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Highlights

o At first, we derive the theoretical SRL expressions for the TR-MIMO and
conventional MIMO radar systems;

e Contrary to existing works, we take into account all the noise terms
particularly the required noise whitening process for the exact
mula computation;

e Finally, we provide a performance comparison between ghe con ional
and TR schemes which confirms the performance gai in/the litera-
ture (e.g. Foroozan et al (2013)) when the noise time reversed

ights'the fact that the TR

signal is neglected. However, our analysis hi
scheme’s gain would be lost in the case where suchrassumption is not any

more valid.



On the Statistical Resolution Limit (SRL) for
Time-Reversal based MIMO radar

Messaoud THAMERI®*, Karim Abed-Meraim®, Foroohar Foroozan®, Rémy
Boyerd, Amir Asif®

aEcole Supérieur Ali CHABATI, Algiers, Algeria
bPRISME Laboratory, Polytech’Orléans, Orléans University, France.
¢InnoMind Technology Corporation, Toronto, Canada
4 University of Paris-Sud, Laboratoire des Signauz et Systémes (L2S lab.), Gif-Sur-Yvette,
France
¢Concordia University, Montreal, Canada

Abstract

In the single-input multiple-output radar, the system transmits scaled (coher-
ent) versions of a single waveform. The multiple*input multiple-output (MIMO)
radar uses multiple antennas to simultaneouslyrtransmit several non-coherent
waveforms and exploits multiple antennas to receive the reflected signals (echoes).
This diversity in term of waveform coding allows to transmit orthogonal wave-
forms which enables the MIMO radar superiority in several fundamental as-
pects, including: improved. parameter identifiability and estimation and much
enhanced flexibilityfor fransmit beam-pattern design. The context of this work
is the co-located MIMO radar where the transmit and the receive arrays are close
in space. Im"this paper, we provide a theoretical performance analysis to com-
pare two-configurations of MIMO radar: conventional configuration and Time
Reyérsal/(TR) configuration in term of Statistical Resolution Limit (SRL). This
study provides new insights on the performance gain of the TR scheme which
is'disetissed and illustrated by appropriate simulation results depending on the
receive noise level.
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1. Introduction

In the Time Reversal (TR) communication scheme, several pulses, trans-
mitted through a dispersive medium, are received by an array, then timesfe-
versed, energy normalized, and retransmitted through the same channeld If the
scattering channel is reciprocal!, the retransmitted waveform refocuses on the
original source. Recently, the TR strategy has been successivelynexploited for
source localization [1] in the sense that the Directions of Arrival (DOA) of the
sources are estimated with higher accuracy as compared to.the conventional
approach (without TR strategy). In the context of (Multipe-Input Multiple-
Output) MIMO radar, the new scheme is denoted by, the acronym TR-MIMO
radar. The TR-MIMO radar benefits from (é)=an-extra degree of freedom and
increased design flexibility, e.g. [2, 3], due to the MIMO strategy and (ii) the
focusing property of the TR approach. As/shown in [4], the target detection
performance is improved for a TR-MIMO. radar.

Regarding the theoretical performance of any system, it is interesting to con-
sider lower bound of the MSE (Mean’Squared Error) as the Cramer-Rao Bound
(CRB) and the related.resolution capability, namely the Statistical Resolution
Limit (SRL) [5, 6], The'CRB and the SRL, denoted by §, are useful as a touch-
stone against svhich the efficiency of the considered estimators can be tested.
The SRL can be interpreted as the minimal separation in the parameter set to

resolve’two closely spaced targets as illustrated in Fig. 1.

Thewevaluation of the resolution limit is an old and fundamental problem and
a/survey can be found in references [5, 6]. In [7], it is shown that the SRL

is the solution of an equation involving the CRB of the SRL given by 62 =

IDue to the reciprocity principle, the forward and reverse channels are assumed to be the

same.
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Figure 1: Resolution of two closely spaced parameters

wCRB(4) where p > 0 is a properly chosen scalar factor. In addition, in [8],
it is demonstrated that this equation naturally appears in the performance of
the Generalized Likelihood Ratio Test(GLRT) for a binary hypothesis test
consisting of the decision between\the presence of one or two targets. Hence,
the criterion introduced heuristically in [7] is in fact optimal in the sense it
coincides with the GLRT.In our work, it is this second strategy based on the
GLRT that is adopted,dueto its relative simplicity in the considered context.
The CRB and the,SRL for the co-located MIMO radar (without TR) are derived
and analysed in [9]. In [10], the CRB and the SRL are derived for the TR-MIMO
and thé gain to use the TR strategy at high Signal to Noise Ratio (SNR) is
demonstrated. On the other hand, in [11], it is shown that an other interesting
quantity to assess the performance of a MIMO system is to derive the minimal
theoretical SNR in order to resolve two closely spaced targets. This SNR is
shown to be a quadratic function of the inverse SRL value. In this paper, we
extend the work initiated in [11] for the MIMO radar to the TR-MIMO radar
context.
More precisely, our contributions are threefold: (i) at first we derive the

theoretical SRL expressions for the TR-MIMO and conventional MIMO cases;
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(ii) contrary to existing works, we take into account all the noise terms and
particularly the required noise whitening process for the exact SRL formula
computation; (iii) finally, we provide a performance comparison between the
conventional and TR schemes which confirms the performance gain shown in
[10, 4] when the noise term of the time reversed signal is neglected. Howeter,
our analysis highlights the fact that the TR scheme’s gain would be lost in the
case where such assumption is not any more valid. This result is well aligned
with the general observation made in [12] about the TR schemes

The rest of the paper is organised as follows: Section 2 gives the mathe-
matical model in conventional and TR MIMO radar. Taylorsexpansion w.r.t.
the SRL is presented in section 3 while the formulation of the:hypothesis test is
given by section 4. Section 5 presents expressionsof the SRL as well as the min-
imum SNR needed to resolve two closely space'sources. Numerical simulations
and discussions are presented in section 6. Finallyy the conclusion of presented

work is given is section 7.

2. Model setup for Conventional and TR MIMO radar

We consider two co-logated arrays A and B (with P and N sensors respec-
tively as shown in Rig. 2). First, array A sends to array B a (P x 1) wideband
signal vector f 4(¢), with carrier frequency w.. Secondly, array B sends to ar-

ray A another (N %.1) wideband signal vector 3fp(t), with the same carrier

frequengy weénd 5 = 5:2 being a normalization constant. Here, Ef, (resp.
Eg, Y'stands for the energy of transmitted signal (resp. the energy of received
signal), assuming that all the antennas in A and B are transmitting with the
same _power. In the following sections 2.1 and 2.2, we derive the expression of
the first set of observations at array B in the single source and multiple sources
cases, respectively. Then, in the same way, we will deduce the second set of ob-

servations at array A in section 2.3. Finally, the model setup for the TR-MIMO

radar is provided in subsection 2.4.
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Figure 2: Propagation model: (a) Conventional model.(b) Time Reversal model. Clutter

and scatterer signals are not presented.

2.1. Single source case

To formulate our model’s, equation, we assume at first that the emitted signals
illuminate only one sourcenThe observed signal at the n'” sensor of array B is

expressed as:

P
()], 2D anp [falt = 7' =F0)] + V()] + [ra(D)],, - Q)

p

where’[.] ystands for the n*" component, and a,, is the attenuation associated
to"the considered source when sensor p is probing and sensor n is receiving.

The target is assumed to be in the far field of the co-located arrays so that the

attenuation an, = o for all n, p. Let 7' = 22 4 74(Q), 78 = = + 75(Q2), where

7o is the range of the target w.r.t. the reference sensor, 7/}(Q) (resp. 72(€))

h

stands for the time delay of the p*" sensor of the array A (resp. n'* sensor of

the array B) w.r.t. the sensor reference which depends? on Q = sin(#) , where

2The expression of these delays are given in the sequel for uniform linear array geometry.
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6 is the direction of arrival (DOA) of the source signal. The additive noise v(t)
is a white circular Gaussian process with zero mean and variance o2 and r,(t)
represents the clutter response. In the following and similarly to [13, 8], we
assume that the clutter signal is known (or previously estimated) and then it
will be removed from the considered model.

The frequency component of (1) in the ¢ frequency bin (denoted ) can
be expressed as (the signals are down converted to baseband)

()], =a> il twe) (20 4 @)+ () fa(w))], £ Vwol,. ()

The observed vector in matrix form is given by
r(w,) = ae I S A(Q,w, ) BA(w et v {wy). (3)

where the (n,p)" element of the transmit-receive propagation matrix A (€2, w,)

is given by [A(Q,w,)], = e*j(qurwc)(Tf(ﬂ)*"zf(Q)), 1<n<Nand1<p<P.

np

2.2. Multiple sources case

Now, we generalize equation (3))to the multiple sources context, in which

case we have
L

r(wg) = Z A (2, wq)fa(wg) + v(wg). (4)
=1

where A;(Q,wq) = ale’j(“ﬁ“c)gA(Ql,wq), 1 <1< L and L is the number
of sources.
Lét r = [r7(w,),- - ,rT(wQ)]T be the vector of size (N@Qx 1) of all frequency

gomponents. It can be expressed as

L
r=> A()fa+v. (5)
=1

where A;(Y) = Bdiag [A;(Q,wi), -, A(,wg)], Bdiag stands for ‘Block

diag’ operator, fa = [f] (w1), - ,fZ{(wQ)]T and v = [vT(wy), - 7VT(WQ)]T.
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2.8. Retransmitted signals from array B to array A

In the same way as previous subsections, the second set of observations in

the ¢*" frequency bin wyq is given by

y(wg) = Be Z AIT(lewq)fB(wq) + w(wg). (6)

=1

where 8. = 4/ g?‘ is a power normalizing factor (E¢, and E¢, being/the energy
B

used by array A and B respectively), w is white circular Gaugsian noise with

zero mean and variance o2, The (PQ x 1) observation vector y can be expressed

as

y =B.y Al (s +w. (7)
=1
where fg = [f(w1), - ,fB(wQ)]T and wp = [wp(w;), - ,WB(wQ)]T. In (7),

we have assumed a symmetric channel so that if 'A;(£2;) models the transmission
from A to B then AZT(Ql) represents the, propagation channel from B to A.
Finally, the data in r and y are both concateriated to form the total observation

vector u. according to:

u, = [rT yT}T. (8)

2.4. Model setup for” Time Reversal observations

Now we consider the TR case where array A sends a wideband signal f4,
with carriecfrequency w.. The observed data at B (i.e., r in equation (5)) is
recorded, enefgy normalized, time reversed (TR) and retransmitted (i.e., we
transmit/Brpr(—t) where Srr = %) Based on equation (6), the received

vector x at array A is given by

L
x(wq) = Brr Z Al (, wq)r™ (wg) + W(wg),
=1

L L
= Brr | D AT (Qwg) > AL (Q,w0)| Filwg) 40 (wg).  (9)
=1 I'=1
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where n'(w,) = fBrr Eszl AT (Q)v*(wg) + W(w,). The (PQ x 1) observation

vector x can be expressed as

L L
x=frr | DAL () D> AL(Q) | f1+n'. (10)

=1 =1

! ’ ’ T
where n = |nT(wy), ---, nT(wq)} . Now, the TR observations set is
formed using r and x as

Uurp = [rT XT]T. (11)

3. Taylor expansion and linear model w.r.t. SRL

In the sequel, we consider the situation where two,sources are closely spaced
in terms of DOA while the other sources (if any) are far away with known (or well
estimated) parameters. Following the methodolegy introduced in [14], the aim
of this section is to linearise, w.r.t. the angle“difference of two closely spaced
sources, equations (5) and (7) (i.e.,, conventional model) and (10) (i.e., TR
model) using Taylor expansion.” Thewesult will be used to derive the minimum
Signal to Noise Ratio (SNR)required/to resolve the considered two closely space
sources. Without loss”of,generality, we consider that these two sources are
parametrized by 4. and. Qo, in which case we denote by d = Qo — Qp the
‘distance’ between the two parameters and by Q. = % their center.

For simplicity, we-consider next two aligned uniform arrays (A and B) as
shown in Fig{ 2, for which the resolution limit is developed. in that case the

time delays expressions are given by

HE) = Uy (12)
i
Q) = ?”Q (13)

where dB (resp. d;‘) is the distance between the n'" sensor of the array B (resp.

p'" sensor of the array A) and the reference sensor.
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3.1. Conventional model

As shown in Appendix A, the first-order Taylor expansion of (5) around

0 =0 leads to
) L
r A Afy+0DEs + 3 A(Q)E + V. (14&
1=3 Q
where ~ means the first-order approximation and

A, = Bdiag[Ac(wr), -, Ac(wo)], 5)
D = Bdiag[D(w1), --,D(wg)]. (16)
The (n,p)™" element of matrices A.(w,) and D(w,
(wq+wc>(dB )
[Ac(wq)]np = Q4 (wq (17)
(wq + we)( d3$ (wq+wc>(dB+dA)
Dwy)l,, = a-(w)i— T T, (18)
with
ap(wg) = (19)
a_(wg) = (20)
In the same way, The der Taylor expansion around § = 0 of (7) leads
to
L
Y RBAlfs + 08D fs + 5. Y Al ()fs +w. (21)

=3

Theffirst-order Taylor expansion of the conventional data set u.. (cf. equation
(8)) 1s'given by
L

e & Acfe + 0D+ S A()E. + & (22)
=3

here A, = Bdiag [A., B.AT],D. = Bdiag [D, 3.D”], A;() = Bdiag [Ai(), B AT ()]
f, = [ff,fg] and & = [vT WT]T.

10
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3.2. Time Reversal model

As shown in Appendix B, the first-order Taylor expansion of (10) around
6 = 0 leads to

x % BrrHufy + BrrdHufh + BrroDTv: +w'. (23)
where
Hc = deag [Hc(w1)7 e aHC(wQ)} ) (24)
Hd = Bdiag [Hd(wl), e ,Hd(WQ)] , (25)
L
Acc(wq) = Ac(wq) +ZAZ(lewq):
=3
He(wy) = Afc(wq)A:c(wq)a
Hy(wy) = Ai(wq)D* (wq )= DT(wq)A2c(wq)7
, , , T
wo= W), e W) (26)
W/(Wq) = ﬁTRAcc(wq)V* (wq) + W(Wq)'

One can observe that the noise term (BTR(SDTV* + w/) is not white any-
more3. For that and in etderyto simplify the computation of the SINR, we
whiten the observed yectoryx. As shown in Appendix C, the whitened vector
X is given by

2

2 3 3
% = BrWoH B4+ fr o (ond - Tinew i a,wi H) £ v, (27)

where. Wy = Bdiag [Wo(w1),- -, Wo(wg)] and Wy(w,) = URS% (wq) is the
principaliterm of the first order expansion of the whitening matrix (see Appendix
Appendix C for details), with Rg(w,) is the covariance matrix of x(wq) for 6 = 0,

(Ro(wq) = BFro2H,(wg) + 021), and v/ ~ CN(0,0°I).

3The noise (ﬁTRéDTV* (we) +w' (wq)> ~ CN (0,Rs(wq)), where Rs(wq) =
B2 ro2 (He(wg) + 6Hg(wg)) + 021, the term proportional to 62 is neglected here. For more

details see Appendix C.

11
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The first-order Taylor expansion of the TR data vector urp is given by

L

1
urg & Arrfrr + 0Drefre + Y Ou(Q)frs + ra. (28)
1=3

202

where Arg = Bdiag [Ae, freWoH,], Drr = Bdiag [D, Brr (WOHd _ SrnoiNy W H)}

O1() = Bdiag [A;(S),00pxop], all the elements of the matrix 0 are equal to

T
0, frr = [fifﬂT and {rp = [VT,V T}

4. Hypothesis test formulation

In the following we assume that two sources are in the wicinity of each other.
Let the hypothesis Ho represents the case where the two Source’Of Interest (SOI)
exist but are combined into a single signal, wheréas thethypothesis H; embodies
the situation where the two SOI are resolvable.  Consequently, a convenient

binary hypothesis test is given by

Ho: .0 =0
i (29)
Hiw 60#£0
In this case, the Generalized Likelihood Ratio Test [15] is given by
p(u; 87 Hl) Ho ./
Gu) ="—"7F--5°7". 30

in which p(u;%o)and p(u; H;) denote the probability density functions (pdf)
under Ho“and,H1, réspectively, and where 7/, & denote the detection threshold,
the méximum likelihood estimate (MLE) of § under H;. If the statistic G(u) is
greater than' a given threshold 7', then the signals are said to be resolvable.

In the following, we assume that Q. and A;(£2;), 3 <1 < L are known or

previously estimated. This simplifying assumption can be justified as follows:

e The directions of arrival as well as the cross section coefficients of well
separated sources (i.e. sources 3 to L) can be accurately estimated and
hence, for simplicity, they are assumed known in the sequel. This is also

the case for the central direction €. of the two closely spaced sources.

12



e Note that simplifying assumptions are often used when deriving the perfor-
mance bounds due to the problem difficulty. For this reason, most papers
investigating the estimation performance bounds (Cramer Rao Bounds or

145 others) rely on the simplifying assumption that the detection of the nums-
ber of sources is perfect and focus only on the estimation performance
bound. Similarly, in our case, we assume that the estimation of the pre=
viously mentioned parameters is perfect and focus only on thé detection
performance bound. This allows us to understand how the*SRIidepends

150 on different system parameters including the SNR, the numbgér of sen-
sors and their location, the unknown cross section (coefficients of the two
closely spaced sources, the waveform signal, etc. and te.compare the two

considered schemes (with or without the TR).

We define now new observation vectors: z.\for the conventional model

L
Z. = Uc— Acfc — ZAI(Ql)fw
=3
SDef, -k £} (31)

15 and z7 g for the time reversalumodel

L
ZpR = uTR_ATRfTR_Z(O)l(Ql)fTR’
=3

0DrrfrR + &R (32)

Without loss of generality, we define only one new observation vector z
z = ODf + £. (33)
where D = D, f = f. and £ = £, for the conventional model and D = Drp,
=frgr and £ = &g for the time reversal model.
4.1. Binary hypothesis test
The binary hypothesis test for signal (33) is

Ho : z=¢~CN(0,Rg)
Hi: z=106g+&~CN(dg, Re)

(34)

13
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g =D.f. and R¢ = Bdiag [O’%I, O"QNI] for conventional model
where

g =Drrfrr and R¢ = Bdiag [0‘2,1, 021] for time reversal model

4.2. Constrained MLE (CMLE)

As the SRL § is a real value, one has to define the constrained MLE (CMLE)
of 5. More precisely, the constrained optimization problem can be written ac-
cording to arg ming L(z, ) subject to § is real valued, where L(z,0) is the neg-

ative log-likelihood function is given by

L(z,0) = —In(p(z)), (35)
= QN+ P)In(m) + QN In(0}) + QPn(o7)
1 1
+ =5 2y — dgn|)* + =5 llzg — ogn| ™ (36)
O'N Up
T T T
wherez = [z, zp]",zZn = [2(1)7"' aZ(QN)] yZ4p = [Z(QN+1)7"' 7Z(QN+QP)]

T T T
g=[gn, gp] , 8N = [9(1), T 79(QN)] and gp'= [g(QN+1)7 79(QN+QP)]

I

0% and 0% are the noise variances associatéd to the observed vectors zy and
zp respectively. In conventional case\(0%,0%) = (02,02 and in time reversal
2 2y _ (.2 2
case (0%,0%) = (02, 02).
This problem of optimization can be solved by the Lagrange multiplier

method. The Lagrange. function is given by
L(z,0) = L(z,0) + 93(9). (37)

where ¢ is a'feal Lagrange multiplier and $(0) stands for the imaginary part of
6. The partial derivatives of the Lagrange function are

dL(z,0 2 2 cu

el b (|lgn|* 0"~ alten ) + 2 (lgrl* 0" — zer) — 13 a9
9L(28) _ (5
o~ = 3(0)

where the condition I(5) = 0 can be written according to 73 (8§ — 6*) = 0. By

. 9L(z,0) _ . _ 1 " 1 H
letting 55 ‘19:190 = 0, one can obtain ¥y = 2§ (ggNZN + @gPZP)' By
replacing this expression in Jy expression obtained by letting 8[,(5?5) s =0,
=00
one obtains
2 2
oX0Pp 1 g 1 g
= R R (ongZN + 28p2p (39)
oy lgpll” +op llgn|l N P

14

)
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Using (39), the statistic of the GLRT is then given by

p(z:00,H1) _n,
G = D2 T o
T Ty

e{ﬁ(HZN|\2—\|zN—6UgNH2)+ﬁ(||zp||2—uzp—6ogpu2)}

Plugging (39) in (41) and defining a new statistic T(z), one obtains

T(z) = 2In(G(z))
2 2
_ INOP §R2<1 H Ly w )
- 2 2 —5 8NZN + —5 8pZp
o} llgpll” + o3 gl oN op

Using the result of Appendix D, we have

X3 under . Hy

T(z) ~
X3(\) under Hy.

where the non-centrality parameter is given by

e (18N* § Jerl’
A =245 o += .

g op

(40)

(41)

(42)

(43)

(45)

and where x? denotes the central Chiy2 distribution with one degree of freedom.

Note that, given some target false alarm and detection probabilities, parameter

A can be computedisitlg the fiumerical algorithm propose in [8].

5. Minimum SNR expressions

From equagtion (45) and according to the corresponding model, we derive

closed form expressions of the SNR.

. LanConventional model

The parameters of equation (45) are given by gn = Df4, gp = Dfp, 0% =

02 and 0% = 02,. Hence

2 D75
A:253<||D0f§|| 4 ng” )

v w

15

(46)
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£l .
L1 , one obtains
JW

By letting x = 5—32’ and SNR =

Df |2 DTy
A_253SNR<|| all” | g2 D8] (47)
K[| fall £all

finally

f 2

2SNR (% |Df4| 4 32 ||DTfB||2)

and the minimum SNR,,,;,, to resolve the two closely space sources can/besgiven

by ,
AEall

263 (L IDEaI” + 62| DZE5 )

SNRonin (49)

5.2. Time reversal model

In this case, the parameters of equation (45)-aregiven by 03 = 02, 02 = o2,

gv = Dfsand gp = fra (WoH, — Zeg W H W H,) £5. In the following,

20

_1 2
we have Wy = 0R 2, Ro = 02,C whiere Cf = BF zsHc+1and k = Z¢. Under

theses definitions, equation (45) becomes

SNR (1 1 2R3 _3 17
A= (%W (K |Df 4[| 2483 <C0 *Hy — & 5TTRC0 “H,C, H> £ )
A
(50)
where SNR = ”%‘—2“2 and
2 2
5o — [£all” [[£all
TP e ?
HZz:1 At + QNo2
2
_ [[fall (51)
|A%E; + IDEA||” + QNo?
(|2 -
IAzEI" +QNo2 L +r&
where 32 = M In order to keep the second order of equation (50) w.r.t.

8, we have taken the constant term of 8% as shown in equation (52).

16
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Finally, the SRL is given by

A£all®

% = 1 9 _1 g2 -3 _3
2SNR (K IDEA|? + B2 H (Co *H, — x IrCy TH,C, 4Hc) £4

2>
(53)
So, the minimum SNR,,;, to resolve the two closely space sources can be given
by

2
Allfall
262 ( L |DEA| + B2, |[(Co Ha — & Zncy THIC, THY) T
o | % IDEAll” + B7g o Ha—r =570 " Haly “He STy

SNRmin =

(54)

6. Numerical results

In this section, we consider two co-locatedsuniform linear arrays A and B
with P = 15 = N = 15 sensors. The emitted ‘signals are chosen in such a
way they are orthogonal and share theysame frequency bandwidth. Here, these

signals are given by (according to'the phase coding scheme in [4])

[F ()], = €™ f(w,) (55)
where wy = qAf, Xf = g, B = 50M H z is the frequency bandwidth, Q = 25
is the number of frequeney bins. [f(wg)],, stands for the emitted signal from
the m!" sensor. f (wy) represents the frequency response of a Linear Frequency
Modulated (ILFM) signal (see [4] for more details).

In‘eur simulations, we are interested in the angular resolution limit (ARL).
For that, arrays A and B illuminate L = 4 sources where two of them are in
the, same vicinity. Their different ranges are r; = 1000, ro = 1200, r3 = 1600
and ry = 800. The attenuation factors are assumed to be real and given by
a; = 0.9, asg = 0.8, ag = 0.7 and oy = 0.6. The central direction of arrival
of the two closely spaced sources is 6. = 15° while 83 = 60° and 6, = 80°
are the directions of arrival of the third and fourth sources, respectively. The

probabilities of detection and false alarm are Py = 0.99 and Py, = 0.01.
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In the first experiment, we compare the ARL for the two considered MIMO
systems (conventional and TR). In Figures 3, 4 and 5, the plots represent the
SRL § w.r.t. the central direction 6, for different values of the parameter k = %
As we can see from Figure 3, when the noise term of the time reversed signal is
relatively weak with k < 1, the transmit and receive signals at antenna Asare
well matched and hence the performance of the TR-MIMO radar is supérior to
that of the conventional MIMO radar which corresponds to the resultsialready
obtained in [10]. However, for k = 1 (Figure 4), the two configurations lead
to approximately the same SRL performance. In Figure 5 we \consider the case
k > 1 for which the TR scheme is significantly degraded.(due to the weak
matching between the transmitted and received signals at antenna A). In that

case, we observe that the conventional MIMO radar outperforms the TR-MIMO

w.r.t. the SRL performance.

SRL § versus central DOA of closely spaced sources 60: SNR=10dB, x =0.1

102
—+-Conventional MIMO radar|
-*-TR-MIMO radar
10°F
o
-
['4
[z
10
105 I I | I I I I | | )
-100 -80 -60 -40 -20 0 20 40 60 80 100

Figure 3: SRL versus 6. for k < 1

To confirm this result, we use now the approximation (simplification) intro-
duced in [4] where the noise term of the time reversed signal is ignored (see

equations (37)-(40) in [4]). By considering this simplification, the SRL expres-

18
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SRL § versus central DOA of closely spaced sources ec: SNR=10dB, x =1

—+—Conventional MIMO radar|
-*-TR-MIMO radar

SRL §

10-4 1 1 1 1 1 1 1 1 1 |
-100 -80 -60 -40 -20 0 20 40 60 80 100
[
c
Figure 4: SRL versus 6. for
SRL § versus central DOA of closely spaced sources Gc: SNR=10dB, x =2
10"
—+Conventional MIMO radar|
-*-TR-MIMO radar
w
21021
0
10°

I
100

x{ Figure 5: SRL versus 6. for k > 1

of the TR-MIMO radar becomes:

2

25NR (1D |” + 53 [t )

Figure 6 provides a comparative SRL performance between the conventional and
20 TR schemes with the considered assumption, i.e. eq. (56) for the latter scheme.

As we can see, the TR configuration leads to a significant gain as compared to
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the conventional configuration when the noise term of the time reversed signal
is neglected which confirms the observations of Figures 3, 4 and 5. Another
observation made out of this experiment, is the highly nonlinear dependency
of the SLR w.r.t. the central direction 6. as well as the non symmetry of the
problem (i.e. the SRL for 6, is different from the one of —f.) which is due to
the chosen reference sensor and the non-symmetrical geometry of the conSidered

radar system.

SRL § versus central DOA of closely spaced sources Hc: SNR=10dB, x =1
1
10

—+-Conventional MIMO radar|
—*-TR-MIMO radar
102
o
#10°F
[z
10 F
10 I I | ! ! I I I I ]
-100 -80 -60 -40 -20 0 20 40 60 80 100

Figure 6: SRL versus,f. with the simplifying assumption of [4]

In the last experiment, we analyse the SRL and SN R,,;, variations w.r.t.
different system parameters. Figure 7, illustrates the variations of the SRL §
versus the SN R for k = 0.1 and central DOA 6. = 60°. From the plots, one
can ‘see that)for 6 = 2.4 1074, SNR,,.;n, = 19 dB in the conventional MIMO
¢ase while SNR,,,;, = 16.5 for the TR-MIMO case which represents a gain of
2.5:dB? When considering the simplifying assumption of [4] (i.e., by considering
the SRL expression given by equation (56)), one can obtain a gain of 7.5 dB for
§ =1.97 10~* as shown in Figure 8.
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SRL 6 versus SNR: 0 =60 and x =0.1

102¢
—+—Conventional MIMO radar|
-*-TR-MIMO radar

X165 X 19
Y:00002406 g | V:0.0002304

10 15 20 2
tion used in [4]

SNR (dB)
SRL & versus SNR: o = 60 and x =0.1

SRL §

X

5

o

Figure 7: SRL versus 6. for the considered a;

| ——Conventional MIMO radar
| —=—TR-MIMO radar
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VFigure 8: SRL versus 0. for the considered assumption used in [4]

7./ Conclusion

In this paper, we have derived the exact SRL expressions for both TR-
MIMO and conventional MIMO radar systems. Based on this study, we have
20 demonstrated that the time reversal can improve the SRL and the obtained gain

can be very important in the case where the noise term of the time reversed
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signal is weak. Another key observation, is that this gain is highly dependent
on the latter assumption and one can obtain better performance results with
the conventional scheme if the considered noise in no longer negligible. Also, it
is shown that the SRL performance strongly depends on the central direction

of arrival of the two closely spaced sources.

Appendices
Appendix A. Taylor expansion of the conventional meodel

Equation (4) can be expressed as

L
r(wq) = (A1(Q1,wq) + A2(Q2,wg)) fa(wy) + Z A we)fa(wg) + v(wg).
1=3
(A1)
and, for n,p, we have
Ar(n,00) + Ao (o)) = e CuFR T il b (rf (@) (@)

np
e B T2 =Wt (72 () 477 (22)). (A.2)

where 79, is the range of source ¢ w.r.t. the reference sensor. Without loss of
generality, we assume that 2 and o are closely-spaced and g3, -+, are
widely spaced (cf. Fig. 1 of\{14]). Let us rewrite the angle parameters as
0 =
Q=

(QQC - 5)

(A.3)
(29 + 6)

[ SIS

ReplacingQ;, Q2, 72() and 77'(), I = 1,2 by their values in equation

(A.2)50né obtains

. (wgtwe) (df +d7 2rg; . (wgtwe)(dB +df
e E—

) , )
[A1(Q1wg) + A2(Q2,w,)], = €7’ e {alej(“’ﬁ%) el e 0

+ aQe—j(Wq+WC) o 2c

(A.4)

2rg, . (wgtwe)(@B+dd)
e’ °

The first-order Taylor expansion is given by

1 (watwe) @R +dfh 2rg,,

[A1(Q1,0) + Ao(Qwg)],, me e [%e-ﬂ“qwl‘“ + age ke }

B A B A
(Wg +we)(dy} +d5Y) . (watwe)@f +af) . 2rg , 2rg
.\ Wq c s D _ 1 _ 2
: n 14 eJ = Qe aze J(wqgtwe) c — age J(wgtwe) =
C

5. (A5)
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By using equations (17)-(20), One can obtain the following matrix form
1
Al(Ql,wq) + AQ(QQ, wq) ~ Ac(wq) + 5D(wq) (A6)

and then equation (A.1) becomes

L
r(wg) = (Ac(wg) + 6D(wq)) fa(wg) + Z A, wo)fa(wg) + viwg).  (AT)
=3

Consequently, one can obtain the first-order Taylor expansion (14)

Appendix B. Taylor expansion of the Time Reversal model

245 Equation (9) can be written as

L
x(wg) = Brr (A{(lewq) + AZ (Do, wo)bt ZAZT(lewq)>
=3

L
X (AT(Qhwq) + A3 (Q2, wg) + ZAZ‘(Qz»wq)> fa(wq)
=3
L

+6rr <A1T(Qla wg) + AF (NS AzT(Qz)> v (wg) +w(w,).(B.1)
=3

By replacing equation (A.6).n equation (B.1), one obtains
X(Wq) = Brr (Ag(wq)Azc(wq)+6[Az;(wq)D*(wq) + DT(Wq)A:c(wq)D fjl(wq)
L
+ fOrg Az(QCJ wq) + Z AIT(QI)> v (wg) + 6TR(SDT(Wq)V* (wq) + W(wg),
1=3

= BraHc(w,)F10,) + BrroHa(wy)f3 (we) + BrrdD” (we)v* (w) + W (wy). (B.2)
where Holwg) = Al (wg) A% (wg), Ha(wg) = Al (wg)D* (wy) + DT (wg) Al (wy),
Aee(wg)'= Ac(wq)"’ZlL:S A(, wg) and W/(wq) = BTRAZ;(Wq)V* (wq) +wW(wy).
Consequently, one can obtain the first-order Taylor expansion (23).

»0@Appendix C. Whitening

Let Rs(w,) be the covariance matrix of the noise term (36D7 (w,)v* (wy) + W' (wg)),

the whitening matrix is given by [16, 17]

Wi(wg) = oR; 2 (w). (C.1)
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In this case, the whitened observation vector is given by

X(wg) = Wi(wg)x(wy),

= BWs(wg)He(wg)f3 (wg) + BOW s(wq)Ha(wg)f (wg) + v (wg)(C.2)

where v/(u) = W) (BID7 (6 )v* (w0g) + W' () ~ CN(0, 0°1).

Now, let Ro(w,) be the covariance matrix of (BrrdD7 (wy)v* (we) +W(wq))
for 6 =0
(i.e., Ro(wg) = E [W (we) W' (wg)] = f202H. (wy) + 021). Letuisexpress Ws(wq)
as function of Wo(w,) = ORS% (wg).

We recall here Rs(wq) = E [(ﬂdD(wq)v*(wq) + W (e ))uBOD(wq ) v* (wq) + w'(wq))H}

and
Ré(wq) é RO(Wq) + 36 (DT(Wq)E [V* (Wq)W/H(wq)] +F [Wl(wq)VT(Wq)] D*(Wq)) s
(C.3)
= Ro(wg) + R (wy), (C4)
= Ro(wq)? (T+ R (wo Ry Ry () ) R (). (C.5)
where
R(Wq) = BDT(Wq)E [V*(wq)W/H(wq)] + BE [Wl(wq)vT(wq)] D*(Wq)a (C.6)
= BDLE [ (w,) (BAL(wo)v* (wq) + w(wy)) "]
+_ . BE [(/BAcTc(wq)V*(wq) + W(wq)) VT(WLI)] D*(wq)v (C.7)
= BD" (wy) {E [V (wg)v" (wq)] BAS(wq) + E [V*(wq)WH(wq)}}
0
+6 {BACTC(%)E [V (wg)vT (wg)] + B [w(wg) v (wy)] } D*(wq),(C.8)
0
= /620-\2/ {DT(Wq)Azc(wq) + AZ;(Wq)D*(wq)} ) (C.9)
= B%02H,(w,). (C.10)
and hence
Rs(wg) = 520\2/ (He(wq) + 0Ha(wg)) + O-\ZNI' (C.11)
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equation (C.5) leads to the following first-order Taylor expansion

_1 _1 1 _3 _3
Rj * (wg) =Ry * (wg) — §6R0 *(wg)R(wq) Ry * (wq)- (C.12)
and thus
1 3 1 3
Wis(wq) = Wo(wg) — §5W3 (wq)FR(wq)Wg (wq)-
20 Now, we replace Ws(wq) and R(w,) by their expressions in equati 2),

can obtain (27).

Appendix D. Statistic of T(z)

We recall that under hypothesis H1
z
z=| Y |=¢ (D.1)
zp

hence zy = gy + &n and zp = e assume £y and &p are two

circular complex white Gaussia cording to

(én) ~ S(Ew) ~ N (0, ), (D.2)
R(¢p 3(Ep) ~ N (0, 1), (D.3)
s we have zy ~ N(dgn, ) since
E(zy) = ER(zn))+1E(S(zn)), (D.4)
= MR(gn) + s0u(gn), (D.5)
= Jgn. (D.6)

Using the circular property of &xn

E ((ZN — 6gN)(ZN - (5gN)H) = E(fN&Ié), (D7)
= E®RENREN)T) + E(S(EN)S(En)D-8)

2 2
N |, ON
= —_— _— I D.
(X + 7L, (D.9)
= o%L (D.10)
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By following the same

we have

and

ol

way, we have zp ~ N (dgp,o%1). Let

1
v = —R(gNzn), (D.11)
ON

1
v = 5 R(glzp). (D-12&
op

5 (o (Rl Rlaw) + (e Slaw) ) €

% (R(gn)"E(R(zn)) + S(gn) B(S(240))] D.14)

& [l +6||ugN>||2} C‘? 015
N

8 llgn |

2
ON %
J gN|| H
N
z

|
U
gr(

(D.17)

g@, (D.18)
(6n) + () S(En) ) . (D.19)

lgN I, (D.20)
(D.21)

o N (6 ”ié:”Z, II§;VIQ\|T|2> 7 (D.22)
v N (5 ||§£”2, ”5522) (D.23)

The statistic of u + v is

ol

2 2 2 2
lexl”  lerl”) L (lewl® | leel
o2 o2 2 o2 o2
N P N P
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if 4 and v are independent random variables.

Now, we can verify the following equality:

2
T(z) = 7(“01“) ; (D.24)
u+v
20%,0% 1 1
= 3 ;‘NUPQ 2%2 (QggzN + 2g§z;:> - (Di25)
of lgpll” +of llgn| ON op

The non-centrality parameter is

E? ’ ’
Vo BPluty) e (Igzgl N IIgI;H , (D.26)
Cu+y UN UP
and
T(z) ~ xi(\).
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