), which relies on a periodical slice excita-
tion to uniformly cover the volume of interest. Its application
is not possible when the excitation is reduced to a portion of
the FOV, and it does not allow RF-induced phase cycling.
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Moreover, the waveforms become longer and thus more sensi-
tive to off-resonance effects, as mentioned above.

An approach to mitigate the peak voltage (or peak power)
problem in regular multi-band pulses was proposed for the first
time in (14) and recently extended in (15): through relaxation
of the phase of the target magnetization profile, it is possible
to design multi-band RF pulses with lower peak amplitude. To
achieve this, a minimization problem is solved that considers
the phase of each slice as a variable of the optimization. The op-
timal interslice phases for N ≤ 16 have been tabulated in (15).

In this work, we extend the principle of interslice phase relax-
ation to multi-band RF pulses required for CAIPIRINHA imaging.
We will show that the interslice phase optimization depends
upon the particular phase cycling scheme required for the signal
acquisitions: pulses that excite different phase profiles (required
for the image shift) show different interference patterns. The
CAIPIRINHA cycling scheme and thus the corresponding optimal
phase relaxation values are scan dependent. Tabulating all possi-
ble combinations as presented for the unmodulated MB excita-
tion in (15) would be infeasible, since not only the number of
slices, but also the CAIPIRINHA factor and the specific phase cy-
cling patterns influence the optimal phases. Furthermore, when
pTx systems are employed, the patient-specific amplitude and
phase of each transmit channel for each slice have to be taken
into account. It follows that the phase optimization has to be
performed online on the scanner.

In this paper, we demonstrate an efficient algorithm that
returns the optimal phases in about 1 s on a standard desktop
PC. Control of the RF peak power over all RF pulses of a CAIPIRI-
NHA excitation is quickly obtained. For comparison, the compu-
tation time required by the method based on (15) for 1000
restarts is of the order of minutes.

The mathematical derivation of the design process is illus-
trated in the theory section, with more details in the appendix.
Three numerical experiments are presented, in which speed, ro-
bustness and performance of the new approach are evaluated. It
will be shown that (a) control and minimization of the RF peak
power over a whole CAIPIRINHA cycling scheme are necessary
and are obtained by the proposed method, (b) the achieved RF
peak amplitude values are close to the theoretical minimum
value of

ffiffiffiffi
N

p
(where N is the number of slices) (15) and (c) the

computation time allows for online, scan-dependent implemen-
tation of the interslice phase optimization. Although not strictly
necessary for the validation of the new algorithm, a scanner ex-
periment is performed to prove the practical feasibility of the ob-
tained pulses. This is demonstrated in a phantom at 7 T MRI.

The MATLAB code is provided in the appendix.

THEORY

Given a single-band RF waveform b(t) and the corresponding
slice selective gradient value, G, the RF waveform f that excites
N slices at locations zn (n= 1,…,N ) is given by

f tð Þ ¼
XN
n¼1

b tð ÞeiγGtzn : [1]

The constructive interference of the complex exponential
terms eiγGtzn quickly leads to high peak power (15).

To overcome this problem, Hennig (14) and Wong (15) sug-
gest relaxing the phase of each slice, namely, to add phases ϕn

(n= 1,…,N) to the complex exponentials. The resulting RF wave-
form becomes

f t;ϕ
→� �

¼ b tð Þ
XN
n¼1

ei γGtznþϕnð Þ [2]

whereϕ→ ≡ ϕ1;…;ϕN½ �. A proper choice ofϕ→ leads to a favorable
interference of the complex exponential terms, which results in a
drastic reduction of the peak power of f. The terms in the sum
represent a mode beating that can result in destructive interfer-
ence by optimizing ϕ→. This kind of problem is relevant in other
applications, for instance in optics. Its theoretical minimum isffiffiffiffi
N

p
(15), but this is not necessarily attainable (see also the dis-

cussion about the interference of various spontaneous atomic
emitters in (16)).

Phase cycling schemes

Recent developments in multi-band imaging include the so-
called CAIPIRINHA technique (7). A lower g-factor penalty can
be obtained when images from different slices are superimposed
with an off-set in the phase encoding direction. One way to
achieve this off-set is to cycle the RF excitation over a phase cy-
cling scheme Ψ= (ψp,n), where ψp,n ∈ [0, 2π) denotes the phase of
the nth slice obtained from the pth RF.
For example,

Ψa ¼
0 0 0 0 0

π 0 π 0 0

� �
[3]

implies that two five-band excitation pulses are alternated. The
first RF pulse leaves the phases unchanged and the second
one applies a 180° phase to the first and the third slice. By al-
ternating the two RF waveforms for every k-space line, the
resulting folded image will exhibit a shift by FOV/2 for Slices 1
and 3 with respect to Slices 2, 4 and 5. Note that this asymmetric
cycling scheme might be required in cases when only the first
three slices are affected by high g-factor values, in which case
no shift is needed for Slice 5. Asymmetric phase cycling schemes
can also result from algorithmic design of CAIPIRINHA sequences,
as shown in (17). In a similar way, the phase cycling scheme

Ψb ¼

0 0 0 0

0
π
2

π
3π
2

0 π 0 π

0
3π
2

π
π
2

0
BBBBB@

1
CCCCCA [4]

requires the alternation of four RF pulses, and the resulting folded
image will exhibit shifts by 0, FOV/4, FOV/2 and 3FOV/4 for Slices
1, 2, 3 and 4, respectively.
A phase cycling scheme has a direct effect on the shape of

the corresponding RF waveform, and thus on the peak ampli-
tude. Therefore, an optimal phase relaxation scheme for a
standard (not CAIPIRINHA) multi-band excitation could still
give rise to a high peak amplitude when the phase of each
slice is cycled according to a given Ψ. To show this, suppose
the excitation scheme given by Ψa is required. Applying the
phases reported in (15) for a two-slice excitation, one obtains
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the pulses shown in Fig. 1. Note that, while the optimal phases
are effective in reducing the peak power of the first pulse,
they are unable to lower it for the second one. The overall
peak value (that is, the maximum over Pulses 1 and 2) is just
10% lower than the peak value for the standard, non-
optimized pulse.
The previous example shows the need for scan-dependent

interslice phase optimization, which is closely connected to the
CAIPIRINHA phase settings Ψ.
The optimization procedure employed in (15) does not in-

clude the CAIPIRINHA cycling. In addition, it could require a large
number of restarts, as reported in (15), where 5000 restarts are
used. This makes the online implementation unfeasible. For
these reasons, we propose an efficient implementation of the
CAIPIRINHA-dependent phase optimization.

Optimization

We first derive a model for the problem. Given a pulse b, slice se-
lective gradient waveform G, slice positions zn and a CAIPIRINHA
scheme Ψ, the pth pulse of the excitation scheme is given by

f p t;ϕ
→� �

¼
XN
n¼1

b tð Þei γGtznþψp;nþϕnð Þ: [5]

The CAIPIRINHA interslice optimization problem becomes that
of finding the optimal phase vector ϕ→� that minimizes the peak
RF over all pulses.
In compact mathematical notation,

ϕ→� ¼ arg min
ϕ→

max
t;p

f p t; ϕ
→� ���� ���: [6]

The problem given in Equation [6] is not convex, and the ob-
jective is not differentiable with respect to ϕ. This explains why
many restarts are needed to obtain a good solution. In addition,
the non-differentiability implies that the gradient of the function
is not explicitly obtained, resulting in slower convergence behav-
ior. In the appendix, we derive an equivalent expression for the
peak minimization problem that is differentiable and shows
fewer problems with respect to local minima.

The problem can eventually be cast as the minimization of a
linear objective with quadratic equality and inequality con-
straints:

minimize cTy [7]

such that yTQhy ≤ 0; ∀ h [8]

yTPny � 1 ¼ 0; n ¼ 1;…;N: [9]

The gradients of the objective and constraint functions with
respect to y are easily derived (note that Qh and Pn are symmetric
matrices):

∇cTy ¼ cT [10]

∇yTQhy ¼ 2yTQh [11]

∇ yTPny � 1
� 	 ¼ 2yTPn: [12]

We solve the problem using an active-set algorithm. For this
work, we employed the built-in MATLAB function fmincon
from the Optimization toolbox with the gradients supplied as
shown above.

The initial guess is randomly generated. The algorithm is re-
peated a few times, each time with a different starting value.
The smallest obtained objective value and the corresponding
phase profiles are finally retained as the optimal solution. In prac-
tice, we found that five different initial guesses are sufficient to
achieve a minimum very close to

ffiffiffiffi
N

p
, thus the algorithm is

restarted five times, independently of the number of slices.
The MATLAB code is presented in Appendix B. The inline com-

ments provide an explanation of the main steps.

METHODS

The performance of the peak minimization algorithm will be
tested in three different ways. They are listed below. For all ex-
periments, we consider a truncated sinc pulse with two side
lobes discretized on a 5.0 μs temporal resolution. The pulse du-
ration is 2.560ms and the slice selective gradient value G is
12.0 mT/m, resulting in a 3mm slice thickness.

Figure 1. The amplitude of two pulses for the CAIPIRINHA phase cycling scheme Ψa = [0, 0, 0, 0, 0; π, 0, π, 0, 0]. The standard setup does not include
interslice phase relaxation. Note the high peak values of Pulse 1 and Pulse 2 for the standard (green) and Wong’s method based (red) pulses,
respectively.

FAST RF PEAK POWER REDUCTION FOR CAIPIRINHA EXCITATION
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Experiment 1. Online peak minimization for multi-band RF
excitation

The aim of the first experiment is to test the performance of the
proposed method in the case of a multi-band excitation for N=
2,…, 16 (as in the previous equations, N denotes the number of
slices). The interslice distance (distance between slice centers) is
FOV
N�1. There is no CAIPIRINHA cycling. This means that Ψ is a zero
row vector: Ψ= [0 0… 0]. The achieved peak amplitude for each
configuration will be compared with the one achieved for a stan-
dard multi-band pulse (no phase relaxation) and the one re-
ported in (15).

The optimal phase relaxation problem is not convex, thus it
may converge to local minima. For the case N= 6 slices, a conver-
gence comparison between the two phase relaxation methods is
presented. Both algorithms are restarted 1000 times, each time
with common different starting values, and the achieved peak
values compared.

Experiment 2. RF peak reduction in joint
multi-band/CAIPIRINHA phase cycling schemes

This experiment illustrates the ability to reduce the peak power
for a CAIPIRINHA RF excitation scheme. Consider the previously
introduced phase scheme

Ψa ¼
0 0 0 0 0

π 0 π 0 0

� �
:

As we have shown in the methods section (Fig. 1), the CAIPIRI-
NHA phase settings can have a major effect on the RF peak
values. We apply the proposed algorithm to the same CAIPIRI-
NHA excitation scheme and we compare the obtained peak
values.

To show the reduction of peak power in another CAIPIRINHA
setting, we choose the phase cycling Ψc given by

Ψc ¼

0 0 0 0 0 0

0 π 0
3π
2

0
π
2

0 0 0 π 0 π

0 π 0
π
2

0
3π
2

0
BBBBB@

1
CCCCCA

and compare the four obtained pulses with the standard ones
(no phase relaxation).

Experiment 3. Scanner validation

To test the practical implementation of the obtained pulses, we
perform an experiment on a Siemens MAGNETOM 7T scanner
for the CAIPIRINHA scheme given by Ψa, that is, five slices excita-
tion, CAIPIRINHA factor 2. Data were acquired with a 32-channel
volume Tx/Rx birdcage head coil (7 T Volume T/R, Nova Medical,
Wilmington, MA, USA). The nominal slice thickness is 5mm, and
the distance between the centers of the slices is 15mm. To fully
investigate the accuracy of the obtained excitations, we choose a
3D protocol encompassing all excited slices. In this way, the am-
plitude and phase of the slice profiles as well as in-plane FOV/2
shifts can be carefully observed.
The matrix size is 64 × 128 × 256, and the resolution in the z di-

rection is 0.3mm. Additional scan parameters are TE = 8 ms, TR =
15 ms and nominal flip angle = 20°. To check the slice profiles
and the interslice phases obtained from all pulses, we first use
only the [0 0 0 0 0] phase pulse, then the [π 0 π 0 0] phase pulse.
Finally, the experiment is executed by alternating both pulses.
An oil-filled ball phantom with 160mm diameter is scanned,
and the whole experiment is repeated twice: once for the stan-
dard pulses and once for the proposed pulses as calculated in Ex-
periment 2 (see the previous subsection).

RESULTS

Experiment 1. Multi-band RF excitation

The values of the achieved peak amplitude for N=1,…, 16 are
plotted in Fig. 2. The theoretical minimum peak amplitude value
of

ffiffiffiffi
N

p
is plotted as a reference. In the same figure, the values ob-

tained by the standard, non-optimized method and by ref. (15)
are also reported. The values from the standard method increase
in an approximately linear way, achieving 7.20 for N= 8 and
13.18 for N=16. Note the drastic reduction in peak amplitude
obtained by the phase relaxation approach.
The proposed method achieves lower peak amplitude values

for each multi-band excitation experiment and it approaches
the

ffiffiffiffi
N

p
curve. The computation time is of the order of seconds

and never longer than 2 s, depending on N (large values of N re-
quire more time).
The results from the convergence study are shown in Fig. 3:

the histograms of the peak values obtained over 1000 restarts
of both methods for N=6 are plotted. The peak values achieved
by the proposed method never exceed the lowest value by more
than 10%. 50% of the obtained phase relaxation vectors achieve

Figure 2. Experiment 1: peak amplitudes for multi-band configurations corresponding to N = 2,…, 16. Values are normalized with respect to the peak
amplitude of N = 1. For reference, the theoretical minimum value

ffiffiffiffi
N

p
is also shown. Note that, concerning the achieved RF peak, the interslice phase

relaxation pulses outperform the non-optimized ones. The proposed approach is very close to the theoretical minimum.
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the lowest peak value. In contrast, the Wong method has a less
robust convergence behavior: the achieved peak values are
spread over a larger interval and the lowest value is obtained
only 12% of the times.

Experiment 2. RF peak reduction in joint
multi-band/CAIPIRINHA phase cycling schemes

The RF pulses for the Ψa scheme are plotted in Fig. 4. The pulses
are scaled with respect to the peak value of standard pulses; see
also Fig. 1. The peak value of the proposed method is 0.63, which
is a clear reduction with respect to the pulses designed without
taking into account the CAIPIRINHA scheme. Note that both
pulses now have a low peak value, illustrating the desired effect
of overall RF peak reduction.
A major reduction in peak power is also obtained for the

scheme Ψc (see Fig. 5). As already noticed in the previous case,
the waveforms obtained by the proposed method exhibit a
more uniform profile, achieving similar peak values for all four
pulses. To appreciate the RF peak reduction, the waveforms for
the standard (no phase relaxation) pulses are also plotted: they
exhibit larger profile variations, and larger overall peak values.

From these two tests it is clear that the CAIPIRINHA scheme
has to be taken into account for optimal interslice phase
determination.

The total computation time required by our method is 1.1 s
and 1.2 s for the configurations given by Ψa and Ψc, respectively.

Experiment 3. Scanner validation

The data from the 3D scans is presented in the following ways.

• The phase of the images obtained with the [0 0 0 0 0] excita-
tion is subtracted from that of the images with the [π 0 π 0 0]
phase excitation. The aim is to check whether the phase dif-
ference between the two excitations and the slice profiles
are the desired ones. The amplitude and phase of the profile
taken along the z direction are shown in Fig. 6. To avoid
phase jumps around ± 180°, the phase profiles are shifted
by 90°. Note that both amplitude and phases are accurately
retained.

• The results from an experiment with alternating pulses are
shown in Fig. 7. As expected, the images corresponding to

Figure 3. Experiment 1: convergence performance of Wong 2012 (left) and the proposed method (right). 1000 runs of both algorithms are performed,
each for different starting values. The distribution of the finally obtained peak values are shown in the histogram plots. Note that 50% of the restarts
from the proposed method converge to the lowest peak values, in contrast with just 12% from the Wong’s method.

Figure 4. Experiment 2: pulses obtained by the proposed interslice phase relaxation method for the five-band CAIPIRINHA excitation given by Ψa. The
proposed method is able to control the overall peak power by taking into account the CAIPIRINHA scheme during the optimization. The peak value of
0.63 is far below than the one obtained without accounting for CAIPIRINHA phase cycling. The pulses are scaled such that the peak value of the stan-
dard (no phase relaxation) pulse is 1.

FAST RF PEAK POWER REDUCTION FOR CAIPIRINHA EXCITATION
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Slices 1 and 3 are shifted by FOV/2. Both the standard as well
as the proposed pulses give accurate shifts without leakage
artifacts (18).

DISCUSSION

As shown in previous work (15), the phase relaxation for multi-
band excitation can effectively reduce the peak amplitude of
the RF pulse. The aim of this work was to cast the phase relaxa-
tion problem into a generalized and robust procedure that al-
lows for (1) combination with the CAIPIRINHA phase cycling
scheme and (2) extremely short computation time. Note that
the peak reduction is obtained by relaxing the phase of the

slices. In contrast to (11) and (12), the length of the pulses does
not change.
The proposed method shows better convergence properties

than the method from (15), as illustrated in Experiment 1. This
improvement is related to the smooth form of the objective
function and constraints in Equations A9–A11, derived by in-
troducing the auxiliary variable t, which makes it possible to
cast the problem as a linear program with quadratic con-
straints. Since the gradients of the corresponding objective
and constraint functions are explicitly known, the minimization
can be quickly performed by an active-set algorithm. The con-
vergence test (Fig. 3) shows that the proposed method is less
sensitive to local minima, that is, it has a much higher chance
to converge to the global optimum than the implementation
based on (15).
The extension of the phase relaxation approach to the CAIPIRI-

NHA technique is shown to be relevant in the second experi-
ment. The proposed method can deal with any phase cycling
scheme to minimize the overall peak amplitude. The optimal
interslice phase depends on the CAIPIRINHA scheme, which
covers a large range of possibilities, in number of slices, N, and
the corresponding desired shifts, as recently shown in (17). For
these reasons, a look-up table approach such as the one intro-
duced in (15) is no longer feasible, and the interslice phase calcu-
lation should be computed online. The method proposed offers

Figure 5. Experiment 2: pulses for the CAIPIRINHA excitation given by Ψc. The pulses are scaled so that the peak value of the standard pulse is 1. Note
how the proposed method controls the RF peak power over all four waveforms.

Figure 6. Experiment 3: scanner implementation. Amplitude and phase
profiles obtained with the five-slice, [π 0 π 0 0] phase excitation. The
phase plots are shifted by 90° to avoid phase jumps around ± 180°. The
phase obtained from the [0 0 0 0 0] is subtracted from the datasets.
The plots refer to the images obtained with the standard (no phase relax-
ation) and proposed pulses, as calculated in Experiment 2. Note the
retained accuracy of the excitation, obtained with drastically reduced
RF peak power (see also Experiment 2).

Figure 7. Experiment 3: scanner implementation of alternating pulses.
The images corresponding to Slices 1 and 3 are accurately shifted by
FOV/2 in both cases. This proves the practical applicability of the pro-
posed pulses, which exhibit drastically reduced RF peak power with re-
spect to the standard pulses.
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a solution to this problem and the authors provide the MATLAB
implementation, hoping that it will be a practical aid for the ap-
plication of the CAIPIRINHA technique.
Performing a complete benchmark of the two phase relaxa-

tion methods in terms of computation time is not straightfor-
ward, given the many factors that influence the computation
time. These are the number of restarts, the number of iterations
for each restart, the number of sample points in the pulse etc.
We implemented the “brute-force” optimization from (15) for
the CAIPIRINHA setups, and we found that a run with 1000 re-
starts could require minutes. The ability of the new formulation
to exploit the structure of the mathematical problem results in
an elegant and fast algorithm that can achieve global conver-
gence in about 1 s.
As mentioned in the theory section, the proposed method can

be easily adapted to pTx systems (19,20), when phase and ampli-
tude shimming sets are channel and slice dependent. Given P
transmitting channels, denote by ψp,n the phase shimming for
channel p and slice n, and by αp,n the corresponding amplitude
weight. It follows that the pth channel waveform will be

f p t;ϕ→ð Þ ¼
XN
n¼1

b tð Þαp;nei γGtznþψp;nþϕnð Þ and the solution to the

peak minimization problem (Equation [6]) can be obtained with
the proposed method by including the weights α in the matrices
Qi. Our MATLAB code includes this option.
Expansion to pTx for multi-band CAIPIRINHA is straightforward

and can benefit from the compact algorithm introduced here.
Furthermore, the interslice phase relaxation could be useful to
reduce peak power in pTx spoke pulses (21), and the procedure
described in this work can be adapted for this particular case.
A final remark on the total power used: it is simple to show

that the interslice phase relaxation has no effect on the total
power of the multi-band RF pulses for standard (no pTx) setups.
However, the phase relaxation could be exploited to minimize
the global SAR of the pTx pulses. The methodology illustrated
in the present work could be combined with more comprehen-
sive approaches, for instance (22). Given the speed of computa-
tions and good convergence performance, our method is
expected to be easily included in this type of large scale optimi-
zation strategy, where interslice phases depend on the channel
and possibly on the spoke. The number of variables would then
be larger (N×Nc ×Ns, where Nc and Ns represent, respectively,
the number of pTx channels and the number of spokes) and
the quick convergence resulting from our formulation should
benefit the design step. A study in this direction goes beyond
the scope of this work but it could be investigated in the future.

CONCLUSION

The minimum RF peak amplitude problem with phase relaxation
is implemented as a linear program with quadratic constraints.
The generalized approach also includes the possibility to design
minimum peak amplitude RF pulses for CAIPIRINHA phase cy-
cling schemes. Simulations show that the optimal interslice
phase settings are scan dependent and thus they should be
computed online. We provide a MATLAB implementation that
makes this possible. The improved performance with respect to
the standard multi-slice pulses and the existing interslice pulses
is shown. Experiments on a 7 T scanner confirm the validity
and demonstrate the practical feasibility of the proposed low
RF peak approach.
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Appendix A: Mathematical derivation
We will now derive Equation [6]. The discretized version of the
single-band pulse b(t) is denoted by the column vector b. We de-
fine the matrix B as the horizontal concatenation of b weighted
by the linear phase terms eiγGtzn such that Bh;n ¼ b hΔtð ÞeiγGhΔt zn ,
where the index h runs from 1 to T/Δt, Δt is the discretization
time step and T the length of the pulse b. By defining the
intraslice phase vector u as un ≡eiϕn , the (discretized) N-band ex-
citation RF pulse from Equation [2] is simply given by Bu.

The CAIPIRINHA phase cycling scheme can be easily imple-
mented in this matrix–vector model in the following way. Given
a scheme Ψ, construct the matrix A such that

A ≡

eiψ1;1B :; 1ð Þ eiψ1;2B :; 2ð Þ … eiψ1;NB :;Nð Þ
eiψ2;1B :; 1ð Þ eiψ2;2B :; 2ð Þ … eiψ2;NB :;Nð Þ

⋮ ⋮ ⋱ ⋮

eiψP;1B :; 1ð Þ eiψP;2B :; 2ð Þ … eiψP;NB :;Nð Þ

2
66664

3
77775 [A1]

In the previous equation, we made use of the MATLAB nota-
tion B(:, n) indicating the nth column of B. Clearly, the product
Au gives the vertical concatenation of all P pulses needed for
the cycling scheme Ψ.

The generalized minimum peak RF multi-band/CAIPIRINHA
problem becomes1

minimize ∥Au∥∞

such that unj j ¼ 1 for n ¼ 1;…;N:

[A2]

Introducing the auxiliary variable t (23) and defining2

z≡[ℜ(uT) ℑ(uT)]T, the problem from Equation [A14] can be writ-
ten in the equivalent form:

minimize t [A3]

such that
ℜ aTh
� 	 �ℑ aTh

� 	
ℑ aTh
� 	

ℜ aTh
� 	

" #










z
2

≤ t; ∀ h [A4]

zn znþN½ � zn

znþN

� �
¼ 1; n ¼ 1;…;N: [A5]

In Equation [A4], ah refers to the hth row of the matrix A and
the index h goes over all rows, namely, over all RF sample points.
Note that t ∈ℝ and z ∈ℝ2N, that is, all variables are real. Further-
more, the ∥ �∥∞ norm is substituted by the Euclidean norm.

Finally, we introduce the vectors y and c, both of length 2N+1
and defined as y≡[z; t] and c≡[0,…, 0, 1]T, and the matrices Qh,
defined as

Qh ≡
ℜ aTh
� 	 �ℑ aTh

� 	
ℑ aTh
� 	

ℜ aTh
� 	

" #
:

The optimization problem becomes

minimize cTy [A6]

such that yT
QT
hQh 0

0 �1

" #
y≤0; ∀ h [A7]

yn ynþN


 � yn
ynþN

" #
¼ 1; n ¼ 1;…;N: [A8]

The equality constraint from Equation [A8] can be written in
the more compact form yTPT

nPny � 1 ¼ 0 , where Pn is the
2 × (2N+ 1) matrix of zeros and ones defined as

Pn i; jð Þ ¼
1 i; jð Þ ¼ 1; nð Þ
1 i; jð Þ ¼ 2; nþ Nð Þ
0 otherwise:

8><
>:

In conclusion, denoting the matrix of the inequality con-
straints as Qh and setting Pn ≡PT

nPn , we have the final version
of the minimization problem:

minimize cTy [A9]

such that yTQhy≤0; ∀ h [A10]

yTPny � 1 ¼ 0; n ¼ 1;…;N [A11]

which is a linear program with quadratic equality and inequality
constraints.

Appendix B: Matlab functions

The main function optim_phi.m and the two subroutines fun.m
and nonlinconstr.m are listed below. As an example, the input
values for Experiment 2 (Ψa from Equation (3)) are also given
below.
The Matlab minimization function fmincon is needed.
Main function optim_phi.m
function [phi peak]=optim_phi(Psi, b, dt, G, z, alpha)
% This code computes optimal interslice phases for MB-pTx
% INPUT:
% Psi : the excitation phases. Psi(p, n) is the phase of
pulse p and slice n, in [rad]
% b : the discretized single band pulse, column vector
% dt : the discretization time step
% G : the value of the slice selective gradient, in [G/cm]
%z : thecoordinatesoftheslicecenters,rowvectorin[cm]
%alpha :(optional)theamplitudeshimmingsettings,sameformat
as Psi

1The ℓ∞ norm on 
p is defined as ∥v∥∞ ¼ maxi¼1;…;p vij j.

2ℜ(�) and ℑ(�) are, respectively, the real and imaginary parts of a complex
array.
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% OUTPUT:
% phi : the optimal interslice phases for each slice, in [rad]
% peak : the RF peak value obtained with the optimized phases
%
% by Alessandro Sbrizzi, December 2014.
% REFERENCE: .....
%
% contact: a.sbrizzi@umcutrecht.nl
%% initialize
gamma = 26753.0; % [Gauss, cm, Hertz]
Nt = length(b);
theta = gamma*G*z;
t = (0:dt:(Nt�1)*dt).’;
[P N] = size(Psi);
if nargin == 5

alpha = Psi.̂ 0; % set amplitude settings = 1
end
a = alpha.̂ exp(1i*Psi);
%% Problem matrix
A = [];
for p = 1:P

F = zeros(Nt,N);
for j = 1:N

F(:,j) = a(p,j)*b.*exp(1i*theta(j)*t);
end
A = [A;F];

end
%% INITIALIZE OPTIMIZATION
N_restarts = 5;
c = [zeros(2*size(A,2),1);1];
% construct inequality and equality constr matrices
a2 = 2*size(A,2)+1;
Aineq = zeros(size(A,1)*a2,a2);
Aeq = zeros(a2,a2,size(A,2));
for j = 1:size(A,1)

matr = [real(A(j,:)), �imag(A(j,:));imag(A(j,:)),
real(A(j,:))];
Aineq((j�1)*a2+1:j*a2�1,1:end�1)=(matr’*matr)’;
Aineq(j*a2, end) = �1;

end
for j = 1:size(Aeq,3)

matr = zeros(2,2*size(A,2));
matr(1,j) = 1;
matr(2,j+size(A,2)) = 1;
Aeq(1:2*size(A,2),1:2*size(A,2),j) = sparse(matr’*matr);

end
n_ineq = size(A,1);n_eq = size(Aeq,3);
peak = Inf;
options = optimset(’Display’,’off’,’MaxIter’,200,

’GradConstr’,’on’,…
’GradObj’,’on’,’Algorithm’,’active-set’);

display(’OPTIMIZING …’);
randn(’state’,0) ; % fix seed random generator
rand(’state’,0) ;
starting = rand(N,N_restarts) ; % set random starting values
%% OPTIMIZE
for j = 1:N_restarts

start_y = exp(1i*starting(:,j)*2*pi); start_y = [real
(start_y);imag(start_y);1];
[solfval] = fmincon(@(y) fun(y,c),start_y,[],
[],[],[],[],[], …

@(y) nonlinconstr(y,Aineq,Aeq,n_ineq,n_eq),

options);
if fval< peak

peak = fval;
sol_best = sol;

end
end
display('OPTIMIZATION TERMINATED')
phi = (angle(sol_best(1:floor(length(sol_best)/2))+…

1i*(sol_best(round(length(sol_best)/2):(end�1)))));
%% display results
disp([’Maximum peak value with optimized phase relaxa-
tion: ’,num2str(peak)])
disp([’Optimal phases [rad]: ’,num2str(phi.’)])
%% Plot RF waveforms
figure(’Name’,’RF waveforms’);
for p = 1:P

F = zeros(Nt,N);
for j = 1:N

F(:,j) = a(p,j)*b.*exp(1i*theta(j)*t);
end
RF_opt = F*exp(1i*phi);
subplot(round(P/2),2,(p));plot(t,abs(RF_opt),
’LineWidth’,2);grid on

end
return

Function fun.m

function [objgradf] = fun(y,c)
obj= transpose(c)*y;
ifnargout> 1

gradf = c;
end

Function nonlinconstr.m

function [c,ceq,gradc,gradceq]=nonlinconstr(y,Aineq,
Aeq,n_ineq,n_eq)
ceq = zeros(n_eq,1);
for j =1:n_eq

ceq(j) = y’*squeeze(Aeq(:,:,j))*y �1;
end

GC = 2*(Aineq*y)’;
gradc = reshape(GC,length(y),n_ineq);

c = 0.5*(y’*gradc)’;

gradceq = [];
for j = 1:n_eq

gradceq = [gradceq transpose(2*y’*squeeze(Aeq(:,:,
j)))] ;

end
end

Example from Experiment 2

Psi= [0 0 0 0 0; pi 0 pi 0 0];
b= sinc([�256:255]/128).’;
dt=5.0000e-06;
G=1.2;z= [�4 �2 0 2 4];
[phi peak]=optim_phi(Psi,b,dt,G,z);
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