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Abstract

Adaptive filtering has been an enabling technology and has found ever-increasing applications in various state-of-the-art
communication systems. Traditionally, adaptive filtering has been developed based on the Wiener or minimum mean
square error (MMSE) approach, and the famous least mean square algorithm with its low computational complexity
readily meets the fast real-time computational constraint of modern high-speed communication systems. For a
communication system, however, it is the system’s bit error rate (BER), not the mean square error (MSE), that really
matters. It has been recognised that minimising the MSE criterion does not necessarily produce the minimum BER
(MBER) performance. The introduction of the novel MBER design has opened up a whole new chapter in the
optimisation of communication systems, and its design trade-offs have to be documented in contrast to those of the classic
but actually still unexhausted MMSE and other often-used optimisation criteria. This contribution continues this theme,
and we provide a generic framework for adaptive minimum error-probability filter design suitable for the employment in a
variety of communication systems. Advantages and disadvantages of the adaptive minimum error-probability filter design
are analysed extensively, in comparison with the classic Wiener filter design.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Adaptive signal processing has been an enabling
technology for the contemporary information so-
ciety, and adaptive filtering has found wide-ranging
applications in modern communication systems. A
generic communication system typically includes an
inner Modem part and an outer Codec part [1,2]. A
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variety of adaptive filters can be found in commu-
nication Modems to act as receiver filters or
detectors. The state-of-the-art adaptive filtering
design for communication applications has tradi-
tionally been developed based on the Wiener, also
known as the minimum mean square error
(MMSE), framework [3,4], and adaptive implemen-
tation of the MMSE design can readily be achieved
with the low-complexity least mean square (LMS)
algorithm which readily meets the real-time
computational constraint of modern high-speed
communication systems. The Wiener (filtering
design has its root in other applications of ada-
ptive filtering, such as radar and sonar. For



1672 S. Chen et al. | Signal Processing 88 (2008) 1671-1697

communication applications, however, what really
matters is the system’s bit error rate (BER), not the
achievable mean square error (MSE). This has
motivated the research for the alternative approach
to the MMSE filtering that aims to directly
minimise the system’s BER.

In the past decade, significant advances have been
made in the design of adaptive minimum BER
(MBER) filtering for a variety of communication
applications, including classical single-user channel
equalisation [5-20], multiuser detection in code-
division multiple-access (CDMA) systems [21-30],
adaptive beamforming assisted receiver for multi-
ple-antenna aided systems [31-39], space-time
equalisation assisted multiuser detection for space-
division multiple-access (SDMA) induced multiple-
input multiple-output (MIMO) systems [40—44],
and orthogonal frequency division multiplexing
(OFDM) and other multi-carrier systems [45-50].
The MBER filtering design has also been incorpo-
rated into turbo iterative detection [S1-53]. Other
applications include the MBER transmission
schemes [54-56], the MBER rake receiver [57,58],
the MBER-based optical receiver [59—62], and the
power control or allocation based on the MBER
criterion [63-66]. It can be seen that the introduc-
tion of the novel MBER design has opened up a
new research direction and has stimulated wide
interests in the communication research community.
The purpose of this contribution is to provide a
unified framework for the adaptive MBER filtering
design and to document its design trade-offs in
comparison to the standard yet still often consid-
ered MMSE design.

We begin our discussion with an introduction of
the generic signal and filter model. Such a filter can
be a pure temporal filter as in the classical single-
user channel equalisation [1], a pure spatial filter as
in the adaptive beamforming assisted receiver for
narrow-band channels [67-72], or a combined
spatial and temporal filter as in the case of space-
time equalisation assisted multiuser detection for
SDMA induced MIMO systems [73—75]. This signal
and filter model is in fact valid for all the state-of-
the-art communication systems. The classical Wi-
ener filter design is then reviewed, and the condition
for the Wiener solution to be the optimal MBER
solution is discussed. Using the example of the well
known matched filter solution for the ideal additive
white Gaussian noise (AWGN) channel, it is
demonstrated that the MMSE design is also the
optimal MBER design only if the conditional

probability density function (PDF) of the filter
output for a given transmitted data symbol value is
Gaussian. Since this conditional PDF is generally a
mixture of Gaussian distributions, and hence non-
Gaussian, the MMSE design is inherently sub-
optimal with respect to the achievable system’s
BER.

Based on the generic signal and filter model, the
BER expression as the function of the filter’s weight
vector is derived, and this naturally leads to the
MBER design. Adaptive implementation of the
optimal MBER filtering design is discussed in full
details, and emphasis is placed on the sample-by-
sample adaptive algorithm referred to as the least
bit error rate (LBER) method [76]. Comparisons are
drawn with the adaptive LMS algorithm. Examples
are used to highlight the basic concepts and essential
properties, as well as to draw insights into how the
two designs, the MMSE and MBER, behave
differently. Unlike the Wiener filtering whose
optimality is linked to the Gaussian assumption,
the MBER design, by contrast, can cleverly exploit
the non-Gaussian distribution, leading to substan-
tial performance improvements over the sub-opti-
mal MMSE design. Thus, compared with the
standard MMSE filtering design which is still
often regarded as a state of the art in communica-
tion applications, the adaptive MBER filtering
design can better combat hostile multipath propa-
gation environments and better suppress multiple
access interference, resulting in higher system
throughput or wuser capacity. The penalty to
pay for this enhanced system performance is an
increase in complexity for the adaptive MBER filter
design.

Although the traditional adaptive MMSE
filtering design and the novel adaptive MBER
filtering design are based on the two very different
optimisation criteria, it is interesting to draw
some analogy between the two approaches.
The MSE is the second-order statistics, while the
BER can be viewed as a higher-order statistics, of
the underlying filter output’s PDF. The second-
order statistics required to compute the Wiener
solution can be estimated using a block of
samples, and by considering a single-sample “‘esti-
mate” of this second-order statistics, a stochastic
gradient adaptive MMSE algorithm, namely
the LMS, is derived. The PDF required to
determine the BER can be approximated with a
Parzen window estimate [77-79] based on a block
of samples, and by considering a single-sample
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density “estimate”, a stochastic gradient adaptive
MBER algorithm is formulated, which is referred
to as the LBER algorithm in [76]. For the sake
of clearly highlighting the basic concepts, we start
our discussion assuming a binary phase shift
keying (BPSK) modulation scheme, i.e. data sym-
bols being binary. The approach is then generalised
to the minimum symbol error rate (MSER)
design for the bandwidth-efficient, high-throughput
quadrature amplitude modulation (QAM) scheme.
The adaptive filtering model considered in this
article is [linear. Extension of the adaptive
MBER design to nonlinear filtering is discussed at
the end.

2. Signal and filter model

The schematic diagram for the Modem part of a
generic communication system is depicted in Fig. 1.
The system or channel model is represented by
x(k) = Hs(k) + n(k), (1

where s(k) = [s1(k) s2(k) --- sy(k)]' is the trans-
mitted data symbol vector at kth symbol index with
the uncorrelated BPSK data symbols

sik) e {(£1}, 1<i<M, (2)

x(k) = [x1(k) x2(k) --- xp(k)]' denotes the com-
plex-valued received signal vector, H the L x M
complex-valued channel convolution matrix, and

* n

s (k) X (k) Y(k) S(k)
H & w —» —_|_— .

Quantisation
(Decision)

Channel Filter
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Fig. 1. Schematic diagram of generic communication system.

n(k) = [ni(k) na(k) --- np(k)]" is the complex-va-
lued channel AWGN vector with E[n(k)nt (k)] =
20,%IL and I, denoting the L x L identity matrix.
For the time being, we assume that the transmitted
data symbols are binary. Later we will extend the
results to the case of QAM data symbols.

The receiver consists of a linear filter charac-
terised by

y(k) = wx(k), (3)

where w = [w; wy --- WL]T is the complex-valued
filter’s coefficient vector. The filter’s output y(k) is
passed to the decision device to provide an estimate
for the desired user’s data symbol s;(k), where
1<d< M, and the decision is made according to

1 yp(k)>0,
(k) = sen(yg (k) = {_1 =0 @)

where yp(k) = R[y(k)] is the real-part of y(k). For
notational simplification, we avoid using the index d
in y(k).

The system and filter models (1) and (3) is
very general and is in fact valid for all the state-
of-the-art communication systems. We now illus-
trate the generality of this model using a few
examples of the practical communication systems
encountered.

2.1. Channel equalisation

Consider the classical single-antenna single-user
channel equalisation [1], as depicted in Fig. 2. The
multipath distorting channel is characterised by

ne—1

x(k) =" stk — i) + n(k), ©)
i=0

where n(k) is the channel AWGN, n, is known as
the channel order, and /; are the channel impulse
response (CIR) taps. The equaliser y(k) = w'x(k) of

a b
x(k) x(k—1) x(k—L+1)
cee
AM—H—'—L @ WO* @ M}]* oo WL*,I
Tx Rx

multipath channel

temporal filter () ¢

Fig. 2. Multipath channel of single-antenna single-user system (a), and channel equalisation based on a temporal filter (b), where 4

denotes the symbol-spaced delay.
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(3) is a pure temporal filter with an order L and a
decision delay d. That is, at symbol index £, it
detects the transmitted symbol s(k —d). It is
straightforward to verify that the signal model for
x(k) is given by (1) with

x(k) = [x(k) x(k—1) -+ x(k— L+ D],
s(k) = [s(k) stk —1) -+ stk—L—n.+2)]",

M =L+n.—1, and the L x M channel convolu-
tion matrix has the following Toeplitz form

The o oo By 0 0
0 hy M R
H=
0 ... 0 ho /T

(6)
Note that for the decision feedback equaliser
(DFE), the decision feedback can be interpreted as
a space translation and, on the translated signal
space, the DFE takes the same form of a linear
equaliser (3) (see, for example, [8,20]).

2.2. Beamforming aided receiver

Consider a communication system that supports
M users, where each user transmits on the same
carrier frequency of w =2xnf, as illustrated in
Fig. 3(a). For such a system, user separation can
be achieved in the spatial or angular domain
[73-75], and the receiver is equipped with a linear
antenna array consisting of L uniformly spaced
elements. The geometric structure of the receiver
antenna array with respect to the user’s direction or
angle of arrival (AOA) is depicted in Fig. 3(b).
Further assume that the channel is non-dispersive
and hence it does not induce intersymbol inter-

Tx 2

L—element antenna array

Fig. 3. Beamforming assisted receiver that employs L-element
antenna array to support M users: (a) system illustration, and (b)
geometric structure of receiver antenna array, where 6,, is the
angle of arrival of user m.

ference. Then the received signal vector of the
antenna array

x(k) = [xi(k) xalk) -+ xp(o]",

is modelled as (1), and the L x M system matrix H
is given by [67,72]

H =[41h; A2hy - Aphyl, (7
where A,, denotes the mth narrowband complex-

valued channel coefficient, and h,, the steering
vector for user m, which is expressed as

ejth(Qm)]T (8)

with #;(0,,) denoting the relative time delay at array
element / for source m, and 0,, being the AOA for
source m. The beamformer for detecting the
transmitted data symbol of desired user m, s, (k),
is a pure spatial filter expressed as [67,72]

Y(k) = wiix(k), 9)

where w,, is the mth beamformer’s complex-valued
weight vector.

h’n — [ejo)tl((?m) ej(U[z(em) .

2.3. MIMO space-time equalisation

Consider the SDMA induced MIMO system
[73-75], as is depicted in Fig. 4, where each of the
O users is equipped with a single transmit antenna
and the receiver is assisted by a P-element antenna
array. A bank of the Q space-time equalisers, as
shown in Fig. 5, constitutes the multiuser detector.
Each space-time equaliser is a combined spatial and
temporal filter, with the order of temporal filter
being D. It can be shown that the space-time
equaliser for user g, where 1 <¢<Q, is given by the
form of y,(k) = w'x(k) with the signal model for
x(k) expressed in the form of (1), see for example
[43]. The output of the gth combined spatial and
temporal filter, y,(k), is used to detect the trans-
mitted symbol s,(k —t), where 7 is the decision
delay of the space-time equaliser. In fact, the signal
vector x(k) is defined as

x(k) = [x{ (k) x3(k) -+ xp()]" (10)
with
X, (k) = [xp(k) x,(k —1),x,(k — D + 1)]T,

1<p<P, (11)

and the filter coefficient vector for the ¢th space-
time equaliser is given by

T T T 4T
Wy = [wl,q w2,q e wP,q] (12)
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Fig. 4. SDMA induced MIMO system, where each of the Q users is equipped with a single transmit antenna and the receiver is assisted by

a P-element antenna array.

Fig. 5. Space-time equaliser assisted multiuser detector for user ¢, where 4 denotes the symbol-spaced delay, P is the number of receive

antennas, D denotes the length of temporal filer, and 1<¢<Q.

with

Wpq = [Wopq Wipg

T
Wp-1p4]

Let the CIR connecting the gth user to the
pth receive antenna be /g, g, hip g, Mue—1pg-
Then the D x(D+n.—1) CIR convolution
matrix associated with the user ¢ and the receive
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antenna p is

hO,M hl.p,q hnc—l.p,q 0 o 0
0 hopg Tipg ne=1p4
Hpq =
0 T 0 hO,M h g Te—1 4
(14)

and the overall L x M system matrix, where L =
P-Dand M = Q- (D +n,— 1), is expressed as

Hi; Hi;, --- Hp
Hy;, Hy, --- Hyp

H=| T (15)
Hpy Hp, --- Hpp

Similarly, the symbol vector s(k) is given by

s(k) = [s] (k) sy(k) -+ sp(R)]" (16)
with
sq(k) = [sy(k) sg(k—1) -+ sy(k — D —n.+ 2)]T,

I<¢<0. (17)

Again, using the space translation property of
decision feedback, the space-time DFE can be
translated into the space-time equaliser in the
translated observation space [44], and the dis-
cussion here is equally applicable to the space-time
DFE.

2.4. Conventional filtering design

The above discussion clearly confirms that the
signal and filter models (1) and (3) is a generic
representation for various communication systems.
The classical Wiener filter design is based on
minimising the MSE criterion’

J(w) = Ellsa(k) — y(k)I’]. (18)

Minimising J(w) with respect to the filter’s weight
vector w gives rise to the well-known MMSE

'Tt is known that, for the case of the real-valued desired output
sq(k), a better performance in terms of the achievable system’s
BER can be obtained if the MSE criterion (18) is replaced by
Jreal(W) = E[(sq(k) — yR(k))z], see [80-85]. However, the MBER
design is still superior over this real-valued MMSE design, see
[85]. We will only consider the MSE criterion (18) here, since later
we will extend the discussion to the case of complex-valued
symbols.

solution [4]

2072 -
WMMSE = (HHH + Jzn IL) hy, (19)
S

where o2 = E[|sqa(k)|*] is the energy of the desired
output sy(k) and h; denotes the dth column of H.
The MMSE filtering is attractive, since it is given in
a closed-form solution based on the second-order
statistics of the underlying system.

When the required second-order statistics are
unknown, adaptive implementation of the Wiener
filter is particularly simple. Given a block of
training samples {s,(k), x(k)}t_,, the MSE (18) can
be approximated by the following sample-average

K
Trn = 3" Isal) — P (0)
k=1

where y(k) = whx(k). Minimising the approximate
MSE (20) with respect to w leads to an approximate
MMSE solution. In particular, consider a single-
sample “‘estimate” of the MSE, namely, |s;(k)—
y(k)|>. Minimising this instantaneous squared error
leads to the stochastic-gradient adaptive algorithm
commonly referred to as the LMS [4]

{y(k) = wH(k — Dx(k),

W) = Wik — 1)+ usak) — vy <y, D

where u is the step size. The LMS algorithm has a
very low computational complexity and is particu-
larly suitable for real-time adaptive applications of
high-speed communication systems. Convergence
properties of the LMS algorithm are also well
understood [4].

The Wiener filtering is optimal with respect to the
MSE criterion. As pointed out previously, the true
performance indicator is the error probability of the
decision process (4), i.e. the achievable system’s
BER. A natural question to ask is under what
condition is the MMSE filter also the MBER filter?
Let us consider the simplest system, namely, the
single-user BPSK communication system over an
ideal AWGN channel. The optimal receiver filter for
such a system is well known to be the matched filter
that maximises the receive signal-to-noise ratio
(SNR) [1]. The matched filter’s output for such a
simple system is expressed as’

yr(k) = As(k) + nr(k), (22)

For this ideal AWGN case, the signal model (1) is a scalar x(k)
and the filter model (3) constitutes a scalar weighting y(k) = w7 x(k).
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Fig. 6. Error probability of the BPSK communication system
over the ideal AWGN channel.

where A4 is positive and A4° represents the receive
signal power, and ng(k) denotes the real part of the
channel noise at the receiver output and it is
Gaussian distributed with a zero mean and a
variance of 0,21. The conditional PDFs of yg(k)
given s(k) = £1 are

POglsth) = £1) = ———e PR-GAP25 (23

no,

Assuming  Prob{s(k) = 1} = Prob{s(k) = —1} =1,
the error probability of the decision process (4) or
BER in this case is well known to be

0
Pr = / pORlIstk) = +1)dyg

::Q<§>::Q@@Nix (24)

which is also illustrated in Fig. 6, where the O-
function is define by

0(x) = J%/ e 25)

The match filter that maximises the receive SNR
also minimises the error probability Pg. Note that
the conditional PDF of yg(k) given a particular
class of symbol value is Gaussian. In this case,
clearly the MMSE solution is identical to the
MBER solution.’

In general, the MMSE design is also the optimal
MBER design only if the conditional PDF of the
filter output for a given transmitted data symbol
value is Gaussian. This is because if this conditional
PDF is Gaussian, i.e. the conditional PDF of y(k) =
whx(k) takes the form of (23), minimising the MSE

3Noting that the signal power 4> = o2 is fixed, minimising the
MSE in this ideal case is equivalent to maximising the receive
SNR and, therefore, equivalent to minimising the BER. Indeed,
the optimisation to achieve maximising the receive SNR is
actually carried out by fixing the signal power to constant and
minimising the receive noise power, i.e. the MSE in this case

(see [1]).

is equivalent to minimising the error probability
(24). In certain systems, the conditional PDF of the
filter output may be approximated accurately by a
Gaussian distribution, and in such cases the MMSE
design is preferred over the more complicated
MBER design. However, since this conditional
PDF is generally a mixture of Gaussian distribu-
tions and hence non-Gaussian, as will be shown in
the next section, the MMSE design is inherently
sub-optimal, in terms of the achievable system’s
BER.

3. MBER filtering design

Let us revisit the receive signal model (1) and
express it as

x(k) = Hs(k) + n(k) = (k) + n(k), (26)

where X(k) represents the noise-free part of x(k).
Denote the N, = 2¥ legitimate sequences of s(k) as
s;, 1 <i< Ny, and further denote the dth element of
s;, corresponding to the desired symbol s4(k), as s4;.
The noise-free part of the received signal, X(k), takes
values from the complex-valued vector set

(k) € Z = [%; = Hs;, | <i<N,). 27)
Z can be divided into two subsets corresponding to
the two values of s4(k) as follows

I = (X € X, 1<i< Ny, : sq(k) = £1}, (28)
where Ny, = N, /2. Similarly rewrite the filter model
(3) as*

(k) = whx(k) = j(k) + e(k), (29)

where e(k) = wHn(k) is Gaussian distributed with
zero mean and E[|e(k)|*] = 2wHwa?. The noise-free
part of the filter output, namely j(k), takes values
from the complex-valued scalar set

Jk) € W = {p; = w's;, %; € ). (30)

The real part of the filter output y(k) is
yr(k) = Jr(k) + er(k), and ji(k) takes values from
the real-valued scalar set

Jr(k) € Ur = {jg, = R}, y; € ¥}. (31)

The set g can be divided into the two subsets
conditioned on the value of s;(k), each having a size
of the Ny, constellation points

@ﬁz@ﬁé@p&@ziu (32)

“The filter is for detecting the desired symbol s4(k). As before,
we avoid using index d in y(k) for notational simplification.
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Fig. 7. Derivation of the error probability of the linear filter (3)
for the communication system (1) with BPSK symbols.

Definition 1. The system (1) is said to be linearly
separable, if there exists a weight vector w such that
the two real-valued scalar subsets, @5{’ and @5{),
can completely be separated by the decision thresh-
old yr = 0.

3.1. BER expression

It is readily seen that the conditional PDF of
yr(k) given sy(k) =41 is a Gaussian mixture,
expressed as

PORIsa(k) = +1)
1 Z e—(IyR—J'f%)I2)/2wHwa%.

Hywo2
N/ 2nwiwo? ﬁg)e@/g)

(33)

Noting the decision process (4), the error prob-
ability or BER of the filter (3) with the weight vector
w is defined by

0
Pe(w) = / pOlsath) = +1)dyg

1 Nsb
(+)
= — (W), 34
Ny 2 207 (34)
which is also illustrated in Fig. 7, where
=(+)

sgN(84,1)TR,

g7 (w) = ———=—=". (35)
g,V wHw

The BER can alternatively be calculated using the
other subset @5{) , and the length of the filter weight
vector, wHw, does not affect the BER value (except
for zero length).

3.2. MBER solution

The MBER solution for the filter’s weight vector
is defined as

WMBER = arg min Pg(w). (36)

Unlike the MMSE design, there exists no closed-
form solution for the MBER design, and the
optimisation problem (36) must be solved numeri-
cally using for example a gradient-based algorithm.
The gradient of Pg(w) with respect to w can be
shown to be

N
1 s _ 52y 5.2 H
VPe(w) — (7 B2
2N/ 210,V WHw =
=(+)
TRW
XSgn(sq,i) (m =-X; ], (37)

where XEH € M. The simplified conjugate gradient
algorithm [26,86] provides an efficient means of
obtaining an MBER solution.

Proposition 1. For linearly separable systems, any
local minimiser of the BER cost function (34) is a
global minimiser.

Proof. Since the system is linearly separable, there
exist weight vectors w such that
wix{P>0, vx{P e ™.

1

The proof then follows similar arguments to those
outlined in the proof of Proposition 1 in [87]. [

Proposition 2. There exist infinitely many global
MBER solutions, which form an infinite half line in
the filter weight space. There exists a unique unit-
length global MBER solution.

Proof. Let wyper be a global MBER solution.
Since the BER is invariant to the length of w, weight
vectors o -wypgr, >0, are all global MBER
solutions, which form an infinite half line in the
filter weight space. Setting o =1/ \/WI]\{,[BERWMBER
yields the unique unit-length global MBER solu-
tion.

Some comments can be made for the MMSE and
MBER designs by examining their respective cost
functions. The MSE surface (18) is quadratic and
has a single global minimum solution. In contrast,
the BER surface (34) is much more complex. A
comparsion of the MSE and BER surfaces is given
in Fig. 8, using the simple two-user CDMA system
considered in [26,29]. Note that the BER is invariant
to a positive scaling of w. Thus, as can be seen from
Fig. 8(b), the BER surface has an infinitely long
valley, and any point at the bottom of this valley is a
true global MBER solution. It can also be seen from
Fig. 8(b) that if we restrict to the unit-length w, the
MBER solution becomes unique. At least for
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Fig. 8. The MSE surface (a) and the BER surface (b) of a simple two-user CDMA system, taken from [29].

linearly separable systems, there exists no local
minimum problem for the optimisation process (36).
However, the BER surface may have very small-
gradient regions, as can be seen in Fig. 8(b). This
indicates that convergence speed of the optimisation

process may depend on the initial choice of the
weight vector, particularly when the steepest-des-
cent gradient algorithm is used. By adopting the
conjugate gradient-based algorithm, we observe in
practice that this problem is alleviated. [
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Before turning to discuss adaptive implementa-
tion of the MBER design, we point out that the
PDF of yg(k) is explicitly given by the Gaussian
mixture

2
—lyr 7R, 1> /2w woy,
pOR) = N/ 27whwo2 Z e TRTR
N/ 2nw wanyR i

(38)

where the summation is over all the constellation
points of %y, and the BER can be computed using

1 Ny
Pe(W) =5-> (giw)), (39)
S =1
with
sgn(sq,i) Vg,
gi(w) = o Jaw (40)

3.3. Adaptive MBER filtering

The key to adaptive implementation of the
MBER filtering design is an effective estimate of
the PDF (38). Parzen window estimate [77-79],
also known as the kernel density estimate, is a
well-known method for estimating a probability
distribution. Parzen window method estimates a
PDF using a window or block of y(k) by placing
a symmetric unimodal kernel function on each
y(k) with an equal weighting. Kernel density
estimation is capable of producing reliable PDF
estimates with relatively short data records
and in particular is extremely natural when dealing
with Gaussian mixtures, such as the one given
in (38).

Given a training data set {s;(k), x(k)}kK= |» the PDF
of the filter’s output ygr(k) can be accurately
estimated using the following Parzen window
estimate

K

1 27,2
— e PRIRWOIT/ 205 41
K+/2np, 2 “

k=1

p(yr)

where p,, is called the kernel width. Based on this
PDF estimate, a BER estimate is given by

N 1 &

Pe(w) = 2> 0G(w) (42)
k=1

with

Gu(w) = sgn(sd(;a)yR(k) | @3)

Providing that the kernel width p, is chosen
appropriately, the kernel density estimate (41) is
an accurate estimate of the true PDF p(yg) and the
BER estimate (42) is an accurate estimate of the true
BER Pg(w). Given the gradient of Pg(w)

1
2K/ 2mp,

K
x e RO P isen(s, ()X, (44)
k=1

VPg(w) = —

an approximated MBER solution can be obtained
iteratively using a gradient-based algorithm, such as
the simplified conjugate gradient algorithm [26,86].
In order to derive a sample-by-sample adaptive
algorithm, let us adopt a single-sample “‘estimate”
of the PDF p(yg), namely,
5y, k) = —— e DRIROIZ/207 45
p(yR ) \/ﬁp” ( )
From this one-sample PDF ‘‘estimate”, concep-
tually we have an instantaneous BER “‘estimate”

13

Pg(w, k) = O(j,(w)). Using the instantaneous sto-
chastic gradient of
~ sgn(sd(k)) e B2 /202
VPe(w, k e e DRI 2oy (ke 46
E(W, k) = NTS (k) (46)

gives rise to the following LBER algorithm:
y(ky = Wk — D)x(k),
- - sgn(sa(k)) |0 02202
k) = k—1 4+ u———"’¢ 2:309] /ZPnX k ,
w(k) = w(k — 1) + Wor (k)

oy
(47)

where the step size p and the kernel width p, are the
two algorithmic parameters that have to be set
appropriately to ensure a fast convergence rate and
small steady-state BER misadjustment.

Comment: The factor 1/(2+/2mp,) is a constant
that can be absorbed 1nto the step size u whereas the
term sen(sy(k))e "REOP/20% can be regarded as an

“error signal”. In this sense, the LBER algorithm
(47) has a similar form to the LMS algorithm (21).

It is interesting to point out that our development
of the adaptive MBER filtering design follows a
similar path to that of the adaptive MMSE filtering.
The BER of the adaptive filter is a higher-order
statistics of the underlying filter output’s PDF. By
estimating this PDF using Parzen window estimate,
we are able to estimate the BER using a relatively
short block of samples. Further considering a
single-sample density ‘“‘estimate”, we arrive at the
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above stochastic-gradient adaptive LBER algo-
rithm. Computational complexity of this LBER
algorithm is similar to that of the LMS algorithm.
Tuning the LBER algorithm, however, is more
complicated than adjusting the LMS algorithm,
since the former has two algorithmic parameters, u
and p,, while the latter has only one algorithmic
parameter, the step size u. Convergence properties
of the LMS algorithm are well understood and there
exist analytical results to predict the steady-state
MSE misadjustment. Convergence properties of the
LBER algorithm by contrast are less well under-
stood, although extensive simulation experience has
suggested that it is not too difficult for tuning the
algorithm to achieve fast convergence. Further-
more, at the time of writing there exists no
theoretical result for analysing the steady-state
BER misadjustment of the LBER algorithm, but
in practice we have observed that the steady-state
BER misadjustment can often be made very small
by carefully tuning the two algorithmic parameters.
Convergence behaviour and steady-state BER mis-
adjustment of the LBER algorithm have been
extensively investigated in the previous publications
[11,14,18,20,25,26,29,31,35,36,38,39,41-44].

3.4. Illustrative examples

Beamforming: The simulation system was illu-
strated in Fig. 3, where the receiver employed a
four-element linear antenna array with a half-
wavelength element spacing. The system was first
used to support M =3 BPSK users, and the
locations of the users in terms of AOA is
summarised in Table 1. The simulated channel
conditions were 4; = 1 + j0 for 1<i<3, and all the
users had an equal power. The user one was the
desired user. Fig. 9 compares the BER performance
of the two beamformer designs for the desired user
one. In order to draw some insights as to how the
MBER design behaves differently from the MMSE
design, and hence to explain the BER performance
difference of the two beamformers as shown in

Table 1

Locations of the users in terms of angle of arrival for the
simulated beamforming system that employs a four-element
antenna array to support three BPSK users

User i 1 2 3

AOA 0; (°) 0 10 -5

0 . r
MMSE —=—
] MBER —e—
o -2
©
o
S
w -3
g
o
S -4 \ \K
_5 \ K
-6
0 5 10 15 20 25 30

SNR (dB)

Fig. 9. Desired user’s bit error rate comparison of two
beamforming designs for the four-element array system sup-
portng three BPSK users as given in Table 1.

Fig. 9, we examined the conditional PDF of the
beamformer’s output y(k), which is defined by

pOylsa(k) = +1)

1 )2 e Hy 2

_ —ly=7y; 172w wa

"~ Ngp2nwHwe? Z © l @)
" J"EJF) e

where the signal subset ") is defined as
YD = (5D e W 1 sy(k) = +1}, (49)

and its marginal conditional PDF, p(yglsi(k) =
+1), which is defined in (33). Fig. 10 depicts the
conditional PDFs p(y|ss(k) = +1), the marginal
PDFs (p(lesd(k)=+1), the signal subsets %
and @R+ ) for the two beamforming designs given
SNR = 6dB, where the beamformer’s weight vector
w was normalised to a unit length. It can be seen
that the distribution p(y|s;(k) = +1) is symmetric
with respect to the R[y] and J[y] axes for the
MMSE design, and this was a direct consequence of
the minimisation of the MSE criterion (18). By
contrast, the MBER design appeared to be more
intelligent and was able to shape p(y|s (k) = +1) in
such a way that the distance between the decision
threshold yr =0 and the signal subset @g)
was maximised. From the BER expression (34),
this is optimal as it ensures the minimisation of the
BER. Convergence behaviour and steady-state BER
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pdf

pdf

Rely]

Fig. 10. Conditional PDFs p(y|sq(k) = +1) (surfaces), marginal conditional PDFs p(yy |sq(k) = +1) (curves), signal subsets %" and @({)
(points) for the four-element array system supporting three BPSK users of Table 1 with SNR = 6 dB: (a) MMSE design, and (b) MBER

design. The beamformer’s weight vector is normalised to a unit length.

misadjustment of the two adaptive algorithms, the
LMS and LBER, were next investigated. Given
SNR = 4dB, Fig. 11 depicts the learning curves of
the two adaptive algorithms, averaged over 100
independent runs. The step size of the LMS was set
to u = 0.006, while for the LBER algorithm we had
the step size u=0.06 and the kernel variance
p2 =202, Fig. 11(a) shows the training perfor-
mance, while Fig. 11(b) illustrates the decision-
directed (DD) adaptation, started at k = 30, using
the beamformer’s decision §;(k) to substitute for

s1(k). It can be seen from Fig. 11(b) that the steady-
state BER of the LMS algorithm for the given SNR
was not sufficiently small for the algorithm to switch
to the DD adaptation. By contrast, the LBER
algorithm was seen to operate successfully in the
DD adaptation. This is a significant advantage of
the LBER algorithm, which enables the algorithm
to adopt DD updating during data transmission in
order to track time-varying channel conditions.
The system was next used to support M =8
BPSK users, and the locations of the users are listed



S. Chen et al. | Signal Processing 88 (2008) 1671-1697 1683

a
0 . . .
10 LMS: training-----------
MMSE —e—
1 LBER: training————
10 B MBER —m— |
o b, "
©
)
5 1072
L
5
103 N
\—\h
L L
104
0 100 200 300 400 500
sample
b
100
101 e
i)
T 4 ® °
% L0
S 402 LMS: DD at k=38 |
L MMSE—e—
5 LBER: DD at k=36———
MBER—=—
-3
T ————
L L
104
0 100 200 300 400 500
sample

Fig. 11. Learning curves of the two adaptive algorithms averaged
over 100 runs for the four-element array system supporting three
BPSK users of Table 1 with SNR = 4dB: (a) training, and (b)
decision-directed adaptation starting from k& =30 with the
beamformer’s decision §(k) substituting for sj(k), where
W(0) = [0.1 4j0.1 0.0 +3j0.0 0.0 +j0.0 0.0 +j0.0]™.

Table 2

Locations of the users in terms of angle of arrival for the
simulated beamforming system that employs a four-element
antenna array to support eight BPSK users

User i 1 2 3 4 5 6 7 8

AOAG; >y O 10 —15 30 —45 50 60 =55

in Table 2. The user one still remained to be the
desired user, all the users had an equal power, and
the simulated channel conditions were 4; = 1 + j0
for 1<i<8. Fig. 12 depicts the BER performance of
the two beamformer designs for the desired user

0 T T :
MMSE —e—
MBER —&—

1 90006000000 0cancn

2t

log,o(Bit Error Rate)
o

0 5 10 15 20 25 30
SNR (dB)

Fig. 12. Desired user’s bit error rate comparison of two
beamforming designs for the four-element array system support-
ing eight BPSK users as given in Table 2.

one, while Fig. 13 shows the conditional PDFs
p(y|sq(k) = 1), the marginal PDFs p(yg|sq(k) = +1),
the signal subsets ") and @(I:“) for the two designs,
given SNR = 8dB. It can be seen from Fig. 13(a)
that for the MMSE beamformer several points of
% &;—) were in the wrong side of the decision threshold
yr = 0, resulting in the high BER floor as shown in
Fig. 12. By contrast, the MBER beamformer was
capable of ensuring a reasonable distance between
yr =0 and the signal subset @({) as can be seen
from Fig. 13(b) and, therefore, maintained an
adequate BER performance.

In general, it can be demonstrated that the
MBER design can better combat channel distortion
and interference and offers a larger system user
capacity, compared with the suboptimal MMSE
design. Extensive investigations [36,38] have also
shown that the MBER beamformer is much more
robust to the near-far effect. More specifically, when
facing strong interfering sources, the MMSE
beamforming receiver may exhibit a high BER floor
as the underlying signal classes or subsets become
linearly inseparable, while the MBER beamforming
can often maintain the desired linear separability
and hence avoids such a BER floor.

Space-time equalisation: The simulation system
was illustrated in Figs. 4 and 5. The MIMO receiver
employed P = 4 receive antennas to support Q = 3
BPSK users. Each of the Q- P =12 dispersive
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pdf

pdf

Fig. 13. Conditional PDFs p(y|s4(k) = +1) (surfaces), marginal conditional PDFs p(yg|sqs(k) = +1) (curves), signal subsets ) and @({)
(points) for the four-element array system supporting eight BPSK users of Table 2 with SNR = 8 dB: (a) MMSE design, and (b) MBER

design. The beamformer’s weight vector is normalised to a unit length.

channels had a length n. = 3. The magnitudes of the
CIR taps were Rayleigh processes, and each CIR
tap had the root mean power of /0.5 + j+/0.5. The
normalised Doppler frequency for the simulated
system was 107>, which for a carrier of 900 MHz
and a symbol rate of 3 Msymbols/s corresponded to
a user velocity of 10m/s (36 km/h). Continuously
fluctuating fading was used, which provided a

different fading magnitude and phase of each CIR
tap for each transmitted symbol. The transmission
frame structure consisted of 50 training symbols
followed by 450 data symbols. Each temporal filter
of the space-time equaliser had an order D = 5, and
the equaliser decision delay was set to 7 = 2.

The adaptive LMS and LBER based space-time
equalisers were investigated. The step size of the
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Fig. 14. Bit error rate comparison of the adaptive LMS and LBER space-time equalisation based multiuser detectors for the 3-user
4-antenna slow fading dispersive system: (a) user 1, (b) user 2, and (c) user 3.

LMS algorithm was chosen as u = 0.005, while for
the LBER algorithm the step size u = 0.1 and the
kernel variance p2 = 1602 were found empirically to
be appropriate. The BER of an adaptive space-time
equaliser was calculated on the 450 data symbols of
the frame using Monte Carlo simulation averaging

over 10° frames. Fig. 14 compares the BERs of the
LBER space-time equaliser based multiuser detec-
tors for the three users with those of the LMS based
multiuser detectors. It can be seen from Fig. 14 that
the LBER space-time equaliser consistently out-
performed the LMS space-time equaliser.
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4. Extension to QAM

For high-order m-QAM systems [2], it is compu-
tationally more attractive to consider the MSER
design, rather than the MBER design [39]. For the
signal model (1), the data symbols s;(k) for 1 <i<M
now take values from the m-QAM symbol set

<¢ = {S[,L[ = ul+.]ul]’1<l,q<\/%}7 (50)
where the real-part symbol R[s; ;] =u; =21— /m — 1
and the imaginary-part symbol J[s;,] = u, = 29—

/m — 1. The combined filter and system impulse
response is defined by

wH=w'Th hy - hyl=[c; &2 -+ eyl (51)

Thus, the filter’s output can alternatively be express-
ed as

(k) = casa(k) + ) cisill) + e(k). (52)
i#d
Provided that the desired main tap ¢; = cr, +]Ja1,
satisfies cg d>0 and ¢ = 0, the decision rule for
estimating the desired symbol s4(k) is S4(k) =
SR, (k) + jsi,(k), with
up if yp(k)<cr,(ur + 1),
w1f ery(w — D <yr(k)<cr,(u+ 1)

§Rd(k): for 2<i</m — 1,
usm o if yR(k)>cRd(uﬁ -1,
(53)
and
wif y(k)<cr,(ur + 1),
ug if ery(ug — D<yi(k)<cr,(ug + 1)
§Id(k): for 2<gq</m— 1,

usm if yl(k)>cRd(u\/,g —1).
(54)

Note that the main tap ¢; must be known in any
receiver, i.e. the dth column of the system matrix H
must be known in the receiver. If this fact is
overlooked, the decision will be biased [88]. In
general, c¢; is complex-valued and the rotating
operation

(old)

(new) __ Ca (old)
w =—Go W (55)
|Cd |

can be used to make ¢; real and positive. This
rotation is a linear operation and it does not alter
the system’s symbol error rate (SER).

4.1. Conventional filtering design

The classic Wiener filtering is still given by the
closed-form MMSE solution (19), and the LMS
based adaptive filtering (21) can be modified to
y(k) = WH(k — 1)x(k),

w(k) = W(k — 1) + u(sa(k) — y(k))"x(k),

ta(k) = WH(hy, (56)
s
MR = o

where hy; denotes an estimate of h,. Given a block of
training samples {s;(k), x(k)}f: > a block-based
estimate of hy; is given by

K

- 1L x(h)
h, = E;sd(k)‘ (57)

Alternatively, the receiver can track h,; using the

simple moving average

. ~ x(k

hatk) = (1 = Dyl — 1)+ 020 (58)
sa(k)

where 0<a<1 is a positive step size. Note that

&q(k) = WH(k)hy(k) is real-valued and positive.

4.2. SER expression

The complex-valued signal vector set % now
contains N, = mM points, and it can be divided into
the m subsets, each having Ny, = N/m points
Qﬂl,q = {fgl’q) e X, 1<i< Ny, : sqalk) = Sl’q},

1<, g</m. (59)
Similarly, the complex-valued scalar set % can be
divided into the m subsets
@l,q = {fghq) €W, 1<i< Ny, : sq(k) = S],q},

1<l g</m. (60)
The following two propositions [39] summarise the
properties of the signal subsets %, ,, 1</,q</m,

which are useful in the derivation of the SER
expression for the linear filter (3).

Proposition 3. The subsets %, ,, 1 <l,q<./m, satisfy
the shifting properties
Yisrg = Y14+ 2cq,
WYigr1 =Y 14 +12¢q,
WYivrgr =Yg+ 2+ 32)cq,

1<I<ym—1,
I<g<sym—1,
1<l g<m—1.

(61)
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Fig. 15. Decision thresholds associated with symbol point czs;4
assuming cr >0 and ¢ =0 and illustration of symmetric
distribution of %;, around cgs;.

Proposition 4. The points of %, are distributed
symmetrically around the symbol point cqs; .

Fig. 15 depicts the decision thresholds associated
with the decision rule (53) and (54) as well as
illustrates Proposition 4. For the filter with the
weight vector w, denote

Pr(w) = Prob{$,(k) #sa(k)},
Ppg (W) = Prob{Sg , (k) #sr ,(k)}, (62)
Pg,(w) = Prob{5 (k) #s1,(k)}.

Pg(w) is the total SER, while Pg (w) and Pg,(w) are
the real-part and imaginary-part SERs, respectively.
It is then easy to see that the SER is given by

Pe(W) = Peg (W) + Pg (W) — P (W)Pg (W). (63)

The conditional PDF of y(k) given sy(k) =514 is a
Gaussian mixture defined by

(lsa(k) ) : ZNSb =02 20w
= = c 1
PO S Ng2n P

o2wHw

(64)
where 5 = y(é’l_q) + jﬁﬁ,’q) € %, Noting that ¢,
is real-valued and positive and taking into account
the symmetric distribution of %;, (Proposition 4),
for 2</<./m — 1, the conditional error probability
of Sr,(k)#u; given sg,(k) =u; can be shown to
be [39]

2
Nsb

Ngp
Prg (W) =~ 04" (W), (65)
i=1

with
(I,
_ yi{lq) - CRd(ul - 1)

g (w) = ——. (66)
oV Wiw

Further taking into account the shifting property
(Proposition 3), it can be shown that

1
Nsb

Ngp
P (W) =7—— Y Ogk? (W), (67)
i=1
where y = (2/m —2)//m. It is seen that Pg, can
be evaluated using (real part of) any single subset
%4 Similarly, Pg, can be evaluated using (imagin-
ary part of) any single subset %, as

N,
1 sb
P (W)= 75— O(g1, (W) (68)
sb i=1
with
=(1,q)
yli — (R (uq - 1)
g1 " (w) = . (69)
oV WEW

Note that the SER is invariant to a positive scaling
of w.

4.3. MSER filtering

The MSER solution wpysgr 1S defined as the
weight vector that minimises the upper bound of the
SER given by

that is,
WMSER = arg mvgn Peg(w). (71)

The solution obtained by minimising the upper
bound (70) is practically equivalent to that of
minimising Pg(w), since the bound Pg(w)<Pgg(W)
is very tight, that is, Pgg(w) is very close to the
true SER Pg(w). The gradients of Pg,(w) and
Pg(w) with respect to w can be shown to be,
respectively,

VPg, (W)
N
= i . IR —er, =12 203w
2N o/ 210,/ WHW 4

_(l,
P — gy — 1)
X
wHw

w— 0 4y — l)hd>

(72)
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and
VPg, (W)
Nt (g 2, 2 H
_ Y e—|yli’ —cRd(uq—l)l [205W W
2N 2no, v whw =
=(L.q)
P = cr (ug — 1) .
X( i w5 4 (g — Dhg |
wHw

(73)

where X\"” € 27,. With the gradient VPpy(w)=
VPgg (W) + VPg (W), the optimisation problem (71)
can be solved iteratively using a gradient-based
algorithm, such as the simplified conjugate gradient
algorithm.

Using the same kernel density estimation ap-
proach for deriving the adaptive LBER algorithm,
the following adaptive least SER (LSER) algorithm
can be obtained [39]

y(k) = Wk — Dx(k),
W(k) = W(k — 1) + p(=V Pry (W(k — 1), k),

éa(k) = wH(k)hy, (74)
Lo Cak)
w(k) = éd(k)lvv(k),

where the~stochastic gradient VPEB (w, k) = VPER
(W, k) + VPg (w, k) with

P __ 7 ~IyR(K)—2R , (k=1)sR ()= 1)I%/2p7
VPg,(w k)= ———¢ "R Ry Ry n
Eg (W, k) >amp,
x(=x(k) + (sr (k) — Dhy) (75)
and
~ Y —yp)—eg ,(k—1)(sy, ()= 1) /202
VP W,k = ———¢ Y1 Ry Iy Pn
K= 5
x(x(k) + (s1,(k) — Dhy). (76)

4.4. Illustrative examples

The simulated beamforming system consisted of
four m-QAM user sources and a three-element
antenna array. Fig. 16 shows the locations of the
desired user and the interfering users graphically,
where the minimum angular separation between the
desired user and the interfering user 4 was 0<65°.
In the simulation study, a perfect h; was assumed at
the receiver. Hence, our attention was focused on
the performance of the adaptive MMSE and MSER
beamforming designs, rather than on the adaptive
estimator for h,.

source [ (desired)

interferer 4

interferer 3
interferer 2

Fig. 16. Locations of the four m-QAM user sources with respect
to the three-element array having A/2 element spacing, where 1 is
the wavelength and the minimum angular separation 6 <60°.

log1o(Symbol Error Rate)

10 15 20 25 30 35 40
SNR (dB)

Fig. 17. Desired user’s symbol error rate comparsion of two
beamforming designs and their adaptive implementations for the
non-fading system employing the three-element array with a
minimum angular separation of 0 = 30° to support four equal-
power 16-QAM users.

Stationary system: The modulation scheme was
16-QAM and all the channels A4;,1<i<4, were
time-invariant. Fig. 17 compares the SER perfor-
mance of the MSER beamforming solution to that
of the MMSE beamforming solution, under the
conditions that the minimum angular separation
between the desired user and the interfering user 4
was 0 = 30°, and all the four users had an equal
signal power. The adaptive performance of the LMS
and LSER beamformers are also depicted in Fig. 17,
in comparison with their respective theoretic SER
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performance. The superiority of the adaptive LSER
beamformer over the adaptive LMS beamformer is
clearly demonstrated in Fig. 17, where it can be seen
that the performance of the LMS beamformer was
notably deviated from its theoretic MMSE solution
at high SNR values.

The MSER solution is defined as the weight
vector that minimises the upper bound SER Pk (w)
of (70). The true SER Pg(w) is given by the sum of
the inphase and quadrature components’ error rates
minus the appropriate correction term used for
preventing the ‘“double-counting” error-events, as
seen in (63). The probability of simultancous
inphase and quadrature errors, which is represented
by the term Pg, (W)Pg, (W) tends to be very small,
unless the SNR is extremely low. More explicitly,
this term is typically orders of magnitude lower than
the first two terms of Pg(w) and, therefore, is
negligible. Hence the bound Pg(w) < Py (W) is very
tight. In fact, Pgg(w) is almost indistinguishable
from Pg(w). This is confirmed by the results of
Fig. 18, where both the true SER Pg(w) and its
upper bound Pg,(w) are plotted for the MMSE and
MSER solutions under the same conditions of
Fig. 17.

Fading system: The antenna array structure was
as illustrated in Fig. 16, but the modulation scheme

MMSE upbound SER —a&—

MMSE true SER -----%-----
MSER upbound SER —&—
MSER true SER -----+----

-2

-3

ji
| LN
| A

10 15 20 25 30 35 40
SNR (dB)

log,o(Symbol Error Rate)

Fig. 18. Comparison of the true symbol error rate and its upper
bound for the non-fading system employing the three-element
array with a minimum angular separation of 6 = 30° to support
four equal-power 16-QAM users.
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Fig. 19. Desired user’s symbol error rate performance compar-
ison for the fading systems of the two normalised Doppler
frequencies fp = 107 and 107> employing the three-element
array with a minimum angular separation of 6 = 27° to support
four 64-QAM wusers. The LMS algorithm has a step size
w=0.0002, while the LSER algorithm has a step size u=
0.00005 and a kernel width p, = 40,.

was 64-QAM. All the four users had an equal
power. Fading channels were simulated, where the
magnitudes of A; for 1<i<4 were Rayleigh
processes with the normalised Doppler frequence
fp and each 4; had the root mean power of
/0.5 4+ j+/0.5. Continuously fluctuating fading was
used, providing a different fading magnitude and
phase for each transmitted symbol. The transmis-
sion frame structure consisted of 50 training
symbols followed by 450 data symbols. Decision-
directed adaptation was employed during data
transmission, in which the adaptive beamforming
detector’s decision §;(k) was used to substitute for
sq(k). The SER of an adaptive beamforming
detector was calculated using the 450 data symbols
of the frame based on Monte Carlo simulation
averaging over at least 2 x 10° frames, depending
on the value of fp,.

Given the minimum angular separation 6 = 27°,
Fig. 19 compares the SER of the adaptive LSER
beamformer with that of the LMS-based one, for
the two normalised Doppler frequencies f, = 1074
and 1072, It can be seen from Fig. 19 that the SER
performance of the adaptive LSER beamformer
degraded only slightly when the fading rate in-
creased from f, = 107 to 1073, This demonstrates
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Fig. 20. Influence of the adaptive algorithm’s parameters to the
SER performance for the fading system of the normalised
Doppler frequency f, = 10~* employing the three-element array
with a minimum angular separation of § = 27° to support four
64-QAM users: (a) average SNR = 15dB, and (b) average
SNR = 30dB.

that the LSER algorithm has an excellent tracking
ability, capable of operating in fast fading condi-
tions. The influence of the adaptive algorithm’s
parameters, the step size u for the LMS algorithm,
and the step size x and kernel width p,, for the LSER
algorithm, were next investigated. Given f, = 1074,
Fig. 20(a) shows the influence of the adaptive

algorithm’s parameters, u for the LMS algorithm,
and u and p,, for the LSER algorithm, on the SER
performance for a low average SNR value of 15dB°,
while Fig. 20(b) depicts the results for a high
average SNR value of 30dB. These results also
explain why g = 0.0002 for the LMS algorithm and
u = 0.00005 and p, = 40, for the LSER algorithm
were used in the simulation of Fig. 19.

5. Extension to nonlinear filtering

Our discussion so far restricts to the linear filter
model (3), which is most widely used in various
communication applications. For notational simpli-
city in this section we again concentrate on the
BPSK modulation scheme (2). For the linear filter
(3) to work satisfactorily, an implicit assumption is
that the two complex-valued vector subsets, 4 )
corresponding to the two values of s;(k), are linearly
separable. That is, there exists a weight vector w
such that the two real-valued scalar subsets, @({)
and %), can completely be separated by the
decision threshold yp = 0. Otherwise, nonlinear
filtering is required in order to achieve an adequate
performance. Examples of such nonlinear filtering
include nonlinear single-user channel equalisation
[89-101], nonlincar CDMA multiuser detection
[102], nonlinear beamforming assisted detection
[103-106], and nonlinear space-time equalisation
[107]. Let us consider the generic nonlinear filter of
the form

yr(K) = f(x(k); w), (77)

where f(e;e) is a real-valued nonlinear mapping,
and the parameter vector w contains all the
adjustable parameters of the nonlinear filter. Such
a nonlinear filter for example may be realised by a
neural network. The real-valued filter output yy (k)
is used to estimate the desired data symbol sy(k)
according to the decision rule (4).

5.1. Nonlinear LMS error filtering

Most of the training algorithms for the nonlinear
filter (77) adopt the nonlinear MSE criterion

J(W) = Ellsa(k) — [ (x(k); w)I] (78)
In particular, adaptive training of the nonlinear

filter can be carried out using an extension of the

SNote that this was a 64-QAM system, and a SNR of 15dB was
relatively small.
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LMS approach, which we refer to as the nonlinear
LMS (NLMS) algorithm. The NLMS algorithm
takes the following simple form

(k) = fx(K); Wik — 1)),
W(k) = Wk — 1) + p(sa(k)

~ (g)
of (x(k); w(k — 1

b

where u is the step size. However, for communica-
tion applications, this nonlinear MMSE (NMMSE)
approach generally leads to a suboptimal perfor-
mance, in terms of the achievable system’s BER.
In fact, it is easy to see that multiplying the
output of the nonlinear filter (77) by a positive
scalar will change its MSE value J(w) but not its
BER.

5.2. Nonlinear least BER filtering

It is highly desired for communication applica-
tions to directly minimise the BER of the nonlinear
filter (77). Let us define the following signed
decision variable

yi(k) = sgn(sa(k))yg (k) (80)

and denote the PDF of y (k) as p,(y,). Then the
error probability or BER of the nonlinear filter (77)
is given by

0
Py dy. (81)

The nonlinear MBER (NMBER) solution for the
filter’s parameter vector w is defined as

Pi(w) = Prob{y,(k)<0} = /

WNMBER = arg mvin Pg(w). (82)

The problem associated with this approach is that
the PDF of y (k) is generally unknown. However, it
may be sufficiently accurately estimated using the
Parzen window method [77-79]. Given a block of
training data {sd(k),x(k)}{f:], a Parzen window
estimate of p(y,) is readily given as

K

1
K 2mnp, ‘=

where p? is the chosen kernel variance. With this
estimated PDF, the estimated or approximate BER
for the nonlinear filter (77) is given by

) = e~ Os—smisgOWRE? 20 (g3)

N 0 1 K
P = [ p0adn = d 0@ 69
—00 k=1

with

sen(su(k)re (k)

(85)
P

gir(w) =
An approximate NMBER solution for w can be
obtained by minimising Pg(w) using a gradient-
based optimisation algorithm.

In particular, consider a single-sample PDF
“estimate” of py(y,) given by

1
V2mp,

With this instantanecous PDF “‘estimate’, we have a
single-sample or instantancous BER “‘estimate”
Pg(w, k) = O(j,(w)). Using the instantaneous gra-
dient of

ﬁs(ysa k) = e_(}’x—Sgn(Sd(k))yR(k))2/2p% ‘ (86)

VPe(w, k) = —— e R (s L

27mp

n

(87)

gives rise to the following stochastic adaptive
algorithm:

yr(k) = f(x(k); w(k — 1)),

vk = wik — H —y% (k)/2p3

w(k) = Ww( 1)+ mpne R 88)
of (x(k); Wk — 1))

ow ’

xsgn(sq(k))

which we refer to as the nonlinear LBER (NLBER)
algorithm. The step size u and kernel variance
p2 should be chosen appropriately to achieve a
desired convergence performance, both in terms
of convergence speed and steady-state BER mis-
adjustment.

5.3. Hlustrative example

We will use the beamforming assisted receiver,
depicted in Fig. 3, as an example to illustrate the
above NLBER filtering. The optimal nonlinear
filtering for beamforming detection is known to be
the Bayesian detector [103-106], which requires
the complete knowledge of the underlying system
(1). The Bayesian beamforming detector has
an inherently odd symmetry property [105,100].
Thus, the optimal Bayesian solution is specified by
the complex-valued vector subset Z ). which
contains N, states, and the distribution of the
noise n(k).
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We consider the following radial basis function
(RBF) based nonlinear filter for beamforming

Nsb
yrk) = f(x(k):w) = ougp(x(k)). (89)
i=1

where o; is the ith real-valued RBF weight, ¢;(e)
denotes the response of the ith RBF node, Ny is the
number of RBF nodes used, and w denotes the
vector of all the adjustable parameters of the RBF
filter. We adopt the following symmetric RBF node
[105,106]

d:(x) = p(x;¢;,07) — P(X; —¢;, 07), (90)

where ¢; € ¥ is the ith complex-valued RBF centre,
o? the ith real-valued and positive RBF variance,
and ¢(e) is the RBF function. The parameter vector
w of this symmetric RBF filter (89) therefore
consists of all the RBF weights o;, RBF centre
vectors ¢; as well as RBF variances o?. In the
following simulation we adopt the Gaussian RBF
function of

o(x;¢;, 0%) = e Ix—eil?/e?, o1)

Note that the RBF filter (89) with the node structure
defined in (90) has an inherently odd symmetry, just
as the optimal Bayesian solution [105,106]. For the
symmetric RBF filter (89) using the Gaussian
function (91), the derivatives of the RBF filter’s
output with respect to the RBF filter’s parameters
are given by

\

O _ Ixt—e2/o? sl /o2
Ooy; ’
 _ i —; 202 1X(k) = ¢
Pyl o;| € i — 3
0o (a?)
- 1272 I1x(k) + ¢
—C IIx(k)+e;l /gl T)zl ) (92)
1
o _ ~xth)—¢; 12 /02 X(K) — €
~—=0u|€ i—
acl‘ 0'12
—Ixtke;)2 /a2 X(K) + ¢
+e X €i 610-712 R

for 1<i<N, sb-

A two-element antenna array with half wave-
length spacing was designed to support four BPSK
signal sources. The users’ angular positions are
summarised in Table 3.The simulated narrowband
channels were 4; = 14j0, 1<i<4. The user one
was the desired user, and all the users had an equal

Table 3

Locations of the users in terms of angle of arrival for the
simulated beamforming system that employs a two-element
antenna array to support four BPSK users

User i 1 ) 3 ;
AOA 6; (°) 0 20 —30 —45
0 T
L-MBER —&—
NLBER ----@----

Bayesian —&—

log10(Bit Error Rate)

0 5 10 15 20
SNR (dB)

Fig. 21. Desired user’s bit error rate comparison of three
beamforming designs for the two-element array system support-
ing four BPSK users as given in Table 3.
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Fig. 22. Learning curve of the NLBER RBF detector averaged
over 10 runs for the two-element antenna array supporting four
BPSK users at the angular positions of Table 3, where SNR =
7dB and the RBF detector has Ng, = 8 symmetric RBF nodes.
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Fig. 23. Influence of the detector’s size on the bit error rate
performance of the NLBER symmetric RBF detector for the two-
element antenna array supporting four BPSK users at the angular
positions of Table 3, where SNR = 7dB.

power. Fig. 21 depicts the BER performance of both
the theoretical linear MBER (L-MBER) beamfor-
mer and the optimal nonlinear Bayesian detector for
the desired user. For this example, the size of the
Bayesian detector was specified by the number of
symmetric signal states Ny = 8.

The convergence performance of the NLBER
algorithm was first investigated. Given a SNR value
of 7dB and a RBF filter size of Ny, = 8, Fig. 22
shows the learning curve of the NLBER algorithm
averaged over 10 independent simulation runs. The
step size and kernel variance of the NLBER
algorithm (88) were chosen to be u=0.4 and
p>=1002. In fact, p in the range of 0.3-0.5 and
p2 in the range of 902 to 1lo2 were found
empirically to be appropriate for this example.
The learning curve (dashed curve) was the estimated
BER Pg(W(k)), calculated using Eq. (84) for each
w(k) in conjunction with a block size of K = 400
and a kernel variance of p2 = 2. Note that p> was
not the kernel variance of the NLBER algorithm
and was only used to approximate the BER. In
order to check that the estimated BER Pg(W(k)) gave
the correct convergence trend, we also calculated
the true BER Pg(Ww(k)) using Monte Carlo simula-
tion for a number of points, shown in Fig. 22 by the
triangles. The results of Fig. 22 confirm that the
estimated BER correctly indicated the convergence
trend.

The influence of the number of RBF centres Ny,
on the performance of the NLBER-based sym-
metric RBF detector was studied next. Given

SNR = 7dB, Fig. 23 illustrates the performance of
the NLBER-based detector as a function of the
number of RBF centres Ng,. It can be seen from
Fig. 23 that for Ng>Ng the symmetric RBF
detector trained by the stochastic NLBER algo-
rithm becomes capable of closely approaching the
optimal Bayesian performance. It is also interesting
to observe in Fig. 23 that using a single symmetric
RBF node the RBF detector achieves the same
performance as the L-MBER solution, since the
RBF detector of a single symmetric RBF node is
only capable of constructing a linear decision
boundary. For each SNR value, the BER perfor-
mance of the NLBER-based symmetric RBF
detector having Ny, = 8 RBF nodes is depicted in
Fig. 21, in comparison to the optimal Bayesian
performance.

6. Conclusions

A unified framework has been presented for the
adaptive linear filtering design based on directly
minimising the system’s BER. Our motivation has
been the well-known fact that the traditional Wiener
design is far from optimal for applications in
various communication systems. The MMSE filter-
ing corresponds to the MBER solution only if the
conditional PDF of the filter’s output is Gaussian
distributed. Since this conditional PDF is generally
a mixture of Gaussian distributions, and hence non-
Gaussian, the MMSE solution does not achieve the
MBER performance. It has been demonstrated that
the MBER design is more intelligent and it better
exploits the non-Gaussian nature of the filter’s
output, leading to significant performance enhance-
ment, in terms of better combating hostile multipath
propagation environments and better suppressing
multiple access interference as well as achieving
higher system throughput or user capacity. Inter-
esting analogy has been drawn between the tradi-
tional adaptive filtering approach based on the
MMSE criterion and the adaptive MBER filtering
approach. In particular, adaptive implementation of
the MBER filtering design has been proposed based
on a stochastic-gradient algorithm referred to as the
LBER method. Extension to adaptive MSER
filtering has also been presented, which is suitable
for communication systems that employ high
throughput QAM modulation schemes. Finally, a
novel nonlinear adaptive MBER filtering approach
has been proposed for BPSK communication
systems.
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