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Abstract

020

Recently, huge attention is attracted to the concept of integrating communication and radar missions within the same platform.
(N Joint Radar-Communications (JRC) system gives an important opportunity to reduce spectrum usage and product cost while doing
_0O concurrent operation, as target sensing via radar processing and establishing communication links. A JRC-capable coherent MIMO
@ ‘radar system have been proposed recently in the literature. Several methods are introduced to reach dual goal as a notable null
level towards the direction of interest of the radar and MIMO radar waveform orthogonality. Due to the limitations originated
«| form the JRC operation, communication channel may encounter unwanted amplitude variations. This unwanted modulation nor-
mally affects the communication performance by its nature, due to the fades on radiated signal amplitude towards the direction of
communication. However, the effect of this unintentional modulation on communication channel is yet to be investigated. In this
paper, the communication channel for JRC capable phase-coded coherent MIMO radars is analyzed and investigated under additive
: white Gaussian noise and Rayleigh/Rician fading conditions. Communication capacity is evaluated for each channel condition.
The results reveal that, using the single-side limited null direction fixed waveform generation method displays the best capacity
performance under all channel conditions.
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1. Introduction is a measure of the amount of information collected from target

Several techniques are proposed over the years to enable JRC
concept with different types of radar and communication sys-
tems and different topologies [|I|]. Almost all types of radars
and all types of modulation are becoming the subject to this
research domain. Mostly, efforts are concentrated on enhance-
ments on data rates, modulation types and transparency over
= = radar sensing operation.

Up to now, JRC systems are investigated mostly on radar per-
spective and the majority of the researchers have spent more
B efforts on finding out how much performance the radar system

loses when communication is enabled. However, due to the lim-
ited resources and being a secondary mission on radar system,
communication operation has often remained behind the scenes
for a JRC system. To assess the success of a communication
channel, the main issue to consider is channel capacity. Basi-
cally, the channel capacity is the information theoretic perfor-
mance metric for a communication channel. There are several
researches on communication channel capacity or performance
limits of a JRC system. In [ﬁ], radar estimation rate concept
was proposed to investigate JRC information limits. This rate
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in terms of information which might be exchanged uncoopera-
tively between target and radar as a function of time. This type
of metrics are used to optimize collaborative operation between
radar and communication systems. There are many researches
which consider communication capable radar waveform design.
Each work tries to find the best waveform that provides invis-
ible communication when flawless radar sensing operation is
conducted. In [B], authors investigate high-SNR capacity of a
communications channel based on some coding alphabet in the
presence of AWGN. This alphabet presents a hybrid approach
which constitutes a dual optimize JRC operation.

Recently, a JRC-capable monostatic coherent MIMO radar
system have been proposed in [@]. Coherent MIMO radars offer
fully coherent signal processing and coherent transmit beam-
forming which presents radiation patterns to reduce the proba-
bility of intercept. In [@], MIMO radar waveform coding tech-
nique in [B] is modified for enabling communication without
disturbing coherent MIMO radar structure. JRC ability is ac-
complished for coherent MIMO radar without disturbing the or-
thogonality and transmit beamforming requirements. Three dif-
ferent novel communication methods are proposed in [@]. First
method uses each sub-pulse in the radar pulse for communica-
tion. This method is directional and it may provide thousands of
bits per radar pulse. Second method exploits coding mechanism
through the radar pulse which is only visible at communication
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Fig. 1: Unintentional amplitude modulation on radiated signal towards com-
munication direction for JRC capable coherent MIMO radars.

direction. The phase of the information vector is modulated for
each radar pulse. Last communication method utilizes the pro-
gressive phase difference between orthogonal waveforms radi-
ated from the first and the last antenna element caused by small
degrees of steering on transmit beampattern. Specifically, null
direction fixed phase-coded coherent MIMO radar waveform
generation method in [IZI] produces an unintentional amplitude
modulation during the transmission of the radar pulse towards
the communication direction. In [@], in order to provide ampli-
tude stable channel towards receiver, some constraints are in-
troduced during the waveform generation phase. Fig[Ildisplays
the fading like amplitude variations during the radar pulse with
3dB and 6dB constraints. Blue curve in Fig[llshows the ampli-
tude modulation without any constraint applied during wave-
form generation. This modulation affects the communication
performance by its nature due to possible fades on signal am-
plitude through the radar pulse.

In this paper, first, we give channel models for different cases,
then, we analyze the distribution characteristics of the unin-
tentional modulation on signal amplitude. After that, using
this distribution, we try to reach the capacity expressions for
different communication methods under additive white Gaus-
sian noise (AWGN) and Rayleigh/Rician fading conditions.
Lastly, we evaluate the probability density function (pdf) of
the distributions and capacity expressions for various commu-
nication methods proposed for JRC capable coherent MIMO
radar. While analyzing the unintentional modulation under
Rayleigh/Rician fading conditions, pdf of the distribution of
product of a single or double truncated Rayleigh r.v. and a
Rayleigh/Rician r.v. is firstly given in the literature. The re-
mainder is organized as follows. Firstly, the channel model is
given in Sec. II. Then, amplitude distribution of the uninten-
tional modulation is investigated in Sec. III and capacity ex-
pressions for JRC capable coherent MIMO radars are detailed
in Sec. IV. Sec. V provides the numerical evaluation results.
Lastly, conclusions are discussed in Sec. VI. For ease of expo-
sition, the major notations used throughout this paper are listed
in Table[1l

Table 1: List of major symbols and notations

M Number of MIMO radar antenna element

L Number of sub-pulse in a radar pulse
s M x 1 transmit signal vector
P, Total transmit power budget
P.(6.) Average transmit power towards communication direction
fe Carrier signal frequency
w; 1 x M transmit beamforming vector of the sub-pulse /
(] L x M space-time phase coding matrix
6, Communication receiver direction
6, Null direction towards target or clutter

a,(f) M x 1 steering vector of the transmit array towards 6
G)(0) Radiated signal towards the direction of 6

A Magnitude of the radiated signal towards communication direction 6,
H, complex channel gain with amplitude H and phase ¢y at time ¢
S transmitted signal towards 6., G;(6.)s(r)
geemm 5, when communication direction fixed method in [4] is used, G (6.)s(t)
gt 5, when null direction fixed method in [4] is used, G;(6,)s(1)
A Positive number that defines communication pre-distortion level

rr%, Additive White Gaussian Noise (AWGN) variance
o variance of the both real/imaginary part of the complex r.v. H;

) Complex conjugate operator
" Complex conjugate transpose operator

(O}

2. Channel Model

We utilize the same channel model as proposed in our previ-
ous work in [@]. Corresponding JRC system is equipped with
M element MIMO radar antenna aligned as a uniform linear
array (ULA) as in Fig. In the array, each antenna element
has an isotropic radiation pattern with spacing distance of d in
terms of a wavelength. Moreover, each antenna radiates dis-
tinct phase coded quasi-orthogonal waveforms at the same car-
rier frequency. M X 1 transmit signal vector during the /-th
sub-pulse of the r-th radar pulse is given as,

s(t;r; 1) = w;'(r)sc(t),l =1,2,..,L, (1)

where r and [ are the radar pulse and sub-pulse index, respec-
tively and ¢ is the fast time index, ()7 stands for the com-
plex conjugate transpose and carrier signal can be given as
sc(t) = +/P;/Me/>!, where P, is the total transmit power
budget and f. is the radar carrier frequency. Then, w; is the
1 X M transmit beamforming weight vector of the sub-pulse /
as, w; = [e/0D i) it | = 1,2, ... L, where ¢,,() is
the phase of the sub-pulse / from the antenna element m. For
each radar pulse, angle of the L X M space-time phase coding
matrix for M antennas and L sub-pulses can be given as,

A d1(1)  ¢a(1) ou(l)

| 6@ 620 . u)
P=(®=| . |=| . : E (2)

twil e ey . G

where / is the phasor angle function.

At the receiver side, single omni-directional antenna element
is connected to a communication receiver located in direction
6., which is assumed to be known from the receiver. Be-
sides, JRC enabled communication receiver is equipped with
a matched filter. The received signal at the communication re-
ceiver for sub-pulse / can be expressed as,

y(t; 13 1) = h(tyal(0.)s(t; ;) + (o), A3)
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Fig. 2: JRC enabled Coherent MIMO radar transmitter architecture.

Fig. 3: Channel Model for JRC capable coherent MIMO radar

where a,.(0) is the M X 1 steering vector of the transmit array
toward the spatial angle 6,

- A o
a,(0) = [1, o~ 2mdsin®) =M1 sm(e)] @

and A(t) is the complex channel coefficient which reflects the
propagation gain between the transmit coherent MIMO array
and the communication receiver. Then, 7(¢) is the additive white
Gaussian noise with zero mean and variance 0']2\,. By combining
(@) and (@), the baseband received signal for sub-pulse / can be
written as,

yo(t: 73 1) = h(t) [P,/ Mal(6)w] (r) + (1), (5)

After this point, we have dropped the r index in the equations
for the simplicity. Using information embedding strategies via
manipulating transmit signal vector s(#; /), communication sym-
bols can be buried into the radar signal.

For the coherent MIMO radar case, the channel model for
JRC capable coherent MIMO radar is expressed by,

Y(t; 1) =h(t)3,(t; 1) + n(t)
=h(t)al (6.)s(t; 1) + n(t) (6)
=h(DG(6)s(t) + (D),

where G;(6,.) = a,T,(O(,)wZT(r), s(t) is the channel input and can be
given as information modulated carrier signal, s(f) = e¥*s.(?),
where e¥* is the complex information symbol. §,.(t;/) can be
defined as transmitted signal towards communication direction
from the MIMO array. When communication fixed waveform
generation method in [EI] is applied, channel model can be sim-
plified as,

y(t: D) =h() 87" (8 1) + (1) o
=h()G1(6:)s(1) + n(2),
where §¢°7"(t; 1) is defined as transmitted signal towards com-
munication direction from the MIMO array when communica-
tion direction fixed waveform generation method in [@] is used.
G1(6,) is defined as the radiated signal towards communication
direction 6, for the first sub-pulse.

Null direction fixed method in [EI] aims to fix the radiation
signal at null direction using the technique in [B, ], while satis-
fying higher signal levels for the communication direction. This
method slightly changes the channel model for the communica-
tion due to the undesired variations on the amplitude level ex-
pressed in Eq.(8). This unintentional modulation shows random
behavior and for the sake of simplicity, we have assumed that
this unintentional modulation is the part of the channel effect.
Therefore, we consider the channel model as in Fig[3 and it is
given by,

y(t: 1) =h(0)e”Val(@)w] (r)s(t) + 1)
=h(0)e” VG (8.)s(t) + n(1)
=h()e" P Ae= 5(1) + n(p)
=h(1)Are™ ' s(t) + (o),

®)

where §f“”(z‘; [) is the channel input when null direction fixed
waveform generation method in [4] is used and A; = |G(6.)| is
defined as amplitude of the radiated signal towards communi-
cation direction 6.. Although null direction fixed method intro-
duces unintentional modulation, a phase correction procedure is
proposed to fix the phase toward receiver. In [@], the correction
factor ¢(/) is given as the phase angle differences between radi-
ated signal at the first and the /th sub-pulse, LG(6,.) — LG(6,)
forl =2, ..., L. After applying this procedure, the phase compo-
nent is fixed to e~/ along the radar pulse. This phase correc-
tion leads phase stable radiated signal. However, radiated signal
amplitude towards communication direction still contains unin-
tentional variations which may cause a degradation on commu-
nication performance.

3. Amplitude Distribution of the Unintentional Modula-
tion

In order to reach the channel capacity of the null direction
fixed method, it is necessary to characterize the distribution of
the unintentional modulation. First, we must rewrite the radi-
ated signal G,(6,.). When null direction fixed method is applied,



the radiated signal G; becomes,

Gi(6.) =a;,(6.)w, (r)
— [1 , e—j2ﬂdsin(9r)’ " e—j2ﬂ(M—l)dsin(9()]

e~ $1 0+ 2r(1 (D=1)d sin 6,]

X : )
e~ NP1y ay+2r(ly ()=M)d sin 6, ]

M
= Z =B +27dm(sin@)=sin (@) (D sin(@,)=sin(6,)]]

m=1

where {I1, I, ..., [);} are the indexes of a random permutation
sequence of {1, 2, ..., M} and ¢;, (/) is the new phase component
of the m-th antenna element for the /-th sub-pulse [@]. Then,
this unintentional modulation caused by G;(6,) can be rewritten
as a sum of individual exponentials as,

M
Gi(0) = ). e D = apemi®, (10)

m=1

For different [ values, ¢ is a phase variable in the range (-, ]
and A; is the radiated signal amplitude variable in the range
[0, M].

Theorem 1. Amplitude of the radiated signal towards commu-
nication direction for JRC enabled coherent MIMO radar when
null direction fixed method is applied presents a Rayleigh dis-
tribution with the following probability density function,

Z/M

2
pA,(Q)=MQe_9 , 0>0, =L>M>1,
6. #6,and L,M € 7.*,

(1)

where M is the number of transmit antenna elements in the
MIMO array, | = 1,...,L is the sub-pulse index and L is the
total number of sub-pulse in a radar pulse.

Proof 1. See the[Appendix A

4. Capacity Analysis

In this part, channel capacity is analyzed with the assump-
tion that channel distribution information is known by the re-
ceiver. Then, we assumed that, the receiver perfectly knows
the Channel State Information (CSI). For two waveform gen-
eration methods in [EI], the channel capacity is expressed in
detail. Then, capacity expressions are given for AWGN and
RayleighRician channels.

4.1 Communication Direction Fixed Method - Stable Channel

This method guarantees the radiated signal is kept constant
during the radar pulse. Therefore, the channel becomes an
AWGN channel since h(#) = 1 and G (6,) is constant during the
radar pulse. Then, the channel model in Eq.(Z) can be rewritten
as, i

y(5;1) = G(6:)s(t) + n(r) = Are ' s(t) + (). (12)

The channel capacity for the communication direction fixed
method with AWGN channel can be defined in nats as, C; =
BlIn(1l + y), where B is the channel bandwidth and 7y is the
channel Signal-Noise Ratio (SNR). SNR can be given as, y =
PC(QC)/(O'IZ\,B), where P.(6,) is the average transmit power to-
wards communication direction, 0']2\, is the variance of the zero
mean AWGN. For the communication direction fixed method,
P, is equal to (A%P[)/ M, where A is the radiated signal ampli-
tude through communication direction of the reference transmit
beampattern, |Go(6.)|. Then, the capacity expression becomes,

2
O’NBM

A2P Alc
CszBln(1+ 0’ ):Bln(1+ 07). (13)
M
where ¢, = P,/ (O'IZVB). Ay can be selected as, the probability of
A is greater than A is equal to pg, Pr[A; > Ag] = po. Since A;
has Rayleigh distribution with the pdf in Theorem[dl pg can be
given as,
o
=—e M
Ao

o)
o= f e Mdg = —e (14)
Ao

Then, Ag becomes +/—M In(py). Hence, the capacity formula
can be rewritten as,

— 2
C, = Bln(l + (—“Ml;;wm] = BIn(1 - ¢, In(po)).

s)

4.2 Null Direction Fixed Method - Unintentionally Modulated
Channel

Since the amplitude distribution of A;, which is equal to
|G1(6,)|, shows Rayleigh distribution for the null direction fixed
method, the unintentional modulation affects the channel as the
Rayleigh fading does. Then, using Eq.(8) the channel can be
represented as,

Yt D) = h(OAe™? s(t) + (), (16)

for [ = 1,...,L. The channel has the Rayleigh distribution by
the following pdf, if there is no constraint applied in the null
direction method, i.e. 0 > A; > oo,

2Q —o?
pao) = —e €

™ 17
V ,0>0, (17)

where A; = |Gy(6.)|. In [@], null direction method requires
applying amplitude constraint as A™" < A; < A", where
A" = Ay /4 and A" = A, 4. Since, the distribution is modi-
fied to a double truncated Rayleigh distribution, the probability
density distribution is changed to a double truncated Rayleigh
pdf as,

20 ,-0*IM —IM
e 20e™? .
pA[(Q) = Amufuz > = éj — s Amlﬂ S Q S Amux’
S sieeMdg @A ADM

(18)



where (A1, Ay) = e @™ IM _ =" IMF| = (Amin)2 /M and
Ay = (A" M. By the transformation theorem for single ran-
dom variables, the channel power gain A;*> has an exponential
distribution with the mean M. The pdf of A is

PN —a/M miny2 - maxy2
2(a) = —————¢ S A <a<(A . 19
Pap(@) e, AM (A™") ( ). (19)
Using the (T9), pdf of the SNR, y becomes,
py(a) = e—a/cy’ CVAI <ac< CyA27 (20)

(A1, Ar)ey
where ¢, = P,/(c%B).

4.2.1 Capacity for AWGN channels

For this case, h(?) is selected as 1 in Eq.(16). Then, fast fad-
ing (ergodic) conditions can be applied, since the channel has
encountered all possible fades during the radar pulse when the
radar pulse is long enough. The ergodic channel capacity can
be expressed as,

2

cyAp

M
Crp(A,Ar) = ﬁml BIn(1 + a)py(a)da

2

cyAp

:fnf BlIn(1 +a)

cyA 2
M

1 e—a/cy
Cy

—— | da.
(e—A%/M _ e—A%/M)

21

For the numerator integral, let u = log,(1+a) and dv = exp (Z—“ )

- i —a
cyAs yA2 —er

- da
oA od l+a

i i H]n(l + CYAI)(A' —In(1 + CyAﬂz)efAﬂz]

By using integral by parts we get,

[— In(1 + a)e™

Crp == =~ _
@(A1,A2)

(A, A)
M+r.’yA')“
coyM
+e j; o :e’yd)'/] (22)
oY
B - . - .
=———|{In(1 + ¢,ADe™ —In(1 + ¢, Ar)e™
a(Al,Az)H 7 ’ |

1
+ew

E1 (l +A~1)—E1 (l +A~2) ]
Cy Cy

where E(x) = fx e “%dt, (x > 0) is the exponential integral for

n = 1. The delta constraint in [4] is given as Ap/4 < A; <

Aod at the null direction method. Hence, the limits, A; and

A,, are given as Ag/4 and Apd. Eq.@2) can be rewritten for

Ay = Ay)4 = =M 1n(po)/4 and A = Agd = =M In(po)A,

Ap B Cyln(p()) -5
Crp(—=, Agd) =———— - —=1p,’
rCAed a%,AoA)[(n( a2 )"

—In(1 - ¢y In(po)4?) py”)

1o (1 In(po) 1
+ e [151 (Z - AZO )— E (C—y +ln(p0)A2)”.
(23)

If there is no given constraint at the null direction method, the
limits, A; and A,, can be given as 0 and M. Eq.(Z2) can be
rewritten for A} = 0 and A, = M,

Crp(O,M)Z] _e—M[_ln(1+C7M)e_M o
l (24)
+ e |Ey (%)—E1 (Cl +M)]],
Y Y

and if M > 1, the capacity can be approximated to the ergodic
channel capacity of the Rayleigh fading channel with known
CSI as,

1 -1
Cp(0,M) = Cresy = -B exp(—)Ei(—), (25)
Cy Cy

when M > 1, where ¢, is the average SNR whichis ¢, = P,/ 0'12\,
and Ei(x) = — L +:° 6'—:dt, (x > 0). If the constraint is given as
A; > Ay at the null direction method, the limits, A; and A,
becomes Ay and M. Eq.(22) can be rewritten for A} = Ay =

V—-MIn(po) and A, = M,

B
W[( In (1= ¢, In(po)) po — In(1 + ¢, M)e™)

1 1
E (— - ln(po)) ~E, (— + M) |
Cy Cy

Crp(AO, M) =

L
+ew

(26)
and if M > 1, the capacity can be approximated as,

Crp(Ag, M) ~B|In (1 = ¢, In(py))

1 1 1 @7
+ (—)exp(—)& (— - 1n<po))],
Po Cy Cy

where ¢, is the average SNR and given as P,/ O']ZVB.

4.3 Null Direction Fixed Method Under Fading Channel

In this part, we consider the capacity of the JRC capable co-
herent MIMO radar when the null direction fixed method is
used for waveform generation, where a single-user transmission
is occurred over Rician and Rayleigh fading channel. For di-
rectional communications as sidelobe based JRC systems, most
of the cases, receiver has a major LoS component along with
multi-path reflections. For these cases, the fading channel is
assumed as Rician fading channel. However, for some appli-
cations, receiver may lost its LoS component due to the mobil-
ity. This cases is considered as Rayleigh fading channel in our
derivations. Therefore, the fading channel is selected for two
different conditions as Rayleigh and Rician fading channels.
Moreover, slow and fast fading cases are investigated. Slow
fading case occurs when fading channel coherence time 7, is
bigger than communication symbol duration T, i.e. T, > Tj.
Then, fast fading (ergodic) case is also investigated. We as-
sumed that CSI is known by the receiver only and the receiver
is able to get the information of the fading states. The main
channel model in Eq.(8) can be rewritten as,

Y, = HG(8,)S, + N, = He 1 Aje™ 1S, + N,,  (28)



where S, is the channel input, Y; is the channel output, and N;
independent AWGN random variable with mean zero and vari-
ance and oy at time ¢. H, is a complex channel gain with am-
plitude H and phase ¢y at time t. The phase ¢y is uniformly
distributed in [0, 27), and the signal amplitude H is a random
variable with Rician and Rayleigh pdf. The null direction fixed
method also fixes the phase towards communication direction
applying a correction vector. Hence, phase component of the
G(6,) becomes constant over the radar pulse as /%1, The chan-
nel model in Eq.(28) becomes,

Yt = Z€7j¢ZS, + Nt, (29)

where Z is the product of two random variable A; and H and
the phase ¢ is again uniformly distributed in [0, 27). Eq.(29)
becomes similar to a fading channel model. Before attempt-
ing to investigate capacity expressions for null direction fixed
method under fading channel, pdf of the new random variable
Z needs to be introduced. A;, is a random variable with trun-
cated Rayleigh distribution which is given in Eq.(I8).
For Rayleigh fading cases, the pdf of H can be given as,

—n2

h 2
pu(h) = —e*n, hz0, (30)
On

where oy is the variance of the both real and imaginary part of
the complex r.v. H;.

Lemma 1. Any random variable X, which is a product of two
random variable, i.e. X = X1X», which follows double trun-
cated Rayleigh (X;) and Rayleigh (X;) distribution, presents
a distribution with the following probability density function

(pdf),

x[r(0.81 25) - T (0.8 25)]
®(B1,2)20x?

(Xrlnax )2

5)
20‘X|

px(x) = , x>0, (3

(Xllm'n)'l
20’3(I ’
ala,b) = e — e ox, and ox, are the variances of the both
real and the imaginary part of the complex random variables
X1 and X, respectively. X{’”” and X" are the lower and the
higher limits of the double truncated Rayleigh distributed r.v.
X, ie. Xq”i” < X1 < X" T(a, x; b) is the generalized incom-

plete gamma function [ﬁ] asT(a, x;b) = fxoo fatemt=br"" gy,

Proof 2. See the[Appendix B
Using the Lemmalll pdf of the Z in Eq.(29) can be rewritten as,

Z[F(O,Al; M;%) - F(O,Az; #;2)]
CY(AI,ANz)MO'IZq

where B = H = and ox is equal to ox,0x, and

pz(2) = , 220, (32

where A| = A2/M, A, = A3/ M. By the transformation theorem
for single random variables, the pdf of the channel power gain
72 becomes,

o) (o5 5
cy(A~1,A~2)2M0')2q

p2(2) = , 220. (33)

Using the (33), pdf of the SNR, y becomes,

Ir(0.41 ) - T (0.4 )|

(A, Ay)cy 20,

py(a) = , a0, (34

where ¢, = P,/ (0'12\,8). We have also investigated the pdf of the
product of single side truncated Rayleigh and Rayleigh random
variables.

Corollary 1. Any randomvariable X, which is a product of two
rv., X = X1Xp, which follows single side truncated Rayleigh
(X1), X1 > XT’“”, and Rayleigh (X») distribution, presents a dis-
tribution with the following probability density function (pdf),

(x) — rfo B —x2 >0 (35)
X) = M X
Px e Proy? Py 2 =Y,

Proof 3. By replacing B, with oo in Eq.(31), a(By,) and
T'(a, 00; b) becomes e and 0, respectively. Then, related dis-
tribution pdf can be simply defined as in Eq.(33).

Using the Eq.(33), pdf of the Z for single side truncated case in
Eq.(29) can be rewritten as,

2
;F(O ﬁ- z
2 b E) 2
eAﬁOMO'z M M2y

pz(2) = } z>0, (36)

by doing the same transformation step in Eq.(3334) we get,

1 A a
a)=———T10,—;
p)’( ) eA ( M 0720'1%1

), a>0. 37)

S

2
¢,20y,

Without constraint in null direction fixed method, random vari-
able Z becomes product of two Rayleigh variable and channel
becomes double Rayleigh fading channel. Integral in Eq.(B.3)
with limits 8; = 0 and 8, = oo, can be expressed from [@,
p. 370] as,

2z 2z
pz(2) = o2 Ky ,
TH ,/MZO’%I

where K(.) is the zeroth order modified Bessel function of the
second kind. Then, pdf of the SNR becomes,

220, (38)

1
p'}’(a) = 2 KO
CVO—H

24 ] a>0. (39)

2
SOy

The same derivations must be done for Rician fading cases,
the pdf of H can be given as,

ho e (p
pulh) = —e i 10[—’2‘), 720, (40)
Ok Ok
where Ij(.) is the modified Bessel function of the first kind with
order zero and yu is the non-centrality parameter. The shape
parameter K can be given as, 2"7 and the scale parameter Q is
H
written as > +20')2L,, which is defined as the total power received

from multi-paths.



Lemma 2. Any random variable X, which is a product of two
random variable, i.e. X = X1X,, which follows double trun-
cated Rayleigh (X, ) and Rician (X;) distribution, presents a dis-
tribution with the following probability density function (pdf),

P . 2 . X
xe % T (=i 752 ) — T (=i B2 753)
Px(x)=20_2 — x>0,
X aBLpitit Qo o) (7”)
(41)
_ (X;nin)z _ (X;nux)l .
where B = Y Ba = 507 and ox is equal to ox,0x, and
()'X] U'Xl

ala,b) = e — e, ox, and ox, are the variances of the both

real and the imaginary part of the complex random variables
X1 and X», respectively. Xq”i” and X" are the lower and the
higher limits of the double truncated Rayleigh distributed r.v.
X, Le. X{’“" < Xy < X1 T'(a, x; D) is the generalized incom-
plete gamma function 112] as I'(a,x;b) = fxoo et gy,

Proof 4. See the[Appendix (|

Using the Lemmal2] pdf of the Z in Eq.(29) can be rewritten as,

S

';

Zeﬁi

N

—i,AL; K l"(—i,A};K)

pz(2) = 5. 220,
a(Ay, Apit it (Mo ($)
(42)
where k = 57— By the transformation theorem for single ran-

dom variables, the pdf of the channel power gain Z> becomes,

22 _ _
o & T(-iAik) = T (=i, Ay &)
p2(2) = Mo —: -, 720
H™ % COR N - \—i
0 a(A, Ar)i! z!(ﬁ) (%)
(43)
Using the (@3), pdf of the SNR, y becomes,
e & T(=iAny) - T (=i Ayix)
p)/(a) = c 20_ 2 —2i —i’ a 2 ’
YISk, Aitit() (2)
(44)

. We have also investi-

where ¢, = P;/(03,B) and y = P

gated the pdf of the product of s1ngle side truncated Rayleigh
and Rayleigh random variables.

Corollary 2. Any random variable X, which is a product of two
rv., X = X1Xp, which follows single side truncated Rayleigh
(X1), Xq > X’I"”‘, and Rayleigh (X») distribution, presents a dis-
tribution with the following probability density function (pdf),

. 2

xe % Z (-ipri )
_ﬁl 2 .' .' 2 2 l
e B0y e l.l.(20'X20'X)

px(x) = (%)2 x>0, (45)

Proof 5. By replacing B, with oo in Eq.(l), a(B,) and
I'(a, co; b) becomes e and 0, respectively. Then, related dis-
tribution pdf can be simply defined as in Eq.(#3).

Using the Eq.(3), pdf of the Z for single side truncated case in
Eq.(29) can be rewritten as,

Z(r © r

AMO' Z

i=l

i,Al;#(;Hz) (%)2; =0
Moty \2) =7
(46)
by doing the same transformation step in Eq.(3334) we get,

pz(2) =

|
T

200

e o l"(zA],cz(rH)

A 2 =2 —i
ehe20m T () (2
20';, Cy

Without constraint in null direction fixed method, random vari-
able Z becomes product of Rayleigh and Rician variable. In-
tegral in Eq.(B3) with limits 8; = 0 and B, = oo, can be ex-
pressed from [Iﬁ, p. 58] as,

pyla) = , a=0, 47

pz(2) =

(48)
where K;(.) is the i-th order modified Bessel function of the
second kind. Then, pdf of the SNR becomes,

i

(Ilﬂm )Zi TH

2 2

—p” ZO'H

ler}_l > cy/2 2a

o) =2 K| (|| azo0,
CVO—H =0 [2ua C)’O—H

(49)

4.3.1 Capacity Under Slow fading, T, > T,

For the slow fading case, communication symbol duration
(Ty) is smaller than the fading channel coherence time (7). For
slowly varying channels where the instantaneous SNR 1y; is as-
sumed to be constant for a large number of symbols, outage
capacity needs to be presented. Over a big time period, channel
data rate can reach up to capacity without fading case with neg-
ligible error. However, since the transmitter does not know the
instantaneous SNR, a constant transmission data rate required,
and it is independent from the instantaneous received SNR.

Particularly, a design parameter p,,, has to be selected which
expresses a probability that the system can be in outage. In
other words, p,,, is the probability that the system cannot cor-
rectly decrypt the transmitted communication symbols. The
cause of the outage is the slow fading conditions. Hence, it is in-
dependent from unintentional modulation parameter A;. Then,
Pow can be defined as Pry; < yuinlA7], where ¥,y is the min-
imum SNR level that the received symbols cannot be correctly
decoded with probability 1. At this level, the system declares
an outage. The pdf of the y,'lAZ2 is,

1 -
p%‘A[z(a) = _—Ze_a/yA’z, a>0, (50)

YA;



where ¥ is (E[Ihlz]cy)/M, and E[X] shows the expected value of
a random variable and given as f_ 0; xpx(x)dx. his the instanta-
neous channel gain resulting from fading and average channel
power gain for Rayleigh fading E[|h|?] is 20'%1 and for Rician
fading, E[|h]*] = p* + 20'?{, where u is the non-centrality pa-
rameter. Then, p,,, can be defined as,

_ Ymin

Pout = P”[%‘ < Ymin|Al] = 1_f P%lA,(a)da =1l-e 12 , (31)

Ymin
Taking out y,,;, from Eq.(Z1),
i} E[|h]]c
Ymin = = I(1 = pou)A} = === (1 = pou)A}, (52)
Then, the capacity with outage expression can be written as,
C?;t = fBln(l + a)py,.(a)da, (53)
where the pdf of the y,,;, as,
ey N N
P mm(a) = —= =2 ~A1 <ac< ~A2, (54)
7 (A1, Ay

where y = —F [Ihlz]cy In(1 — pour). Also, average outage rate [@]
can be defined as,

R = (1~ pou)COL. (55)

Then, the ergodic capacity for coherent JRC system under slow
fading can be expressed by replacing ¢, with ¥ in Eq.(21),

out _

o - _[[in(1 +§A)e™ —In(1 + yA,)e
/ a(Al,Az)H |

E, (% +A])—E1 (% +A~2) ]

Capacity expressions in Eq.(23) and Eq.(24) for coherent JRC
methods with different constraints can be easily modified by
replacing ¢, with ¥.

(56)

1
+ev

4.3.2 Capacity Under Fast fading, T, < T

For the fast fading case, communication symbol duration (7's)
is larger than the channel coherence time (7). The ergodic
channel capacity can be reached for Rayleigh and Rician fad-
ing cases and different limit conditions using the related pdf ex-
pressions, after the channel has encountered all possible fades
and it can be expressed as,

Crp = f Bln(l + a)p,(a)da, az0 (57)
0

Capacity expressions for the different communication methods
can be easily obtained via modifying Eq.(37) for A; and A,
constraints. Moreover, the expression in Eq.(37) can be solved
numerically for all cases. With only exception, capacity expres-
sion for null direction fixed method without constraint, i.e. dou-
ble Rayleigh fading case, can be given using the pdf in Eq.(39)
in a closed form equation as,

Cpp = — G3’1( :
i CVZO'%I 1.3 CYZO'%_I

—1,_—11,0) (58)

where G is the Meijer G-function defined using a contour
integral as,

m,n A 5enns ap ]
GP»ZI(Z by b;)zjz_ﬂ'
[ TG+ ) [T —ai-s) (59
x 7 %ds,
et Dlai + ) TTL,. T = b; = 5)

where j = V-1 and I'(.) is the gamma function [IEI].

5. Numerical Analysis

In this section, first we investigate the amplitude distribution
of the unintentional modulation given in Sec[3l Then, we dis-
play and compare the results of the channel capacity for the
JRC capable coherent MIMO radars when the actual channel
distribution is AWGN or RayleighRician.

5.1 Unintentional Modulation Amplitude Distribution Analy-
Sis

In Sec.@), we have proved that the probability distribution
of the amplitude distribution of the unintentional modulation
follows a Rayleigh distribution. In this proof, the main require-
ment to reach this distribution indicates that the phase distribu-
tion along the radar pulse must converge to uniform distribution
when the number of antenna elements has relatively large val-
ues.

We have analyzed the phase distribution, ¢,,(/) in Eq.(I0),
with two different number of antennas 16 and 100, which are
spaced with 0.5 of a wavelength. In Figll phase distribution
for each case spans homogeneously over (-, 7] interval and
the values are scattered around 1/27. Moreover, the expression
in Eq.(AX9) for the pdf of ¢,,(/) is evaluated in Figld(b)] The
histogram in Fig[(a) and the curve in Figlf(b) show similar
behavior, so we can make sure that the Eq.(A9) almost repre-
sents the phase distribution. Calculations are also evaluated for
M = 100 and illustrated in Figidl Phase distribution of ¢,,()
shows uniform distributions when M takes large number. The
curve in Fig[f(e) converges to 1/2x line.

After making sure about the phase distribution which con-
verges to uniform distribution by examining the figures. We
have also presented the histograms for amplitude distribution
of the unintentional modulation for two different number of an-
tenna element cases, M is equal to 16 and 100. The histogram
in Fig[i(c) almost follows the Rayleigh distribution pdf curve
for M = 16. However, for the case M = 100, the histogram
shows exactly same behavior as the curve of the pdf in Fig (1)}

For different delta constraints, unintentional amplitude dis-
tributions are calculated and displayed in Figldl Each one
of the figure includes some part of the Rayleigh distribution.
Null fixed waveform generation algorithm mainly contains ran-
dom permutations. Increase on the strictness of the constraints
means longer required waveform generation times. Let the
radar waveform has 1024 sub-pulses, L = 1024 and py is se-
lected as 0.01. Then, the required iterations to reach 1024 sub-
pulses becomes approximated L/py = 102400 cycles. In Figle]
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total required random permutation iteration for null direction
fixed waveform generation method is displayed when M = 16
and L = 256. Approximation to a L/ p, curve can be easily seen
from the simulation results in the Figll

5.2 Amplitude Distribution under Rayleigh Fading

Previously, we have proved that the unintentional modulation
presents a Rayleigh distribution. Besides, numerical analysis in
Sec[5lis also proved that JRC systems configured with higher
number of MIMO antennas shows very similar behavior with
truncated Rayleigh distribution. Further, we have also investi-
gated the channel distribution under Rayleigh and Rician fading
conditions. Calculations are done for three cases.

While evaluating the pdf of amplitude distribution of the
null direction fixed method under Rician fading channel, af-
ter 30 summation steps, the resulting sum converges to a curve
rapidly. Therefore, evaluations are terminated after 30 summa-
tion iterations.

5.2.1 Case 1: With Delta constraint

The analysis is evaluated for M = 16 and M = 100, with the
delta constraint for different values, i.e. /=M In(py)/4 < A; <
V—MIn(po)4 for pg = 0.1, oy = 1 and A is 1dB and 3dB.
The histogram of the product distribution HA;, and all the pdf
curves in Fig[7l show exactly the same behavior, hence we can
make sure that the Eq.(I) and Eq.(@) totally represent the corre-
sponding product distribution. For Rayleigh fading conditions,
selecting smaller delta values results the product distribution
more Rayleigh like shape, only with larger mean. This feature
is also repeated for Rician case and resulting distribution fol-
lows Rician like behavior.

5.2.2  Case 2: With Single Side constraint

The analysis is evaluated for M = 16 and M = 100, with
the minimum constraint as Ay = +/—M In(po) when py = 0.1.
Then, the variance of the both real and the imaginary part of the
complex channel gain for Rayleigh and Rician channel, oy, is
selected as 1. For Rician cases, shape parameter K is selected
as 3. The histogram of the product distribution HA;, and the pdf
curves in Fig[Blshow exactly same behavior, hence we can make
sure that the Eq.(33) and Eq.(#3) totally represent the product
distribution. Also Eq.(33) and Eq.(3) require a numerical cal-
culation of generalized incomplete gamma function, I'(a, x; b).
In a method for the numerical calculation which
contains infinite summation is given. For our case, a = 0 in
I'(a, x; b), after 20 step summation, the resulting sum converges
to a curve rapidly. Determining a lower constraint results big-
ger mean value for the product distribution comparing with no
constraint case in Fig[§l

5.2.3 Case 3: Without any constraint

The problem becomes easier without any constraint cases.
For Rayleigh fading cases, the distribution can be calculated as
cascaded double Rayleigh channel. Similary, for Rician fading
cases, the distribution can be calculated as cascaded Rician and
Rayleigh channel. The analysis is evaluated for M = 16 and
M = 100. Then, mean channel gain for Rayleigh channel is
selected as oy \/7% which is \/7% when oy is 1, where oy is
the variance of the both real and the imaginary part of the com-
plex channel gain. The histogram of the product distribution
HA,, and the pdf curves in Fig[0 show exactly same behavior,
hence we can make sure that the Eq.(38) totally represents the
product distribution. Also, the product distribution for higher
M value displays more dispersive distribution as we have ex-
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Fig. 5: Histogram of amplitude of the radiated signal A;, when the constraints
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Ag = -MIn(py),m=1,2,...,M=100and [ = 1,2, ..., L.

pected, hence it has bigger variance.

5.3 Coherent MIMO JRC Capacity Analysis

After determining the unintentional modulation distribution
caused by the radiated signal towards communication direction,
capacity formulas are evaluated for three different cases.

5.3.1 Case 1: AWGN Channel

Calculations are done for M = 16 using the Eq.@2). Ca-
pacity of the communication direction fixed formula is evalu-
ated when the radiated signal is constant at the level of Ay =

v—-161n(0.1) = 6.07. Results are displayed in Fig[IlOl As we
have expected, applying no constraint, Ay = 0 and A, = M,
presents the worst capacity, which is also the ergodic chan-
nel capacity of the Rayleigh fading channel with known CSI,
Crcs1. Between these capacity curves in Fig[IQ the techniques
with a defined constraint with 4 values, 6.074 < A; < 6.074,
are located. The capacity curves with higher 4 values are get-
ting closer to the no constraint case. More to that, increasing Ag
value with changing the probability py always presents higher
capacity due to its higher average power. On the other hand,
smaller py means higher search iterations, so higher search
times during waveform generation process.

The capacity expressions in (23)), (Z6) and (27) are calculated
for three different M values, as 8, 16 and 32 when S NR is 10dB.
Then, the differences between approximated expressions and
general capacity formula are computed in Table.@). If M is
greater than 8, the difference converges to significantly smaller
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Fig. 6: Total required iteration for generating MIMO waveforms with constraint

A; > Ag where Ag = v/—M In(po)

Table 2: The differences between capacity expressions and the approximated
formulas.

Difference M =38 M =16 M =32
[Cresi — Crp(0, M) 8.7x10* 56x107 2.1x107*
IC,p(Ag, M) — Crp(Ag, M)| | 62X 1073 13x1070 32x107"

values. Therefore, selecting M as 16 is enough to show the
channel capacity behaviors.

5.3.2 Case 2: Slow Fading Rayleigh Channel

Before doing the corresponding calculations, the major de-
sign parameter p,,, needs to be determined to reach outage ca-
pacity results. p,,, must be selected as a number which will
maximize the average rate R,,, in Eq.(33). For each commu-
nication method, we calculated the curves R,,, with respect to
Pour Values. Capacity curves for Rayleigh fading is displayed
in Fig[TT(a) and for Rician fading in Fig[TT(b)} Outage proba-
bilities for maximum rate values are displayed for each curves.
These labeled p,,, values are used for the capacity with outage
analysis are calculated for the slow fading case.

Capacity calculations are done for M 16, 0'%, 0.5
and K = 3 with using the Eq.(36). Results are displayed in
Fig[TTl Capacity of the communication direction fixed formula
is evaluated when the radiated signal is constant at the level of
Ao V—-161n(0.1) = 6.07. Since, we have considered the
system in outage when symbols are received below the mini-
mum SNR limit over a long period of time. More to that, the
transmitter does not know instantaneous CSI. Then, the capac-
ity with outage curves must display lower rate values. Capacity
curves in FigllTl shows the same behavior with AWGN case,
however Rayleigh fading case presents lower capacity. On the
other hand, Rician fading case displays more capacity due to its
average power is derived by the shape parameter K.

5.3.3 Case 3: Fast Fading Rayleigh Channel
In this case, we have assumed that channel has encountered
all possible fades over a symbol period. Channel is charac-
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terized by the product distributions which are introduced and
analyzed in the previous sections. This distribution has no trun-
cated shape and it almost spans over all values zero to infinity.
This results relatively small degradation on the capacity for all
methods under fast fading conditions as seen on Fig[I3] Capac-
ity calculations are done for M = 16, o-i, =0.5and K = 3 using
the Eq.(57) and Eq.(58). Since all the capacity expressions are
not in closed form, we have evaluated the integral with numeri-
cal methods using trapezoidal methods. These calculations are
evaluated with MATLAB. Specifically, capacity curves for Ri-
cian fast fading case displays highest capacity by comparing all
the other capacity curves.

6. Conclusion

The increasing interest on connected devices causes crowded
spectrum. To solve this problem, various efforts on developing

11

crafty and compact technologies are proposed as Joint Radar-
Communication (JRC) systems. JRC ability can be established
for coherent MIMO radar without disturbing the orthogonality
and transmit beamforming requirements as in [@]. In this paper,
the distribution characteristic of the unintentional modulation
on signal amplitude is investigated. Then, the capacity expres-
sions for different waveform generation methods under AWGN,
slow and fast fading conditions are analyzed and evaluated. The
results indicate that, using the null direction fixed waveform
generation method with single constraint as A; > Ay where Ag
is equal to 4/—M In(py) displays the best capacity curves for un-
der all channel conditions. While reaching the capacity expres-
sions, the pdf’s of the product of a double truncated Rayleigh
r.v. and a Rayleigh/Rician distributed r.v. are expressed for
the first time in the literature. Lastly, the resulting expressions
given in this paper are also proven with the numerical evalua-
tion.

Proposed MIMO radar waveform generation process in [@]
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under mobile scenarios may introduce computational complex-
ity problems. To be more precise, the system must calculate
the MIMO radar waveform in a very short period of time, since
the direction of the receiver may change continuously due to
the highly dynamic scenarios. The worst case may be that the
MIMO waveform set changes from pulse to pulse. In order
to reduce the computational cost, required number of iteration
to generate MIMO waveform set can be decreased by loosing
constraints. However, this will introduce some degradation on
communication performance. This degradation is investigated
in detail in [@]. MIMO waveform generation algorithm in [@]
contains random process for each iteration. If the random per-
mutation tables are generated off-line and stored to the system
before the operation, the remaining process, i.e. summation and
multiplication, will be fast and easy to implement on a system
with a parallel processing capability.

Appendix A. Proof of Amplitude Distribution of the Un-
intentional Modulation

The Rayleigh distribution is the distribution of the sum of a
large number of coplanar vectors with constant amplitudes and
uniformly distributed phases [IE], [Iﬂ]. The sum in Eq.(I0)
can be represented as a complex sum of random vectors as in
Fig[AT4 This problem is very similar to the “random-walk
problem” in mathematical statistics. Hence, if ¢,,() presents a
uniform distribution, A; will show Rayleigh distribution. Any
phase distribution, wg(¢), can be defined as a uniform distribu-
tion [Iﬂ], if it satisfies the condition below,
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The first step is analyzing the phase component of G/(6.),
which is ¢,,(]). ¢,,(I) can be written as a sum of two function
as,

¢m(l) :¢Im(l) + 27nd sin 6,1, + 2rd(sin 6,

: . (A2)
—sin6.)m — 2nd sin 6.,

where I, € {1}, I, ..., [y} is the indexes of a random permuta-
tion sequence of m € {1,2, ..., M} for each sub-pulse / and ¢;,
is a phase component of the m-th antenna element and,

h(m, 1) =¢y, 1) + 2rd sin 6,1,,(I)
=¢1,0) + Culm(D),
z(m) =2nd(sin6,, — sin 6. )m — 27d sin 6.

=mc, — (m+ 1)c.,

(A.3)

where m = 1,2,...,.M, [ = 1,2,...,L, ¢, and c. are constants,
equal to 2ndsiné,, 2ndsin6., respectively. Let ¢, is one
time selected randomly from (-, 7] and M is a large number,
M > 1. h(m, I) takes only M different values, for each itera-
tion these values are shuffled and summed with z(m) which is a
linear function. Hence, A(m, I) takes values uniformly from the
range [—m + ¢,, m + Mc,]. z(m) is a linear discrete function and
takes M different values from the range [c, + 2¢c., (M + 1)c,].
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The distribution of h(m, [), fg(il) can be expressed as,
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Fig. 10: Capacity for JRC Capable Coherent MIMO Radar Let each value of z(m) is distinct, then pz(me, — (m+ Deg) =

1/M. Then, h(m, 1) is said to be each value of it is distinct due
to ¢y, is selected randomly, then pz(¢;, () + ¢, 1,,(I)) becomes
Let @, H and Z are random variables which are selected from 1/M. The probability density function fp(¢p) can be rewritten
functions, ¢,,(0), h(m, I) and z(m) respectively. Then, the distri- as,
bution of ¢,,() can be written as,

Fold) = fah) » f2(2) = fR Fab-fdz (A4

M
where () is convolution operation and probability density func- fo(o) = f fad—2) Z pa(me, —(m+ 1)c.)
tion of z(m), f7(z), given as, R m=1
X 6(g —mc, — (m+ 1)c.)dg (A7)
M &
2@ = Y. prme, = (m+ 1)e)d@— (me, = (m+ De.). (AS5) =i fR (9 = 2)8(g = me, — (m + 1eo)dg
m=1 m=1
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Fig. 11: Average Rate with outage vs outage probability for JRC Capable Coherent MIMO Radar under Rayleigh (a) and Rician (b) slow fading conditions
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Fig. 12: Capacity for JRC Capable Coherent MIMO Radar under Rayleigh (a) and Rician (b) slow fading conditions.

and rewriting Eq.(A7),

Fol¢) =~ Z fal@ = me, = (m+ ey

o
W

m=1

M
> pa(@n, (D) + calu(D)

6(¢ = (¢1,(D) + cpl(D) + mey — (m + 1)ce))

X
11 L M
=2 Z Z 8(¢ — (1, (D) + cply(D) + mc, — (m+ 1)c.))
=1 m=1
1 L M
=— 6(¢ — dm(D)),
LM ; n;
(A.8)

and since the ¢,, is a phase component, it has periodic behavior
Therefore, 6(¢ — ¢,,(1)) is equal to 6(¢ +

as, ¢, = 2m + ¢y

271 — ¢m(1)). Therefore, we can expand dirac delta function with

14

0-10 »‘5 l; 5‘ 1‘0 1‘5 2‘0 2‘5 30
Average SNR, c (dB)
(b)
Fourier series expansion, (A.8)) can be rewritten as,
1 (o)
folg) = Z Z - Z [ cos(ngu(D)) cos(ng)
M e 27T T4

+ sin(ng,, (1) Si“(”¢)]]

Z Z —_ = Z cos(n(ep — ¢u(D))

and after reordering Eq.(A9),

(A.9)

co L

M
T 23253 costn =~ dnib)

n=1 [=1 m=1

fo(@) = 2—

et Z [cos(n(é = ¢1(1))) + cos(n(¢ = ¢(1)))
+ ... + cos(n(¢p — pp(L)))].
(A.10)
Since M and L are large numbers, we can always find a phase
component couple {@,,, (I1), pm,(l2)} for m;,my € {1, ..., M} and
L, € {1, ..., L}, with a relation of,
cos(n(¢ — ¢m, (1)) + cos(n(¢ — ¢m,(12))) ~ 0 (A.11)
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Fig. 13: Capacity for JRC Capable Coherent MIMO Radar under Rayleigh (a) and Rician (b) fast fading conditions.
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Fig. A.14: Random unit vector sum in the complex plane.

when ¢,,, (1) = ¢p,(l2) + m. In order to prove this, cos(n(¢p —
@ém,(11))) can be written in terms of ¢,,,(l2) as,
cos(n(¢ — ¢, (11))) = cos(ng) cos(ngy, (/1))
+ sin(ng) sin(ng,, (11))
= cos(ng) cos(ngy, (l>) + nm)
+ sin(ng) sin(ng,,, (1) + nm)
& — cos(ng) cos(ng,,,(l»)) — sin(ng) sin(ng,,,(l2))
& — cos(n(¢ — ¢m,(12))).
Hence, (A.1Q) can be rewritten as using the relation (A.12),

(A.12)

1
Jo(p) = 2_7r+7rL—M

x Y[ cosn(@ = ¢1(1) + cos(n(@ = ¢1(1) = 1) + ...
n=1

+cos(n(¢ = ¢, (11))) + cos(n(¢ = dp, (11) = 7)) + ...

+ cos(n(¢ — (L)) + cos(n(e — gy (L) — 7).
(A.13)

Therefore, when M — oo, the probability density function
fo(¢) approximates uniform distribution, U(—nx, 7), as,

lim fp(¢) — + —— > [0+...+0]
LM; (A.14)
oL
2271_.

Since the phase distribution approximates uniform distribution,
the distribution of sum of exponentials will follows Rayleigh
distribution.

Appendix B. Proof of Product Distribution of Truncated
Rayleigh and Rayleigh Random Variables

There are two methods to reach product distribution. First is
Mellin Convolution [IE] which is defined as,

0 1
px(x) = f Py, (X1)px, (i) —dx;. (B.1)
. x1 ) |xil

where X = X;X,. Then, we can reach the pdf of the r.v. X
replacing the pdf functions with double truncated Rayleigh and
Rayleigh distributions,

X'max _XZ -
() = ! X ;T X 2 1 d
Px(X) = ) 5 e 2 5 e . X1
xpin X107y (B, f2)oy, I

! 2
X [ 1 [* 2:22 -3 zl ]
—e\ 1T x TN dxy

(B ,,32)0'%] 0'3(2 xmin X}

(B.2)




(Xmm)z (Xmm)-

BZ = Jil

using the transformatlon theorem we have,

N
CZ(,B],,BQ)ZO')Z( B v
—x [foc ]e(_v_(;%)%)dv
a’(,Bl,,Bg)ZO' 1%

[ AE

x[0(0.p1: 25) T (0.8 25|
CY(,Bl,ﬂz)ZO’i

o o2
, and by substituting v = 5

Xy

where 8] =

px(x) =

(B.3)

b}

where ['(a, x; b) is the generahzed incomplete gamma function
[12] as T(a, x;6) = [~ e dr.

Second method uses Mellin transform to reach product dis-
tribution. Mellin transform of the product of two independent
r.v. from different distributions is equal to the product of their
Mellin transforms, My,x, = Mx, Mx,. Mellin transform of a
distribution px(x) can be given as [IE],

Mpx(x) = y(s) = f " px(x)dx, (B.4)
0
and the inverse Mellin transform is,
| 1 C+ joo '
MY (s) = px(x) = T 95 X Y(s)ds. (B.5)
] c—joo

where j = V-1 and the integration is along any path Re(s) = c,
such that y(s) exists. Then, Mellin transform of the r.v. X; can
be expressed as,

2
max 1

s—1 X1 2(rxI dxl

| )
Mo = o f w gl

-2 _2

1 o X1 . X1 2
— ‘7 —
7[ X1 e o dx| — X1 e
1 2) ]in %(] ;m” ?(1

1 1 B s+1 1 B s+1
:70(,81,[32)[(?%(1] F(T’B‘)_[F;] (e

(B.6)
-2 s
0o 1 )° +1
Mpx(2) =f - [—2] F(s )
0 oy, 207y, 2
B.7)

where I'(.) denotes the gamma function [IEI] and I'(a, x) is
the incomplete gamma integral [IE] I'(a,x) = fx e ldt.
Hence, Mellin transform of the product becomes, ’

1-s

(&) eI Cs o) T

Mpx(x) = aGr Ba)

Y(s) =

(B.8)

Then, by taking the inverse Mellin transform,

M ()]

1 Is
_ BB S 1) sl
T [SEX (4a§) F( 2 ) ( 2

C

[ 1 7 s+ 1 s+ 1

~belam) (el
C

product distribution can be defined with a contour integral
above. If we replace (s + 1)/2 by v in the above equation, this
does not affect the path of integration and the integral becomes,

px(x) =

,31)
(B.9)

1 1-v
_ aBiB) 1-2v 1
px(x) = Tj[ 56 x (F) T )T (v, 1) 2dv
C

X

1 1-v
Xl (—) T (WT (v, B2)2dv
403 ]

_1 -
_ aBip) i x_
- 2nj (20@()[?‘(40@() FMTe,pydy

2 )"
_56(_2) F )T (v.Bo) dv].
J 4oy

Generalized incomplete gamma functions have inverse Mellin
transform representations from [IE Eq. 7.1] which can be given
by,

SN

(B.10)

1 =+ joo ]
I'(a, x;b) = — § I'(s)T (a+ s,x)b*ds. (B.11)
271-] c—joo
After applying the Eq.(BI1), px(x) can be rewritten as,
x[1(0,81; 25 ) ~ T (0, 82; 7=
px(x) = PO ) - T (052 )] (B.12)

a(ﬂl,ﬂz)Zoé

Appendix C. Proof of Product Distribution of Truncated
Rayleigh and Rician Random Variables

Mellin Convolution in Eq[Blis also used for the derivation
of the joint pdf of the product distribution of truncated Rayleigh
and Rician r.v’s. We can reach the pdf of the r.v. X replacing
the pdf functions with double truncated Rayleigh and Rician
distributions,

2 2 -2
xmax [xz ST 24:;(,7 ] 2(,21
B [ VA ux xje % 1
px(x)= | 5 I 5 —dx
;nm _xlo'Xz .X]O'Xz a(ﬂl’ﬁZ)O-X| X1

2 .,
xe’ ™% " [* ngjz 2 ] ux
=5 5 —e\ X X1y dx;

a(Br. o)y, o, Jxpn X1 X107,

(C.1)



iny2

_ o

- 2
ZU'XI

ey
’ﬂ 2= 20%
1

where 3 After applying the series rep-

k
/s

resentation of the Io(h) which is )77, m, px(x) becomes,

= 2 2 ( s )i
20y X max X Y o —
pr) =— f o e[ i) ST
X o — 1
a(Br.B2)20% Jxrn x1 £ I T(i + 1)
2 (”zxz )l ) 5
20y, co |5 xmax 28
_ xe "% Z 40—X2 1 1 [ —X%Zf’i 20}(] ]dx
- 202 il @it 2 1
aBr. )20y it g A
(C.2)
2
and by substituting v = 5+~ using the transformation theorem
X
we have,
2i i )
-2 (M) 1 (_v_( )1)
xe % > \2 202 7% 2 e 7 )
PX(X) = > Z = 2 — dv
(B, B2)207y 4= ilil 4 v
=l x| (7V7(i)l)
xe*’% > (7”) © 4 Wz

a(ﬂl,ﬂz)Zo& =0 1!1! (20')2( o2 '

gy

 a(Br.Bo)20x? pary

— jﬁ; vi+1 dV]

ititod oy (%)
(C3)

where I['(a, x; b) is the generalized incomplete gamma function
[12] as T(a, x;6) = [~ e dr.

Appendix D. A Numerical Method for the Calculation of
Generalized Incomplete Gamma Functions

In [IE], authors present a numerical method to compute gen-
eralized incomplete gamma functions based on Exponential In-
tegrals with a relative precision of 107 and an absolute preci-
sion of 10723, This approach is also given in [20]. This method
can be written as,

If a,in I'(a, x; b), is an integer, a = g < O:

(g, x;b) = Z %m_wﬂu), x> Vb, (D.1)

n=0
and,
T(q.x:b) = 2b*K, (2 \/13)—2 _n—'ququnH(x), 0<x< Vb,
n=0 .
(D.2)

where E,(x) = [~ t"e™dt, x>0,n=0,1,..
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