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ZERO-CLASS ADMISSIBILITY OF OBSERVATION OPERATORS

BIRGIT JACOB, JONATHAN R. PARTINGTON, AND SANDRA POTT

ABSTRACT. An admissible observation operator is zero-class admissible if the norm of the output
map tends to zero as the time tends to zero. Sufficient and necessary conditions for zero-class
admissibility of observation operators are developed and a modified Weiss condition is studied.
It is shown that the modified Weiss condition is in general necessary, but not sufficient for zero-
class admissibility. For several important classes of Cp-semigroups it is proved that the modified
Weiss condition is indeed equivalent to zero-class admissibility. The methods are illustrated by
certain PDE examples.

1. INTRODUCTION

Consider the Cauchy problem
z(t) = Ax(t), t>0,
(1) y(t) = Cux(d).
where the state z(t) lies in a Hilbert space H and the output y(t) lies in a Hilbert space Y for each
time ¢ > 0. Here A and C are linear operators that may be unbounded, but A is the generator of

a Co-semigroup (T'(t)):>0 on H and C maps D(A), the domain of A, boundedly into Y. In order
to guarantee that the output function lies locally in L? we impose the following condition.

Definition 1.1. The operator C' € L(D(A),Y) is a finite-time admissible observation operator
for (T(t))¢>0, if for each n > 0 there is a constant K, > 0 such that

n
(2) /0 ICT(t)x|*dt < K|l=]|*, @ € D(A).

Likewise, C' is an infinite-time admissible observation operator, if in addition the constants K,
are uniformly bounded.

For exponentially stable systems, the two notions are equivalent. The notion of admissible obser-
vation operators is well studied in the literature, see for example [4], [12], [13], [15]. In applications,
quite often the observation operator belongs to the zero class of admissible observation operator,
see Section [3] for an example.

Definition 1.2. The finite-time admissible observation operator C' is said to belong to the zero
class of admissible observation operators for (T'(t))i>0 (C is zero-class admissible), if the best
constant K,, gwen by (2), satisfies K;, — 0 as n — 0. Likewise, C' is infinite-time zero-class
admissible (ITZCA), if in addition the constants K, are uniformly bounded.

The class of zero-class admissible observation operators was first introduced in [I7], in order to
provide conditions for exact observability of semigroup systems. One of the main results in [17]
shows that if the observation operator is zero-class admissible and the system is exact observable,
then the semigroup generated by A is left invertible. If additionally the residual spectrum of A
is empty, then A generates a Cy-group. Clearly, bounded observation operators belong to the
zero class of admissible observation operators. In Section Bl an example of an admissible but
not zero-class admissible observation operator is given. Further, we show that if A generates an
analytic semigroup, S € L(H,Y) and C = S(—A)*, for some a € (0, 3), then C is an admissible
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observation operator for (T'(¢)):>o of zero class. For positive definite operator A with compact
resolvent this result can be found in [I7].

A necessary condition for admissibility is the Weiss condition (A1): There exists a constant m > 0
such that

m||z|

VRes’

The Weiss condition is actually equivalent to infinite-time admissibility for several classes of sys-
tems. However, it has been shown that in general the Weiss condition is not equivalent to infinite-
time admissibility. We refer the reader to the survey article [4] for more information on the Weiss
condition. In this article we introduce a modified Weiss condition in order to characterize zero-class
admissibility.

We proceed as follows. In Section [2] we review some known results on admissibility. The main
results of this paper are contained in Section Bl We give necessary and sufficient condition for
zero-class admissible observation operator. In particular a modified Weiss condition is introduced
and studied. The obtained results are illustrated by certain PDE examples. Finally, in Section
[ we give two examples showing that the modified Weiss condition is not sufficient for zero-class
admissibility.

1C(sI — A)~tz|| < zeH, seC,.

2. EQUIVALENT CONDITIONS FOR ADMISSIBILITY

In this section we review some known results on admissibility and we pay particular care to the
constants involved. In [6], it was shown that for bounded Cp-semigroups, the following conditions
(among others) are equivalent:

e (Al) There exists a constant m > 0 such that

|C(sI — A) || < \77%, reH, seCygy
es

o (A2a) There exists a constant K > 0 such that

|7 1/2 /OT e“tCT () dt| < K|z, zeD(A), 7>0, weR,
e (A2Db) There exists a constant K > 0 such that

|7=1/2 /QT T (D dt|| < K|z, xeDA), 7>0, weR.

Moreover, these conditions are all implied by admissibility and under certain circumstances (e.g. when
(T'(t))+>0 is a contraction semigroup and Y is finite-dimensional, or when (7'(t))¢>0 is an exponen-
tially stable right-invertible semigroup, or when (T'(t))¢>o is analytic and (—A)'/? is admissible,
see [3], [8] and [16].), they are equivalent conditions to admissibility. Note that condition (A1) is
the Weiss condition introduced in Section [Il

More precisely, we have the following result. We recall that S is an w-sectorial operator if S is a
closed linear operator S in a Hilbert space H satisfying o(S) C {s € C\{0} | |arg \| < w} and for
every v € (w,m) we have

sup{[|AA — S)7Y| | Jarg\| > v} < oo.

An operator A generates a bounded analytic semigroup if and only if —A is a densely defined
w-sectorial operator with w € (0, §).

Proposition 2.1. Let N € N, M > 1, a > 0 and w € (0,5), let (T(t))i>0 be a bounded Co-
semigroup with infinitesimal generator A and C € L(D(A),Y). We assume further that one of
the following conditions holds:

(1) (T'(t))i>0 is a contraction semigroup and dimY < N.
(2) —A is an w-sectorial operator and (—A)'/? is infinite-time admissible.
(3) (T(t))i>0 is an exponentially stable right-invertible semigroup with | T(t)|| < Met.
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Then C is an infinite-time admissible observation operator if and only if Property (A1) holds.
Denoting by K := sup,, Ky the best constant in Definition [L1 and by m the best constant in
Property (A1), there exists a constant ¢ > 0, only dependent on N, M, o and w, such that K < em.

Proof It is well-known that C' is an infinite-time admissible observation operator if and only if
Property (A1) holds, see [3], [8] and [16]. Suppose that K is not bounded by an absolute multiple of
m. Then there exists for each k € N, a semigroup (7% (t)):>0 on Hy, with infinitesimal generator Ay,
and an observation operator Cj : D(Ay) — Y, such that (T (t)):>0 and Cj satisfy the assumption
of the proposition, my = 1 and (K)g>1 is unbounded. Here K}, := sup,;~o (Kk)y denotes the best
constant of Cj in Definition [[I] and my, is the best constant in Property (Al). Without loss of
generality we may assume that each semigroup (T%(t)):>0 satisfies the same Condition 1, 2, 3 or
4.

Then we form the product semigroup (7'(t))¢>0 on the ¢? direct sum H of the spaces Hj, with gen-
erator A = diag(A;, As,...), and for every ¢! sequence (ay) we consider the observation operator
C defined by

C(x1,xa,...) = ZakC’kxk.
k=1

Clearly, we may choose (ay) such that > -, || = 1 but (Kjay) is unbounded.

Since each semigroup (T%(t))¢>0 satisfies the same Condition 1, 2 or 3, the product semigroup
satisfies the same condition. Thus for the product semigroup we have the equivalence of infinite-
time admissibility and Property (A1).

Now C(sl — A) ™'z =377 apCr(sI — Ap)'zy, so that we have

|

VRes

[CsT = A) ] < sup | Ci(s] = Ax) ]| <

and CT(t)x = Y poy axCrTk(t)zk, so for each k

sup |CT()xlz2(0,00) = sup | |l|CuTr(-)2r | £2(0,00) = lok| Ky
lz]| <1 lzxll <1

Thus C satisfies the resolvent condition but not the admissibility condition. This is a contradiction
to our assumption and thus the proposition is proved. |

3. EQUIVALENT CONDITIONS FOR ZERO-CLASS ADMISSIBILITY

In this section we develop equivalent conditions for zero-class admissibility. Consider the follow-
ing conditions, which we shall see are equivalent to infinite-time zero-class admissibility in some
circumstances. Note that condition (B1) is a modification of the Weiss condition (A1l).

e (B1) For each r > 0 there exists a constant m, > 0 such that the m, are uniformly
bounded, m, — 0 as r — 0o, and

|C(sI — A) || < reH, seCi.

Clearly we can, and will, assume without loss of generality that m.. is a decreasing function
of r.

e (B2a) For each 7 > 0 there exists a constant K, > 0 such that the K, are uniformly
bounded, K, — 0 as 7 — 0, and

I\T‘l/z/ e“ICT (e dt| < K-z,  z€D(A), weR;
0

e (B2b) For each 7 > 0 there exists a constant K, > 0 such that the K, are uniformly
bounded, K, — 0 as 7 — 0, and

2T
||7'71/2/ e“tOT () dt|| < K, ||zl xr € D(A), weR.
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Again we can, and will, assume without loss of generality that K, is a increasing function of r.
It is casily scen that (B2a) and (B2b) are equivalent, first by writing [ as Yo" [,=. 1, and

second by writing ffT = [T~ fOT, in each case making the obvious estimates as done for the

0
equivalence between (A2a) and (A2b) in [6]. We may therefore write condition (B2) to refer to
either of these conditions.

Remark 3.1. Note that, by the Cauchy—Schwarz inequality, infinite-time zero-class admissibility
implies condition (B2) immediately.

Theorem 3.2. Let (T(t))i>0 be a bounded Cy-semigroup with infinitesimal generator A and let
C € L(D(A),Y) be infinite-time admissible. Then conditions (B1) and (B2) are equivalent.

Proof (B2) = (Bl). For s =0 +iw € C; and € D(A) we have
oo y )
C(sI —A)le = / oe 7Y CT(t)ze ™" dt dy,
y=0 t=0

as in [6, p. 321], and so
1C(sI — A) 2] < 2] / K,oevy2 dy,
0

where K, is defined in condition (B2a). Let y = v/o, so that

o0

oo Vo
/ Kyoe*"yyl/2 dy = 071/2/ vl/zevav/g dv+071/2/ vl/zeﬂ’Kv/g dv
0 0 N

which is clearly bounded by a constant times ¢—/2 and is 0(0‘1/2) as 0 — 00, given that K, is
a bounded function of 7, which tends to 0 as n — 0.

(Bl) = (B2). We adapt an argument from [6l pp. 319-320], paying particular care to the
constants involved. Note first that, with J(s) = C(sI — A)~! we have

/ CT (t)ze~P/mHt dt = J(p/T +iw)x — e Pe™TJ(p/T + iw)T(T)z,
0

and so

®) |

where K is the norm bound of the semigroup (7'(t))¢>0.

172

WHHUH,

/0 CT(t)xe—(P/‘r-i-iw)t dtH <m,,(1+e"K)

Let 0 < p < 3. We have from [0, Lem. 2.4] that x[o,) = > 1ep, arr, where D, is the col-
lection of half-open dyadic subintervals I C [0,7), with left endpoint I(I), and ay > 0 for all
I, with ¢7(t) = |I|7Y/2x eI (=) the sum converging uniformly on [0,7). Moreover,

Yrep. a1 < M7'/2 where the constant M can be taken independent of 7.

Using this and (B]), we have

‘/ T (tzdt| < > a /w,(t)eiwtCT(t)xdtH
0 IeD, I
1| L
< > aItt? / e P i GHD) O (#)T(1(T) )2 dt
IeD, 0
< KQ+eK)p 2zl Y army
I1eD,

< K(L4e PK)p 2 |x|m,/ M2,

and the result follows since m,,, — 0 as 7 — 0. |

p/T
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We are now in a position to present the main result of this section.
Theorem 3.3. Let (T'(t))i>0 be a bounded Cy-semigroup with infinitesimal generator A and let
C e L(D(A),Y). Assume that one of the following conditions holds:
o (T'(t))i>0 is a contraction semigroup and Y is finite-dimensional.
o (T(t))e>0 is an exponentially stable right-invertible semigroup.
o (T(t))¢>0 is an analytic semigroup and (—A)'/? is infinite-time admissible.
Then C' is an infinite-time zero-class admissible observation operator (ITZCA) if and only if
condition (B1) holds.
Proof (Bl1) = (ITZCA). Take n > 0 and write A\ = 1/n. Then (B1) implies that

mresiAllz] _ mallz]
VRes+ A = VRes

This implies infinite-time admissibility for C' with respect to the semigroup (e “*T'(¢));>0 generated
by A — AI. Using (B1) we have limy_,oo mx = 0. Then, for z € D(A) = D(A — ),

IC((s + NI = A)"taf| < seCy, z€H.

n ui [ee)
/ ||CT(t):vH2dt§e2/ |\Ce”\tT(t):v|\2dt§ez/ Ce=MT (02|12 dt < e2C2|z]2.
0 0 0

By Proposition 2] the constant C is bounded by an absolute multiple of my. Thus C\ — 0 as
A — 0o. Recalling that n = 1/, we have the result.
(ITZCA) = (B1). This follows from Remark Bl and Theorem ]

Remark 3.4. Suppose that (T'(t))i>0 has a Riesz basis (¢n)n>1 of eigenvectors, with eigenvalues

(A )n>1. For an observation operator C : D(A) — C satisfying Cp, = ¢n, (n > 1), it is easily
verified that C satisfies the condition (B1), which is here equivalent to (ITZCA), if and only if
/ dp(A) < MRes

c, [s+A> 7 Res’

for seCy,

where = Y07 |en|?6_x, and the constants m, > 0 are uniformly bounded with m, — 0 as

r — o00. Here §_,, denotes a Dirac measure at —A,.

By standard estimates, this property is seen to be equivalent to saying that for a Carleson square
Qrw={z+iyeC:ze0,r],y € w—r/2,w+1/2]}

with v > 0 and w € R, one has that w(Qr)/r < M,, where M, > 0 is uniformly bounded and

M, — 0 asr — oo (c¢f. [2,[14]).

FEasy examples show:

(i) This property is strictly stronger than the property of being a Carleson measure (i.e., ((Qr)/T

is bounded; equivalently, the canonical embedding J from H?(Cy) to L?(Cy,u) is bounded): e.g.,

take Y07 | 6n.

(i) The property is strictly weaker than the property of being a vanishing Carleson measure (i.e.,

for all € > 0 there is a compact subset K C Cy such that u(Q,w)/r < € whenever § +iw ¢ K;

equivalently, J is a compact operator, cf. [1]): e.g., take > 7, n_251/n.

Next we give some sufficient conditions for zero-class admissibility.

Theorem 3.5. Let (T(t))i>0 be an analytic and bounded Cy-semigroup with infinitesimal gener-
ator A and let C = S(—A)*, where S is a linear bounded operator from H toY and a € (0,3).
Then C is a zero-class admissible observation operator.

Proof Using [10, Theorem 6.13, p. 74] there exists a constant M > 0 such that
n n
[ ler@slpa < S|P [ o el < K el for e D)
0 0

where K,, — 0 as n — 0. |

A further sufficient condition for zero-class admissibility, which is an analogue of [I7, Prop. 2.1]
for normal subgroups (and hence also those with a Riesz basis of eigenvectors) is the following,
which includes also the case when —A is w-sectorial (where we can take § = 1).
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Theorem 3.6. Let (T(t))i>0 be a normal semigroup with generator A such that o(—A) is con-
tained in a region {z = v+iw € C: v > 0, |w| < a + W’} for some a, b > 0 and B > 0. If
C = S(—=A)* for some bounded linear operator S : H — 'Y and o € (0, min(3, %)), then C' is
zero-class admissible.

Proof By standard functional calculus arguments for normal operators, we may conclude that,
for t > 0 and x € D(A),

ICT @)z < |IS]| sup )|Z|“|€_Zt||\w||-

zeo(—

This is bounded by ¢; max,>o max(e~ ", v¥e~vt v*Pe=")||S|| ||z|| for some ¢; > 0, which in turn
is bounded by cy max(1,t=%,¢t=*%)||S|| ||x|| for some ¢z > 0: both ¢; and ¢y can be taken to be
independent of ¢. Thus, if o € (0, min(3, %)), we see that

n
/0 ICT(@®)alP < K,llzl?,  for @€ D(A),

where K,, — 0 as n — 0. |
In [18], Zwart proved a sufficient condition for infinite-time admissibility. Actually his proof shows

zero-class admissibility.

Theorem 3.7. Let (T'(t))i>0 be a bounded Cy-semigroup with infinitesimal generator A and let
C € L(D(A),Y). If there exists a constant K > 0 and a monotonically increasing function
g:(0,00) = (0,00) satisfying

o0

Z gla™) ™% < oo for some a > 1,
such that
4 CsI—A) Y <—" _ sec,,
@ oI - Ay < e s

then C is a zero-class infinite-time admissible observation operator.

A suitable choice for g is g(t) = (log(2 + t))® for a > 1/2. Note that the condition () is stronger
than the modified Weiss condition (m, = m/g(Res)). We conclude this section by some examples.

Example 3.8. We study the one dimensional heat equation on the interval [0, 1] with Neumann
boundary conditions and Dirichlet boundary observation, which is given by

0z 0%z
E(&vt) = 8_52(57t)7 56(071)7t207
0z 0z
8_€(Ovt) 0, 8_5(1’t)207 t>0,
2(57 O) = 20(5)7 5 S (07 1)7
y(t) = z(0,t), t=>0.

This p.d.e. can be written equivalently in the form () with H = L?(0,1), A is given by
App = Mbn, 1 €Ny,

with ¢, () := v/2cos(nmz) and A, := —7?n?, and C is defined by C$,, = v/2. Note that (¢, )nen,
is an orthonormal basis of H. An easy calculation shows that C is a zero-class infinite-time
admissible observation operator.
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Example 3.9. The one dimensional undamped wave equation with Dirichlet boundary conditions
and Neumann observation can be described by

9%z 0%z

W(gvt) = 6_52(570, 56(0,1)7t20,
z(0,t) = 0, z(1,t)=0, t>0,

(0 = 0O, ZE0 =2, Ee)
yt) = §—§<o,t>, £>0.

The partial differential equation can be written in form (Il) by choosing H = D(Aé/Q) x L%(0,1),
A= (9 1) with D(A) = D(49) x D(Ay?) and Cw = (1 0)32(0). Here Agh = % with
D(Ag) = {h € H?*(0,1) | h(0) = h(1) = 0}. An easy calculation shows that A has the eigenvalues
An = inm, n € Z, n # 0, and the corresponding normalized eigenvectors are given by ¢, (z) =

A1 (/\ilfl(n"(:’lfr)m) ); moreover (¢ )nez nzo is an orthonormal basis of H. It is easy to see that C' is

an admissible observation operator, but not a zero-class admissible observation operator.

4. COUNTEREXAMPLES

In this section we give two examples showing that the modified Weiss condition is in general
not sufficient for zero-class admissibility. Note that these examples even show that the modified
Weiss condition in general does not imply admissibility. We start with the case of an analytic,
exponentially stable semigroup and scalar-valued outputs.

Theorem 4.1. There exists an analytic, exponentially stable semigroup (T (t))i>0 with infinites-
imal generator A on a separable Hilbert space H and an observation operator C : D(A) — C such
that

(1) Condition (B1) holds;
(2) there exist a sequence of positive numbers (cy) and a sequence (xy) in H such that cn —
oo, ||lzn]|| =1 and

1
/ ICT )z ||* > enllzn || for all N € N.
0

That means, (A,C) satisfies (B1), but is not finite-time admissible for any time n > 0, and in
particular not zero-class admissible.

The proof relies on the construction in 7], but some care has to be taken to adapt this to the setting
of zero-class admissibility. Let H be an infinite-dimensional separable Hilbert space, let (¢,,) be
a non-Besselian conditional basis of H with inf,en ||¢n| > 0, let p, = —4™ for n € N, and let A
be densely defined on H defined by A¢,, = pin¢y, for n € N. As shown [7], A is the infinitesimal
generator of an analytic, exponentially stable semigroup (T'(t));>0. For x = Y " | an¢n € D(A)
and N € N, we define

N
Cnx = Z V= Oy Gy -
n=1

As in Proposition 3.1 of [7], one shows that the Cy are uniformly A-bounded for all N. Here is
our main estimate.

Lemma 4.2. There exists a sequence of positive numbers (¢ )nen with ¢y — oo for N — 00, a
sequence of vectors (xn)nen, ||[zn] = 1, and sequences (mn r)Nen, with my,» — 0 as T — 0 for
each N € N and my . uniformly bounded in N and r, such that

1
||ON(SI_A)71|| SmN,RCS R =5 SECJ”NGN,
v hes



8 BIRGIT JACOB, JONATHAN R. PARTINGTON, AND SANDRA POTT

and

1
/ [CNT ()N |?dt > exllen|?, N €N.
0

Proof of Lemma[4.2l By the same calculation as in [7], Prop. 3.2, we have for z € H, ||z|| =1,
and for each N € N:

N 2"
2" 1
—1
VRes|On(s = A)7lel < wvRes 3 g S WVRes Y g

where x is an absolute constant only depending on the sequence (¢y,).

: _ 1/2 _ 122y a1
Letting m, = 2xr'/ > T+n2 and my, = 2kr / En e <2k arctan 2= \/—, we find that
my,r <my < kr for all ¥ > 0 as in [7], lim,_, o my, = 0 for each N € N, and

IOn(sI — A)lz| < [VRes

vRes

Consequently, (A, Cy) satisfies (B1) for each N € N, with a uniform bound on the my .
On the other hand, since (¢,,) is non-Besselian, we can find a sequence of positive numbers (¢y),

¢y — oo for N — oo, and vectors xny = 25:1 N nPn, |ZN|| =1, such that
| &
lenl? < — > lannl*
N n=1

However, the system (y/—fne#"t),>1 is unconditional in L?(0,1) (see e. g. [9], Corollary 4.5.2).
Therefore, there exists a constant L > 0 independent of N such that

1 1 N N
/ |ONT(t)$N|2dt = / | Z aNﬁm/—,une'“"t(andt Z L Z |04N7n|2.
0 0

n=1 n=1
1
Letting ¢y = Lén, we find that / |ICNT (H)zy|?dt > cn|zn]?. ]
0

Proof of Theorem[4.1] Let a € (0,1/2). We choose a sequence of nonnegative numbers (Sx)
with SS%_, |8n] = 1, (B%cy >*) unbounded.

Now as in the proof of Proposition Bl form the ¢?-direct sum of countably many copies Hy of
the Hilbert space H, H = 69?\?:1 Hp, let A denote the densely defined block-diagonal operator
diag(A, A,...) onH, and let (T (¢)):>0 denote the semigroup generated by A. Obviously (7 (¢)):>0
is still analytic and exponentially stable. Define

C:DA)—=C, Cz= Z —CN,TN,

for x = (x1,x2,...) € H. Then for x = (x1,x2,...) E'H,, ands€C+,

1 1 N Res
sl —A)~ C’ (s —A) " "zn| < sup —|Cn(sI — A)  an| < sup — ’ .
e Z wisl = A)7en| < sup S lCn(sl = A)an] < sup oo e

It is easy to see that M, = supyey z=mun,, satisfies M, — 0 for 7 — oo. Thus (A,C) satisfies
N

condition (B1).

On the other hand, letting Zy = (0,0,...,2y5,0,0,---) € H,

/ ICT (t)@n 2t > BRcy 2| Zn]? for each N € N
by the lemma. Hence (A, C) is not finite-time admissible and in particular not zero-class admissible.
]
Next we study the modified Weiss condition

() IC(sT — A)~H| <

m

(log(Res +2))"VRes’

SE(CJ,_,
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with v > 0. Theorem B implies that condition (B]) is sufficient for zero-class infinite-time ad-
missibility if v > % Next we show that this result is sharp. More precisely, for v € (0, %) there
exists an analytic exponentially stable Cy-semigroup (7(¢))¢>o with infinitesimal generator A and
an operator C' € L(D(A),Y) such that C is not finite-time admissible but (Gl holds.

Remark 4.3. We study again the Cy-semigroup and the observation operator defined in the proof
of Theorem [{.1] for a particular choice of the non-Besselian basis (¢,). For 0 < 8 < % the
functions ¢y given by o, (t) = [t|Pe™ and pony1(t) = [t|Pe™ ™, t € (—m,7) (n=10,1,2,...) form
a non-Besselian bounded basis of L*(—m,m) (see [11, pp. 351-353]), and indeed for 3 < B < %
there is a function Y po o ardp € L*(—m, ) (a multiple of the function t — |t|=%) such that
ay is the Fourier coefficient of the non-L? function t w— [t|=2% with respect to the orthogonal

system {e™, =™ n =0,1,2,...}. An easy estimate of ["_|t|7%F exp(Lint)dt shows that ay is

asymptotic to k=128 and Ziv:o | |? grows as N4, Thus cy is asymptotic to N1+, This

implies that
2N

NG C2
M, < < ,
= e NCTHg)a = (log(r + 2))(-1+48)e

for some constants c1, ¢y independent on r. Note that v := (—=1+48)a € (0, 3).

arctan

Now we give a counterexample for the case of a contraction semigroup, but infinite-dimensional
output space.

Theorem 4.4. Let H be a separable infinite-dimensional Hilbert space, let (T (t))i>0 denote the
right shift semigroup on L?([0,1];H), and let A denote the infinitesimal generator of (T (t))i>o0-
Then there exists an observation operator C : D(A) — C such that
(1) Condition (B1) holds;
(2) there exists a sequence of positive numbers (cn), cny = N, and a sequence (xy) in H such
that cy — oo and

1
/ ICT )z |* > enl|zn]||? for all N € N.
0

That means, (A,C) satisfies (B1), but is not finite-time admissible for any time n > 0, and in
particular not zero-class admissible.

Remark. This sharpens the counterexample to the Weiss conjecture in [5], where it was shown
that the Weiss condition (Al) in this setting does not imply infinite-time admissibility.

The proof is based on the counterexample in [5], but again we have to look carefully at the details.
Let H be an infinite-dimensional separable Hilbert space, let e be a unit vector in H, let (eg)
denote an orthonormal sequence, and define

N
by iR — H, by = ti(i-)ex,
k=1

where (1) is an orthonormal system in H?(C,) to be specified later.
With the proof of Theorem 2.4 in [5], one sees that the operators given by

(6) Cnz = / " lon (i), 2(iw))dw  (x € D(A),h € H)

— 00

are observation operators, satisfying the estimates

. 1

(7) [Cn(sI = A) | < M”bNHWBMOm

with an absolute constant M > 0. Here, WBMO(H) denotes the weak BMO space of H-valued
functions, WBMO(H) = {b € L*(iR, H) : sup.c =1 [[(0(-), €} IBMO < 00}

Furthermore, one sees with the calculation in [5], Theorem 2.4, (ii) that for f € H?(C,),

(8) CNT(t)f = /OOO FHon)(u+ ) F Y (u)du,



10 BIRGIT JACOB, JONATHAN R. PARTINGTON, AND SANDRA POTT

where F~1 or “denotes the inverse Fourier transform of functions in H?(Cy) C L?(iR), taken as
a function on L2(0 oo)

Let fy(iw) = w17 Zk LUk (—iw). Then fy € H*(Cy), ||fnll2 = 1. Here is the technical result
we require:

Lemma 4.5. There exist constants 6, K > 0 such that for a suitable choice of (),

( ) ”bN”WBMO < K forall N e N;
2) [ | [ (F on) (u + £)(F 1 f)(w)du||2dt > 6N for all N € N.

Proof Let ¢ :iR — C, ¢ € H*(C"), ||¢|l2 = 1 such that

(1) % bounded, supps C [1,2],
|1 (iw)| is rapidly decreasing,

(2)
(3) J2o w(iw) =0,
(4)

4
1
5= [ |F! t)[dt = &(u+ t)dul*dt > 0
[ weynpa= [ [ dimt Daka

(take for example the analytic part of the Meyer wavelet). Let 1, = e~"*9), k € N, where p;, = 2.
Then each 1)y, also satisfies properties (1)-(3), and () is an orthonormal system. Moreover, since
the 1, are translates of 1, supported in the lacunary family of intervals (py + [1,2]), all L? norms,
and BMO norm, of linear combinations of the 1 are equivalent (see e. g. [19] for the case of
lacunary Fourier series, from which the results fitting our case are easily deduced). Applying this
fact to scalar-valued functions iR — C of the form iw — (by (iw),e), where e € H, e = > 77 | apex,
with [le]|? = Y7, aer = 1, we see that

1bns Ml Bao = | Zaﬂ/’k”BMo (R) = KZO% <K,
k=1

where K is an absolute constant only depending on ¢ and the sequence (py). Thus the first part
of the lemma holds. §
For the second part, observe that since suppvr C pi + [1,2] for each k, mixed convolutions

1/)k>f<1/11( -), I # k, have support outside [0, 1], and
1 oo . ) 1 1 N oo _ )
1) ot o = g [T [ it D

= N/ ||Z/ () (u + t)du|2dt = NG.

This finishes the proof of the lemma. [ |

It remains only to prove that the systems (A, Cy) satisfy not only the Weiss condition (A1), as
already proved with (7)) and the lemma, but the stronger condition (B1). Recall that

()dl\

S—|—Z

ICxtsT =)l = | [~ by

Since we already have a uniform bound over all N in (), it is sufficient to show that for each k,
there exists a sequence (m,)y>o such that m, "= 0 and

[ ontio) L ) < TR .
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But this follows from Cauchy-Schwarz and the estimate

_ 1 e _s- e —Res(t—u)|,/;
\F (o —=) ()] = |(r x ) (2)] S/ Xpo.0(w)e” R oy (u) | du
s+ 14p,
min{2+p,t} %ERCS@JFpkit) if t>24+ Pk
SKle_ReSt/ €(Res)udu§K1 Ris if 1+ p <t <24 pg,
Itok 0 if t <1+ ps,

using boundedness of ¥ by a constant K7, which yields

1 1 1 \"?
< _
+i-)”2 - K1”$||2Res <1 + 2Res)

—1/2

[ o) 25 ) < a7

s+ 1w

and therefore our desired result for e.g. m, = 2K;r
observation operators Cy, defined in ({):

. We obtain the following lemma for the

Lemma 4.6. There exists a sequence of positive numbers (¢cy)nen with ey &= N — 00, a sequence
of vectors (zn)nen, ||zn|| = 1, and sequences (my,)nen, with my, — 0 as v — oo for each
N € N and my  uniformly bounded in N,r, such that

1
||ON(SI - A)_IH < TN Res —

vRes

and

1
/ |ICNT(t)zn|?dt > en|lzn||®  for all N € N.
0

With a weighted diagonal construction similar to the one in Theorem [Z1] we obtain the desired
counterexample. This finishes the proof of Theorem [£.41
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