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Abstract

The cerebral microvasculature plays a key role in the transport of blood and the delivery of nutrients
to the cells that perform brain function. Although recent advances in experimental imaging
techniques mean that its structure and function can be interrogated to very small length scales,
allowing individual vessels to be mapped to a fraction of 1 um, these techniques currently remain
confined to animal models. In-vivo human data can only be obtained at a much coarser length scale,
of order 1 mm, meaning that mathematical models of the microvasculature play a key role in
interpreting flow and metabolism data. However, there are close to 10,000 vessels even within a
single voxel of size 1 mm?3. Given the number of vessels present within a typical voxel and the

complexity of the governing equations for flow and volume changes, it is computationally
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challenging to solve these in full, particularly when considering dynamic changes, such as those

found in response to neural activation.

We thus consider here the governing equations and some of the simplifications that have been
proposed in order more rigorously to justify in what generations of blood vessels these
approximations are valid. We show that two approximations (neglecting the advection term and
assuming a quasi-steady state solution for blood volume) can be applied throughout the cerebral
vasculature and that two further approximations (a simple first order differential relationship
between inlet and outlet flows and inlet and outlet pressures, and matching of static pressure at
nodes) can be applied in vessels smaller than approximately 1 mm in diameter. We then show how
these results can be applied in solving flow fields within cerebral vascular networks providing a
simplified yet rigorous approach to solving dynamic flow fields and compare the results to those
obtained with alternative approaches. We thus provide a framework to model cerebral blood flow
and volume within the cerebral vasculature that can be used, particularly at sub human imaging
length scales, to provide greater insight into the behaviour of blood flow and volume in the cerebral

vasculature.

1 Introduction

Since 2006 there has been a great deal of interest in models of the cerebral microcirculation. This
has been driven by the recent ability to obtain experimental data about microvascular networks,
both in humans and in animal models. The former has mainly been based on the collection of post-
mortem casts obtained by Duvernoy et al. (1981), and these experimental data have been presented
in detail by Cassot et al. (2006), Lauwers et al. (2008) and Lorthois et al. (2011). Casts of animal
microvascular networks have also been extracted and the flow in them modelled, see for example
Fang et al. (2008), Weber et al. (2008), Reichold et al. (2009), Tsai et al. (2009), Guibert et al. (2010),

Blinder et al. (2010), Safaeian et al. (2011), Kasische et al. (2011), Linninger et al. (2013), Gagnon et



47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

al. (2015), Gould et al. (2017) and Schmid et al. (2017). Many of the models listed above have also

examined the transport of oxygen and the coupling between this and cerebral blood flow.

Although there has been a great deal of progress on robustly extracting vascular networks from
imaging data and converting them into accurately segmented three-dimensional networks, see for
example Gould et al. (2017), acquiring large volumes of such data remains a time-consuming and
expensive task that can only be undertaken with considerable expertise. The strong dependence of
vessel resistance on vessel radius means that accurate values of the vessel diameter are critical if the
flow field is to be calculated accurately. The strong dependence of the chosen boundary conditions

on the flow simulations has also been noted by many authors, for example Lorthois et al. (2011).

These factors, together with the high vessel density that means that solving the flow field in volumes
of tissue that are of the length scale of a human imaging voxel (of order 1 mm) is highly
computationally challenging, has driven the development of homogenisation techniques based on
the creation of artificial networks that match experimentally measured properties, Su et al. (2012),
El-Bouri and Payne (2015) and El-Bouri and Payne (2016), and coupling these with models over
multiple length scales, EI-Bouri and Payne (2018). These techniques enable a scaling up of networks
to a voxel scale and hence the flow fields can be related to imaging data, most easily through the use
of transit time distributions, see for example Park and Payne (2013). Other authors have developed
vascular networks through the use of bifurcating vessels, for example Boas et al. (2008) and Payne

and Lucas (2017), although in these models no spatial information is considered.

At a voxel level, the vasculature comprises vessels over a relatively wide range of length scales, with
diameters ranging from a few micrometres to hundreds of micrometres. Consideration does thus
need to be given to the assumptions and choice of equations that govern blood flow over these
length scales, in particular when attempting to bridge the ‘imaging gap’, when the assumptions valid
in the large vessels and those in the microvasculature may be significantly different. At the smallest

length scales, nearly all authors use the Poiseuille equation in some form, with viscosity either taken
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to be constant, based on vessel diameter or based on vessel diameter and haematocrit, as shown in
Table 1. In the latter two cases, empirical relationships are normally used, with a variety of different
relationships having been applied. Once the resistance to flow is known, then the network reduces
to a conductance matrix, which can be solved numerically, either by simple inversion for networks
with constant haematocrit or by iteration for networks with non-constant haematocrit. It is usually
assumed that at small length scales static pressure is conserved at nodes, as has been done in all the

studies listed thus far.

Most of the models listed in Table 1 assume steady state flow conditions, with only a few
considering the dynamic response, although this plays an important part in interpreting the
response to changes in neural activity. Only the models by Boas et al. (2008), Reichold et al. (2009),
Gagnon et al. (2015) and Payne and Lucas (2017) consider the dynamic response of the small vessels
in the cerebral vasculature. These mostly assume a non-linear compliance of the vessels, enabling
changes in flow to drive changes in volume. Such changes in blood volume are of particular
importance in the context of imaging techniques such as the BOLD response, where short-term

changes in blood volume can strongly influence the response.

Model Static/dynamic Flow model Viscosity model
Fang et al. Static Poiseuille equation Constant
(2008)
Boas et al. Dynamic Poiseuille equation and Pries et al. (1992), with
(2008) non-linear compliance haematocrit as function of
diameter
Reichold et al. Dynamic Poiseuille equation and Pries et al. (1992), with
(2009) non-linear compliance haematocrit as function of
diameter
Guibert et al. Static Poiseuille equation Kiani and Hudetz (1991) or Pries
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(2010) and Secomb (2005), with
haematocrit model
Lorthois et al. Static Poiseuille equation Pries et al. (1996), with
(2011) haematocrit model
Safaeian et al. Static Poiseuille equation Pries and Secomb (2005), with
(2011) haematocrit model
Linninger et al. Static Poiseuille equation Pries et al. (1996), with constant
(2013) haematocrit
Gagnon et al. Dynamic Poiseuille equation and Pries et al. (1990), ‘corrected
(2015) non-linear compliance for haematocrit’
Gould et al. Static Coupled model of flow and Plasma skimming model
(2017) haematocrit, rigid vessels
Schmid et al. Static Poiseuille equation Pries et al. (1992), with tracking
(2017) of red blood cells
Payne and Dynamic Poiseuille equation Pries et al. (1992), with constant
Lucas (2017) haematocrit
El-Bouri and Static Poiseuille equation Pries et al. (1992), with constant
Payne (2018) haematocrit

Table 1 Summary of network models of cerebral blood flow and assumptions used

Other approaches have taken a more ‘top-down’ methodology, where lumped parameter models
(e.g. windkessel models) are used, with the lumped parameters aiming to capture the overall
behaviour of flow through large numbers of vessels in a very small number of parameters, see for
example those used by Ress et al. (2009), Kim et al. (2013) in the context of models of oxygen
delivery, and Buxton et al. (1998) and many subsequent studies (for example Aquino et al. (2014)) in

the context of models of the BOLD response. Such models have a valuable role to play in
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understanding the behaviour at large scales, but are inevitably limited by both their simplicity and

the difficulties involved in linking the model parameters to the underlying network physiology.

The assumptions made are often very different in models of flow in the larger vessels, for example
when the dynamic behaviour of the flow field plays an important part in both flow and volume, and
when total pressure is often conserved at nodes, see for example Alastruey et al. (2007). In order to
link models across the ‘imaging gap’, care has to be taken and the limits of assumptions fully
understood. For a comprehensive review of models of cerebral blood flow, the reader is referred to

Payne (2017).

In this paper we thus consider the modelling of cerebral blood flow and volume in networks of blood
vessels in detail, justify suitable approximations that can be made, and propose a framework that
can be used that is mathematically rigorous and computationally simple. We will also consider the
limits of the approximations and hence illustrate how models can be developed that will cover
multiple scales. In order to do this, we consider the governing equations and use these to develop a
model relating blood flow and volume to pressure in a single vessel; finally we link vessels together
within a network and then show how the equations can be solved dynamically within a network. In
the last section we will consider each of these in turn before illustrating our proposed approach in
the context of the cerebral vasculature, comparing simulation results with those obtained using

previous approaches.
2 Theory

We assume blood to be a Newtonian fluid of viscosity u and density p in a flow field that is governed
by the incompressible form of the Navier-Stokes equations. These fundamental fluid flow equations
are based on the concepts of conservation of mass and balance of forces; a full explanation and

derivation can be found in many sources, see for example Acheson (1990). Hence:

M @Vu=——vp+ivau
5t u. u—ppp u(l)
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with velocity field u driven by a pressure field p. In an axisymmetric vessel this reduces to:

Ju Ju lop u
— —=———+=V2u (2
0t+u6x p6x+p u®

where the flow velocity has only an axial component, u, which is a function of radius, r, axial position,
X, and time, t. In this latter case, the pressure gradient can be shown to be only a function of axial
position and time, i.e. the pressure is uniform over the cross-sectional area, based on order of
magnitude arguments, Canic and Kim (2003). A similar order of magnitude argument can be used to
neglect the radial component of the velocity field when the variations in the vessel cross-section are
not too fast, Canic and Kim (2003). We note that the assumption of a Newtonian fluid is a limitation
to this analysis, but one that we will consider more fully in the Discussion. For ease of reference,
schematics of the different components of the model are shown in Figure 1, to which we refer

throughout.
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Figure 1 Schematic of components of model: (a) single vessel model; (b) continuum model; (c) node
model; (d) coupled penetrating vessel and capillary bed continuum model. Figures (b) and (d)

reproduced from El-Bouri (2017)

E h

3,,_. , . .
TR > 3 (E is Young’'s modulus, p is fluid

2.1 Result 1: The advection term can be neglected when

density, U is flow velocity, h is wall thickness and R is vessel inner radius)

The first result that we show is that the advection term can be neglected in models of cerebral blood
flow when the vessel wall stiffness scaled by wall thickness to radius ratio is greater than a multiple
of the dynamic head. This result is required first to enable us to write down the governing equations

in a simplified form so that we can derive a model for the inlet and outlet flows in the next section.

We will demonstrate this in two parts. We first consider the flow in individual vessels, Figure 13,
since a simple result can be obtained, before considering the flow field across multiple scales, Figure
1b. This latter approach allows us to consider the flow field as a whole; this is valuable since it links
to previous work that has shown how the flow field in the capillary vessels can be modelled using
homogenisation, EI-Bouri and Payne (2015). For simplicity we only consider the steady state solution,

but this does not affect the result.
Single vessels

We firstly reduce the steady state form of Equation 2 to non-dimensional form, where we reference

velocity and pressure to characteristic values, U and P respectively:

+1v2*3
dx*  Rey w®

,ou” ( P )ap*
u =—|—

ox* pU?
where the star is used here to denote a value as a fraction of its characteristic value, i.e. u* = u/U,

p* =p/P and x* = x/L, and noting that we do not assume any relationship between characteristic

pressure and characteristic velocity, retaining generality at this stage. The co-ordinate x is
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referenced to vessel length, L (and hence the V? operator is also made non-dimensional with respect

to L). Note that Reynolds number in Equation 3 is based on vessel length:

pUL
Re, =— (4)
u
We use a subscript for Reynolds number throughout to make it clear what length scale is being used.
The aim is then to consider the relative magnitudes of the advection and pressure gradient terms,
since these are the two terms with first order axial derivative terms and thus terms that can be

compared directly through order of magnitude arguments.

Conservation of mass, averaged over the cross-sectional area, gives:

6A+6q_0 5
ot  dx )

where the flow rate, g, is the integral of the axial velocity over the cross-sectional area: see Canic
and Kim (2003) for a formal derivation of this result. In the steady state this reduces to a flow rate

that is invariant over axial length, as expected. Hence:
q
A == 6
5 (6)

where the area-averaged velocity is given by U (which can vary along the vessel). We next assume
that a relationship can be formulated between steady state pressure and cross-sectional area
(without at this stage specifying its form), i.e. p = p(A). We neglect any viscous component of the
wall response here as we are only considering the steady state behaviour: note, however, that we
retain the viscous behaviour of the fluid, which means that the pressure will drop in the direction of
flow and hence the cross-sectional area of the vessel will also change in order to maintain flow rate.
We also neglect any axial stiffness, only considering the radial stiffness, as is commonly done, for

simplicity.

Using this assumption, Equations 3 and 6 yields:
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VZu* (7)

Lou” dp( 1 )U]c’)l_]*_}_ 1
“ax T 1% aa\pu?) Tl oxr T Ren(R/L)

U
where Reynolds number in Equation 7 is now based on vessel radius and this is scaled by the ratio of
vessel radius to length (R/L). The key parameter is then the square bracket, since if this is much
larger than 1, the advection term can be neglected in comparison with the pressure gradient term

(note that although the derivatives are of different velocity terms, one being velocity as a function of

radius and one the area-averaged velocity, they are of the same order of magnitude).

We therefore need to consider the pressure-area relationship more closely. Many different forms
have been proposed for this, for example those by Langewouters et al. (1984), Stergiopoulos et al.
(1992) and Formaggia et al. (1999). For simplicity we use the relationship that results from assuming
static radial equilibrium of an isotropic elastic material with Young’s modulus E, Poisson ratio
v,reference wall thickness h,..r and radius R.f, as quoted by Formaggia et al. (1999) and widely

used elsewhere:

..
ref Rref(1 —v2) Aref

-1)(®

where the wall stiffness relates changes in pressure relative to a reference value, p;..s, to changes in
cross-sectional area relative to a reference value, A,or = anef. Note that this model assumes that
there is no axial stiffness: the wall thus responds at each axial location to the pressure at that
location without reference to the remainder of the pressure field. More sophisticated models have
been used, see for example Pedrizzetti and Perktold (2003), but this assumption is very commonly
made in models of blood flow and is sufficient for the order of magnitude argument being made

here.

This then gives:

10
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Since we can select the characteristic velocity to be close to the area-averaged value and assuming
that all values are close to their reference value, this simplifies to give:
[Adp( 1 )U] 2 E h (10)
dA\pU?) Ul ~ 3pU2R
where we also assume a value of Poisson ratio of 0.5, denoting an incompressible material, as is

commonly done. For advection to be neglected, this term must be significantly greater than 1, hence

E h __3 . . . _
V7R > > We will examine this result again in the context of the cerebral vasculature later.

Note that although we have only considered the steady state response here, the result is also valid
for dynamic flow fields, since we have compared the two terms with first order axial derivatives and
thus including dynamic terms in the equations will not affect the validity of this particular result. It
would be worth considering in future the relative magnitudes of the acceleration term and the
viscous wall behaviour (the two terms with first order time derivatives). It should be noted, however,
that the available data for visco-elastic models of the vessel wall in the cerebral vasculature are very

sparse.
Continuous flow field

Having considered the flow in individual vessels above, we next show how the advection term can be
neglected when considering the flow field as a continuous one. This approach is based on the
method set out by Shipley and Chapman (2010) and previously adapted for the cerebral
microcirculation by El-Bouri and Payne (2015). We include this analysis since we have previously
shown how the flow field within volumes of brain tissue can be modelled using a coupled approach

that incorporates both the flow in individual non-capillary vessels and a Darcy flow for the capillary

11
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vessels, EI-Bouri and Payne (2018), and thus wish to show that the advection term can be neglected

when considering the flow field as a continuum.

As before, we consider the solution in the steady state but start from the Navier-Stokes equations

for incompressible flow:
1 By
(ue..Vu, = —;Vpc + ;V u.in Q. (11)

where the velocity field in the capillary domain, (1, is given by u.. The boundary conditions are as
given in El-Bouri and Payne (2015): however, since we are not attempting to solve the equations
here, we will not consider the boundary conditions further as they are not directly relevant to the
derivation below. We define a small parameter € = d/D that relates the micro length scale, d, to
the macro length scale, D, as shown in Figure 1b (note that this definition of € is only used in this

section).
We reduce the equations to non-dimensional form using the following scaling:
u, = Uu; (12)

ubU |
p="77P +po (13)

X = dX* (14)

based on a characteristic velocity U, capillary length scale d, voxel length scale D, and a characteristic
pressure that is based on viscous forces with an arbitrary offset. This scaling of pressure is based on
the fact that viscous forces dominate at the local scale and thus to bring the characteristic value of
pressure to the macro scale it is rescaled by £2: this is due to the fact that the inter-capillary
spacing is of order € and so there are of order £ capillaries per unit area, meaning that pressure
scales with £ 72. These characteristic values reduce Equation 11 to the following (where we drop the

star notation straight away for ease of notation):

12
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gReyg(u..VYu, = —Vp, + uV2u, (15)
where Reynolds number on the micro scale is defined as:

pUd
Red = T (16)

and the Reynolds number on the macro scale is therefore equal to Rep, = Re,; /€. Since the problem

is more commonly formulated in terms of this parameter, Equation 15 thus becomes:
g2Rep(u..Vu, = —Vp, + euV2u, (17)

Since we consider the capillary bed relative to the larger vessels here, this gives micro and macro
length scales of approximately 100 um and 1 cm respectively (noting that this analysis can be applied
to any separation of scales where the parameter ¢ is small). In this case, this parameter is equal to
approximately 0.01. For typical values of blood viscosity and density (3 mPa.s and 1040 kg/m?
respectively), the macro Reynolds number is of order 1, where we assume a capillary velocity of

order 1 mm/s, see for example Unekawa et al. (2010). There is thus no need to re-scale Equation 17.

We now use a classical separation of scales approach. Since € « 1, the local and macro length scales
are well separated and can be defined as X and x = €X. Hence, using the standard approach, see for

example Holmes (2013), for separation of scales:
V=V + ¢V, (18)
V2=V% + 2eV,.Vy + £2V2 (19)
and a multiple scales expansion:
u, = u(x,X) + cul(x,X) + £2u?(x,X) + - (20)

p=p°x%X) +epr(x,X) + £2p%(x,X) + - (21)

13



258 Substituting Equations 18-21 into the governing equation (Equation 17) orders of £ can now be

259  compared.

260  Firstine?:

261 Vxp° = 0(22)

262 andtheninel:

263 Vyp! + V,p° = VZu? (23)

264  Equations 22 and 23 can be solved along the lines proposed by Shipley and Chapman (2012) and as
265 performed in the cerebral microvasculature by El-Bouri and Payne (2015): these two equations are
266  sufficient to solve to leading order. The full derivation is given in Appendix A, with the end result

267  being a volume-averaged Darcy equation:
268 (W, = —KV,p(” (24)

269  where the permeability tensor, K, is given in full in Appendix A. The advection term thus plays no

270  role in this context at leading order and can be considered only as a small correction term.

271  These two results thus combine to show that the advection term can be neglected in both individual
272 vessels (under the condition given above) and in the microvasculature when treated as a continuum.
273  This is a very important result, as it removes the only non-linear term in the Navier-Stokes equations.
274 Based on this result, we can utilise a wide range of results based on linear theory. It is worth noting
275 in passing that a number of authors have neglected the advection term by linearizing the governing
276  equations about a zero mean velocity, see for example Flores et al. (2016). Although the final result
277 obtained is the same, this linearization is, strictly speaking, unnecessary and can appear to limit the
278  validity of the solution. The results above offer a more rigorous and general proof that has a simple

279 condition: one that we will examine in more detail in the context of the cerebral circulation later.
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2.2 Result 2: A first order differential model relating inlet and outlet flows to inlet and outlet

pressures in a vessel can be used when a < 1 (a is Womersley number)

Having considered the flow as continuous in the second half of the result above, we now return to
consideration of a single vessel, as shown in Figure 1a. The aim here is to solve for the flow field such
that a relationship can be derived between the inlet and outlet flows and the inlet and outlet
pressures. In this way a simple relationship can be used for the flow in and out of each vessel in a

network such that a network of vessels can be connected together, using the results presented later.

In Result 1, we showed that the advection term can be neglected. As a result the governing
equations for flow in a single compliant vessel (the area-averaged Navier-Stokes equations coupled
with an elastic wall model) reduce to a linear form, enabling them to be transformed into the

frequency domain and written in the following form:

o iwZCY\ |
- (557)p 9
where:
ia? 2 Jy(ai®?) !
Z=R—|1-— _ 26
8 ai3/? J,(ai3/?) (26)

and impedance, Z, resistance, R, and compliance, C, are defined here for the whole vessel, of length
L . ], and J; denote Bessel functions of the first kind. We omit the dependence on frequency for

clarity, since the overhat denotes that the variable has been transformed into the frequency domain.

Womersley number is denoted by @« = R+/w /v and can be considered to be the ratio of oscillatory
inertial forces to shear forces. The derivation for these equations is based on the results of
Womersley (1955) and can be found in full in Flores et al. (2016). A schematic of the single vessel
model is shown in Figure 1a: we now consider this single vessel in this section without further

reference to the continuum model.
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We can then use a perturbation series for pressure:

}3 = }50 + 5251 + 82252 (27)

in the small parameter, &, defined in this section as:
e = ai3/? (28)

We will examine the magnitude of this parameter later, but note that for the moment we are simply
assuming that it has magnitude less than one. Note that this is a different definition for € from that
used in Section 2.1: we use this definition here as it is the standard notation for perturbation
methods and thus enables results obtained here to be easily compared with equivalent results

elsewhere.

Substituting Equation 28 into Equation 26 and Equations 26 and 27 into Equation 25 then yields:

vRC

[e]o(e) — 2J1()](By + by’ + €2py ...) = €7 (m)]c(f)(ﬁo +epy + £2p; ..) (29)

We next convert the variables to non-dimensional form, such that pressure is computed relative to a
reference value (the value of this is irrelevant, since both sides of Equation 29 are linearly
proportional to pressure) and length relative to the length of the vessel, L. The prime thus becomes
relative to fractional length along the vessel. The problem is then defined in just two parameters, ¢,

and:

vRC

=—— (30
where resistance and compliance are equal to:
8ulL
R=—— (31
—g G1

C—LdA 32
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The non-dimensional parameter S is of similar form to the (inverse square of) Womersley number,
but based on the time constant of the vessel (where T = RC, as defined later) rather than the
oscillation frequency. The behaviour of each vessel is thus governed by the relative magnitudes of

these two non-dimensional groups.

To calculate the pressure series, we next use the series expansion of the Bessel functions,

Abramowitz and Stegun (1964):

( ) ~ o) (_1)]( - . x2 N x4 x6 N (33)
Jolx) = Ozzk(k!)zx T4 T4 2304
l:
N (_1)k 2k+1 _ % x* x® ’
= =4+ —- +-- (34
L) 2022k+1k! k+D1” 2 16384 14zt Y
i=
Balancing terms in ascending powers of € gives:
Po =0 (35)

which means that the pressure field to zeroth order is linear, set by the inlet and outlet boundary

conditions, as would be expected;

p1’ = 0(36)

which means that the first order pressure field is zero everywhere, since the inlet and outlet

boundary conditions at first and higher orders are zero;

A

p; = —8Bp, (37)

which can be solved as described below;

p3 = 0(38)

which means that the third order pressure field is also zero everywhere; and
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ALl A 1 A
Py = —8p [Pz - gl’o] (39)

We can now proceed to solve for the pressure field in the vessel up to this order. Equation 35 can be

solved using the inlet and outlet boundary conditions, defined here to be:
Po(x = 0) = Py, (40)

ﬁo(x = 1) = ﬁout (41)

noting that these boundary conditions can of course be dynamically varying, since this is the solution
in the frequency domain, which can easily be inverted into the time domain. The zeroth order

pressure field is:

Do = ﬁin(l —-x)+ DoutX (42)

The resulting second order expression is calculated by substitution of Equation 42 into Equation 37

and solving given zero boundary conditions:

pﬂin%x(l -x)(2-x)+ pﬂout%x(l - xZ) (43)

P2
and the fourth order expression similarly using Equations 42, 43 and 39:

B

1
L 3 _ 2 — — (7 —
s (3x 12x“+8x —8) + 36 (2 x)}

a = =86 [pr(1 -0 |-

B

P 43— =T = (14 x)}] (44)
45 36

+ ﬁoutx(l - X) {
The full solution is then:
pA = pAO + Szﬁz + 842’54 e (45)

It should be noted that the expansion has been performed in terms of &, but gives an expansion in
terms of even powers of €, where ¢ is proportional to the square root of frequency: hence the

expansion is in integer powers of frequency.
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Given the solution for the pressure field in the vessel, the flow field in the vessel can be calculated.

This is most easily done using a second perturbation series for flow of the form:
q = qO + qu + gzq\z (46)

where we substitute this into the expression for impedance:

1
G=——p' (47
q Zp( )

where the impedance is given by Equation 26 and the pressure by Equation 45, to obtain an
expression along the lines of Equation 29. We then calculate the flow field by balancing terms in

powers of €, as done for the pressure field earlier, to give:

1 1 11 50
qs = [P4 6292 384P0]( )

where the differentials are again relative to non-dimensional length. Equations 42-44 can then be

substituted into these equations to derive an expression for the whole flow field. Most usefully,

however, the inlet and outlet flows can be calculated in terms of the inlet and outlet pressures. Since

these are linear, they are most easily written in matrix form:

(?i")=a0(f"'n)+a e (pm)+a ¢ (”m)+--- (51)
Qout Pout Pout Pout

where:
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At zeroth order, i.e. steady state, the solution is exactly matched with the Poiseuille flow solution, i.e.
the inlet and outlet flows are equal to the driving pressure divided by the vessel resistance. The
Poiseuille solution is thus the leading order term in the dynamic solution. The second order
component of the solution (linearly proportional to frequency) then provides a dynamic ‘correction’
that is dependent upon the non-dimensional group defined by Equation 30. This term is in turn
dependent upon both the vessel resistance and the compliance and hence dependent on both the
fluid and vessel properties. Note that the inlet and outlet can be swapped round and the formulation
will remain the same, as would be expected given the original equations. The fourth order
component is proportional to the square of frequency and can be neglected to a high degree of

accuracy (it is included here primarily for use in the following section).

As well as the frequency domain representation, it is useful to consider the results back in the time

domain. Considering Equation 51 and truncating the solution after terms up to €2 gives:

(Qin)=a0(pin)_R_2a2i(pin)(55)

Qout Pout v dt \Pout

These (first-order differential) equations can then be used to relate the flows and pressures in each
vessel in a network, based on the two parameters § and R, calculated for each vessel, by
substituting in the expressions for a, and o, given in Equations 52 and 53 respectively. For example,
in a single vessel, the inlet and outlet flows can be calculated directly from the inlet and outlet
pressures using Equation 55 and specific values of the two parameters. For a single vessel, the model
can be represented using two 2x2 matrices, relating the flows to the pressures; with the addition of
each vessel to a network, an additional unknown variable will be added, increasing the size of the
matrices by 1 in each dimension. This can then be done up to a network of arbitrary size, although it
is likely that alternative mathematical formulations would be used in very large networks due to the

computational cost.
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For most networks this will be a sufficient representation, without the need for further terms: the
first term on the left hand side of Equation 55 is the ‘traditional’ term that relates steady flow to a
steady pressure difference along the vessel, with the second term adding in the dynamic effects that
occur due to the oscillation of the fluid and the interaction between the unsteady fluid motion and
an elastic wall. Note that the dynamic term thus exists even in a rigid vessel. We will consider in
more detail how these equations can be linked together later, once we have considered the
equations for volume and for connecting vessels in the next two sections, and then give an example

of the solution obtained using this approach.

2.3 Result 3: Blood volume can be modelled as quasi-steady-state when wT <« 180 (w is driving

frequency, T is vessel time constant)

In the previous result, we derived a relationship between the inlet and outlet flows and the driving
pressures in a single vessel, Figure 1a. This enables us directly to consider changes in the volume of

the vessel, V, through the difference between inlet and outlet flows:

dv

E = qin — Yout (56)

In the frequency domain, using Equation 51 and Equation 56 gives:

in=—4%52(1 1)(£Zt)+s4§%(1—éﬂ)(1 —1)(Zf::t)+--- (57)

Substituting in Equation 28 and dividing by iw (i.e. integrating) then gives:

2

. C R . R 2 . .
V= E(pin + pout) + lwﬁ<1 _E.B) C(pin - pout) + (58)

Hence to first order, the volume is equal to the product of compliance with average pressure, as
expected. The second term in Equation 58 is the dynamic component of volume changes: this is

particularly important in the context of localised changes in flow in response to activation. This
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second term can be considered to be a ‘dynamic’ compliance term. If we assume that § is large

(strictly much larger than 5/2), then Equation 58 approximates to:

2

. C . . BR* .
V= E (pin + pout) - lwmc(pin - pout) + - (59)

We then formally define the product of resistance and compliance to be the time constant of the

vessel:
T = RC (60)
and hence Equation 59 simplifies to (eliminating 5 using Equation 30):

. Cr. . . iwT R
V= E (pin + pout) - m (pin - pout) + (61)

Hence, the dynamic component can be neglected when wT <« 180. Note that in the case where § is
not much larger than 5/2, then the dynamic component in Equation 58 will depend primarily on the
square of Womersley number, which then should be much less than 18 for the dynamic component
to be negligible: since we have already discussed this in Section 2.3, we will not consider this case
further. For completeness, as in the previous section, we convert Equation 61 back to the time

domain:

d

C
V= E (pin + pout) - ﬁa (pin - pout) + ] (62)

However, under the condition above (wT « 180), the volume then essentially follows a quasi-

steady state dependence on the average pressure in the vessel as follows:

C
V= E (pin + pout) (63)

Note of course that we have not considered the viscoelastic nature of the vessel wall, which would
of course influence the result; however, the oscillation of the fluid makes only a negligible

contribution to the effective compliance of the vessel under this condition.
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2.4 Result 4: Matching of static pressure at nodes can be used when sRep, << 100 (€ is ratio of

vessel radius to length, Rep is Reynolds number based on vessel diameter)

In the previous two sections we have derived relationships for inlet and outlet flows and volume in a
single vessel as a function of the inlet and outlet pressures. The final stage in modelling the cerebral
vasculature is to connect the vessels together. The main consideration here is the choice of

boundary conditions relating flows and pressures at the nodes that connect individual vessels. Once

these have been determined, all of the flows and volumes can be determined.

The first boundary condition that is universally applied is conservation of flow at nodes, i.e. the flow
entering a node and the flow exiting a node must balance at all times. However, there is less
agreement over the second boundary condition, related to pressure; two approaches have been
used, essentially assuming that either static pressure remains the same as flow passes from one
vessel into the next (as the flow velocity changes, this means that energy is not conserved), or that
total pressure (and hence energy) is conserved, as discussed in the Introduction. The former
approach however has the advantage that it is a linear condition and thus results in less
computationally expensive numerical solutions. We thus examine in this section whether or not

there is a significant difference between the two approaches.

We consider a bifurcating node, as shown in Figure 1c, where a parent vessel supplies two child
vessels, where the inlet and outlet to the parent vessel are termed nodes 1 and 2a respectively, and
the inlet to both child vessels is termed node 2b, i.e. points 2a and 2b are taken to be immediately
before and after the node. If we assume identical conditions in both child vessels, the velocities are

in the ratio:
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relative to that in the parent vessel, from conservation of flow, where the subscripts P and C refer to
conditions in the parent and child vessels respectively. If we next assume Murray’s law, Murray

(1926), with exponent n, we can also calculate the ratio of the vessel radii:
(Rp)™ = (R)™ + (Rc)™ = 2(Rc)™ (65)
since we are assuming identical child vessels. Hence:

1 2
Z_i = (zl/n)2 - 2(‘“%) (66)

Matching total pressure at the node gives:

T, 1,
P2a + EPUP =p2p t+ E.Duc (67)

We can thus calculate the change in pressure across the node, i.e. from the outlet of the parent

vessel to the inlet of the child vessel, as a fraction of the inlet velocity head:

P2p — P2 22-n)
Cp=""F— 2“:1_2 n - (68)
7 PUp

This is equal to 0 for n =2, 0.18 for n = 7/3 and 0.37 for n = 3: these values being selected based on a
number of studies that have examined the value of this exponent in a number of scenarios, see for
example Mut et al. (2014). The largest value of this pressure coefficient is thus 0.37, which will tend
to occur at the smallest length scales as this is where n is closest to 3. Note that it is of course also
equal to 0 for the case of conservation of total pressure (the case where n = 2 is thus the only one
where both are matched). Now compare this to the pressure loss due to friction in the parent vessel:

_P1 " P2a _

%pu}% cRep

C, (69)

where Reynolds number is here based on the parent vessel diameter, similar to Equation 4, and:
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Rp
=L (70
€ LP( )

is the radius to length ratio of the parent vessel (note that we again use ¢ in this section with a
different definition from earlier). This calculation for head loss is based on the assumption of laminar
flow (a reasonable approximation in this context since Reynolds number is low), as outlined in

standard fluid mechanics texts, see for example Caro et al. (2012).

Since the largest head loss coefficient at a node (Equation 68) is equal to 0.37, as shown above, this
is only comparable in magnitude to the head loss coefficient for an individual vessel (Equation 69)
when the product eRep, is approximately 100. Hence, if this product is less than 100, the difference
between assuming matched static pressure and matched total pressure is small, since the head loss
across the node is small in comparison with the head loss along the upstream vessel. Since the
matching of static pressure results in linear equations, this can be used under this condition to
simplify the solution procedure without significant loss of accuracy. The question of whether static
or total pressure should be matched in the vessels where this condition does not hold is a difficult

one and one that needs further investigation but which is outside the scope of this paper.
2.5 Result 5: Flow in a network can be solved using a series of matrices

Based on Result 4, we can assume matched static pressure at nodes without any significant loss of
accuracy if eRep < 100. The resulting equations for a network, for example that shown in Figure 1d,

can then be expressed in matrix form:

AintPint = AextPext (71)

in terms of the (unknown) pressures at the internal nodes and the (known) pressures at the external
nodes. Equation 71 holds separately for each order of the solution. Once the matrices have been
formulated, Equation 71 can be solved for the unknown internal node pressures separately for each

order and the flows calculated through each vessel using the formulation above. Note that this can
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be done in either the time domain or the frequency domain; in the latter case, it should be noted
that our approach, through exploitation of small values of Womersley number, is considerably
simpler than the method of Flores et al. (2016). The approach can of course be applied to networks
of arbitrary complexity as long as the assumptions are valid in every vessel, although for very large
networks it would be more likely that alternative methods (such as homogenisation techniques)

would be applied, see for example the approach proposed by El-Bouri and Payne (2015).

3 Numerical simulations

Having completed this analysis, we now consider the results in the context of previous models. In
particular we directly consider those models that model dynamic changes in the flow field. These
models, Boas et al. (2008), Reichold et al. (2009), Gagnon et al. (2015) and Payne and Lucas (2017),
are actually very similar in their approach, using a non-linear compliance model coupled with the
Poiseuille equation that uses an empirical model for viscosity based on vessel diameter and
haematocrit (which is taken to vary with vessel diameter). Although we have assumed a constant
compliance in our analysis here, we have shown that the assumption of quasi steady state (inherent
in all of the models listed above) is a valid one over all of the length scales that occur within the

cerebral vasculature.

However, we have shown in our analysis how to model the dynamic relationship between flow and
pressure in individual vessels and this has not been considered by the models listed above, where
only the leading order (Poiseuille) term is considered. Although the result given in Equation 55 is
more complicated, the dynamic term is not negligible in time-varying flow fields. We will illustrate

the effect that this can have in the simulations that we present below.

We consider the very simple bifurcating network shown in Figure 2 below, where we take the vessel
properties from the model proposed by Payne and Lucas (2017), as given in Table 2. We use this

network model as it is very similar to that proposed by Boas et al. (2008), where different modelling
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assumptions were applied, as we will discuss below. It thus provides a simple means of comparison

of the dynamic behaviour of the model.
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4 5 6
Distance (mm)
Figure 2 Bifurcating network used in model simulations
Branch | Number | Diameter | Length | Wall Velocity | Viscosity | Pressure | Saturation
of thickness drop
vessels | um pm pm mm/s mPa.s mmHg %
Al 1 23.97 1267.6 | 4.84 8.2 1.59 6.93 94
A2 2 19.17 930.3 4.25 6.41 1.50 5.87 93
A3 4 15.28 543.6 3.81 5.05 1.42 4.02 92
A4 8 12.08 302.3 3.49 4.03 1.34 2.70 89
A5 16 9.46 161.2 3.27 3.29 1.28 1.82 84
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A6 32 7.32 154.7 3.14 2.75 1.23 2.35 76.5
C 64 8 243.9 0.309 2.30 1.24 2.62 66.5
V6 32 11.51 473.9 1.15 1.11 1.33 1.27 61
V5 16 14.53 272.3 1.45 1.40 1.40 0.61 59.75
v4 8 17.79 426.6 1.78 1.86 1.48 0.89 58.75
V3 4 21.45 632.5 2.15 2.56 1.55 131 58.25
V2 2 25.70 844.2 2.57 3.57 1.62 1.78 57.75
Vi 1 30.77 936.3 3.08 4.97 1.70 2.01 57.25

Table 2 Vascular parameters used in network model

For comparison, we plot the results obtained for the same network but using the flow and volume
model proposed by Boas et al. (2008) and used by other authors; the equations in this and in our
model are set out for comparison and for convenience of reference in Table 3. This approach
assumes that there is an instantaneous equilibrium between flow and pressure:

1
—(pi —p;) (72)

qij =

between nodes i and j, i.e. as Equation 55, but neglecting all dynamic terms. It then assumes that the

volume of each vessel, V/;, follows changes in pressure through a non-linear relationship of the form:
—p,,. = kVF (73)
Di Dic i

where k is a constant, set by baseline conditions, and 8 is a compliance parameter that is set to 2 by

Boas et al. (2008). The loop of equations is closed by conservation of volume:

v,

E =d4iin — 9iout (74)

These equations can easily be solved dynamically for the same dynamic inlet pressure and network

parameters given above.
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New approach

Previous approach

Pressure-flow

relationship

. ~ RZ d
(qum) = a0 (o) =2 5 (

(Equation 55)

Din
Pout

)

1
qij = R_u (Pi - 'Pj)

(Equation 72)

Pressure-volume

relationship

C
V= E (pin + pout)

(Equation 63)

Di — Dic = kViﬁ

(Equation 73)

Flow-volume

relationship

av
% = qdin — Qout

(Equation 56)

dV;
E = 4qiin — 9iout

(Equation 74)

Nodal relationship

Conservation of flow

Matching of static pressure

Conservation of flow

Matching of static pressure

Table 3 Summary of model equations in both approaches; for terminology, see original equations

We now illustrate our approach by considering the response to changes in inlet pressure. For

simplicity, we assume a reduction in inlet pressure from 60 mmHg to 48 mmHg (a drop of 20 %). In

order to give a smoothly varying inlet pressure, we assume a function of the form:

k-1

Din = P, [1 + (T) (1 + tanh (%))] (75)

with k denoting the fractional value of baseline pressure to which the function tends, set here to 0.8

(i.e. a 20 % drop in driving pressure). This drop occurs at a time of 1 second (allowing the model to

settle before the change occurs) with a rapid rate of change. The resulting changes in nodal pressure

and vessel volume across all 13 generations are then calculated using both sets of model equations

set out in Table 4.

We first examine the changes in blood pressure within the network. Since our new approach is

based on nodal pressures and the previous approach on pressures in the middle of the vessel, we

interpolate the nodal pressures to plot the pressures half way along the vessels. We plot the

pressures in the third generation of the arteriolar bed, in the capillary bed, and in the fourth
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generation of the venous bed for both models, as shown in Figure 3. We assume a value of 10 mmHg
for intracranial pressure and an exponent of 1 in Equation 73; we then calculate the value of k from

baseline conditions.

It is clear from Figure 3 that the changes in pressure propagate downstream from inlet to outlet,
with the largest and fastest changes occurring at the vessels closest to the inlet. Whilst the response
times to changes in inlet blood pressure in these vessels is of order only a couple of seconds, as
shown in Figure 3, we note that the response is not instantaneous, and care thus needs to be taken
in calculating the flow response to changes in inlet pressure since there is a delay in the propagation
of pressure changes through the network. Without considering the delay, there would be an

instantaneous response in all vessels.

The previous model exhibits a much faster response throughout the vasculature; this is caused by
neglecting the second term in Equation 55. As a result, the speed of response is substantially
different; our model shows how the dynamic term in Equation 55 does play an important role in
setting the speed of response, even at this small length scale. Estimating the time constant of the
response yields values of 0.17, 0.76 and 1.15 seconds in our new model for the mid-arteriolar,
capillary and mid-venous vessels respectively, compared to 0.14, 0.34 and 0.47 seconds for the
previous model, showing how although the earlier vessels respond at a similar speed, the later

vessels respond much more slowly.
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Figure 3 Dynamic changes in blood pressures in bifurcating network in response to 20 % decrease in

inlet blood pressure (for definitions of locations, see main text)

The results for volume, Figure 4, follow those for pressure, as would be expected from the analysis
above and the justification of quasi steady state behaviour in response to changes in pressure. The
later generations of the network thus respond much more slowly in response to changes in inlet
blood pressure than would be assumed from the previous modelling approach. This difference is
caused by the fact that previous approaches assumed a dynamically varying volume in response to
instantaneous changes in pressure: our analysis shows rather that pressure responds dynamically to
changes in inlet conditions with volume following these pressure changes quasi-statically (and hence

with the same delay as the pressure changes).
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Figure 4 Dynamic changes in blood volumes in bifurcating network in bifurcating network in

response to 20 % decrease in inlet blood pressure (for definitions of locations, see main text)

This is an important distinction and the fact that the changes in pressure and volume have now been
shown to be slower than previously thought will significantly alter the dynamic behaviour of
pressure and volume changes in models of the cerebral microvasculature. Note that the differences
in absolute values of volumes between the two models, shown in Figure 4, are due to the slightly
different models that are used for compliance in the two approaches; however this does not affect
the main finding of this study. Experimental validation, through simultaneous measurements of
blood flow and blood volume will be extremely valuable in validating the approach set out here and

quantifying the importance of the dynamic term in Equation 55.

4 Discussion
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In the previous section we have shown that the non-linear advection term can be neglected, when
considering both single vessels and the flow field as a continuum; derived a relationship between
inlet and outlet flows in single vessels and inlet and outlet pressures; derived the condition for a
quasi-steady-state approximation for blood volume; and then shown how single vessels can be
linked together and the flow field in a network solved as a matrix problem. For each of these
derivations there is a limit on the validity of the approximation: we thus consider these now in the
particular context of the cerebral vasculature. We will then also consider the limitations of the
approach that we have adopted. We should note that since we are basing many of the assumptions
on order of magnitude arguments, the precise values are often less important than the relative

magnitudes of different parameters.

We will assume throughout this section that blood has a density of 1040 kg/m3 and a kinematic
viscosity of approximately 3 pPa.s (we will consider the value of viscosity in more detail below) and
that the oscillation frequency is approximately 1 Hz (based on a typical heart rate of around 60 beats
per minute), see for example Caro et al. (2012). We can therefore quantify the magnitude of the
Womersley number immediately. This has magnitude less than one in vessels smaller than
approximately 1.4 mm in diameter. The first order model presented in Result 2 is thus only valid for
vessels of such diameter. Since the lower limit for imaging individual vessels is down to those with
diameters of approximately 0.8-0.9 mm, see for example Mut et al. (2014), this approach does thus
cover all of the generations of ‘unseen’ vessels and can therefore be applied to these vessels, i.e.

those of diameter less than approximately 1.4 mm.

We next consider the product wT. As a first approximation, we assume the same elastic isotropic
model of the vessel wall as in Section 2.1; this then yields, see for example Chappell and Payne

(2016):

Wl =12 (’%‘)) <I§—Z> (76)
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where the right hand side comprises non-dimensional groups, as shown in brackets, the latter based
on the geometry of the vessel and the former based on a mixture of properties. If we assume a value
of wall Young’s modulus of 10* Pa, Caro et al. (2012), then this former term is approximately equal to
2 x 106, The condition for the quasi-steady-state volume relationship then becomes

approximately Rh/L? > 1.2x107, which is satisfied by every vessel in the cerebral vasculature, since
the radius to length ratio is rarely less than 0.01 and the wall thickness to radius ratio is normally in
the range 0.1 to 0.5, see for example Payne (2007), Lucas (2012), Caro et al. (2012) and Payne (2017).
It is worth noting that this is in good agreement with recent studies into the neurovascular coupling
response, which have indicated a relatively small volume component to the short term response,
Hillman et al. (2007), Vazquez et al. (2010) and Drew et al. (2011). It also points away from the use of
the delayed compliance model, Kong et al. (2004) and Zheng and Mayhew (2009), since the time

constant has been shown here to be negligible in all vessels in the cerebral vasculature.

. . E h . .
We next consider the ratio SR which needs to be much greater than 3/2 for advection to be

neglected. Since the ratio of wall thickness to radius, %, is typically in the range 0.1 to 0.5 (see above)

. . N
in any vessel, a lower bound for this can be taken to be 0.1: the ratio Py needs to be much greater

than approximately 15. The flow velocity thus needs to be much less than \/T].Sp, which, for the
values of wall Young’s modulus and blood density quoted above, is equivalent to being much less
than approximately 0.8 m/s. This is well above any flow velocity found in the cerebral vasculature
under normal conditions, Lucas (2012) and Payne (2017), and thus advection terms can be neglected
throughout the cerebral vasculature, although it should be noted that under certain conditions, for
example severe stenosis, flow velocities can rise substantially and that care would have to be taken

under such circumstances to re-evaluate this approximation.

Finally, we consider the product eRep, which should be below 100 for the difference between

matching of static and total pressures to be negligible. In the largest blood vessels in the brain, the
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flow velocity is of order 0.5 m/s with diameters of order 5 mm, see for example Lucas (2012). Such
values give a Reynolds number based on diameter of approximately 1000. Since the typical radius to
length ratio values found in these large vessels are of order 0.1, Mut et al. (2014), the product eRep,
is thus of order 100 in the largest vessels in the brain. The difference between matched static and
matched total pressure can thus be significant in these largest vessels; however, in the vessels below
the imaging threshold of approximately 1 mm in diameter, Mut et al. (2014), this ratio will be below
this limit, making the matching of static pressure a justifiable assumption in such vessels. Care simply
needs to be taken when modelling the larger vessels, essentially those that can be imaged directly.
In these vessels, the product eRep can be calculated for each vessel and the assumption of matched

static pressure examined in each individual vessel.

We have thus explored how the four relationships derived earlier relate to individual blood vessels in
the cerebral vasculature. It has been shown that advection can always be neglected in the equation
governing blood flow and that blood volume can be assumed to be in quasi-steady state at all times;
however, the first order approach for pressure and flow (arising from the perturbation series
analysis) and the matching of static pressure should only be applied in vessels below approximately
1 mm in diameter (using this as an approximate threshold for the distinction). Since this
approximately corresponds to the imaging threshold, it is then possible to apply all four
simplifications to models at this length scale. This does make the application of such models

significantly easier. For simplicity we summarise these results in Table 4 below.

Vessels of diameter < 1 mm Vessel of diameter > 1 mm
Neglect advection Yes Yes
First order model Yes No
Blood volume quasi steady state Yes Yes
Match static pressure Yes Possibly

Table 4 List of assumptions in vessels of different diameter
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Note that whilst we have considered every vessel in each generation to respond in exactly the same
manner, due to the symmetry of the change that we have imposed (and for simplicity of
presentation), it would easily be possible to consider the response to localised changes in individual
vessels, as has been examined by other authors; although it should be noted that this model is at
present a purely passive one and that a model of the active response should be coupled with this
model in future to provide good agreement with experimental data, for example examining the

response to activation, as discussed in the Introduction.

It would be possible to characterise the overall behaviour of the network in terms of lumped values
of resistance and compliance, reducing the network to simpler form: characterising the response of
the network to changes in terms of time constants would be a valuable exercise, since this enables
the behaviour of the network to be considered as a whole, along the lines of the 6 second time
constant for oxygen transport in the same network found by Payne and Lucas (2017). This would
help to construct more detailed models of the larger vasculature, of which this network is only one
very small part. However, the approach set out in Table 3 under the restrictions set out in Table 4
can be used across the cerebral vasculature and it is suggested that these modelling equations,
validated by the analysis presented earlier, be used in this context in place of the other approaches

that have been used.

It is worth noting that alongside the model framework presented here that considers each vessel
individually, we also discussed earlier the use of a continuous approach to flow in the
microvasculature, based on the work of EI-Bouri and Payne (2015) in providing a Darcy
approximation for the capillary flow field, as presented above, that has been coupled to a network
model in El-Bouri and Payne (2018), as shown in Figure 1d. This approach offers a complementary
method to the ‘discrete’ flow field presented here, since the two approaches can be coupled

together, dependent upon the length scale being considered and the size of the network that is
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being studied, potentially reducing the computation time very significantly by exploiting the wide

range of length scales.

We do note that there are a number of limitations to the analysis above. We have assumed
axisymmetric vessels and flow fields, which is a reasonable assumption to these flows, although care
should be taken when considering vessels with any significant tortuosity. A more significant
assumption, however, is that we have assumed the fluid to be Newtonian, which does limit the
analysis. However, since the non-Newtonian effects will be greatest in the smaller vessels, which we
have found to be furthest away from the limits derived here, it thus seems reasonable to assume
that the non-Newtonian effects will have little impact on the results found here, although a more

rigorous analysis would be required to justify this more completely.

We have also neglected variations in haematocrit, which can have a significant impact on the flow
field throughout microvascular networks, Gould and Linninger (2015). The choice of model for
haematocrit distribution can also strongly influence the local flow patterns, although further
examination of the effects of this on the overall network behaviour is still needed. It would be
extremely interesting to examine the effects of the variability in haematocrit distribution on the

results that we have presented here.

In addition to this, future work will also involve extending the analysis to the transport of oxygen and
glucose between blood and tissue, using the approach set out in Payne and Lucas (2017), since
solving these equations is key to understanding the relationship between flow and metabolism. The
coupled nature of the equations means that this is a more difficult problem to investigate, although
considerable progress has been made by many of the studies listed in the Introduction. However, by
doing so, it will be possible to develop more rigorous models of both flow and metabolism that will
hopefully help to provide more insight into their behaviour in both normal and abnormal

physiological conditions.
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This will also help to link to models of the BOLD response, providing a sounder theoretical
justification for the haemodynamic components of such models, in particular the lumped parameter
components, which often have to be assumed on a somewhat ad hoc basis, see for example Aquino
et al. (2014). Such multi-scale modelling approaches have a great deal to offer in terms of
understanding the relationship between the underlying physiology and experimental measurements
and provide a rich avenue for exploration in the future. They also offer the possibility of
experimental validation through the characterisation of models over different length scales, enabling
the assumptions used in the model proposed here to be more directly tested, using potentially a

very wide range of measurement modalities, including but not restricted to BOLD, MRI and PET.
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Appendix A

A fundamental assumption when using homogenization is that the large-scale structure, in
this case the capillary bed, is locally periodic. This allows the removal of secular terms in
multi-dimensional problems without the need to solve higher order equations explicitly. It is
of course possible to homogenize non-locally periodic structures, however finding the
solvability condition to eliminate the secular terms becomes very difficult. Periodicity is thus

regularly used in homogenization to simplify the removal of secular terms and is used here.

As € < 1 the local and macro length scales are well-separated and can be defined as X and
x = eX respectively. Using the assumption of scale separation both x and X can be treated

as independent variables and so
V=Vy + €V,, VZ=V% + 2eV,.Vy + £2V2 (A1)
Using this to expand out Equation 17 gives:

ngeD[(uc-VX)uc +e(ue. Vuel = —Vyp, — eVype + sz(uC
+ 2e%V,.Vyu, + £3V2u, in Q. (A.2)

We also use non-dimensional forms of the continuity equation and the boundary conditions:
Vyx.u, + eVyeu, = 0 in Q. (A.3)
u.n=0 onl, (A.4)
u.t=0 onl, (A.5)

where (). denotes the blood space and I, denotes the boundary between blood and tissue.
We then apply the multiple scales expansion for velocity and pressure given in Equations 20
and 21. In order to maintain periodicity each component of uand pis assumed to be
periodic in X. The expansions of Equations 20 and 21 are substituted into Equations A.2-A.5
and successive orders of € equated to determine the leading order homogenized equations

for capillary flow and pressure:
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e2Rep[(u + eul” + ). V)@ + ecul” + ) +
s((u(o) + su(l) + ). Vx)(u(o) + sugl) + )] =
~Vx (L + ep” + ) — eV (pe” +ep + ) + VR + euc + )
+ 2627, Vx(ul” + eul + - ) + V2 (0 + el + - ) in Q, (A.6)

Vx. (ugo) + sugl) + ) + £V,. (ugo) + eugl) + ) =0 inQ. (A7)
(ugo) + sugl) + - ).r =0 (A.8)
(ugo) + eugl) + - ).n =0 (A.9)
Equating powers of 0(£?) in Equations A.6-A.9 gives:
Ve p® = 0 (A.10)
Vx.ul® =0 (A.11)

u®.z=0andu®.n=0 onT (A 12)

and equating powers of 0(&?):
Vxpe? + V,pl” = Viu” (A.13)

Ve ul +v,.ul® =0 (A 14)

(1) .T = 0and u(l) =0 onTl (A.15)

From Equation A.10 it is evident that pg is constant at the local-scale, hence p(o) = p§°) x).
In order to determine the leading order problem it is necessary to solve foru dand p(l).

From Equation A.13 it can be seen that u ) and p ) are both linear functions of prco and

so solutions are proposed of the form:

©
d
ul® = —wf(x) pc (A.16)
W _ _pJ pe”
Pe PJ(X) + P (A.17)
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Einstein notation has been used here for clarity where j can take the values 1, 2, or 3 and
refers to the Cartesian co-ordinate directions. The notation used is a simple substitution for
what would otherwise be a dot product of the two j components. wé'(X) and ch (X) account

for the local variations in u§°) and 'pgl) and are known as the cell variables. It is from these

local variables that the homogenized macro-scale parameters of the blood flow in the
capillary network can be determined. These variables are determined by inserting them into

Equations A.10-A.12 to obtain the cell problem:
Vy.w.(X) =0 inQ (A 18)
VxP/(X) = VAW/(X) + ¢; in Q. (A.19)
wg(X).r = 0and wg(X).n =0 onT (A.20)

where e; is the unit vector in the j-direction. This is the local periodic cell problem which
must be solved numerically in order, as shall be seen, to derive the parameters for the
macro-scale problem. Note that Equation A.19 is a forced Stokes flow problem. From this is
derived the Poiseuille equation (making assumptions on the radial and swirl components of
the velocity). Therefore, despite having left in the convective acceleration term in the

original equations, to leading order the cell problem is Stokes flow.

From Equations A.19-A.20 it can be seen that the cell problem is underdetermined and

hence the local pressure term ch is only defined up to a constant value. A unigueness

condition is thus imposed which states that the volume average of the local pressure is zero:

. 1 .
(P))e = —j P/ dv =0 (A.21)
11 Jq,
Taking a volume average over ugo), Equation A.16 results in:

Wy, = —KV,p” (A.22)

where
1 j
Kij = |Q|J;1 w; dV (A.23)
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This is Darcy’s Law with K defining the permeability tensor. Therefore, to leading order, the
homogenization of the incompressible, steady state Navier-Stokes equations gives Darcy’s
Law. The permeability tensor K encapsulates the geometry of the problem and how the
geometry affects the flow for given pressure gradients. It is an averaged coefficient tensor,
calculated by solving the micro cell problem, and is the volume average of the velocities in

the cell problem.
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