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Coordination Control of Multiple Ellipsoidal Agents
with Collision Avoidance and Limited Sensing
Ranges

K.D. Do

Abstract—This paper contributes a design of cooperative
controllers that force N mobile agents with an ellipsoidal shape
and a limited sensing range to track desired trajectories and
to avoid collision between them. A separation condition for
ellipsoidal agents is first derived. Smooth step functions are
then introduced. These functions and the separation condition
between the ellipsoidal agents are embedded in novel pairwise
collision avoidance functions to design coordination controllers.
The proposed control design guarantees: 1) smooth coordination
controllers despite the agents’ limited sensing ranges, 2) no
collision between any agents, 3) asymptotical stability of desired
equilibrium set, and 4) instability of all other undesired critical
sets of the closed loop system.

Index Terms—Coordination control, ellipsoidal agents, collision
avoidance, potential functions.

I. INTRODUCTION

Coordination control of multiple agents finds various appli-
cations to search, rescue, coverage, surveillance, reconnais-
sance and cooperative transportation. Therefore, a number
of approaches has been available for coordination control of
networked agents. Here, three popular methods are briefly
mentioned. The leader-follower method (e.g., [1], [2], [3],
[4]) uses several agents as leaders and others as followers.
This method is easy to understand and ensures coordination
maintenance if the leaders are disturbed. However, the de-
sired coordination shape cannot be maintained if followers
are perturbed unless a feedback is implemented, [5]. The
behavioral method (e.g., [6], [7]), where each agent locally
reacts to actions of its neighbors, is suitable for decentralized
control but is difficult in control design and stability analysis
since group behavior cannot explicitly be defined. The virtual
structure method (e.g., [8], [9], [10]) treats all agents as
a single entity. This method is amenable to mathematical
analysis but is difficult to deal with a time-varying structure.

Research works on coordination control usually utilize one
or more of the above methods in a centralized or a decen-
tralized manner. Centralized strategies (e.g., [5], [11]) use a
single controller that generates collision free trajectories in the
workspace. These strategies guarantee a complete solution but
require high computational power and are not robust. Decen-
tralized schemes (e.g., [10], [12], [13], [14], [15], [16], [17],
[18]) require less computational effort but have difficulties in
controlling critical points, especially when collision avoidance
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between the agents is a must. In all the above cited references,
the shape of all the agents is considered as a single point or
a circular disk or a sphere.

In practice, many agents such as submarines and rockets
have a non-spherical, especially long and narrow, shape. If
these agents are fitted to spheres, there is a problem with
the large conservative volume. To illustrate this problem,
we look at an example of fitting a cylindrical agent with a
radius of . and a length of 2I,. to an ellipsoid with semi-
axes of a, b and ¢, and a sphere with a radius of rg as
shown in Fig.1. By shrinking the space along the direction
of the major axis of the ellipsoid, we can find a = /2,
b=c=+2r., and ry = +/ r2 + [2. Therefore, the conser-
vative volume, V., defined as the difference between the
volumes enclosed by the sphere and the ellipsoid, is given by

3 2
Vion = 47;7"6 [(%4—1) A/ f,—% + 1—2\/55%} . This means that the

conservative volume 1s always nonnegative and is proportional
to cubic of the half length [, over the radius r. of an agent.

A spherical approximation
of the shape of long and nar- Iy
row agents can adversely affect
performance of a coordination z
control algorithm. An example /[t -
is the case where it is a must to 1B
force a group of long and nar- G v ps
row agents through a long and
narrow passageway. In some
cases, a spherical approxima-
tion of the agents’ shape can
result in failure of a coordina-
tion control algorithm. As an illustration, we consider two
cylindrical agents with lengths of 2/; and 2l,, and radii of
r1 and ry, respectively. Assuming that r; and r, are much
less than [; and [, respectively, i.e., the two agents have a
long and narrow shape. We now require these two agents to
move cooperatively in a way that they do not collide with
each other and the distance d;» between them is such that
(T1 + 7’2) + €10 < dip < (ll + 12) — €12 with €19 being a
feasible positive constant. Clearly, a spherical approximation
of the agents’ shape is not applicable in this case for a coor-
dination control algorithm. On the other hand, an ellipsoidal
approximation can be applicable. In addition, an ellipsoidal
approximation of the agents’ shape for collision avoidance
between the agents in a coordination control algorithm covers
a spherical approximation of the agents’ shape by setting the

Fig. 1. Fitting a cylindrical agent
to an ellipsoid and a sphere.



semi-axes of the ellipsoid equal, but not vice versa. The above
discussion indicates that it is much more efficient to use an
ellipsoidal approximation of the agents with a long and narrow
shape for collision avoidance in designing coordination control
algorithms.

Despite of the above advantages of an ellipsoidal approx-
imation of the agents’ shape, coordination control for ellip-
soidal agents has not been addressed in the literature. This is
partially due to difficulties in determining a separation condi-
tion between two ellipsoids. There have been two main meth-
ods to determine a separation condition between ellipsoids.
The first method found in [19], [20] consists of determining
the intersection of the ellipsoids with the plane containing the
line joining their centers and rotating the plane. The distance
of the closest approach [21] of the two ellipses formed by the
intersection is a periodic function of the plane orientation, of
which the maximum value corresponds to the closest distance
between the two ellipsoids. The second method [22] found
the condition for separation between two ellipsoids is based
on the discriminant of there characteristic polynomial. Both
methods are too complicated for an application in coordination
control. If these methods are applied for collision avoidance,
the condition, for which the minimum distance between two
disks or the discriminant of their characteristic polynomial
is positive, is extremely complicated to be embedded in a
proper potential function for designing a coordination control
algorithm.

The aforementioned observations motivate contributions of
this paper on a design of coordination controllers for el-
lipsoidal agents with limited sensing ranges. The objective
is to design controllers to force the agents to track desired
trajectories and to guarantee no collision between them. It
is noted that the objective of the present work is different
from those on formation control of multiple agents in [23],
[24], [25], [26], [27]. In these papers, a set of agents, a graph
topology specifying what agents sense each other and what
parameter they sense, and a graph topology specifying what
parameter (e.g., distance) agents want to control with respect
to the what other agents are first given. Using this information
only, a distributed controller is then designed for each agent
to achieve its own constraints. The formation objective is to
force the entire group to achieve a desired shape.

Our proposed design provides smooth coordination con-
trollers despite the agents’ limited sensing ranges, no collision
between any agents, asymptotic stability of desired equilibrium
set, and instability of all other undesired critical sets of the
closed loop system. The paper’s contributions include: 1)
a new condition for separation between two ellipsoids, see
Section II-A; 2) new smooth step functions; 3) new pairwise
collision avoidance functions for two ellipsoidal agents, see
Section II-A; and 4) a derivation of coordination controllers
based on the pairwise potential functions, see Section IV-C.

II. PRELIMINARIES
A. Separation condition between two ellipsoids

This section presents a condition for separation of two el-
lipsoids applicable for collision avoidance in the coordination

Fig. 2. Two ellipsoids and their coordinates.

control design later. As such, we consider two ellipsoids ¢
and j shown in Fig. 2. In this figure, OXY Z is the earth-
fixed frame, O;X,;Y;Z; is the body-fixed frame attached to
ellipsoid 4, q; = [x; ¥; zi]T denotes the position of the center
O;, and m; = [¢; 0;1;]7 denotes the orientation (roll, pitch and
yaw angles) of the ellipsoid i. Moreover, (a;, b;, ¢;) denote the
semi-axes of the ellipsoid ¢. These notations are similar for the
ellipsoid j.

Lemma 2.1: Consider two ellipsoids ¢ and j, which have
semi-axes of (a;, b;, ¢;) and (a;, b, ¢;), and orientation vectors
i = [¢:i0; ;)7 and m; = [¢;0;,]T, and are centered at
q; = [riyi z]T and q; = [z, y; 2], respectively, see Fig. 2.
Define the transformed distance A;; between the ellipsoids 4
and j as

Ay =[1Qi;qi5 — 1, (1)
where

Qij = Isxs — (Isxs + ki) 71 2)
qi; = Piq;;,

with I3, 3 being a 3 x 3 identity matrix. The vector g;; denotes
the relative position vector between the ellipsoids 7 and j.
The matrix P; represents the so-called negative inverse of the
rotational matrix of the ellipsoid ¢ by the angular vector n;
around its axes. The vector g;; and the matrix P; are given
by

qi; = q; — qj,
P, =—-A7'R ' (n), 3)
A; = diag(ai, bi, c;).

The matrix R(e) represents the three dimensional rotational
matrix with respect to the vector e. The matrix T is the
system matrix of the ellipsoid j when the ellipsoids ¢ and j are
transformed to the spherical-ellipsoidal coordinates detailed in



Appendix A. It is given by

Tji1 Tjo Tiis
T, = | Tjhio Tjoo Tjo3 |, “4)
Tji3 Tjo3 Tysas

where
T = 2 2 2
11 = €11 + €51 + €31, Tj12 = €11€12 + €21€22 + €31€32,
2 2 2
Tjoo = €79 + €59 + €39, Tj13 = €11€13 + €21623 + €31€33,

2 2 2
Tj33 = €73 + €53 + €33, Tjo3 = €12€13 + €22623 + €32€33,

(&)

with €,,, for m = 1,2,3 and n = 1,2, 3 being the element
(m,n) of the matrix (A; ' R(n;;)A;)~" with

Nij = M — 1y,

6
A; = diag(a;, bj, ;). ©

The variable x;; is the largest root (the right most root) of the
shortest distance equation

qiTj(Ii%xi% + Hijﬂ)_Tﬂ(sts —+ HijTj)_ltjij —-1=0, (7

where (I3x3 + k;;T;)~ T denotes the transpose of (I3x3 +
ki Ty) ™1
The two ellipsoids are externally separated, i.e., the ellip-
soids are outside of each other and do not contact with each
other like Fig. 2, if
Az’j > 0. ®)

Remark 2.1: The transformed distance A;; is a smooth
function of gq;;, m;, and 7n;;. Alternatively, A;; is a smooth
function of g;; and n;;.

Proof. See Appendix A.

B. Smooth step function

This section gives a definition of the smooth step function
followed by a construction of this function. The smooth step
function is to be embedded in a pairwise potential function
to avoid discontinuities in the control law due to the agents’
limited sensing ranges in solving the collision avoidance
problem.

Definition 2.1: A scalar function h(z, a, 8,7) is said to be
a smooth step function if it possesses the following properties

1) h(z, o, B,7) =0, Va € (—o0,q],

2) h(xaa7ﬁ77) = 17 vx € [B,OO),
3) 0 <h(z, o, 8,7) <1, Va € (a, B), ©)
4) h(z,a, B,7) is smooth,
5) M(z,a,B,7) >0, Vz € (o, B),
6) h'(z,a,8,7) =0 at x = 2* € (0, 8),
where © € R, h/(z,«, 8,7) = %, 'z, a,B,7) =

a2
%, « and f3 are constants such that o < 3, and 7 is

a positive constant.
Lemma 2.2: Let the scalar function h(z, a, 8,) be defined
as

G with 7 = r-a a,

FO +fd—7) 5, 10

h(.’L’,Oé,B,’Y) =

where

f(r)=0if 7<0, and f(r)=e"7 if 7>0, (1)

with « and [ constants such that o < 3, and v a positive
constant. Then h(z, «, 8,7) is a smooth step function.
Proof. See Ap-
pendix B. An al-
ternative  “symmet-
ric” (le., v = 1)
smooth step function
is available in [28]
but it requires a nu-
merical integration.
The introduction of
the positive constant
~ in the smooth step
function in Lemma
2.2 is to shift the location at which h'(x, «, 3,7) attains its
extremum value. An illustration of a smooth step function
(a=0,8=3,7=2)is given in Fig. 3

h(x,0,3,2) and its derivatives

Fig. 3. A smooth step function and its first
and second derivatives.

C. Barbalat-like lemma

The following Barbalat-like lemma is to be used in stability
analysis of the closed loop system in Appendix C.

Lemma 2.3: Assume that a nonnegative scalar differen-
tiable function f(¢) satisfies the following conditions

d

10| <mso =02 [T fw <,
0

where ki and ko are positive constants, then lim;_, o, f(¢) = 0.

Proof. See [10]. Lemma 2.3 differs from Barbalat’s lemma
found in [29]. While Barbalat’s lemma assumes that f(¢) is
uniformly continuous, Lemma 2.3 assumes that |4 f(t)] is
bounded by ki f(¢). Lemma 2.3 is useful in proving conver-
gence of f(t) when it is difficult to prove uniform continuity

of f(t).

III. PROBLEM STATEMENT
A. Agent dynamics

As mentioned before this paper mainly focuses on diffi-
culties caused by the ellipsoidal shape of the agents in the
coordination control design, we therefore assume that each
ellipsoidal agent ¢ has the following dynamics:

q; = U,

13
7 = w;, 1 €N, (1)

where N is the set of all agents in the group, u; =
(Ui Uyi u]T and w; = [Wei wai wwi]T are the control input
vectors of the agent i. It is recalled that q; = [x; v; 2]
with (z;,y;, z;) being the position coordinates of the center of
the agent i and n; = [¢; 0; ;)T with (¢;,0;,1;) being the
orientation angles of the agent ¢, see Fig. 2. For agents with
higher order dynamics, the backstepping technique [30] can
be used because we will design the control input vectors wu;
and w; such that they are smooth.



B. Coordination control objective

In order to design a coordination control system for a group
of ellipsoidal agents, there is a need of specifying a common
goal for the group, sensing capacity of the agents, and initial
position and orientation of the agents. We therefore impose
the following assumption on the reference trajectory, sensing
capacity of each agent, and initial conditions between the
agents.

Assumption 3.1:

1) The reference position and orientation vectors g;4(t) and
n,;4(t) for the agent ¢ to track satisfy the condition:

Aija(t) > 0ija, ¥ (i,5) € N, j #14, t >0, (14)

where 6;;4 is a positive constant. The term A;;q(t) is A;;(¢)
given in (1) with q;(t), q;(t), mi(t), and n;(t) replaced
by qia(t), qja(t), mia(t), and n;q(t), respectively. Moreover,
lgia@®)l, lldia(t)]l, and [lqia(t)] with gija(t) = @ia(t) —
g;q(t) are bounded for all (i,7) € N, j # 4, and ¢ > 0.

2) The agents ¢ and j have spherical sensing spaces, which
are centered at the points O; and O}, and have radii of R; and
R;, respectively. The radii R; and R; are sufficiently large in
the sense that

)

Alp > 0, (15)

where A7 is the greatest lower bound of A;; when the agents
¢ and j are within their sensing ranges, i.e.,

Mnij € Rs,

. 16
lgi;|| = min(R:, Ry), 19

A?}R = inf(Aij) S.t. {
for all (¢,5) € N and j # 1.
3) The agent ¢ can sense the states, g; and 7;, of the agent
7 if the agent j is inside the sensing space of the agent 1.
4) At the initial time ¢y > 0, all the agents in the group
are sufficiently far away from each other in the sense that the
following condition holds:

Aij(to) > 0, A7)

where A;;(to) is given in (1) evaluated at (g; = q;(to), m; =
1:(t0)) and (g; = q;(t0),m; = m;(to)), and we have abused
the notation of Aij (q” (t()), ’I’]i(t()), U/ (to)) as Aij (t(]) for
simplicity of presentation.

Remark 3.1: 1) Assumption 3.1.1 specifies feasible refer-
ence trajectories q;q(t) and m;4(¢) for the agent ¢ in the
group to track since they have to satisfy the condition (14). A
desired coordination shape can be specified by the reference
trajectories g;4(t) and n;4(t) with ¢ = 1,..., N. Let us consider
the virtual structure approach in [8], [9], [10] to generate the
reference trajectories g;4(t) and 1;4(t) for the agent 4 to track.
First, a virtual structure consisting of N vertices is designed
as a desired coordination shape. Second, we let the center of
the virtual structure move along a predefined trajectory (often
called the common reference trajectory). Third, as the virtual
structure moves, its vertex ¢ generates the reference trajectories
qiq(t) and m;4(t) for the agent i to track. Several examples
can be found in [10].

2) In Assumption 3.1.2, the condition (15) holds if there
exists a positive constant g; such that R; > p; + sup(a; +

aj,a;+b;,a;+c;j, bi+a;,b;+b;,bi4c;, c;+aj, c;+b;, Ci-‘er),
for all (4,5) € N and j # i.

Coordination Control Objective 3.1: Under  Assumption
3.1, for each agent ¢ design the control input vectors w; and
w; such that the position and orientation vectors (g;,n;) of
the agent ¢ track its reference position and orientation vectors
(qid, mia) while avoiding collision with all other agents in the
group. Specifically, we will design u; and w; such that

Jim xie(t) =0, as)
Aj(t) > 045, Yt > 19 >0,
where xic(t) = ((¢:(t) — qia(t)), (mi(t) — mia(t))), for all
(1,7) € N, i # j, and ¢ > to > 0, where d;; is a positive
constant.

IV. COORDINATION CONTROL DESIGN
A. Pairwise Collision Avoidance Functions

1) Construction of Pairwise Collision Avoidance Functions:
This section defines and constructs pairwise collision avoid-
ance functions that will be used in a potential function for the
coordination control design.

Definition 4.1: Let o;; be a scalar function of the trans-
formed distance A;; given in (1) of the ellipsoidal agents 7 and
j. The function ¢;; is said to be a pairwise collision avoidance
function if it has the following properties:

1) i =0, ¢i; =0, ¢f; =0, YA € [A];, 00),
2) @i >0, VA” € (O,A:j),

)
: - : o (19)
3) Jlim @ij = oo, Alfjni pij = —00,
)

Ai]‘% 0
4) ¢;; is smooth, VA;; € (0,00),

o ey
and ¢;; = GAZ
is referred to as the effective collision avoidance transformed
distance between the agents ¢ and j, and satisfies the condition

(20)

90 s
where ¢} ; = 822

. The positive constant A;

0 < Aj; <min(Affg, 0ija),

with A?}R defined in (16).

Remark 4.1: Property 1) implies that the function ¢;; is
zero when the agents ¢ and j are outside of their communica-
tion ranges since the constant A;‘j satisfies the condition (20).
Property 2) implies that the function ¢;; is positive definite
when the agents ¢ and j are inside of their communication
ranges. By Lemma 2.1, Property 3) means that the function
;; is equal to infinity when a collision between the agents ¢
and j occurs. Property 4) allows us to use control design and
stability analysis methods found in [29] for continuous systems
instead of techniques for switched and discontinuous systems
found in [31] to handle the collision avoidance problem under
the agents’ limited communication ranges.

Lemma 4.1: Let the scalar function ;; be defined as

i — 1- h(Aiijaijaﬂija'Yij), 21
ij

where the positive constants «;; and 3;; satisfy the condition

0 < ayj < Bij <A, (22)



and y; is a positive constant. The function
h(Aij,aij,ﬂij,'yij) is a smooth step function defined
in Definition 2.1.

Then the function ¢;; is a pairwise collision avoidance
function.

Proof. From (21), we have

;. NW(e) 1—h(e)
QO,;J' - A, AQ )
v (23)
no_ h'(e)  2h/(e ) 2(1 —h(e))
P T A, Az T A
? (%] (%]

where o stands for (A;;, a;j, 8ij,7:;). From (21) and (23),
it is trivial to show that the function ¢;; holds all properties
listed in (19) by using properties of the smooth step function
h(Aij, aij, Bij, i) listed in (9) with a note that the constants
aj; and f§;; satisfy the condition (22). A pairwise collision
avoidance function ¢;; with o;;; = 0.5, B;; = 2, and v;; = 1
is plotted in Fig. 4.

10

-10

Fig. 4. A pairwise collision avoidance function and its derivatives.

2) Derivative of Pairwise Collision Avoidance Functions:
To prepare for the control design later, we calculate the
derivative of the pairwise collision avoidance function ¢;;. As
such, it is noted A;; is a smooth function of g;;, 1;, and 7;;,
see Remark 2.1. However, there is a difficulty in determining
an explicit dependence of A;; on gq;;, 1;, and m;; via the
matrix Q;;, see (1) and (2), because x;; cannot be solved
explicitly. To avoid this difficulty, we treat A;; as a smooth
function of Kij, (jij, and Mij-

We first calculate the first time derivative of x;;. From (7),
we have

. 8Fij ! 8F” - 8F” .
o : i 24
" (5'%') ((3%) i <577w u) GY

where

Fij (ki) = @5 (Tsxs + ki Tj) ™

Ty (Isxs + kiyTy) Gy — 1.
(25)

It is noted that 2 fJ_ is always nonzero, see Subsection A-3.
Hence, the first tlme derivative of Ayj is

Ai; = Gijqi; + Himj, (26)

where

o _ [08y 08y (OF; “or; "
N 8@] 8/% 8/1@‘ 8@] ’
l:@Aij 8A7;j <6Fij>_1aFij:|T
H.. = _
5772-]- 8/@-]- 8/@']' 5772-]-

ij
From definition of @;; in (2), we have

27

q,; =Piqij + Sin, (28)
where the matrix S; is defined by
-PiQij = Sin;.
Substituting (28) into (26) results in
Aj; =Gy Pigi; + GijSiny; + Hijnij.

(29)

(30)

Remark 4.2: The transformed distance A;; depends not
only on the relative distance vector q;; and the relative
orientation vector 7);; but also on the individual orientation
vector 1); of the ellipsoidal agent ¢. This dependence creates
a difficulty in designing control algorithms using a gradient
based approach in the sense that it is hard to write the
derivative of the pairwise collision avoidance function ¢;; as
a product of the gradient of individual agents ¢ and j and their
state derivatives. Later, this difficulty will be overcome by a
special design of the virtual reference trajectories with the use
of a smooth step function.

With (30), the derivative of the pairwise collision avoidance
function ¢;; is given by

Gij = Pij (Gijpiqz'j +Gijsiﬁi+Hijﬁij)7VAij > 0. (31)

The condition A;; > 0 will be guaranteed by our control
design later.

B. Lyapunov Function

Since the derivative of the pairwise collision avoidance
function ¢;; is the summation of the term gangijPiqij,
cp;jGij.S’mi, and %Hijﬁij instead of the summation of
©::Gii Pi(Qij — Gija), 1;GijSi(1i —1ia), and @} Hij(1i5 —
Mija) With 754 = 74 — 7,4, it is not possible to use
a Lyapunov function candidate as a summation of all the
pairwise collision functions and the square of all the errors
q; — qiq and m; — 1,4 for the coordination control design, see
also Remark 4.2.

To overcome the aforementioned impossibilities, we will
construct a Lyapunov function candidate as a sum of all
the pairwise collision avoidance functions ;; in (21) and
the square of all the errors (g; — gf;) and (n; — n};). The
vectors q; and 77, are considered as the virtual reference
trajectories to be designed such that lim;_,o q;(¢) = qia(?)
and limy_, o 17,(t) = 1;4(t). As such, the Lyapunov function
candidate for the coordination control design in the next
section is constructed as follows

V= ZZ%J"‘ Z( - qiy)

i=1 j=i+1
*
77id>)7

Cl( qzd)+

(m - md)Tc'z(m -
(32)



where C; and C> are symmetric positive definite matrices.
Differentiating both sides of (32) along the solutions of (31)
and recalling from (13) that ¢; = w; and 7); = w; result in

1% XE (|9F (i - gia) + =T @i )|+ (33)
[‘I’ﬂfﬁd + ‘I’szfd} )’

where we added and subtracted ¢};Gi; P;qija, ;;(GijSi +
H;;)n;,, and —cpngijﬁ;‘d to the right hand side of the equa-
tion (31) before substituting this equation into the derivative
of V. In (33), we have defined

T
Q; = [\Ilsz +Ci(q; — qi‘d)} )

T
= = [‘P%—; + Ca(ni — "ﬁd)} ;
i—1 N

T 34
Wy = {* Zs&}iGﬁPj + Z (p;jGijPi)} ; 34)
=1 =it
i—1 N "
Wy = { - Z @i H i + Z ©;(GijSi + Hu)}
=1 j=it1

C. Control law

We first deal with the terms inside the first square bracket
in the right hand side of (33). As such, to avoid a large control
effort when an agent in the group is close to the agent @
due to Property 3) of the function ¢;;, see (19), for collision
avoidance, we design a control law for w; and w; as follows:

u; = —K1W(Q) + q;y,
wi = —KoW (&) + iy,
where K7 and K, are symmetric positive definite ma-

trices. The vector W (x) denotes a vector of bounded
functions of elements of x in the sense that W(x) =
[w(x1) s w(X1)s -y w(Xn) " with x: the " element of ¥,
ie., X = [X1 s XI5 Xn]" - The function w(x) is a scalar,
differentiable and bounded function, and satisfies

1) Jw(x)| < M,

2) w(x)=0 xw(x) > 0if x # 0,

3) w(=x) = —w(x), (x —w)w(x) —ww)] >0,
)

’w;X)) < Mo, 81(;;)() x=0

(35)

if x =0,
(36)

4

ow(x)
W <
ox ‘ < Ms,

for all x € R,w € R, where M, Ms, M3 are positive
constants. Some functions that satisfy the above properties are
arctan(y) and tanh(y).

We now deal with the second square bracket in the right
hand side of (33). The terms inside this square bracket seem
to be troublesome because g;; and 7);; are nonzero in general
since we are solving the coordination tracking control problem.
Moreover, we require that 77, and n}; asymptotically tend
to the reference trajectories q;q4 and 7,4, respectively. To get
around these problems, we will design update laws q;; and
77, such that

wiigh, =0, ¥inl =0, (37)

hold for all time and such that 7}; and 1}; asymptotically tend
to g;q4 and m;4, respectively. As such, we utilize smooth step
functions to design update laws g}; and 77}, as follows:

Giy = [H h(Aij, aija, Bijs ’Yijd):| (—K1a(qjq — Gia) + Gia),
i
q;4(to) = qia(to),

Mia = {H h(Aij7 Qijd, Bija, W’ijd)] (—=K2a(nig — Mia) + Mia),
Ji
Miq(to) = Mia(to),
(38)

where K14 and Ko, are symmetric positive definite matrices.
The function h(Aij, aijd, Bijd, 'yijd) is a smooth step function
with the constants c;jq, Bijq, and ;54 chosen as:

Qija = Bij, ija < Bija < A, Yiga > 0, (39)
where b;; is chosen as in (22), and A’[j satisfies the condition
(20). Using properties of the smooth step function, the choice
of the constants «;j;, Bij, ayjq and Bijq in (22) and (39)
results in h/(Aij, Qij, ﬂij,’}/ij;hEAij, Qijd, Bijd; Yijd =0
and (1 — h(Aij, auj, Bigavij) ) h(Dij, ija, Bijas vija) = 0.
These equalities imply that (37) holds as long as A;; > 0,
which is to be guaranteed by our control design. Moreover, the
choice of the constants c;jq and B;;4 in (39) ensures that the
function h(A;j, @vija, Bija, Vija) approaches 1 whenever A
approaches a value less than 3;;. Also, it is recalled from (22)
that 3;; < min(A;’}R,éijd. Therefore, the choice of update
laws in (38) achieves our purpose: 1}, and 7}, asymptotically
tend to the reference trajectories g;q and 1,4, respectively, as
long as lim; o Aj;j(t) < f;;. This limit and the inequality
A;; > 0 will be guaranteed by our designed control input
vectors u; and w; in (35). This will be shown in the proof of
the main result.

Remark 4.3: 1) The control vectors u; and w; in (35) of
the agent ¢ are smooth and depend on only its own state and
the reference trajectory, and the states of other agents j in the
communication range of the agent ¢ due to Property 1) of the
pairwise collision avoidance function ¢;; in (19).

2) The update laws g}, and 77, in (38) ensure that when the
collision avoidance is active, the virtual reference trajectories
q;; and m,; are not updated. This implies that the control
vectors u; and w; give priority to the collision avoidance
mission or the reference trajectory tracking mission whenever
which mission is more important.

Substituting the control vectors u; and w; in (35) and the
update laws q;; and 777, in (38) into (33) results in

N
V== 4, (40)
=1
where
0; =Qf KiW () + E] Ko W (Z). (41)

On the other hand, substituting the control vectors u; and w;
in (35) and the update laws g}; and 7, in (38) into (13) results



in the closed loop system:

qi = —K1W (%) + ¢;4,

1, = —K W (E;) + 0}y,
for all © € N. We now present the main result of our paper in
the following theorem.

Theorem 4.1: Under Assumption 3.1, the smooth control
vectors u; and w; in (35) and the update laws g, and 7}, in
(38) for the agent 7 solve the coordination control objective
as long as the control design parameters K1, Ko, K14, Kog4,
C1, Cq, a;j, Bij, oujd, and B4 are chosen such that the
conditions (14), (15), (17), (22) and (39) hold. In particular,
no collisions between any agents can occur for all ¢t > ty >
0, the closed loop system (42) is forward complete, and the
trajectories g; and 7); of the agent ¢ asymptotically track its
reference trajectories q;q and 7);4, respectively, for all ¢ =
1,...,N.

Proof. See Appendix C.

(42)

V. SIMULATION RESULTS

In this section, we provide a numerical simulation to il-
lustrate the effectiveness of the proposed coordination control
design stated in Theorem 4.1. We use N = 6 ellipsoidal agents
with the geometric parameters as a; = 3 and b; = ¢; = 1 for
all ¢ = 1,..., N. The initial position and orientation of these
agents are chosen as follows:

q;(0) = —RoL;,

43
1n:(0)=1000], Vi € N, (43)
where Ry = 9, and
L;=[100], Ly=[01 0],L3 =[—-100],
¢ =[100, Lo =[01 0Ly = [~100] w

Li=[0 —-10,L;=[001], Ls=[00 —1].

The above choice of initial conditions means that all the agents
are uniformly distributed on a sphere, which is centered at the
origin and has a radius of Ry. All the agents have the same
sensing range with R; = 25.

The reference trajectories are chosen as

qiqa = RoL; + qoq,

Mia = [0 m/4d 7/4], Vi € N, )

where the common reference trajectory q.q is generated by
Goa = [1 1 1] with g,q(0) = [0, 0, 0]7. This choice implies
that the reference trajectories are angled straight lines, and that
the agents are to be uniformly distributed on a sphere, which
is centered at the common reference trajectory q,q and has a
radius of Rg.

The control design parameters are chosen as follows: K; =
K, = diag(20,20,20), K14 = Ksy = diag(2,2,2), C; =
CQ = d1ag(50,50,50), Q5 = 5, ﬂij = 1.504”', Qjjd = ﬂij?
Bija = 1.20;4. The function w(-) is chosen as arctan(-).

A calculation shows that the above initial conditions and
the above choice of control design parameters satisfy all the
conditions (14), (15), (17), (22), (39).

Simulation results are plotted in Fig.5, Fig. 6, and Fig. 7. In
Fig.5, several snapshots of the position and orientation of all

agents are plotted. The representative A}; = (ILjenjiAq;) e

is plotted in the first sub-figure of Fig.6. The control inputs
u = [ug,...,u;...,uy]’ and w = [wy,...,w;,...,wn]T are
plotted in the second and third sub-figures of Fig.6. It is clearly
seen from Fig.5 and Fig.6 that there is no collision between
any agents as indicated by Aj; > 0 for all : € N even
though the above choice of initial conditions and reference
trajectories makes the space around the origin “crowded” since
all the agents need to cross this space to track their reference
trajectories. Moreover, all the agents manage to track their

reference trajectories asymptotically as seen from the tracking
errors ¢ — ga = @1 — quds -+ 4i — Qids - qN — gna)’ and
N =4 = [M — Md, M — Mia, -, N — Mna]” in Fig.7.

Fig. 5. Snapshots of the agents’ position and orientation.
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Fig. 6. Representative Al’.‘j and control inputs.
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Fig. 7. Tracking errors.

VI. CONCLUSIONS

This paper has presented a constructive method to design
a coordination control system for ellipsoidal agents. The
tools used for the success of the coordination control de-
sign included a separation condition between two ellipsoids,
smooth step functions, and novel pairwise collision avoidance
functions. An extension of the proposed coordination control
design in this paper and those controllers designed for single
underactuated underwater vehicles in [32] to provide to a
coordination control system for a group of underactuated
underwater vehicles is under consideration.

APPENDIX A
PROOF OF LEMMA 2.1

From Fig. 2, the boundaries of the ellipsoids ¢ and j
(equations of the points w;, and wj;) coordinated in the
Opi X Ypi Zp; frame attached to the ellipsoid 7 can be de-
scribed by

B qp A7 g = 1,

Ej:qjp = —R™'(mi)ai; + R (nij)A e,
where A;, Aj;, g;;, and 7;; are defined in (3) and (6);
and @; = [cos(a;)cos(B;) cos(a;)sin(B;) sin(a;)]T with
aj € [=3,%5] and B; € [—m, 7] are auxiliary angles; and
q;» and q;;, are vectors denoting positions of the points w;
and wjy, respectively. The idea to prove Lemma 2.1 consists
of two steps: 1) transforming the ellipsoids ¢ and j to a unit
sphere and an ellipsoid; 2) calculating the distance between
the transformed sphere and the transformed ellipsoid.

1) Transformation: We transform the ellipsoids ¢ and j to
a unit sphere and an ellipsoid by the following coordinate
transformation:

din = A7 g + R (i) i),
a@p = A; g + R (mi)ai).

With the above coordinate transformation, the ellipsoids (46)
are transformed to a unit sphere and an ellipsoid as follows:

(46)

(47)

Ei: (@ +qij)" (@ + Gij) = 1,

R g (48)
Ej: g =A; R(nij)Ajo;.

Now, the ellipsoid £; has become the unit sphere E; centered
at the point O, whose coordinates are described by the
first equation in (48). The ellipsoid £; has become another
ellipsoid Ej centered at the origin of the Oy; Xp; Ys; Zp; frame,
i.e., the point Oy;.

For convenience of calculating the distance between the unit
sphere E; and the ellipsoid E;, we will rewrite the ellipsoid
E'j in an implicit form instead of parametric form given in the
second equation of (48). By squaring both sides of each row
of gj5 = A;'R(n;;)A o, then adding the results together,
we have (jbejqu = 1 where Tj is defined in (4). Hence, the
unit sphere and the ellipsoid defined in (48) can be rewritten
as

Ei: (@v+ @) (@n + @iy) = 1, (49)
E;: @, ;g = 1.

2) Distance A;;: We now calculate the distance from the
center of the unit sphere E; described by the first equation in
(49), i.e., from the point O,; to the ellipsoid E'j described
by the second equation in (49). A necessary condition for
a point @;, to be the closest point to the point O, is
that g;; — q;, is perpendicular to the tangent plane to the
ellipsoid E; at g;,. Since the surface gradient %‘Zl’) with
f(@p) == 5(@},T;@;»—1) is normal to the ellipsoid’s surface,
the algebraic condition for the closest point @) is
Of(q;p)

oqjp

qij — qjb = Kij (50)
For the point O, ,; outside the ellipsoid E;, there is only one
point on the ellipsoid whose normal points toward the point
Oysi- However, there can be as many as five other points
whose surface normals point directly away from O,g;. The
point on the ellipsoid whose normal points toward the point
Oysi corresponds to the largest root x;; of the equation (50).
Moreover, q;, must satisfy the ellipsoid equation, i.e., the
second equation of (49).
From (50), we have

@i = (Isxs + ki T;) "' aij, (51

which is substituted into the second equation in (49) results
in the equation (7).

Now the distance from the point O,; to the closest point
dj, on the ellipsoid E; described by the second equation in
(49) is given by

Aij = @i — @pll - 1, (52)
where @j;, is the solution of (50) and the second equation of
(49) with k;; being the largest root. Substituting g, in (51)
and g;; in (2) into (52) results in (1).

It is noted that after gj, is found, we can determine the
intersection point with coordinates q;; on the unit sphere
E; between the line from the point O,; to the point with
coordinates g;, and the unit sphere E;. Once we obtain the
coordinates g;, and q;, with respect to the closest distance
between the unit sphere [; and the transformed ellipsoid
Ej, the corresponding coordinates q;, and g;, with respect
to the shortest distance between the original ellipsoids E;



and E; on the original ellipsoids E; and E; can be directly
determined from (47). The actual distance between the original
ellipsoids E; and E; is ||g;, —q;s||. For a coordination control
application, the transformed distance A;; is sufficient because
from the transformation (47) we can see that A;; > 0 implies
that ||g;, — g;»]| > 0 and vice versa.

Therefore, two ellipsoids 4 and j are separated if A;; > 0,
i.e., the condition (8) must hold.

3) Solution of equations (7): We first show that the equation
(7) has a unique root on the domain of interest. Let us define

be the largest root of the equation det(Isxs + x;;T;) = 0.

ThlS is a cubic equation and can be solved for its roots
explicitly. We now observe that for any nonzero g;;, i.e.,
lgi;]| > 0, the following inequalities and limits hold:

8F(/{Z—j) 62F(I{Z‘j)

<0, = >0, Vky € (’%Ljaoo)a
6/@‘]‘ 8Hij (53)
lim Fzg (sz) 00, lim Fw(“m) -1,

/<a”~>l<a Kij—00

because the matrix T is symmetric and positive definite with
its elements given in (5). Properties of F;;(k;;) in (53) imply
that the function Fj;(k;;) is strictly decreasing from oo to —1
on the domain k;; € (niLj, 00). Therefore, the equation (7) has
a unique root on the domain of interest. Moreover, this root
is also the largest root of (7).

Given an initial value ;;(0) = niLj + € where € is a positive
constant such that F}; (55 +¢) > 0, a numerical procedure
using the Newton method to calculate the largest root x;; is
given as follows [33]:

Kij(n+1) = Kyj(n) — (54)

where F};(kij(n)) = OFi;(kis)

df@ij

— and Fij(liij(n)) =
Fij(Kis)| . —,, (ny With Fij(i;) given in (7). The algorithm
(54) pr0V1des a quadratic convergence of ;;(n) to the largest
root x;; of the equation (7), since %KJ”) is nonzero and
2? F(”LJ)

K2
in [3§ for a proof. Indeed, after the largest root x;; is found,
qjp is obtained from (51). Proof of Lemma 2.1 is completed.

O

is bounded in the domain of interest, see Theorem 1.1

APPENDIX B
PROOF OF LEMMA 2.2

We need to verify that the function h(z,«, 3,7) given in
(10) satisfies all properties defined in (9). To prove Property
1), we note from (10) that for all —co < =z < «, we have
7 <0and 1—7 > 0. Hence by (11), we have f(r) = 0 and
f(1—7) > 0, which are substituted into (10) to yield Property
1). Similarly, proof of Property 2) follows by noting from (10)
that for all 5 < x < oo, we have 7 > 0 and 1 — 7 < 0. Hence
by (11), we have f(7) > 0 and f(1 — 7) = 0, which are
substituted into (10) to yield Property 2). Property 3) holds
since for all @ < z < 8 we have from (10) that 0 < 7 < 1.
Hence f(r) > 0 and f(1 — 7) > 0 by (11). Therefore, we
have0<W}H<1f0ralla<x<ﬁand'y>0.
To prove Property 4), it is first noted that by definition of the

function f(7), see (11), f(7) +~vf(1 —7) >0 forall 7 € R
since v > 0. In addition, the interval o < = < (8 is equivalent
to the interval 0 < 7 < 1, see (10). Therefore, the function
h(zx,a, B,7) or h(r,0,1,) is infinite times differentiable for
all x € R or 7 € R. Next, we need to show that %
tends to zero when 7 tends to 0~ or 17 for an arbitrary positive
integer k, since % =0 forall 7 <0or1l<rT. For
0 < 7 < 1, we can write the function h(7,0,1,) as

h(7,0,1 = — 55
(T; ) 7’7) 1+’}/€‘£’ ( )
where ¢ = % From (55), we have
Oh(r,0,1,v) et _ 1 n 1
o€ o (T4yed)2 T 4yes (14 ye)?
= _h(Ta 07 17 ’Y) =+ hQ(Ta Oa 177)
(56)

Using (56), a calculation shows that
9*h(r,0,1,7)

e O R
Qh(7,0,1,7)) (= h(r,0,1,7) + h3(7,0,1,9)),
(57)

where Pl(T, —L-),i = 1,2 are 2k-order polynomials of 1

and -, and Q(h(7,0,1,7)) is a k — 1-order polynomial of

h(7,0,1,7). Since lim,_,o- < ; = 0 for any positive integer
m and Q(h(7,0,1,7)) is bounded by some constant (since
0 < h(7,0,1,v) < 1), it can be directly deduce from (57) the
O h(r.01y) _ O'h(r0.1y) _

otk aT B
. Bh(a:aﬁ ) 9h(r,01r )ar _
0. Property 5) holds since r = oy 1 o =

(= h(r.0,1,7) + h2(r,0,1,9)) %62 with 92 = "L,
% _ _1 and (— h(r,0,1,7) +h2(r,0,1,7)) < 0

1
sl (r—1)2>

for all 7 € (0,1). To prove Property 6), using (57) we calculate
& h(g o B:7)

limits lim,_,o- = 0 and lim,_,1+

as follows

82h(x7 a? ﬁ’ ,7) — (

o2 —h(ﬂc,a,ﬁ,y)+h2(x,a,ﬂ,7)>x

or
(5” + (1 - 2}1(13, @, 57 7))5,2) %7
(58)

2
i N A S

where &' = 5> = —= ar2
723 + ﬁ For a z* € (a,b), we have ( — h(z*,a, B8,7) +
h2(:17*,a,ﬁ,’y)) < 0. Using this information and setting
2
W ey = 0, we have from (58) that
12 1!
_ et
’y € 5/2 é‘// (59)
We now need to show that y is always positive for all z* €
(o, B). This is sufficient to to prove that £2 + ¢” > 0 and
€% —¢” > 0 for all T € (0,1). As such, after an algebraic



calculation from expressions of £ and ¢’ we have

1 2 2 T
5/2+§//:ﬁ+§+

1 T2(1 — 1)2 + (r—1)%’
¢?—¢' = ir—1)2 (272(1 —7)+ (21— 1)2>+ (60)
e,

which clearly imply that &2 + ¢” > 0 and &2 — ¢ > 0 for
all 7 € (0,1). O

APPENDIX C
PROOF OF THEOREM 4.1

A. Proof of no collisions and complete forwardness of the
closed loop system

It is seen from (40) that V' < 0. Integrating V < 0 from
to to t and using the definition of V' in (32) with ¢;; in (21)
result in

(61)

where
-1
i=

N
UOEDY

1 j=i+

N 1 N

> et + 55 ((@lt) - g(t) " Cix
j 1 =

(gi(t) = @a(t)) + (1:(8) — mu())”

(62)

and V(tg) is V(t) with ¢ replaced by to, for all ¢ > ¢y > 0.
From the condition specified in item 4) of Assumption 3.1,
Property 3) of ¢;;, and the initial values g;;(to) and n};(to)
in (38), we have the right hand side of (61) is bounded
by a positive constant depending on the initial conditions.
Boundedness of the right hand side of (61) implies that the
left hand side of (61) must be also bounded. As a result,
©i;(A;(t)) must be smaller than some positive constant
depending on the initial conditions for all £ > ¢, > 0. From
properties of ;;, see (19), A;;(t), for all (¢,j) € N and
i # j, must be larger than O for all ¢ > ¢ty > 0. This
in turn implies from Lemma 2.1 that there are no collisions
between any agents for all ¢ > t, > 0. Boundedness of the
left hand side of (61) also implies that of (g;(t) — q};(t))
and (n;(t) — mf;(¢t)) for all ¢ > t; > 0. Since we have
already proved that A;;(t) > 0, the update laws g, and 7},
in (38) imply that (g;q(t) — g;;(t)) and (n,q(t) — 0}, (t)) are
also bounded. Therefore, the closed loop system (42) with the
update laws (38) is forward complete.

B. Equilibrium set

We use Lemma 2.3 to find the equilibrium set, which the
trajectories of the closed loop system (42) tend to. Integrating
both sides of (40) gives [~ 9(t)dt < V(to), where ¥ =
ZZN:1 9¥; with ¥; defined in (41). The function ¥(¢) is scalar,
nonnegative and differentiable. The derivative of ¥(¢) along the
solutions of the closed loop system (42) using Properties 1),
2) and 4) of the function ;; in (19) satisfies |$| < M9I(t)
with M a positive constant. Therefore Lemma 2.3 results

in lim; o, ¥(t) = 0, which means that lim; ., 9;(t) = 0.
Therefore, from the expression of ¥;(¢) in (41) and properties
of the bounded function W (e) in (36), we have

Jim (€(t), Ei(t)) = 0. (63)
Hence the trajectory (g;,7;) of the agent i asymptotically
converges to the equilibrium set E, in which €;(¢) = 0 and
Ei(t) = 0.

From the expression of €2; and E;, using properties of
the pairwise collision avoidance function ;; in (19) and the
smooth step function h(A;j, ayj, Bij,7vi;) in (9) with a note
that the constants «;; and j3;; are chosen as in (22) and that the
constants «;;q and (i are chosen as in (39), the limits (63)
imply that &€ = (g,n), with g(t) = [qf (t) g3 (¢),...,qk ()]
and n(t) = [n{ (t) 03 (t),...,nL(®)]", can tend to & =
(qa,ma), with qa = [q]; @3y, qiyl" and ng =
(14 M3y -+ Mgl since @i (t) =0 at i = qia, q; = qjas
N = Mig, and n; = n;q, for all (4,5) € N and ¢ # j,
(see Property 1) of ¢;;), or tend to a vector denoted by

& = (ge;me), with . = [q]. g3, q}. )" and 9. =
mf. mi.,...,nL.]7, as the time goes to infinity, i.e., the

equilibrium sets can be E; containing £; or E. containing
&.. The vector &, is such that

Qic =0, 8ic =0, (64)

where Q,. = Q;|¢—¢, and E;. = E;|g—¢, for all i € N. Since
we have already proved that the trajectory & can approach
either the desired set =, of desired equilibrium points &4 or the
undesired set E. of undesired equilibrium points &, ’almost
globally’. The term ’almost globally’ refers to the fact that
the agents start from a set that includes the condition (17)
and that does not coincide at any point with the undesired set
=.. Hence, we need to prove that 2 is locally asymptotically
stable and that =, is locally unstable.

C. Proof of E4 being asymptotically stable
Linearizing the closed loop system (42) near &; gives
g = —Ki1Ci(qi — q;y) + dja
1 = —K2C2(ni — niy) + dja,
for all i € N, where we have used ¢j;l¢=¢, = 0 and
©iile=e, = 0, see Property 1) of the function ¢;; in (19),
with a note that the constants c;; and j3;; are chosen as in

(22) and that the constants c; ;4 and ;4 are chosen as in (39).
Moreover, linearizing the update laws (38) near &, results in

(65)

4;q = —K14(9iy — Gia) + dia:

q;4(to) = qia(to),

Mg = —Koa(Nig — Mia) + M,

Niq(to) = Mia(to),
Local asymptotic stability of the equilibrium set E; containing
&, follows from (65) and (6%) because the first time derivative
of the function Vg = 537, [I& — &i4ll® + ll€ia — &14ll?]
with &4 = (qia,mia) and &y = (q;y,m;,) along the solu-
tions of (65) and (66) satisfies V; < —2min ()\min(chl),
Amin(KZCZ); Amin(-l'{ld)a )\min(KQd))Vd with )\min(.) being
the minimum eigenvalue of the matrix e.

(66)



D. Proof of E. being unstable
Substituting (64) into the closed loop system (42) gives
¢ = — K1 (W (i) = W(Qic)) + dia,
N = — Ky (W(Ei) — W(Eic)) + ia

for all 4 € N, where we have used properties of W (e) in (36)
to have W (Q;.) = 0 and W (E;.) = 0 from the equalities
in (64). Since ;. = 0 and E;. = 0 at &, using properties
of W (e) in (36) shows that local stability of (67) at &, is
equivalent to local stability of

g = —Ki (2 — Qi) + 4jy,
M= —Ks (8, —

at £.. We now investigate stability of (68) at &..

Let N* be the set of the agents such that if the agents ¢ and
j belong to the set N* then A;;(g;;,m:,1:5) < b;; where it
is recalled that b;; is chosen as in (22). Also let N* be the
size of the set N*. For those agents in the set N*, the collision
avoidance is active. Therefore, éfd =0, for all 7 € N*, see Item
2) in Remark 4.3. Let Qijc = Qic — qjcs Mije = MNic — Mje» and
©ijc be @}, evaluated at g;; = Gije, Mi = Nic, and M;;j = Njjc.
Now, from (64) we have

Z qzj;cﬂzc =0,

(3,5) N~

(67)

(68)

(69)

which can be expanded using (64) and (34) as follows:

Z 4. (Cl + N*¢;jc¢)ijc) Qije = Z 4;;.C1};4;
(i,5)eN* (i,5)EN*
(70)

where the positive definite matrix ®;;. depending on q;jc, Mic,
and 7. is derived from (34), (27), and (1) such that (69) is
equivalent to (70).

Since we have proved that [|g;;c|| is bounded and |[|g};,||
is bounded by the choice of update laws in (38) due to
boundedness of ||g;;4|| and ||g;;q|| by assumption, the equation
(70) indicates that limAmax(cl)ﬁo(||QijCPiqujc||) = oo with
P, = P| ) and Ap,ax(C1) the maximum eigenvalue of
C';. This means “that we can choose a control gain matrix C}
such that the matrix Cy + N*¢}; . ®;;. is negative definite for
some (i,7) with 7 # j.

Let N** C N* be a nonempty set such that for all (¢,5) €
N** i # j, the matrix C| + N*gogjctlnjc is negative definite.
Since N** C N*, we have g}, = 0, for all 1 € N**,

To investigate stability of (68) at &., we consider the
following function for the agents belonging to the set N**:

[ /%% 1 —

Ve =3 > (@i — aise) "Ki (@i — @ijo)+
(i,)EN=*
e (71)

5 Z 73 = micll?,
whose derivative along the solutions of (68) is
N

- > Wie— Z Ui = N™ > Usij, (72)

(4,)EN=* (4,7) €N~

where
Wije = (qij — @ije)” (Cl + N**%C‘I)ijc) (Qij — Qije),
Ui = (0 — mie) T K2(Bi — Bie),
Uszij = (Gij — @ije)” (‘P;jq)ij - @;jcq)ijc) Qij-

We now define a set ¥ such that

U= {(qzjynz) S BT’UI S 0 U2 S 07 V(Z,]) € N**,’L 7é j7
(73)
N** .
where Uy = > °.", Uy; and U = Z(i’j)eN** Us;;. Since the

matrix C; + N *cpgjc'iI)ijc is negative definite, there exists a
positive constant p;; such that

Z PiiWije,

(i.5) EN=*

Ver 2 - (74)

in the set W defined in (73). We need to show that the set ¥
is nonempty.

For the condition U;; < 0, we can always find n; as a vector
function of gjjc, qij, Mije, Mij» and n;. for all (¢,7) € N**
and ¢ # j such that Uy; < 0. An example is 7n; = ;. for all
i€ N**,

For the condition
Uaij < 0, we first
note that the matrix
®,; is positive def- i .
inite for all q;; € Ojc
R?’, nij € R?’, and 5
1n; € R? such that
A;; > 0, for all
(4,7) e N** and i #
7. Second, we note
from Property 2) of
the function ¢;; in
(19) that ; is nega- i By
tive and equals infin-
ity when A;; = 0.

Now, let us choose a contact point Oijb, see Fig. 8, between
the agent ¢ and the agent j belonging to the set N**, ie.,
the point where A” = 0 such that the distance from O”b to
the point OW at (Xl]p, Yij pr) where (X”p, Yl]p, ZZQ() =
Qijcqijc is smallest. In Fig. 8, the O”X”, OUYL], 0i;Z;i;
axes represents the first, second, and third elements of Q;;q;;,
respectively.

Let the ball ij be centered at Oijb and have the radius
74jbc Of the distance from the center Oijb to the point OAijC.
By construction, if (gi;,m;) € Bj; with n; being satisfied
the condition Uy; < 0, the matrix Si; = (Q;;" (¢};®i; —
<p§jc<1>ijc)Qi_j1) is negative definite.

On the other hand, let B/} be the set such that if (g;;,n;) €
B;} then [Qi;(Piqij— qumc)]TQmP q;j is positive, see Fig.
8 for an illustration. Let B = B} ﬂB We can see that
B<> is nonempty if the radlus Pijbc 1s greater than 1 because
the distance between the point Oij and the point Oi]‘b equals
1. In order to have the radius 7;;,. > 1, we need the distance
czijoc from the point Oij and the point Oijc larger than 2.

Fig. 8. An unstable set.



We now show that cfijoc > 2 by choosing C; with
Amax(C1) sufficiently small. As such, from (64) we can again

N9

that limy _ (c,)—0([|QijcPicGijcl|) = oo. This means

that the set Bg is nonempty for an appropriate C;. Since
the matrix Sj; is negative definite for (gij,m;) € Bj; with
7; being satisfied the condition U;; < 0, there exists a
nonempty subset Bf;<> of Bf; such that if (qij,m) € Bf;<>
with ¢; being satisfied the condition Uy; < 0 the condition
Ua;; < 0 holds. Hence, the set ¥ is nonempty and given by
U = ﬂ(m)er Bgo. Since we have already proved that_the
matrix C1+N *gogjc@i.jc is negative definite, the function V**

in (71), its derivative V** in (74) together with the nonempty
set ¥ imply that the undesired equilibrium set E, is unstable
by Chetaev’s Theorem (Theorem 4.3 in [29]). [
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