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Abstract

In this paper we study the recovery conditions of weighted /; minimization for signal re-
construction from incomplete linear measurements when partial prior support information is
available. We obtain that a high order RIP condition can guarantee stable and robust recovery
of signals in bounded ly and Dantzig selector noise settings. Meanwhile, we not only prove
that the sufficient recovery condition of weighted /; minimization method is weaker than that
of standard /; minimization method, but also prove that weighted {; minimization method pro-
vides better upper bounds on the reconstruction error in terms of the measurement noise and
the compressibility of the signal, provided that the accuracy of prior support estimate is at least
50%. Furthermore, the condition is proved sharp.

Keywords: Compressed sensing, restricted isometry property, weighted [ minimization.

1 Introduction

Compressed sensing is a new type of sampling theory that admits that high dimensional sparse
signals can be reconstructed through fewer measurements than their ambient dimension. The
central goal in compressed sensing is to recover a signal z € RY based on A and y from the

following model:

y=Ax+z (1)
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where sensing matrix A € R™¥ with n < N, i.e., using very few measurements, y € R" is

a vector of measurements, and z € R" is the measurement error. In past decade, compressed

sensing has triggered considerable research in a number of fields including applied mathematics,

statistics, electrical engineering, seismology and signal processing. Compressed sensing is especially

promising in applications where taking measurements is costly, e.g., hyperspectral imaging [11], as

well as in applications where the ambient dimension of the Slifialﬁs very large, e.g., medical image
b

To reconstruct the signal = from (IJ), Candes and Tao |10] proposed the following constrained

reconstruction ﬂE], DNA microarrays @], radar system H,

{1 minimization method:

minimize ||z[[; subject to |y — Az|s <e. (2)
zeRN

It is well known that /; minimization is a convex relaxation of [y minimization and is polynomial-
time solvable. And it has been shown that /; minimization is an effective way to recover sparse
signals in many settings BB, ] Cai and Zhang ﬂa, H] established sharp restricted isometry
conditions to achieve the exact and stable recovery of signals in both noiseless and noisy cases via
{1 minimization method.

Note that compressed sensing is a nonadaptive data acquisition technique and /; minimization
method (2)) is itself nonadaptive because no prior information on the signal z is used. In practical
examples, however, the estimate of the support of the signal or of its largest coefficients may
be possible to be drawn. For example, support estimation of the previous time instant may be
applied to recover time sequences of sparse signals iteratively. Incorporating prior information is
very useful for recovering signals from compressive measurements. Thus, the following weighted
[y minimization method which incorporates partial support information of the signals has been

introduced to replace standard [; minimization

minimize ||z||1w subject to |y — Axzls <e, (3)
zeRN

where w € [0,1]V and |z|1w = Y. w;|z:|. Reconstructing compressively sampled signals with

partially known support has been pr(zaviously studied in the literature; see B, , , ] Borries,
Miosso and Potes in E], Khajehnejad et al. in [15], and Vaswani and Lu in [21] introduced the
problem of signal recovery with partially known support independently. The works by Borries
et al. in E], Vaswani and Lu in @, , ] and Jacques in ] incorporated known support
information using weighted [; minimization approach with zero weights on the known support,
namely, given a support estimate T cC {1,2,..., N} of unknown signal z, setting w; = 0 whenever
i € T and w; = 1 otherwise, and derived sufficient recovery conditions. Friedlander et al. in
] extended weighted [; minimization approach to nonzero weights. They allow the weights

w; = w € [0,1] if i € T. Since Friedlander et al. incorporated the prior support information



and consider the accuracy of the support estimate, they derived the stable and robust recovery
uarantees for weighted /1 minimization which generalize the results of Candes, Romberg and Tao in
E] stated below. Friedlander et al. [12] pointed out that once at least 50% of the support information
is accurate, the weighted /i minimization method (B]) can stably and robustly recover any signals
under weaker sufficient conditions than the analogous conditions for standard [; minimization
method (). In addition, the weighted /; minimization method (B]) gives better upper bounds on
the reconstruction error. Furthermore, they also pointed out sufficient conditions are weaker than
those of H] when w = 0.
To recover sparse signals via constrained /; minimization, Candes and Tao dﬂ] introduced the
notion of Restricted Isometry Property (RIP), which is one of the most commonly used frameworks

for compressive sensing. The definition of RIP is as follows.

Definition 1.1. Let A € R™*Y be a matriz and 1 < k < N is an integer. The restricted isometry

constant (RIC) dy of order k is defined as the smallest nonnegative constant that satisfies
(1= d0)llzl3 < | Az3 < (1 + dp)ll13,

for all k—sparse vectors x € RY. A wvector x € RN is k—sparse if |supp(z)| < k, where supp(z) =
{i s x; # 0} is the support of x. When k is not an integer, we define o as dp;1, where [k] denotes
the smallest integer strictly bigger than k.

Candes, Romberg and Tao ﬂa] showed that the condition d.x +ad(u41)r < a—1witha € %Z and
a > 1 is sufficient for stable and robust recovery of all signals using /; minimization method (2)). Cai
and Zhang da] improved the result of Candes, Romberg and Tao ﬂa] and proved that the condition
O < \/g with ¢ > 4/3 can guarantee the exact recovery of all k—sparse signals in the noiseless
case and stable recovery of approximately sparse signals in the noise case by /1 minimization method
[@). Furthermore, Cai and Zhang proved that for any e > 0, oy, < \/; + € fails to ensure the exact
reconstruction of all k—sparse signals and stable reconstruction of approximately sparse signals for
large k.

In ﬂa], Cai and Zhang use the following /1 minimization
minimize ||z||; subject to |y — Ax|2 € B, (4)
zeRN

where B is a bounded set determined by the noise structure, and B is especially taken to be {0} in

the noiseless case. They consider two types of noise settings
B2(e) ={z: |22 < ¢} (5)
and

BP5(e) = {z: [|AT 2]l < e} (6)



In this paper, we adopt the corresponding weighted [; minimization method:

minimize ||z|/; subject to y— AxeB
zeRN

1, ieTc
with w; = { Z ~ (7)
w, 1€T.
where 0 < w < 1 and T c {1,2,..., N} a given support estimate of unknown signal z. B is also a

bounded set determined by the noise settings (Bl) and (6). Our goal is to generalize the results of
Cai and Zhang da] via the weighted /; minimization method (l). We establish the high order RIP
condition for the stable and robust recovery of signals with partially known support information
from ([II). We also show that the recovery by weighted [; minimization method () is stable and
robust under weaker sufficient conditions compared to the standard [y minimization method (Hl)
when we have the partial support information with accuracy better than 50%.

The rest of the paper is organized as follows. In Section 2] we will introduce some notations
and some basic lemmas that will be used. The main results are given in Section Bl and the proofs

of our main results are presented in Section [4l

2 Preliminaries

Let us begin with basic notations. For arbitrary € R, let zj, be its best k—term approximation.
Tax(k) is defined as x with all but the largest k entries in absolute value set to zero, and x_ . (x) =
T — Tmax(k)- Let Tp be the support of zy, i.e., Ty = supp(xy), with Ty € {1,..., N} and |To| < k.
Let T C {1,...,N} be the support estimate of = with |T| = pk, where p > 0 represents the ratio of
the size of the estimated support to the size of the actual support of z; (or the support of x if x is
k— sparse). Denote T,, = Tp NT and fﬁ = T&ﬂf with |T,| = a|T| = apk and \fg[ = B|T| = Bpk,
where o denotes the ratio of the number of indices in Ty that were accurately estimated in T to
the size of T and o+ 3 = 1. For arbitrary nonnegative number &, we denote by [[¢]] an integer
satisfying & < [[¢]] < € + 1.

Cai and Zhang developed a new elementary technique which is a key technical tool for the proof
of the main result (see Theorem 3.1). It states that any point in a polytope can be represented as
a convex combination of sparse vectors (da], Lemma 1.1). Another key technical tool for our proof
was Lemma 22l introduced by Cai and Zhang ([8], Lemma 5.3). The specific contents are presented
in Lemmas 2] and 221 respectively.

Lemma 2.1 (ﬂa], Lemma 1.1). For a positive number o and a positive integer k, define the polytope
T(a,k) C R by
T(o k) ={v e R?: ||v]loe < o, ||v|1 < kal.



For any v € R?, define the set of sparse vectors U(a, k,v) C R? by
U(a, k,v) = {u € R : supp(u) C supp(v), [[ullo < k,
ulli = [[vll1, [[ull < a},

where ||ullo = |supp(u)|. Then any v € T'(a, k) can be expressed as
N
v = Z )\iui,
i=1
N
where u; € U(a, k,v) and 0 < X\, < 1,> N\ = 1.
i=1

k m

Lemma 2.2 (@], Lemma 5.3). Assume m >k, a1 >as>--->ap, >0, > a; > > aj, then for
i=1 i=k+1

all o > 1,

m k
« o
E a; SE a; .
i=1

j=k+1

k m
More generally, assume a1 > ag >+ > @y >0, A >0and > a;+X> > a;, then for alla > 1,

=1 i=k+1
m k
a Z'—l as A\ @
] —_—
j=k+1 k k

As we mentioned in the introduction, Cai and Zhang da] provided the sharp sufficient condition
to recover sparse signals and approximately sparse signals via [; minimization ([]). Their main

result can be stated as below.

Theorem 2.1 (da], Theorem 2.1). Let y = Az + z with ||z||2 < & and 2% is the minimizer of (@)
with B = B2(n) = {2z : ||z||2 < n} for some n >e. If

t—1
b <\ ®

for some t > 4/3, then

2/~ max (k)11

/A

|2 — 2|2 < Co(e +1n) + C,

where

_ V2t = 11+ o)
-0t ow)
o VBt JUVE DT~ da)da
L t/(E— 1)/t — 6)




Let y = Ax + z with ||AT2|0e < € and zP% is the minimizer of @) with B = BP%(n) = {z :
AT 2|l oo < m} for some n > e. If Oy, < \/5E for some t > 4/3, then

2H‘T— max (k)”l

~DS ! /
77 —zxlls <Chle +n)+C ,
” H2 — 0( 77) 1 \/E

(11)
where
o 262(t — 1)k
0~ )
t(v/(t = 1)/t = i)
Note that Theorem 2] always holds for ¢ > 1, and the condition ¢ > 4/3 ensures that (8] is
sharp.

Cl =. (12)

Friedlander et al. B] used the prior support information to recover any signals by weighted [y

minimization (7). The following theorem was showed in B]

Theorem 2.2 (B], Theorem 3). Let x € RN be an arbitrary signal and y = Az +z with ||z]]2 < e.
Define xy be its best k—term approzimation with supp{xyx} = Ty. Let T C {1,...,N} be an
arbitrary set and define p > 0 and 0 < o < 1 such that |T| = pk and |T N Ty| = apk. Suppose
that there exists an a € %Z with a > (1 — a)p and a > 1. If the measurement matriz A has RIP
satisfying

@k+%qﬁﬁk<§g—y (13)
where vy =w + (1 —w)/1+ p — 2ap for some given 0 < w < 1. Then the solution T to (@) with (5
obeys

wllw = wrlls + (1 = w) [l

2
7ol < CR22) + CF

, 14
v (14)
where
s
cl = LV
1= d@+1e = V1 +dak 15)
ol — a '/ (\/1 — 5(a+1)k +VI+ 6ak)
' T = 0(arie = JzV1+ dak
Remark 2.1 (], Remarks 3.3 and 3.4). If A satisfies
2
w a—"°
= 1
5(a+1)k < 5@ a+ 727 ( 6)
where v = w + (1 — w)y/T+ p — 2ap, then Theorem [22 holds with same constants. If
-1
b < (V2y+1) (17)

then weighted 1y minimization (7) with [Bl) can stably and robustly recover the original signal.



3 Main results

Theorem 3.1. Suppose that z € RN be an arbitrary signal and xj, be its best k—term approzimation
supported on Ty C {1,...,N} with |To| < k. Let T C {1,...,N} be an arbitrary set and denote
p>0and0< o<1 such that |T| = pk and |T NTy| = apk. Let y = Az + z with ||z|2 < & and 7%
is the minimizer of (7) with (3). If the measurement matriz A satisfies RIP with

t—d

fort >d, where y =w+ (1 —w)y/1T+ p—2ap and
1 =1
d= ’ v
l—ap+a, 0<w<1
with a = max {«, B}p. Then

2 (wlleggh + (1 = @)llogengelh )
Vk ’

|2 — 2|2 < Do(2¢) + Dy

where

V2t —d)(t —d+92) (1 + 6)

(t — dt42) (s — )
\/ifstk’}"“\/t_d‘i"}’ )(\/t d+~{ — Otk ) Ot 1

D = + —. (20)

(t—d+72)(\/2lr — ow) Vi

Let y = Az + z with ||AT 2|l < e. Assume that 7P is the minimizer of (1) with (@) and the
matriz A satisfies RIP (I8). Then

Dy =

2 (wlerglh + (1 = )llagegelh )
\/E )

7P — 2|2 < Dy(2¢) + D (21)

where

_ 20— d)t—d+ P[] D! = D, (22)
(t—d+~? )(\/% %)

Remark 3.1. In Theorem [31, every signal z € RN can be stably and robustly recovered. And if

Dy =

B = {0} and x is a k—sparse vector, then Theorem [l ensures exact recovery of the signal x.



For Gaussian noise case, the above results on the bounded noise case can be directly applied
to yield the corresponding results by using the same argument as in B, B] The concrete content is

stated as follows.

Remark 3.2. Let x € RN be an arbitrary signal and x, be its best k—term approzimation supported
onTy C{1,...,N} with |To| < k. Let T C {1,...,N} be an arbitrary set and define p >0 and 0 <
o < 1 such that |T| = pk and |TNTy| = apk. Assume that z ~ Ny, (0,021) in @) and 6y < \/%
fort>d. Let B2 = {z : ||z||s < o/n+ 2v/nlogn} and BPS = {z : |ATz||o < o/2log N}. T2
and P9 are the minimizer of (1) with B2 and BPS, respectively. Then, with probability at least
1—1/n,

2 (wllerglh + (1 = @)llogege )
|22 — || < Do(20\/n + 2¢/nlogn) + Dy 2 T dal ,

and

2 (wllezglh + (1 = @)llogegelh )
Vk ’

1, w=1
l—ap+a, 0<w<l1

|ZP% — || < D)(201/2log N) + D

with probability at least 1—1/y/mlog N. Hered = { with a = max {«, 5}p,

and vy =w + (1 —w)/T+ p —2ap.

2
1‘/_
Theorem 3.2. Letd=1andt > 1+ ( V)

g. Then there exists
72+2(1

) For anye >0 and k >

a sensing matriz A € RN with §y, <

— d+ > + € and some k—sparse signal xy such that

(1) In the noiseless case, i.e., y = Axg, the weighted Iy minimization (7) can not exactly recover

the k—sparse signal xo, i.e., T # xg, where T is the solution to (7).

(2) In the noise case, i.e., y = Axg+ z, for any bounded noise setting B, the weighted 1y minimiza-
tion () can not stably recover the k—sparse signal xq, i.e., T - xo as z — 0, where T is the
solution to (7).

Proposition 3.1. (1) Ifw =1, thend =1 and v = 1. The sufficient condition (I8) of Theorem
(31 is identical to (8) in Theorem 2] and Dy = Cy, D1 = C1, D{; = C{,, D} = C{. Moreover,
the condition is sharp if t > %.

(2) If « = 3, then d = 1,7 = 1. The sufficient condition (I8) of Theorem [31 is identical to that
of Theorem [21] with (8) and Dy = Cy, D1 = C1, Dy = Cjj, D} = C{. Moreover, if t > %, the

condition is sharp.



(3) Assume that 0 < w < 1. If a« > 1, then d = 1 and v < 1. The sufficient condition (I8)
in Theorem [31] is weaker than (8) in Theorem 21 and (I8) in Remark [Z1. Then Dy <
Co, D1 < Cy, Dy < CJ, Dy < CY. When t = 2, the sufficient condition (I8) in Theorem

(31 is weaker than (I7) in Remark 2.

Fig. [ illustrates how the sufficient conditions on the RIP constants given in (I8) and the
stability constants given in (20) change with w for different values of a in the case of weighted
l; when t = 4. Note that ([I8) reduces to (8), and (20) reduces to (I0) if w = 1 or « = 0.5. In
Fig. [ (a), we plot 6 versus w with different values of o when ¢ = 4. We observe that the bound
on RIP constant gets larger as « increases. That is to say, the sufficient condition on the RIP
constant becomes weaker as « increases. For example, if 90% of the support estimate is accurate
and w = 0.4, we have 6 = 0.9330, however &} = 0.8660 of standard ;. Figs. [Mi(b) and [@i(b’) show
that the constant Dy decreases as « increases with d;, = 0.1 and d;, = 0.6, respectively. But Fig.
i(c) demonstrates the constant Dy with av # 0.5 is smaller than that with o = 0.5 when d;, = 0.1.
Fig. (¢’) illustrates that the constant D; decreases as « increases with oy, = 0.6. From above
recovery results by standard [; and weighted [, we see that if the partial support estimate is more
than 50% accurate, i.e. a > 0.5, the measurement matrix A for signal recovery by weighted I3
satisfies weaker conditions than the analogous conditions for recovery by standard [;. Moreover,
we have better upper bounds when « > 0.5 than those of standard [;.

Fig. 2 compares the sufficient recovery conditions §¢ in (I8)) and §¢ in (I0) as well as stability
constants in (20) and (I5]) with various o when t = 4, a = 3 and 6 = d(q41)r = 0.1. Here we
plot ¢ and 6% as well as ([20) and (3] versus w with various a. Figll(d) illustrates 6% is larger
than 0% under the same support estimate. Moreover, Figs. Rl(e) and 2I(f) describe that constants
Dy and D; are always smaller than C{/ and C7, respectively. These results state that the sufficient
condition (I8)) is weaker than (6], and error bound constants (20) in Theorem [B1] are better than
those (3] in Theorem

4 Proofs

Proof of Theorem [3l Firstly, we show the estimate (I9)). Let 2> = x + h, where x is the original
signal and z'2 is the minimizer of () with (B). Now assume that tk is an integer. We use the

following inequality which has been shown by Friedlander et al. (see (21) in ])

[hrgll <wl|lhrplls + (1 = w)llhg 77, 11 +2 <W||<ETOC||1 +(1- W)fochng) : (23)
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Let TO = TO\T w, and T} indexes the ak largest in magnitude coefficients of th,

and a = max{a, 5}p. Denote

T(), w:1,
Tor =4 ~
T0UT1, 0<w<l.

Clearly, |To1| = dk where
d— 1, w=1 .
l—ap+a, 0<w<1
From (23]) and d > 1, it is clear that

where |T1| = ak

I mastamllt < @bzl + (1= )lagy gzl +2 (Wlozglly + (0 = @)loggeli) - (24)

Let

1
r =2 @bzl + (= @)y g, 1+ 2 (ol + (0= ) logeg) |-

We partition h_ pax@r) into two parts, ie., h_pagar) = Y 4+ h) | where h(l)(') equals to

h—max(dk ( ) if |h—max dk) ( )| > = d and 0 else h( )( ) equals to h—max(dk ( ) if |h—max dk) ( )| < —d

and 0 else.
In view of the above definitions and (24]),

1R 1< 1A= s a1 < R

Let
1KV o = m

From the definition of A1), it is clear that

bz pOh= Y 0wz Y =

icsupp(h(1)) i€supp(h(1))

Namely m < k(t — d). Moreover, ||hmax (dr) + hV|lg = dk +m < dk + k(t — d) = tk, and

mr
t—d

1R = 1 masary = 1B 11 < kr =

= (k(t—d) =m)- .

M) <
11Poe <
By the definition of d; and the fact that

1ARllz < ||AZ"= — Axlls < |ly — ATl + || Az — y|l2 < 2,

12



we obtain

(A(Pumax () + h™M), AhY <||A(hmay ary + D) ||2]|AR|2

<V + 0t max (ay + 2P|z - (26). (27)
N
Thus, using Lemma 2] and Z5), we have h(® = > \u;, supp(u;) € supp(h?), [Jus]l1 = AP
i=1
and |lulloc < 755, where u; is (k(t — d) — m)—sparse, namely, |supp(u;)| = [[u;llo < k(t — d) —m.
Thus,

[uill2 < Vluillolluilloo < VE(E = d) = mlus]|oo
r k
< — < J— X
SVRE=d) g STy

Take B; = hmax (ak) + Y + pu;, where 0 < < 1. We observe that

3 1 CHNNCY N
> AiBi = 5Bi = huax (ary + BV + uh® — =,
j=1

1

1
=(5 1) (ranae ay + DY) = 5 o =+ pah. (28)

N
Because hppay (qr) 18 dk—sparse, h() is m—sparse, and u; is k(t — d) — m—sparse, B; and 3 B —
j=1

%ﬂi — ph are tk—sparse. Let

X = || hunax (ar) + BV 2,
y=w+(1—-w)y/1+p—2ap,

2 (wlerglh + (1 = ) lazegelh )
Vv '

13



Due to [To UT\Ta| = (1 + p — 2ap)k,

Juill2 <

b r
t—d

k 1
NVi—d & [thTOHl + (1 = w)llhgum g, +2 <‘“"H$T5H1 + (1 - w)||33fch5H1> ]

wllbgylly+ 0= )lhgpa i 2 (@lorsh+ (0= o)z gl

k(t —d) Vk(t —d)
VRl + (0 =)0+ =20l gl | 2(@lorh + 0 @lorg )
k(t — d) k(t —d)

<w”hmax(dk)H2 + (1 = w)VT+ p = 20p|| hax () |I2 N 2 (”HxToc”l +(1- W)”xfcncrg‘h)

Vi—d k(t — d)
_ (w + (1 B w) \Y% I+ p— 20[p) ||hmax (dk)H2 4 2 (waTOcHl + (1 o w)‘|$1~"cﬂT5||1)
Vi—d k(t — d)
2 (wlorglls + (1 = @)@z )
t— Hhmax(dk) +hW )y + =)
.
——(X +P). (20)

We use the following identity (see (25) in da])

2 M
=2 G483 (30)
i=1

1=

N 1
oS- 1)
j=1

14



Combining ([27) and (28], we can estimate the left hand side of (B0)
N

1 2

(S

: A[(% — 18) (Panase (ary + V) — 1/“” + ”h} Hz

=1 2
N
= ; Ai A[(% - M)(hmax (dk) + h(l)) - %Muz} E

1 1
+ 24 (G = 1)ty + 1) = 3t ) pudh ) + 12 AR
1 1 2
Z_ WY — Z
9 N)(hmax (dk) +h ) 2/“%:| ‘2

nt

+ :u(l - /L)<A(hmax (dk) + h(l)) Ah>

2
< (1 ‘|‘5tk

= — 1) (Pmax (dk) + h) — 5#“2
\/ L+ Otk || anax (ak) + Rl - (20)

1) 12 p 2

= (1+dw) ZA [ = 0Py + O + 2]

\/1+5tk||hmax dk) +h( ||2 ( )

On the other hand, in view of the expression of f;,

N N

Ai A
> FIABIE = 3 F 1A e ary + B + )
=1 i=1
N
A ( 2
ZZ 1 _5tk Hhmax(dk) +h —|—,U’LLZ||2
i=1
S
= (1= 00 D" 5 (W cary + RO+ a2l 3.
=1

15



It follows from the above two inequalities and ([29) that

N 1 )
A(wa -5%)].

Ai
z_: ZHA@‘H%

2
ol
<(1+ 0u.) AZ[ )2 e ) + V13 + i3]

1

— V1 + Supll P (ay + B 2 - (2)
N

l\’)l}—t

7

Ai
— (1= 0u) 3 5 (Wt + O3 + s 3)
=1
al 1, 1
ZAZ (14 o) (5‘#) —1(1—51&19)

=1
Ny + A1 + 2 Huzuz}

+ (1 = )/ 1T+ O | P (d) + R Wy - (2¢)

< [ 8 — = 0 - dw) + 220

) 22P ) 22P2
i B S

:[(,ﬁ — )+ (% —p+ 1+ 2(:_2 d))/ﬂ)étk}Xz

5 M2,Y2P 5 M2,Y2P2
o TR BT B

Taking p =
t—d“"y 2 t—d 2
LI o X

—d “( At

t — d + ¥ 5tku272P Supi®y* P2
i V1+o X 4 ST S,
+ d R + Otk —d + 2i—d) ~

2
L B N
t—d[ (¢ d+7)< t—d—+ 2

, we obtain

(= d(—dr?)~(t—d)
72

Namely,

- 5tk) X2

+ (VE= = d+ 7)1+ o) - (22)
5tk72P2
2

+ 5tk72P>X n ] > 0,

16



which is a second-order inequality for X. Hence, we have

X < { (25\/(t —d)(t —d+42)(1+6y) + (5tk’y2P)

[(25\/15— (t—d+~2)(1+ 0m) + Sy P>

2 1/2
+2(t —d +~?) d+ —— 5tk 5MP]

2t —d+~ 1/ )
d+’y tk

§
(t—d+’Y ) =2 T 5tk)
280?20t — d+2) (s — wou?
2(t—d+’}’2)(\/m Otk)

From (23]) and the representation of P, it is clear that

+ P.

1~ max(ar) 11 <l[Pmax(ar)lln + 2 (M\Wg\\l +(1 - )HchmTC\h)
:Hhmax(dk)Hl + P\/E’}/

It follows from Lemma that

P
||h—max(dk)H2 < Hhmax(dk)||2 + \/_g

17



Thus, we have the estimate of ||h|2 by the above inequalities

ll2 = /Mo 13 + 1 (a1

Py 2
S\/Hh’n’lax(dk)”% + (Hhmax(dk)”Z + ﬁ)

Py
<\/7Hhmax(dk ||2 +—= \/—
Py
<\/_Hhmax(dk +h ||2 +—= \/8
Py
=V2X + —=
Vd

BV Gt B ) R

(= d+ ) — o)
<ﬁ5tk72+\/(td+72)(\/t 7177 — Owk) 0wy 5 )
- +—|P

(t—d+72)(y/ iz — o) vd

V2t —-d)(t—d+ 72)(1 + 0uk) (2)

(t — d+ )y s — o)
2
+<\/§5m +\/(t—d+v2)(\/t s — G) o o >2(waTOcH1—l—(l—w)”xfcngHl)

0 v

(t—d+?) (/5L — o) vd

V2t —-d)(t—d+ 72)(1 + 0k (2)

- d+ ) - o)
(\/§5th + \/(t —d+9)(\/ sz — Ou)ou 1 > (W\\$T6|’1 +(1- w)HxTCﬁTC‘h)
. .

(2¢)

Vd VE

+
(t—d+72)(\/ 2L — ow) Vd

If ¢tk is not an integer, taking ¢’ = [tk]/k, then t'k is an integer and ¢ < ¢’. Thus we have

P t—d - t'—d
L VI [N el

Then we can prove the result the same as the proof above by working on dp. So, we obtain (I9).
Next, we prove (21I]). The proof of [2I]) is similar to the proof of (I9). We only need to replace

[26]) and ([27)) with the following (31]) and ([B2), respectively. We also can get (21]).

18



IAT Al = [|ATA@P® — 2)[|c
<[|AT(AZP% = y)lloo + AT (y — Ax)||oo
<2, (31)

(A ar) + DY), Ah) = (i (awy + 1D, AT AR)
< homas k) + BV 11| AT AR
<Vtk| g ary + 2|2 - (2¢). (32)
This completes the proof of Theorem [B.1] O

Proof of Theorem[32. For d = 1, we have v = w + (1 — w)y/T+ p —2ap < 1. Moreover, for all
e>0and k> g, we define

m! = 1T V1Z0 W(t—1+\/(t—1)(t—1+y2))k

()
12+2(1-4/1-12)

strictly smaller than m’, then m < m/ and m’ — m < 1. We take

and N > k+m/. Sincet > 1+ we obtain m’ > k. Let m be the largest integer

1 k k k k
l’l:7(1,...,1,——/,...,——/,1,...,1,——/,...,——/,0,...,0)GRN,
k?—l—ka —_— m M e——" m m
k—apk " app T~
pk m—pk
if m > pk; or take
m
—_—
1 k k
:E1:7(1,...,1,——/,...,——/,0, ,0,1, , 1,0, .,O)GRN,
oy w2 _m m
m'2  k—apk M apk

if m < pk. It is easy to know ||x1]|2 = 1. Define the linear map A : RN — R by

t—d
Az = |1+ m(z — (x1,2)x1)

- \/1 + \/%(:U — (w1, 7)71),

for all z € RY. Then for any [tk]—sparse vector z, we get

t—1
42l = (14 =13z ) (el ~ lew. o).
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Hence, using Cauchy-Schwarz inequality and the fact that m’ >k, m’ —m <1 and

m? 4 k2t —1) 2Vt —1(\/t—1+92 -Vt —1)
— . ,

m?2 +m'k ~y

we have

0 <[z, ) <[ell}- D lea(@)?

i€supp(z)

<l|2ll3 - 21, max (re) 13
m'? + k([tk] — k)
' m'2 + mk
<m’2 + kXt —1) +kaH2
- m'2 + mk 2
mP? (-1 +k m?+ 'k
N m?+m'k " m”? 4+ mk
- mP Rt —1)+k 1

=y I3
CEETN=

_mP AR -1) mP AR -1+ 1 )

m?2+m'k m?2 + k‘z(t —1) 1 k(g_/i__n?; (E4lE
m m

2Vt —1(\/t—1+~2 =t —-1) 1 1

e ., (Ut )
2Vt —1(y/t—14+~2 -t —1 3

R Do Dyl

. (wmwt —1+2 Vi) 3) Il2

_— 2 E 2.

v

=|l3

[
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Consequently,

1 t—1 14 t—1 H ||

- t—1+72 — 1+~ 2
i1 ,

2 <1— m—&T) [[2]12,

which deduces oy, < 4 /1—+2‘ + e. Next, we define

k—apk pk apk
— N
xo=(1,...,1,0,...,0,1,...,1,0,...,0) € R,
k k k k
mo=(0,...,0,—,...,—,0,...,0,—,...,—.0,...,0) € RY,if m > pk,
~—— m m' s~ —m m
k—apk — apk S S
pk m—pk
m
k k
or g = (0,...,0,—,...,—,0,...,0,0,...,0,0,...,0) € RN if m < pk,
~—— M m ~—
k—apk apk
pk
where ||zo||1,w = k&, [IM0ll1,w < m - & < k. Obviously, z is k—sparse, 21 = ﬁ(xo —1)p) and

m'2

1m0ll1,w < l|Zoll1,w- In view of Az; =0, we have Axg = Anp.

Thus, in the noiseless case y = Axg, suppose that the weighted 1 minimization method () can
exactly recover xg, i.e., T = xg. According to the definition of Z and y = Ay, it contradicts that
Im0ll10 < lzollLw = 1Z]1,0-

In the noise case y = Axy + z, suppose that the weighted /; minimization method (7)) can
stably recover xz, i.e., ;12%2 = x9. We observe that y — A(Z — o + n9) = y — AT € B, thus
1Z]1w < 17 — 20 + n0ll1,0- As 2= 0, [|zoll1,w < [[70]l1,0w- It contradicts that [|no[|1,w < [[zol1,w-

Hence, the weighted [; minimization method () fails to exactly and stably recover xy based on
y and A. O
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