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Abstract

A C-congestion period of an M/M/oo-queue is a period during which the number of customers in the system is continuously
above level C. Interesting quantities related to a C-congestion period are, besides its duration D¢, the total area Ac above C, and
the number of arrived customers N¢. In the literature Laplace transforms for these quantities have been derived, as well as explicit
formulae for their means. Explicit expressions for higher moments and covariances (between D¢, N¢ and Ac), however, have not
been found so far.

This paper presents recursive relations through which all moments and covariances can be obtained. Up to a starting condition,
we explicitly solve these equations; for instance, we write ED% explicitly in terms of ED(%. We then find formulae for these starting
conditions (which directly relate to the busy period in the M/M/co queue).

Finally, a C-intercongestion period is defined as the period during which the number of customers is continuously below level C.
Also for this situation a recursive scheme allows us to explicitly compute higher moments and covariances. Additionally we present
the Laplace transform of a so-called intercongestion triple of the three performance quantities. It is also shown that expressions for
the quantities of a C-intercongestion period can be used in an approximation for the C-congestion period. This is especially useful
as the expressions for the C-intercongestion period are numerically more stable than those for the C-congestion period.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper we consider an M/M/co queueing system. Customers arrive according to a Poisson process with arrival
rate A and have an exponential service requirement with mean !, There are an infinite number of identical servers
and customers start service immediately upon arrival.

The M/M/oco queueing system can be used as a flow-level model for the occupancy of a link in a communication
network, see e.g. [1]. In order to avoid a degradation of the Quality of Service (QoS) of the underlying applications, a
network operator should dimension the network links such that the fraction of time that the link occupancy exceeds
a certain critical level (close to the link capacity) is kept small, i.e., below a target value € (which can be evaluated
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easily; the number of flows has a Poisson distribution). However, QoS as perceived by the users of the network is not
only affected by the frequency of congestion periods, but also by their duration. This motivates the interest in so-called
C-congestion periods in a M/M/oo system.

A C-congestion period is defined as the period during which the number of users present is continuously above level
C. In other words: a C-congestion period is the period starting at the epoch that an arriving customer finds C customers
in the system, until the first time that a departing customer leaves behind C customers. The duration of a C-congestion
period is denoted by Dc. Other interesting quantities which are related to a C-congestion period are the number of
users that arrive during the congestion period, denoted by N¢, and the total amount of work in excess of level C during
the C-congestion period, which is the so-called area A¢ above level C.

First, in the following section we provide an overview of the existing literature related to congestion periods. This
allows us to clarify our contribution in the subsequent section.

1.1. Literature

Keilson [4] studied passage times of birth—death process by decomposing a passage time into the convolution
of congestion periods; due to the general nature of birth—death processes the results are rather implicit. There are
several papers that have studied the congestion period in M/M/co-queueing systems. Guillemin and Simonian [3]
present closed-form expressions for the means of D¢, Nc and Ac. They also obtained the Laplace transforms (LTs)
for the above-mentioned quantities, and analyzed the first passage time of level C starting in steady-state. Preater [7]
elaborates on the results of Guillemin and Simonian; by using an alternative derivation he finds a more attractive
form of the LT of the congestion period. He also presents the joint LT of the congestion period triple O¢ (D¢, Nc, Ac)
of the duration, number of arrivals and the area. In another paper [8] Preater examines the height of a congestion
period, e.g., the maximum level that is reached during a congestion period. Knessl and Yang [5] study P(D¢ > t)
in several asymptotic regimes. Both Guillemin and Simonian [3] and Preater [7] observe that, when C grows large,
a C-congestion period of an M/M/oo-queue behaves similarly to the busy period of the M/M/1-queue. The LT of the
duration and number of arriving customers in the busy period of an M/M/1-queue can easily be obtained, and see [2]
for an analysis of the area of a busy period. Robert [9] presents an approximation of the order of the mean passage
time from level » to level O for large n.

Another related subject of frequent study is the busy period of the M/G/oco queueing system, which in fact coincides
with the congestion period of level O (i.e., the O-congestion period), with generally distributed service times. One of
the earliest works on the busy period is by Takécs [13]. He presents the LST of the busy cycle duration of a so-called
type II counter, which is similar to an M/G/oo-queue. This result is used by others, e.g. Stadje [12] and Liu and Shi
[6]. Liu and Shi [6] consider the busy period in GI¥ /G/oo-queueing systems with batch arrivals and for several special
cases they obtain expressions for the first and second moment of both the busy period and busy cycle. A joint LT for
both the duration and number of arrivals was already presented by Shanbhag [11].

Although the Laplace transforms of D¢, Nc and Ac are known [3,7], differentiating these is fairly non-
straightforward due to the rather implicit nature of the functions involved. This explains the absence of explicit
formulae for higher moments (the means are known) and covariances (between D¢, Nc and Ac). Also, so far no
attention was paid to C-intercongestion periods, which are the periods during which the number of customers in the
system is continuously below C.

1.2. Contribution

This paper studies the duration, number of arrivals and area swept above C (i.e., D¢, N¢ and A¢) for C-congestion
periods in an M/M/oo-queue. Recursive relations are derived through which all the moments of the above-mentioned
values can be obtained. In particular it is demonstrated that there is a recursive relation between the congestion periods
of two adjacent levels, e.g., level C and level C — 1: any quantity of level C can be expressed in terms of the same
quantity of a (C — 1)-congestion period. Iterating these, we can express the quantities related to a C-congestion period
in terms of the quantities related to a O-congestion period (which is, as observed above, a busy period of the M/M/oo-
queue). For instance, we write ED% explicitly in terms of IED%. Furthermore, similar recursions are derived for the
covariances between the quantities D¢, Nc and Ac.



F. Roijers et al. / Performance Evaluation 64 (2007) 737-754 739

Thus, in order to solve for the higher moments, we have to find the starting values for our recursion; in our
example: to find an expression for IED(Zj we have to find an explicit formula for IED(Z). The derivation of these
starting values can be done through the differentiation of the LT of these busy-period related quantities. In particular,
explicit expressions for the first and second moments are presented. In addition to this, we find the covariances
Cov (D¢, N¢), Cov (D¢, Ac) and Cov (N¢, Ac). With ED¢, EN¢ and EA¢ being known, this reduces to finding
the ‘joint expectations’ E[DcNc], E[DcAc] and E[NcAc]. Again, we first express these in terms of the busy-period
quantities (for example, E[ D¢ Nc] is phrased in terms of E[ Do Ny]), and then the busy-period related starting condition
is solved. Theoretically, all moments (joint expectations) of the quantities of a C-congestion period can be obtained by
differentiating the LT of the quantities (from Preater’s [7] congestion triple), but practically this is far from trivial. It
is considerably easier to obtain the moments (and joint expectations) of the busy-period quantities and to insert these
as the starting conditions into the recursive relations.

Analogously to a C-congestion period, a C-intercongestion period is defined as the period that the number of users
is continuously below level C. The analysis and results for the quantities duration, number of arrivals, and the area
below C are presented, which are also recursive relations for the moments and covariances. Again, the recursion can
be solved in terms of the quantities of level 0. Importantly, these relate to the period that the system has less than 0
customers; hence, all moments and joint expectations of the quantities are 0. The recursion has attractive numerical
properties: it is more stable than those of the C-congestion periods. In addition, similarly to Preater’s derivation of the
LT of a congestion triple [7], the LT of the intercongestion triple is derived.

Guillemin and Simonian [3] and Preater [7] already observed that, for large C, the busy period of an M/M/1-queue
can be used to approximate the behavior of a C-congestion period of an M/M/oco-queue. The approximation works well
for large cbut not for C close to the average number of users in the system p. Results in this paper indicate that the
quantities of a C-congestion period can be approximated accurately by a p — (C — p)-intercongestion period (which
has, as indicated above, favorable numerical properties). The approximation works particularly well for C close to p,
and can consequently be used complementary to the above-mentioned M/M/1-based approximation.

1.3. Outline

The outline of this paper is as follows. Section 2 introduces the notation and illustrates how a transient period of
an M/M/oo-queue can be subdivided into C-congestion periods. Section 3 presents the recursion schemes for the first
and second moment of the D¢, N¢ and Ac. The recursions are solved resulting in closed-form expressions which still
contain the starting condition: for instance, IED% is explicitly written in terms of ]ED(Z). Similarly, Section 4 yields
the derivation of the covariances of the quantities in terms of the covariances relating to the busy period: E[ D¢ Nc]
is presented in terms of E[DgNp]. In Section 5 the first and second moments of Dy as well as the joint expectation
E[DgNy] are obtained. These busy-period quantities are then the ‘starting conditions’ of the recursions of Sections 3
and 4. For the first and second moments of Ny and Ag and for the joint expectations E[ Dy Ag] and E[NgAg] we refer
the reader to Section 5 of [10]. Section 6 presents the definition, analysis and results for C-intercongestion periods.
Section 7 provides some numerical results and illustrates that a p — (C — p)-intercongestion period can be used as an
accurate approximation of a C-congestion period when C is close to p. Section 8 concludes this paper.

2. Preliminaries
2.1. Definitions

Consider an M/M/oo-queue with arrival rate A and mean service requirement 1~ !. For convenience we introduce
the notation v, := A + nu. The average workload of the system is denoted by p = A/u. Let the Markov process
A, € {0, 1, 2, ...} denote the number of customers in the system at time 7. Let

Di(i)= inf{t >0: A4y =j| Adg =i}, i>], (D
Ni()y= #t: 4 -A_=1,0<t<D;@)}, i>],

_ D; (i)
Aj) = / = pdt, i J, @
=0
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where A,_ = lim¢ o A;—. Then, D; (i) is the first passage time of state j from state i, N;(i) the number of arrivals
during this first passage time D (i), and A (i) is the area above j during the same period of time. Note that Guillemin
and Simonian (GS) [3] have a slightly different interpretation of the number of arrivals.!

An important sub-class of these passage times is the class of C-congestion periods. A C-congestion period is the
duration until the first return to level C after an arriving customer raised the number of users above level C. So, a
C-congestion period is the period that the system is continuously above level C. Duration D¢ is defined by (1) where
i = C+1and j = c. For short-hand notation we introduce D¢ := Dc(C+ 1), Nc := Nc(C+1) and A¢c := Ac(C+1).
The special case where C = 0 is called the ‘busy period’.

2.2. Decomposition of a passage time into congestion periods

By its definition D;(i) is a stopping time of the Markov process /;. It can be decomposed as the sum of the
hitting times D;_1 and D;(i — 1). The strong Markov property states that these hitting times are independent. The
first component is already a congestion period and the second term can be decomposed repeatedly in a similar way
and finally results in the following equality in distribution:

i—1

Dj(i) =Y Dy, 3)
k=j

where the Dy fork = j,...,i — 1 are independent. Expression (3) resembles expression (5.1.1) of Keilson [4].
The number of arrivals N;(i) and the area A;(i) can also be decomposed, based on the decomposition of the
duration D; (i), resulting in

i—1

Nj@) =) N, 4)
k=j
i—1

Aj(i) =) (Ax+ (k= )HDyp). 5)
k=]

Proof. Eq. (4) follows directly due to (3). Eq. (5) is obtained because area A ; (i) can be decomposed in a similar way
as D;(i) and N, (i), but caution is required because of the definition of the area. A (i) can be decomposed into the
terms A; 1 and A;(i — 1), but A; | only consists of the area above level i — 1, ignoring the area between i — 1 and j
for the duration D;_;. The missing area for A;_j is (i — 1 — j)D;_1 and correction of all terms A leads to (5). U

This subdivision of the passage times into the sum of independent congestion periods simplifies the analysis. All
the moments can be directly derived from the moments of the individual congestion periods, e.g., for the duration it
yields

i—1 i1 i—2 i1
ED; (i) =ZIEDk and ED3(i) = ZJED,erzZ Z ED(ED;.
k=) k=j k=j I=k+1

2.3. Analysis of a C-congestion period

In this section a recursive relation for the quantities of a C-congestion period are derived using straightforward
analysis.

A C-congestion period is initiated by a customer who finds C other customers in the system upon arrival. The
number of customers is increased to C 4+ 1 and the system will remain at this level for an exponentially vcyg
distributed time, as both the interarrival time and the service times are exponentially distributed. The next transition of

lgs [3] include the arrival that starts a C-congestion period. Formally this arrival did not occur within the C-congestion period as the customer
entered the system when only C customers where present. Preater [7] also ignores the arrival that initiates the congestion period.
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the system is caused either by the arrival of a new customer or by the departure of one of the C + 1 customers present.
With probability (C + 1)iu/vc41 the next transition is a departure, which immediately ends the currently ongoing
C-congestion period. With probability A/vc41 the next transition is initiated by an arrival, which increases the number
of customers to C + 2; then the remaining duration of the C-congestion period is the duration of a transient period
Dc(C +2).

Let T¢ be the duration that the system remains at level C, which is exponentially vy distributed, and define the
random variable P as

po_ 1 with probability X /vc
€7 10 with probability Cu/vc.

Notice that, as Pc is alternatively distributed all moments are the same: EPé‘ = A/vc for all k. Now, for the duration
of a C-congestion period D the above reasoning leads to:

D¢ = Teq1 + Poy1 De(C+2) = Teqt + Peg1(Deg1 + D). (©6)

Here X’ denotes an independent, statistically identical copy of X. By the memoryless property of the exponential
distribution all the random variables, e.g., Tc+1, Pcy1 and Dc(C + 2), are mutually independent. Expression (6) is a
recursive relation which illustrates that the duration of a C-congestion period can be expressed in terms of the duration
of a (C — 1)-congestion period. By repeated iteration the duration can be expressed in terms of Dy, which is the
duration of a busy period.

For the quantities N and A the following similar relations can be derived:

Ne = Peii(1+ No(C+2)) = Peyi (14 Negi + NY). 7
Ac = Toq1 + Pep1Ac(C+2) = Toqt + Pegi(Actt + Degr + AY). (8)

Note that by definition of N¢ the (possible) arrival that ends T4 and initiates the passage time D¢ (C + 2) is not
accounted for in N¢(C + 2) and has to be accounted for separately. The second equality of (8) follows directly from

(5).
3. Quantities of a C-congestion period

In this section we present the mean and second moment of the duration, number of arrivals and the area swept
above C. For the quantity duration the mean, the second moment and also higher moments are written out. Next, the
moments of the number of arrivals and the mean of the area are rather trivial, the second moment of the area is more
complicated as definition (8) includes a term D¢ which requires the joint expectation of the quantities D¢ and Ac.

3.1. Duration of a C-congestion period

For the derivations of the moments of the duration we use result (6) of Section 2.3. Although the expected duration
of a congestion period is already given in Guillemin and Simonian [3], the derivation of the mean duration is presented
to become acquainted with the methodology of the recursions.

3.1.1. Mean duration of a C-congestion period
Taking the expectation on both sides of expression (6) yields

A
4

EDc = E[Tcq1 + Pey1(Dey1 + Do)l =
Ve+1 Ve+1

(EDc+1 +EDc).

By isolating EDc4 1 at the left side, we obtain the following expression:
(C+1DHuEDc: — 1
; .

Expression (9) is a difference equation and illustrates that the mean duration of a (C + 1)-congestion period depends
on the mean duration of C-congestion period. By iteration ED¢4 (or preferably ED¢) can be expressed in terms of

EDcy1 =

©)
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E Dy, which is the expected duration of a busy period. This yields the following closed-form expression

! GKplo &
EDc = —IEDO - = p—' - — '07, (10)
P e B L A

where [EDy is obtained via renewal arguments. Let oy denote the fraction of time that the system is empty, Tidle
the duration that the system is empty, and Tyysy the duration that the system is busy. As mg = e *, ETige = 1/2,
EDy = ETyusy and g = ETigie/ (ETvusy + ETiqle) it follows that EDg = (e” — 1)/A.

3.1.2. Second moment of duration of a C-congestion period

The second moment of the duration can also be obtained by taking the second moment of expression (6). Then we
obtain

ED?2 = E[Tc+1 + Pei1(Dey1 + Do)l
= E[T?, | +2Tct1Pe1(Dey1 + Do) + P2, (D% +2Dcy1 De + D2)]

2 2
= —+ (EDc41 +EDc) + —(ED 211 +2EDc EDc + EDZ)
vc+l c+1

as E[Dcy1Dc] = EDcy1EDc by the strong Markov property. Rearranging leads to the following difference equation:

c+1 2 2
EDZ — — (EDc41 +EDc) — 2EDc4 1 EDe.
AVt Ve+1

2
IE:DC—H

This equation can be solved in terms of EDZ, the second moment of the duration of a busy period which is treated in
Section 5.2, and yields

P N ol I _ &l 2l
EDC_p—CED0—2p—ZIF—[ED 1+EDJ]—2p—Cj;ﬁEDJ,1ED]—Ap—C l]'vj. (11)

3.1.3. Higher moments of the duration of a C-congestion period
Higher moments can also be obtained using the recursive relation (6), although calculations are more tedious. By
using the binomial theorem for both ED{ and ED{(C + 2) we obtain:

n
ED} =) ( z ) ET!7! B[ Pcy1 De(C+2)
=0

n! Ay =D K[ L PP R . .
——+ Z(I)Tz<k)EDC+1]EDC + Z(Z)EDC+1ED2 .

c+1 Vel 1D Verl k=0 Vet 15

Rearranging leads to a difference equation which can be solved in terms of EDy:

|
ED! = SED) - —Z Z( )‘” )kzo(k)mfm;_ﬁ

o€

! & pf "_1<n) f n! ¢! < p/
- =3y IED‘IED”.I——— (12)
PC;J!; ! ST X;J v

From expression (12) it can be observed that the n-th moment of level ¢ depends on all moments ED{! for m < n and
ED,’Z’ for k < ¢, m < n. This illustrates that for EDZ all moments ]EDg’ form =1, ..., n have to be known. This is a
drawback as closed-form expressions for the second and higher moments are not presented in literature. An expression
for ED% will be derived in Section 5.2. The method can also be used for higher moments, but the calculations become
substantially more tedious.
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3.2. Number of arriving customers during a C-congestion period

The mean and second moment are obtained by taking the expectation of expression (7) and the square of expression
(7) respectively.

3.2.1. Mean number of arriving customers in a C-congestion period

Taking the expectation of expression (7) and rearranging leads to a difference equation in terms of [ENy, which is
the number of arrivals during a busy period. ENj is easily obtained as ENg = AEDy = e” — 1 and the solution of the
difference equation is the following closed-form expression:

C' c— 1pJ C' s Iol

ENC_—ENO——C o= . (13)
p< P P S Y

3.2.2. Second moment of the number of arriving customers
The second moment is derived in terms of ]ENS in a similar manner and yields

c!
ENZ = —EN§ — — Z—a +2EN;EN;_; +2EN; +2EN;_1). (14)
P p© !
j=1

For the derivation of ]EN& we refer to Section 5.3 of [10].

3.3. Area swept above C during a C-congestion period
The mean and second moment can be obtained by using expression (8).

3.3.1. Mean area swept above C

Taking the expectation of (8) leads to a difference equation that can be solved iteratively in terms of EAg. EAo,
the area above 0 during a busy period, can be obtained by considering that the system is a renewal process of cycles
consisting of busy and idle periods. The average workload p during a cycle should all be obtained during a busy
period. Then p = EAy/(EDg + 1/A) and thus EAy = pe”. Finally, we obtain the following closed-form expression
for EAc:

c! <. ¢! 1 lc! & pl
EAc = F]EAO - ; i (ED.,' + X) =_—— 2 (15)

3.3.2. Second moment of the area swept above C
Taking the second moment of (8) and isolating IEAC 41 leads to a difference equation. The difference equation
includes the ‘joint expectation” E[ Dc41Ac+1], which results from the term E[Ac(C + 21> By definition (2) Ac41 is
dependent on D¢ 1, hence E[Dc41Act1] # EDc+1EAc+1; an expression for E[ D¢y 1Ac41] is required and will be
derived in Section 4. Then, the difference equation can be solved in terms of IEA% (see Section 5.4 of [10]) and the

solution yields

c! c! &K pl
EA2 = F1EA§ -5 Z%(ED? +2EA;EA;_ 4+ 2E[D;A;] +2ED;EA;_1)
=17

&Gl 2¢ &pl

—2— ——(EA +ED; +EA; 1) — —— - .
I~ A p€ = NARY

(16)
pe ity

Observe that expression (16) requires, besides EA2, the terms EDJZ. and E[D;A;] for 1 < j < C. Recall that EDJZ. is
given by (12), and E[D; A ;] can be obtained from Section 4, so expressions are available for all the required terms.
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4. Joint expectations of the C-congestion period quantities

In this section the joint expectations E[DcN¢], E[DcAc] and E[NcAc] are derived. The covariances between the
quantities can easily be found as, e.g., Cov (D¢, N¢) = E[DcNc] — EDcENc. Furthermore, the joint expectation
E[DcAc] is required to determine the second moment of the area swept above k for all k£ > C, see Section 3.3.

4.1. Joint expectation of the duration and number of arrivals

By (6) and (7) we have
E[DcNc] = E[(Tet1 + Pe1De(C + 2)) Pet1 (1 + Ne(C +2))]
(ETcq1 +ETc1ENcyq + ETc 1 ENe + E[Dey1 Nes1]

Ve+1
+ EDC+]]ENC + ]EDCENC-‘rl + ]E[Dch] + EDC-‘,—] + ]EDC)

This difference equation can be solved in terms of IE[ Dy Ny], the derivation of which is presented in Section 5.3, and
yields

c! c! &K pf
E[DcNc] = FE[DONO] — p_C E F(ED]'EN]'_I +EDj_1ENj + ED]' —‘,—EDJ‘_I)
j=17"

1
_= p——(l—i—EN +EN;_). (17)

pe = Jtv
4.2. Joint expectation of the duration and the area swept above C

By (6) and (8) we have
E[DcAc] = El[(Tc41 + Pet1Dc(C + 2))(Teq1 + Pet1Ac(C+2))].

Isolating E[ Dc+1Ac+1] yields

c+1
E[Dcy1Act1] = TE[DCAC] (ED cr1 T EDcEAc+1 + EDc1EAc + EDc11EDc)

2
QREDct1 +EDc +EAcy1 +EAc) — .
Ve+1 )\'VC-‘rl

Notice that this expression includes a term IED% 1 Which results from the decompositions of Dc(C+2) and Ac(C+2)
that both consist of a term D¢, 1. The difference equation can be solved in terms of E[DgAg], which is deduced in
Section 5.6 of [10], and yields

c! ol o,
E[DcAcl = —SE[DoAo] — > 7(1EDj +ED; |EA; +ED,; |EA; + ED,ED; ;)
=17

j 1 2 ¢! ¢ J 1
__Z’O——(zED +EDj_1 +EA; +EA;- 1)———2/])'” 1o
J

Observe that the solution requires the second moments IEDJZ for 1 < j < ¢, which are given by (11).

4.3. Joint expectation of the number of arrivals and the area swept above C

By (7) and (8) we have
E[NcAc] = E[Pc+1(1 + Nc(C + 2))(Te41 + Pet1Ac(C+2))]
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The solution in terms of E[NgAg], see Section 5.7 of [10], yields

c! c! &K pf
ENcAc = F1[-3[1\10AO] G ZF(E[D,-Nj] +EN;EA;_; +EN;_|EA; + ED;EN;_,
=17
Cl < pl 1
+EA; +ED; +IEA]-_1)—p—CZ:lTU—j(l—i—ENj—i—ENj_l). (19)
l:

5. Moments and joint expectations of the busy-period quantities

In Sections 3 and 4 expressions were obtained for the moments and joint expectations for the quantities of a C-
congestion period. The expressions are all solved in terms of the busy-period quantities (i.e., 0-congestion period
quantities). The goal of this section is to derive these busy-period quantities. This section only presents the first and
second moments of the duration and the joint expectation of the duration and number of arrivals; the derivations of
the other busy-period quantities ENy, EAg, E[DgAo] and E[NgA¢] are presented Section 5 of [10].

The moments of the quantities are obtained by differentiating the Laplace transform (LT) of the congestion triple
(Do, No, Ap) that was obtained by Preater [7]. Section 5.1 presents Preater’s LT and additionally a lemma that
simplifies the calculations that are presented in the succeeding subsections.

Theoretically, all moments and joint expectations of the quantities of level C can be obtained by differentiating
Preater’s LT of the congestion triple, but this task appeared to be far from trivial. Therefore we decided to first
express them in terms of moments and joint expectations of the 0-congestion period; subsequently, we derive these
0-congestion period quantities through (relatively easy, but still tedious) differentiations.

5.1. Preater’s LT of the 0-congestion triple (Dgy, No, Ag)

Analogously to Guillemin and Simonian [3], Preater uses © = 1, and so A = p. To obtain the Laplace transform
of the C-congestion triple, Preater first considers the LT of the duration of a C-congestion period. By two different
derivations he obtains the LT in two different expressions: the first is a continued fraction, the second is a fraction
of the functions /-4 and Ic (see (21)). The equality of these two expressions is the most important result of his
Proposition 2.2. In his Theorem 3.1 he derives the (joint) LT of the congestion triple by the first derivation and the
result is also in the form of a continued fraction. Using the equality of his Proposition 2.2, the continued fraction can
be rewritten as a fraction of /-4 and Ic. The LT for ¢ = O resulting from his Proposition 2.2 and Theorem 3.1 is
stated below.

Preater’s Theorem 3.1 and Proposition 2.2 combined for c= 0. The vector (Dg, No, Ao) has Laplace transform

1 Iia—b,b)

OF(s,t,u) =E —sDy — tNg — uAgp) = 20
o (5.2, u) exp(—s Do 0 — uAo) w110 —b.b) (20)
where
s+p pe!
= 7t1 =, bz:b at» = >
a:=a(s,t,u) Tl (s,t,u) PRy
1
Ic(a, b) :=/ e P (1 — x)* 'xCdx. (1)
0

Differentiating (21) is a tedious job, but can be simplified considerably by the next lemma.

Lemma 1.

pas 1 b
Io(a.b) = e~ .
ola,b)=e k;)a+kk!

Ii(a,b) = Iy(a,b) — Ip(a + 1,D). (22)
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Proof of (22).

1 1
Io(a,b) = / e (1 —x) ldx = efb/ ePrxa1dx
0 0

1 1
Ii(a,b) = / e (1 — )" xdx =7 / P x4 1(1 — x)dx
0 0
x bk 1
= eib Z — (xk+ll71 _ Xk+a)dx b)’gz) Io(a, b) _ Io(a + 1’ b) 0
P

Furthermore, we introduce the following notation:

RIS g
Notice that £(p) < oo.

5.2. Moments of the duration of the busy period

By (20) and using (22) we have

Di(s) = 67(5.0,0) = 1 — i((ss)) (23)
where

©=Y 2 g a =Yy

fs'_];s—i—k—i—lk! o “'_gswk!‘

Let ™ (s) denote the m-th derivative of n(s) (hence n(s) = n©(s)). Then it can be shown that

(=D)"m!

SO B/ ISR TN
(m) o =D"-m!p . (m) -
M) =Y —— and  lim 2" (s) s

£ (s + kT kL
The first equation is obtained by repeated derivation of n(s). The second statement is obtained by proving that the
(k > 1)-terms can be bounded by a finite term as follows:

k 00

00 0k k
P E DI Bl
k=1 ' k=1 """ k=0 "

Then the second statement is proven by observing that the second statement is exactly the (k = 0)-term which goes
to infinity for s close to 0.

5.2.1. First moment

Although the first moment is already obtained in Section 3.1, we also present its derivation for the sake of
completeness. It is well known that EDy = —(Dg;)’(0). Differentiation of (23) yields

w4 fOY A6 [
Do) =5 (1 n(s)) T TR )

We conclude that EDy = f(0) — 0 = (e” — 1)/p, which coincides with the results earlier obtained in Section 3.1 for
n=1.
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5.2.2. Second moment
Now I['ED2 (D§)"(0). The second derivative is

(n (5)f () f’(S)) _ " Jr2n’(S)f’(S) 2(n’(S))zf(S) n"(s) f(s)

n2(s) n(s) n(s) n2(s)  nd(s) n2(s)

The first of these four terms goes to 0, and the second to —2 f”(0). The third term goes to —oo, and, as n” (s) ~ 2/s°,
the fourth term goes to +o0c. Define for ease

(Dg)"(s) =

) 1 ,Ok
gn(s) = ]; (k+s)n E’

for any n € N, it holds that g, (0) < e” < oo. Simple manipulations yield

i (n”(s) (n’<s>)2> o T 8160257 4 2g3()) — 2672 + 80(5)*
im — = lim =2g1(0).
510 \ n2(s) n3(s) 510 (s 4+ g1(5))3
Thus
) o0 1pk o0 k
— o
ED§ = 281(0) f(0) — 2f/(0) =2 (; . k!> ZO (k+ e k, = 2e"£(p). (24)

5.2.3. Relation between (24) and the results of Liu and Shi [6]
Liu and Shi [6] obtained the following expression for the second moment of the busy period of an M/G/oco-queue:

2 o0
ED2=—/ Py(t) — Ppldt
0 /\Pozo [Po() ol

where Py(t) = exp{—p fé e *dx} = exp{—p(1—e ")} and P is the probability that the system is idle, thus Py = e 7.

Then, by using that exp{pe™"} = Z/?io(,oe_[)k/k!, we have
2 00 2e2p 00 . 2P 00X ik
— [Po(t) — Ppldr = i e Ple” — 1]dr = =< Z (pe™) dr
Pre o p o p o & K
2eP X pk oo 2ep X X
= i 'O_ e—kldt — ip ’0—2 — Zeps(p)
= p U= (k+ 12K

We conclude that expression (24) and the result of Liu and Shi [6] coincide.
5.3. Joint expectation E[ Do No] of the busy period

The joint expectation E[ Dy Np] can be obtained by differentiating the Laplace transform (20) by both s and #:
d2
E[DoNol = lim ——Ee PN,
540,000 dsdt

By (20) and (22) we have

I@—b+1.b) _  fs.0)

E —sDo—tNo _ oF 1, =1 —1_ ,
© 0 (5.7, 1) To(a—b.b) n(s. 1)

where a = a(s,t) = s + p and b = b(s, t) = pe~! and by the definition we have
—kt 0k —kt

o0
ok e 0 e
l — ) , 1) = — .
n(s, Zk To(l—e )tk Fs. 0 S st p(l—e D) +htl
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Define 1) := dn(s, t)/ds, n, := dn(s, t)/dt and n”, := d?n(s, t)/dtds. Analogously, the derivatives f!, f/ and f// are
defined. Then

& pemspomng _ Q[ R S S Sl fnd 2 i
dtds dt n n? n? n3

n? n

For s,t — 0, the first term goes to 0, and the second term yields —p fs/ 0,0) — ft’ (0, 0). The third and fourth terms
result in (0o — 00), and require careful analysis, similar as for ED%. This eventually yields 202%E(p) £(0, 0). Then we
obtain the following expression for [E[ Do Ny]:

E[DoNol = —pf;(0,0) — f/(0,0) +2p°£(p) f (0, 0). (25)

Notice that E[DyNo] is bounded for finite p; £(0,0) < > 72, o /k! = eP and similar bounds can be obtained for
£7(0,0) and f/(0, 0).

5.4. Moments for service times other than I

In this section expressions are derived for the moments of Dy and the joint expectation of Dy Ny with mean service
time pu = 1. To adapt the derived expressions for service times © # 1, it suffices to see that varying A or u for fixed
p is only a scaling of time. Time scaling does not influence the number of arrivals, but it does influence the duration
and area. The expressions derived in this section can be adapted to ; # 1 by a factor (1~ ') where n is the order of
the moment, e.g., in self-evident notation:

ED¢ = ™ "EDG(, =1y EDcNe = ™ EDe Nejgu=1).

6. C-intercongestion periods

Besides the duration of a C-congestion period, we are also interested in the time that the system is below level
C, a so-called Cc-intercongestion period. This section consists of the definitions of a C-intercongestion period, the
derivation of a LT of the intercongestion triple, and the derivation of the first and second moments of the quantities
and the covariances between the quantities.

6.1. Definitions

Analogously to the definitions of a C-congestion period in Section 2.1 we define
Di(i)y =inf{t >0: A, =j | dp =i}, i<},
Ni@)y=#t: A4 —A4_=1,0<t<D;j@)}, i<],

Dj (i)
Aj<i>:=f G —Apde, i<,
t

where D; (i) is the duration of the transient period to go from state i to state j for i < j, N;(i) is the number
of arrivals during D; (i), and A; (i) is the area under C during D;(i). For convenience we use the following short
notation: D¢ := Dc(C — 1), No == Ne(C — 1) and Ac := Ac(C — 1). Dj(i) is a hitting time which allows for
the following decomposition D; (i) = Z,’(:i +1 Dx. Due to the definition of N (i) and A; (i) these can be similarly
decomposed NV (i) = Y i, N and A;j () = Y, (A + (j — ) Dy).

Finally, we derive a recursive structure for a C-intercongestion period. Using random variables T and Pc, which

have the same definition as in Section 2.1, the duration D¢ (C > 2) can be subdivided into the independent durations
Tc—1 and D¢ (C — 2) as follows:

DC = TC—] + (1 - PC_])Dc(C - 2) for C 2 2
Similarly decompositions of N and Ac give the following recursive equations:

Nc=Pe_i+ (1 — Pc_)Nc(c —2) forc =2,
Ac =Te—1+ (1 — Pc_1)Ac(C—2) forc > 2.
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This set of equations again gives rise to recursions for D¢, N and Ac, which can be solved in terms of Dy, Ny and

Ap.
6.2. Laplace transforms of the duration and the intercongestion triple

The derivation of the Laplace transforms is done analogously to the derivation of the LTs of the congestion period
done by Preater [7]. First, the LT of the duration will be derived in two different ways which result in two different
forms. The equality of these two forms is exploited in the derivation of the LT of the intercongestion triple. In this
section we follow Preater’s assumption that u = 1.

6.2.1. Laplace transform of the intercongestion period duration

Lemma 2. Let x,, be a non-negative, bounded sequence satisfying
a+bn
Xp = ——————, n>1,
n+c¢—xp—1

wherea,c > 0, b > 0. Then

b
xo=L(a,b,c)=—1—c+ at . (26)
D —c4 —at2b
—3—ct
Proof. The proof is derived by mimicking Lemma 2.1 of [7] for
a+bn
Xp_1=—-—n—c—+ , n>1
Xn
Writing x as a continued fraction yields (26). [J
Proposition 1. The Laplace transform of the duration D¢ is
Di(s) = c 'L, A A +s+Cc—1)
oo
) k(s +Cc—1—k, 1)
_ c(s, M) k=0 @7

T Clei(s. A c
SR SN E Y ATy
k=0

Proof. (a) An n-intercongestion period starts with a sojourn time 7, at level n — 1. At the end of T,,_; with
probability (n — 1)/(A + n — 1) a customer departs, starting a (n — 1)-intercongestion period followed by another
sojourn at level n — 1. At the end of each sojourn time 7,,_1 a new (n — 1)-intercongestion period can be started by a
departure or the n-intercongestion can be ended by the arrival of a new customer. With obvious notation, we find the
following equality in distribution:

Gy_1—1 .
Du=T" + Y @Y +1P), n=zo0,
i=1

where all variables on the right are independent, 7, is exponentially (A + n) distributed and G, is geometrically

(pn = A/(X + n)) distributed. Then,

A

T*s) =Ee=T = 2"
s+A+n

and

pnflTn*_l(S) _ A
L= (1= ppDT} (()D:_((s) n—1l+s+r—(n—1Di_(s)

Di(s) = (28)
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Let x, = (n + C)D;;_ - (s). Then (28) fulfils the setting of Lemma 2 witha = AC,b = Aandc = A +s+C— 1.
Hence, the first equality in (27) follows from (26).

(b) We follow the lines of the proof of Proposition 2.2 of Preater [7]. Let X; be a stationary version of the
M/M/oco occupation process, so X; is Poisson (p) distributed (o0 = A as u = 1). Preater defined 7, (t) := P(X, =
n | Xo = 0), which is Poisson (A(1 — e™7)) distributed and has LT i (s) = (A" /n)I,(s, A). Additionally we define
xn(t) = P(X; = n | Xo = n) and denote its LT by x,*(s). By conditioning on the number k < n of the initial n
customers that were present at epoch 0 and that are still present at epoch ¢, we obtain

n

=3 (1) 1= e mo,

k=0
Then its LT can be obtained as follows:
00 n —t\\k
*r N —st n ik gtk A =€) ey
X"(S)_/o e kg(k)(l_e eyt e dr
"oy ARl s "oy Ak
— - _ +n—k—1, 2k ,—Au _ ~ _
_k§=0:<k) - fo (1 = u) ue du_I;(k) D 0 — ko),

by using the substitution u := 1 — e’ in the second step.
Next, we introduce the first passage time 1, := inf{r > 0: X; = n | Xo = 0}. Then forn > 0

t
f Kot = DB(Ty € dx) = 7 (0).
0

Taking Laplace transforms on both sides results in Ee ™™ = 7,*(s)/ x5 (s). We thus obtain

c—1

H)ﬁl s+C—1—k A
Ee™™ A Ic(s,A) kgo( R %)

Ee=St-1  C Ie_i(s, A)

Di(s) = S
kzo (V) Glw(s +C—k, A)
which proves the second equality in (27). [

A ‘sanity check’ of (27) is the special case C = 1; for C = 1 the intercongestion period reduces to an exponentially
(1) distributed idle period. In Appendix B of [10] it is shown that then (27) indeed reduces to /(A + s).

6.2.2. Laplace transform of C-intercongestion triple (D¢, N¢, Ac)
Theorem 1. Let ¢ € N. The vector (D¢, N¢, Ac) has LT

(s, t,u) == Eexp(—sD, — tN, —ud,) = c ' Ldc,d, )
wherea' = xe ;b =s+A+u+c—1

In particular,
A
) kgg( p )Flzk(erc—l—k,/\)
25(s —u, tu) = T - -
’ kgjo(;)%hk(ﬁc—k,)\)

Proof.

2% (s, t,u) = Eexp(—sD, —tN, — uA,)
= Eexp(—(s + u)D,, — tNy — u(A, —Dy))

Gyoi—1 ‘
= Eexp (—(s + u)Tn(g)1 —t— Z [(s + u)Tn(l_)l + (s +u)Dy_1 +tNu_1 + uAnl])
i=1
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1

T (s +w)pae ' [1 — (1 — p)TF (s +u)2F (s +u,t,u)]”

)\7[
~ ° (29)
n—1+s+u+i—(n—102" 1(s—i—utu)

Let x, = (n + C)§27 (s — nu, t, u). Then (29) falls in the framework of Lemma 2 witha = a’'C; b = a';c = 1.
O

6.3. Moments of the C-intercongestion period quantities
The derivations of the moments and joint expectations of the intercongestion-period quantities are analogous to the
derivation of the congestion-period quantities in Sections 3 and 4, although there is a large difference in obtaining the

starting conditions. As the system can never have less than 0 customers, all quantities corresponding to level O are 0
themselves, e.g., EDjj = 0, EN{| = 0, EAj = 0, EDoNy = 0, EDy.Ag = 0, ENp.Ag = 0.

6.3.1. Moments of the duration of an C-intercongestion period

1(c—1 & pl
EDc = - ——— > 30)
¢ A pc-l J;) Jj!
(c—1!2 c-1nel pf'
ED?2 = = ED ED;
c—1E p 2(c N pi 1
2 » ED;  ED; . 31
* [t (j—l)'( s )+ ZJ")J ey

6.3.2. Moments of the number of arrivals during a C-intercongestion period

Cc-ne pf
ENc = : +1,
S ,X:; (=D

c-1 (-1 o c-Epit
EN? = +2 : EN; 1 EN; + ——— ) ——.
C pC—l pC ]2:; (] _ 1)| J J pC—l = ]! v

6.3.3. Moments of the area swept under C during a C-intercongestion period

1(c—1)! —mmE 1c—DEpi
FAc = 2 E- D €O 27 gp ] uzp

rope! pet = G- D! AopeTt v
, C—12 (c—D! o’ )
EA: = P v + s G- 1)'(IE'DJ. +2E[D;_1A;_11+2EA; 1EA; +2ED; _1EA))
j=1 '
Cc— st pi 2(c—-1) & ol
s Zu—n' A BRI B e 2

6.3.4. Joint expectations of a C-intercongestion period
The joint expectations can be obtained in a similar fashion; they can be found in Section 6.4 of [10].



752 F. Roijers et al. / Performance Evaluation 64 (2007) 737-754
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Fig. 1. Approximation of the simulated C-congestion period (CP) duration by an analytically derived (2p — C)-intercongestion period (IP). Left:
duration moments. Right: Relative error between simulated C-congestion period and derived (2p — C)-intercongestion period.
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Fig. 2. Approximation of a simulated C-congestion period (CP) by an analytically derived (2p — C)-intercongestion period (IP). Left: Number of
arrivals. Right: Area swept above C.

7. Intercongestion period as an approximation of a congestion period

From a numerical perspective a drawback of the congestion period recursions is that the starting condition
corresponds to a busy period; for high loads the system will hardly ever be empty, and hence the busy-period quantities
will tend to grow large, thus resulting in numerical instability. The intercongestion period recursions do not have this
problem; as remarked before, all moments of the quantities of level 0 are 0, and consequently the recursions are
numerically stable.

Congestion and intercongestion periods are similar in the sense that a C-congestion period is the duration that the
system is above level C and a C-intercongestion period is the duration that the system is below level C. For C close to p,
the birth rate (A) and the death rate (o) are (almost) identical, hence P, ~ 1 — P, in distribution. As T, =~ T,_,_ )
in distribution for n close to p, it follows that a p-congestion and a p-intercongestion period exhibit similar stochastic
behavior; a p-congestion period can be approximated by a p-intercongestion period. More generally, C-congestion
periods can be approximated by (o — (C — p))-intercongestion periods by the observation P, ~ 1 — P,_(,_) forn
close to p. In particular, this approximation is expected to work well for C close to the average load p.

Figs. 1 and 2 present numerical results of the proposed approximation for arrival rate A = 1 and mean service
time 1~ = 1000, so the average load p is 1000. The moments of the congestion period quantities are obtained by
simulations; the recursions are numerically unstable as the busy periods are very large due to the high average load.
The intercongestion period quantities are obtained analytically by the recursive relations presented in Section 6. The
left graph of Fig. 1 shows the first four moments of C-congestion period duration and an approximation of the duration;
the approximation is the duration of a (2p — C)-intercongestion period. The right graph presents the relative error of
the approximation. We see that for values of C in the neighborhood of p the approximation is close to the simulated
results. Especially for ‘lower’” moments the approximation is accurate; as could be expected, for higher moments the
relative error becomes larger. In the range of C = (p, ..., 1100) the error of the second moment is less than 7%; here
it is important to notice that the system will hardly ever have more than 1100 customers (probability is in the order of
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0.001). Fig. 2 presents the results for the number of arrivals and the area for the same scenario. The results for these
quantities are also accurate, so the intercongestion period seems to be a very good approximation for the congestion
period, in particular for C close to average load p.

Another approximation was proposed earlier by Guillemin and Simonian [3]. They argue that a C-congestion
period converges (after a specific scaling) to an M/M/1 busy period for large C. They propose to use the death-rate C
of the M/M/oo queue as the death-rate for the M/M/1 queue, which results in an accurate approximation for C large
compared to p. For C close to p the approximation is not so good; the behavior of the M/M/oco-congestion period differs
significantly from the M/M/1-busy period. However, as concluded earlier, the approximation of a congestion period by
an intercongestion period is very accurate for C close to the average load p. We remark that the regime in which C is
close to p is from a practical point of view perhaps the most relevant regime: networks are usually dimensioned such
that C is exceeded only a small fraction of time. Hence, our main conclusion is that our approximation (for C close to
p) nicely complements the one proposed by Guillemin and Simonian.

8. Concluding remarks

This paper studied the quantities duration, number of arrivals, and area for C-congestion periods of an M/M/oo-
queue. We presented a derivation using recursive relations thus obtaining all moments and ‘joint expectations’ of the
above quantities. The starting conditions of the recursions correspond to the busy period (a 0-congestion period); it
is noted that the derivation of the higher moments and the joint expectations of these busy-period quantities were far
from trivial, and followed from tedious calculations.

Furthermore, this paper introduced C-intercongestion periods, which are the intervals in which the system is below
level C. Analogously to C-congestion periods, recursive relations are presented for the moments and joint expectations
of the quantities. These are also solved in terms of a starting condition, but in contrast with C-congestion periods, the
starting conditions of C-intercongestion period quantities are easily obtained: all moments and joint expectations of
O-intercongestion period quantities are 0. For the C-intercongestion period we also derived the Laplace transforms of
the duration and the so-called intercongestion triple.

Finally, it was shown that an intercongestion period can be used in an approximation of a congestion period,
in particular for C close to the average load p. This approximation is especially useful as the calculations of the
intercongestion period are numerically more stable than those of the congestion periods. The proposed approximation
complements other approximations proposed in literature, as these tend to be less accurate for C close to the average
load p.
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