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Abstract. The INDUCED MINOR problem is that of testing whether a
graph G can be modified into a graph H by a sequence of vertex deletions
and edge contractions. If only edge contractions are permitted, we ob-
tain the CONTRACTIBILITY problem. We prove that INDUCED MINOR is
polynomial-time solvable when G is AT-free and H is fixed, i.e., not part
of the input. In addition, we show that CONTRACTIBLITY is polynomial-
time solvable when G is AT-free and H is a fixed triangle-free graph.
We complement these two results by proving that both problems are
WI(1]-hard on AT-free graphs when parameterized by |Vi|.

1 Introduction

In this paper we study graph containment problems. Whether or not a graph
contains some other graph depends on the notion of containment used. In the
literature several natural definitions have been studied such as containing a graph
as a contraction, dissolution, immersion, (induced) minor, (induced) topological
minor, (induced) subgraph, or (induced) spanning subgraph. We focus on the
containment relations “induced minor” and “contraction”. A graph G contains a
graph H as an induced minor if G can be modified into a graph H by a sequence
of vertex deletions and edge contractions. Here, the operation edge contraction
removes the end-vertices u and v of an edge from G and replaces them by a
new vertex adjacent to precisely those vertices to which u or v were adjacent.
A graph G contains H as a contraction if H can be obtained from G by edge
contractions only. The decision problems that are to test whether a graph H is
an induced minor or a contraction of a graph G are called INDUCED MINOR and
CONTRACTIBILITY, respectively. Both problems are known to be NP-complete
even when GG and H are trees of bounded diameter or trees, the vertices of which
have degree at most 3 except for at most one vertex, as shown by Matousek and
Thomas [20]. It is therefore natural to fix the graph H and to consider only
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the graph G to be part of the input. We denote these variants as H-INDUCED
MINOR and H-CONTRACTIBILITY, respectively.

The computational complexity classifications of H-INDUCED MINOR and H-
CONTRACTIBILITY are far from being settled, although both polynomial-time
and NP-complete cases are known. In contrast, the two related problems H-
MINOR and H-TOPOLOGICAL MINOR, which are to test whether a graph G
contains a graph H as a minor or topological minor, respectively, can be solved
in cubic time for any fixed graph H, as shown by Robertson and Seymour [22]
and Grohe, Kawarabayashi, Marx, and Wollan [11], respectively. For H-INDUCED
MINOR, Fellows, Kratochvil, Middendorf, and Pfeiffer [7] showed that there exists
a graph H for which the problem is NP-complete. This specific graph H has 68
vertices and is yet the smallest H for which H-INDUCED MINOR is known to
be NP-complete. The question whether H-INDUCED MINOR is polynomial-time
solvable for any fixed tree H was posed as an open problem at the AMS-IMS-
STAM Joint Summer Research Conference on Graph Minors in 1991. So far this
question could only be answered for trees on at most seven vertices except for
one case [8]. Brouwer and Veldman [2] showed that H-CONTRACTIBILITY is NP-
complete when H is a path or a cycle on four vertices. Other polynomial-time
solvable and NP-complete cases, depending on H, can be found in [12,18,19].

Due to the notorious difficulty of solving H-INDUCED MINOR and H-
CONTRACTIBILITY for general graphs, the input has been restricted to special
graph classes. Fellows, Kratochvil, Middendorf, and Pfeiffer [7] showed that for
every fixed graph H, the H-INDUCED MINOR problem can be solved in linear
time on planar graphs. Van ’t Hof et al. [12] extended this result by proving that
for every fixed planar graph H, the H-INDUCED MINOR problem is linear-time
solvable on any minor-closed graph class not containing all graphs. Kaminski and
Thilikos [14] showed that H-CONTRACTIBILITY can be solved in cubic time for
graphs of bounded genus. Belmonte et al. [1] showed that for every fixed graph
H, the H-INDUCED MINOR and H-CONTRACTIBILITY problems are polynomial-
time solvable for chordal graphs. The H-CONTRACTIBILITY problem has also
been studied for claw-free graphs, but only partial results are known for this
graph class [9].

We consider H-INDUCED MINOR and H-CONTRACTIBILTY restricted to the
class of asteroidal triple-free graphs, also known as AT-free graphs. An asteroidal
triple is a set of three mutually non-adjacent vertices such that each two of them
are joined by a path that avoids the neighborhood of the third, and AT-free
graphs are exactly those graphs that contain no such triple. AT-free graphs,
defined fifty years ago by Lekkerkerker and Boland [17], are well studied in the
literature and contain many well-known classes, e.g., cobipartite graphs, cocom-
parability graphs, cographs, interval graphs, permutation graphs, and trapezoid
graphs (cf. [3]). All these graph classes have geometric intersection models being
extremely useful when designing polynomial-time algorithms for hard problems.
No such model is available for AT-free graphs. Recently, Golovach, Paulusma and
Van Leeuwen [10] showed that the H-INDUCED TOPOLOGICAL MINOR problem
is polynomial-time solvable on AT-free graphs for every fixed H. This problem



is to test if a graph G can be modified into a graph H by a sequence of vertex
deletions and vertex dissolutions. The latter graph operation is the contraction
of an edge incident to a degree-two vertex that is not in a triangle (cycle on three
vertices). The same authors [10] also showed that this problem is W[1]-hard when
parameterized by |Vi|.

Our Results. We show that H-INDUCED MINOR can be solved in polynomial
time on AT-free graphs for any fixed graph H. Consequently, on AT-free graphs,
all four problems H-MINOR, H-INDUCED MINOR, H-TOPOLOGICAL MINOR and
H-INDUCED TOPOLOGICAL MINOR are polynomial-time solvable for any fixed
graph H. For H-CONTRACTIBILITY, we prove that the problem can be solved in
polynomial time on AT-free graphs for any fixed graph H that is triangle-free.
We complement these results by proving that that INDUCED MINOR and CON-
TRACTIBILTY is W[1]-hard when parameterized by |Vp|. This result indicates
that we cannot expect to obtain FPT algorithms for these two problems, i.e.,
that run in time f(|V(H)|)|V(G)|°™) unless FPT=W/[1], which is considered to
be unlikely [6]. Our W[1]-hardness proofs also show that INDUCED MINOR and
CONTRACTIBILITY are NP-complete for AT-free graphs; these results were not
known before.

The celebrated result by Robertson and Seymour that H-MINOR is FPT on
general graphs [22] is closely connected to the fact that k-DISJOINT PATHS is
FPT with parameter k. To solve H-INDUCED TOPOLOGICAL MINOR on AT-free
graphs, Golovach et al. [10] considered the variant k-INDUCED DISJOINT PATHS,
in which the paths must not only be vertex-disjoint but also mutually induced,
i.e., edges between vertices of any two distinct paths are forbidden. Here we
must consider another variant, which was introduced by Belmonte et al. [1].
A terminal pair in a graph G = (V, E) is a specified pair of vertices s and ¢
called terminals, and the domain of a terminal pair (s,t) is a specified subset
U C V containing both s and t. We say that two paths, each of which is between
some terminal pair, are vertez-disjoint if they have no common vertices except
possibly the vertices of the terminal pairs. This leads to the following decision
problem, which is NP-complete on general graphs even when k = 2 [1].

SET-RESTRICTED k-DISJOINT PATHS

Instance: a graph G, terminal pairs (s1,t1), ..., (Sk, tx), and domains Uy, . .., Ug.

Question: does G contain k mutually vertex-disjoint paths Py, ..., Py such that
P; is a path from s; to t; using only vertices from U; for i = 1,...,k?

Note that the domains Uy, ..., Uy are not necessarily pairwise disjoint. If we let
every domain contain all vertices of G, we obtain exactly the DISJOINT PATHS
problem. We give an algorithm that solves SET-RESTRICTED k-DISJOINT PATHS
in polynomial time on AT-free graphs for any fixed integer k. We then use this
algorithm as a subroutine in our polynomial-time algorithms for H-INDUCED
MINOR and H-CONTRACTIBILITY. We emphasize that we can not apply the
algorithm for k-INDUCED DISJOINT PATHS on AT-free graphs [10] as a subrou-
tine for solving H-INDUCED MINOR on AT-free graphs. The techniques used in
that algorithm are quite different from the techniques we use here to solve SET-



RESTRICTED k-D1SJOINT PATHS on AT-free graphs. Moreover, when k is in the
input, k-INDUCED DISJOINT PATHS and SET-RESTRICTED k-DISJOINT PATHS
have a different complexity for AT-free graphs. Golovach et al. [10] proved that
in that case k-INDUCED DISJOINT PATHS is polynomial-time solvable for AT-
free graphs, whereas k-DISJOINT PATHS, and consequently SET-RESTRICTED k-
DISJOINT PATHS, are already NP-complete for interval graphs [21], which form
a subclass of AT-free graphs.

We use our algorithm for solving SET-RESTRICTED k-DISJOINT PATHS to
obtain one additional results on AT-free graphs. We show that we can solve
the problem SET-RESTRICTED k-DISJOINT CONNECTED SUBGRAPHS, also in-
troduced by Belmonte et al. [1], in polynomial time on AT-free graphs for any
fixed integer k. A terminal setin a graph G = (V, E) is a specified subset S; C V.

SET-RESTRICTED k-DISJOINT CONNECTED SUBGRAPHS

Instance: a graph G, terminal sets St, ..., Sk, and domains Uy, ..., Ug.

Question: does G have k pairwise vertex-disjoint connected subgraphs G, . .., Gy,
such that S; C Vi, CU;, for 1 <4 < k?

If |S;] =2 for all 1 < i <k, then we obtain the SET-RESTRICTED k-DISJOINT
PATHS problem. If U; = Vz then we obtain the k-Di1SJOINT CONNECTED SUB-
GRAPHS problem. The latter problem has been introduced by Robertson and
Seymour [22] and is NP-complete on general graphs even when k = 2 and
min{|Z4, | 2]} = 2 [13]

2 Preliminaries

We only consider finite undirected graphs without loops and multiple edges. We
refer to the textbook by Diestel [5] for any undefined graph terminology. Let G
be a graph. We denote the vertex set of G by Vi and the edge set by F¢. The
subgraph of G induced by a subset U C Vi is denoted by G[U]. We say that
U C Vi is connected if G[U] is a connected graph. The graph G —U is the graph
obtained from G by removing all vertices in U. If U = {u}, we also write G — u.
The open neighborhood of a vertex u € Vi is defined as Ng(u) = {v | wv € Eg},
and its closed neighborhood is defined as Ng[u] = Ng(u) U {u}. For U C Vg,
Ng[U] = Uyeu Nelu]. The degree of a vertex u € Vi is denoted dg(u) = |[Ng(u)l.
The distance distg (u, v) between a pair of vertices u and v of G is the number of
edges of a shortest path between them. Two sets U, U’ C Vg are called adjacent
if there exist vertices u € U and v’ € U’ such that uv’ € Fg. A set U C Vg
dominates a vertex w if w € Ng[U], and U dominates a set W C Vg if U
dominates each vertex of W. In these two cases, we also say that G[U] dominates
w or W, respectively. A set U C Vi is a dominating set of G if U dominates V.

The graph P = uy - - - uj, denotes the path with vertices uq, ..., u; and edges
w41 for i =1,... k — 1. We also say that P is a (u1, ug)-path. For a path P
with some specified end-vertex s, we write x <, y if x € Vp lies in P between
s and y € Vp; in this definition, we allow that x = s or z = y. A pair of
vertices {z,y} is a dominating pair if the vertex set of every (x,y)-path is a



dominating set of G. Corneil, Olariu and Stewart [3,4] proved the following
structural theorem.

Theorem 1 ([3,4]). Every connected AT-free graph has a dominating pair and
such a pair can be found in linear time.

Using these results, Kloks, Kratsch and Miiller [15] gave the following tool for
constructing dynamic programming algorithms on AT-free graphs. For a vertex
u of a graph G, we call the sets L;(u) = {v € Vg | distg(u,v) =i} (i > 1)
the BFS-levels of G. Note that the BFS-levels of a vertex can be determined in
linear time by the Breadth-First Search algorithm (BFS).

Theorem 2 ([15]). Every connected AT-free graph contains a dominating path
P =wug---up that can be found in linear time such that

(i) £ is the number of BFS-levels of ugp;
(i) u; € Li(ug) fori=1,....¢;
(ii1) each z € L;(ug) is adjacent to u;—q or to u; for all 1 < i <.

3 Set-Restricted Disjoint Paths and Connected Subgraphs

In this section we show that SET-RESTRICTED k-DISJOINT PATHS and its
generalization SET-RESTRICTED k-DISJOINT CONNECTED SUBGRAPHS can be
solved in polynomial time on AT-free graphs for any fixed integer k. For SET-
RESTRICTED k-D1SJOINT PATHS, we first introduce some extra terminology and
give a number of structural results. We then apply dynamic programming to solve
this problem. Afterward, we solve SET-RESTRICTED k-DISJOINT CONNECTED
SUBGRAPHS.

3.1 Structural Lemmas

Let G be a graph, and let W C V. Consider an induced path P in G. Then
VpNW and Vp \ W induce a collection of subpaths of P called W-segments, or
segments if no confusion is possible. Segments induced by Vp N W are said to
lie inside W, whereas segments induced by Vp \ W lie outside W. We need the
following two lemmas.

Lemma 1. Let P be an induced path in an AT-free graph G. Let U C Vg be
connected. Then P has at most three segments inside Ng[U].

Proof. To obtain a contradiction, assume that P has at least four segments inside
N¢g[U]. Then P has three segments Py, Ps, P3 outside Ng[U] such that for each
P;, both end-vertices of P; are adjacent to end-vertices of the segments inside
N¢[U]. Let s be an end-vertex of P, and let x;, y; be the end-vertices of P; for i €
{1,2,3}. Assume that Py, P2, P3 and their end vertices are ordered in such a way
that &1 <5 Y1 <s T2 <s Y2 <s T3 <s Y3. Let 21,20 € Ng[U], 21 <5 T1,Y3 <s 22



be the vertices adjacent to x1 and ys, respectively in P. Let 2], 25, € U be vertices
adjacent to z1, 22, respectively. We claim that z1, zo, 3 form an asteroidal triple.
Since w1, x2,x3 are vertices of different segments outside Ng[U] and P is an
induced path, x1, x2, x3 are distinct and pairwise non-adjacent. Because P is an
induced path, the (21, z2) and (22, z3)-subpaths of P avoid the neighborhoods
of 3 and 1, respectively. Finally, the path obtained by the concatenation of
the (x1,z1)-subpath of P, the path z121, a (21, z)-path in G[U], 2522 and the
(22, x3)-subpath of P avoids the the neighborhood of x5, as x5 is not adjacent
to 21, 22 and z3 ¢ Ng[U]. This gives us a contradiction. O

Lemma 2. Let P be an induced path in an AT-free graph G. Let U C Vg be
connected. Then every segment of P outside N[U| that contains no end-vertex
of P has at most two vertices.

Proof. To obtain a contradiction, assume that P has a segment P’ with end-
vertices x,y such that P’ has at least three vertices and z,y have neighbors
x1,y1 respectively in P, where x1,y; ¢ Vp/. Then x1,y; € Ng[U]. Let x9,y2 be
neighbors of z1,y; in U. We claim that x,y, z2 is an asteroidal triple. Clearly,
x,y, o are distinct and pairwise non-adjacent. The (z,y)-path P’ avoids Ng[U]
and, therefore, Ng[z2]. Because P is an induced path, z; and y; are not adjacent,
and they are not adjacent to y and x respectively. Hence xxi29 avoids Ng|y].
It remains to observe that the path obtained by the concatenation of a (z2,y2)-
path in U and yoy;u avoids Ng|x]. O

The next lemma follows directly from the property of being induced.

Lemma 3. Let u be a vertex of an induced path P in a graph G. Then P has
one segment inside Ng|u] and this segment has at most three vertices.

Let G be a graph with terminal pairs (s1,%1),... (S, tx) and corresponding
domains Uy, ..., Uy. Let {Py,..., Py} be a set of mutually vertex-disjoint paths,
such that P; is a path from s; to t; using only vertices from U; for : = 1,... k.
We say that {Py,..., P} is a solution. A solution {Pi,..., Py} is minimal if
no P; can be replaced by a shorter (s;,¢;)-path P/ that uses only vertices of U;
in such a way that Pi,...,P,_1, P/, Pit1,..., P, are mutually vertex-disjoint.
Clearly, every yes-instance of SET-RESTRICTED k-DISJOINT PATHS has a min-
imal solution. We also observe that any path in a minimal solution is induced.
We need Lemma 4, which gives some properties of minimal solutions.

Lemma 4. Let G be a graph with terminal pairs (s1,t1),...(sk,tx) and cor-
responding domains Uy, ..., Uy. Let w € U; for some 1 < ¢ < k, and let
{P1,..., Pc} be a minimal solution with u ¢ U?=1 Vp,. Then P; has at most
two segments inside Nglu]. Moreover, if P; has one segment inside Ng[u], then
P; has at most three vertices. If P; has two segments Q1 and Qo inside Nglu),
then Q1 and Q2 each has precisely one vertex, and the segment Q' outside Ng|u]
that lies between Q1 and Q)2 in P; also has one vertex.



Proof. Suppose that P; has three segments Q1,Q2, Q3 inside Ng[u]. Let z;,y;
be the end vertices of @; for j = 1,2,3. Assume without loss of generality that
1 <s, Y1 <s;, T2 <s, Y2 <s, T3 <5, y3. Clearly, we can replace the (x1,ys)-
subpath of P; of length at least four by zjuys and obtain a shorter (s;, t;)-path.
Hence, P; has at most two segments inside Ng[u]. Now suppose that a (z, y)-path
Q is a segment of P; inside Ng[u]. If @ has at least four vertices, then we replace
@ by zuy and obtain a shorter (s;,t;)-path. Finally, suppose that @Q1,Q2 are
segments of P; inside N¢[u]. Let z;,y; be the end vertices of Q; for j = 1,2. Let
also Q' be the segment outside Ng[u] that lies between @1, Q2 in P;. Assume
without loss of generality that x1 <5, y1 <s; T2 <s, y2. If one of the paths
Q1,Q2, Q" has at least two vertices, then we can replace the (21, y2)-subpath of
P; of length at least three by zjuys and obtain a shorter (s;, t;)-path. O

3.2 Dynamic programming for Set-Restricted k-Disjoint Paths

We apply dynamic programming to prove that SET-RESTRICTED k-DISJOINT
PATHS is polynomial-time solvable on AT-free graphs for every fixed integer k.
Our algorithm solves the decision problem, but can easily be modified to produce
the desired paths if they exist. It is based on the following idea. We find a shortest
dominating path ug...uy in G as described in Theorem 2. For 0 < i < ¢, we
trace the segments of (sj,t¢;)-paths inside Ng[{uo,...,u;}] by extending the
segments inside Ng[{uo,...,u;—1}] in Ng[u;] \ Ne[{uo,...,u;—1}]. Note that if
some path is traced from the middle, then we have to extend the corresponding
segment in two directions, i.e., we have to trace two paths. The paths inside
Ngluw] \ Nagl{uwo, ... ,u;—1}] are constructed recursively, as by Lemmas 3 and 4
we can reduce the number of domains by distinguishing whether u; is used by
one of the paths or not. Hence, it is convenient for us to generalize as follows:

SET-RESTRICTED 7-GROUP DISJOINT PATHS o
Instance: A graph H, positive integers pi,...,p,, terminal pairs (s],t]) for
ie{l,...,r} and j € {1,...,p;}, and domains Uy,...,U,. _

Question: Does H contain mutually vertex-disjoint paths P/, where i €
{1,...,7} and j € {1,...,p;}, such that P/ is a path from s} to ¢/ using only
vertices from U; for i = 1,...,77

Recall that the domains Uy, ..., Uy are not necessarily pairwise disjoint. Also
note that for p; = ... = p, = 1 we have the SET-RESTRICTED 7-DISJOINT
PATHS problem. We say that for each 1 < i < r, the pairs (s},t}),..., (s?", ")

(or corresponding paths) form a group. We are going to solve SET-RESTRICTED
r-GROUP DISJOINT PATHS for induced subgraphs H of G and r < k recursively
to obtain a solution that can be extended to a solution of SET-RESTRICTED
k-DISJOINT PATHS in such a way that P}, ..., PP* are disjoint subpaths of the
(si,t;)-path P; in the solution of SET-RESTRICTED k-DISJOINT PATHS. Hence,
we are interested only in some special solutions of SET-RESTRICTED r-GROUP

DisJoINT PATHS.



For r = 1, SET-RESTRICTED r-GROUP DISJOINT PATHS is the p;-DISJOINT
PaTHS problem in H[U;|. By the celebrated result of Robertson and Sey-
mour [22], we immediately get the following lemma.

Lemma 5. For r = 1 and any fized positive integer py, SET-RESTRICTED 7-
GROUP DISJOINT PATHS can be solved in O(n?) time on n-vertex graphs.

Now we are ready to describe our algorithm for SET-RESTRICTED r-GROUP
DisJoINT PATHS. First, we recursively apply the following preprocessing rules.

Rule 1. If H has a vertex u ¢ U]_,U;, then we delete it and solve the problem
on H —u.

Rule 2. If there are i € {1,...,r} and j € {1,...,p;} such that s{ and t{ are in
different components of H[U;], then stop and return No.

Rule 3. If H has components Hy,...,H; and ¢ > 1, then solve the problem
for each component Hj, for the pairs of terminals (s,¢]) such that s, € Vy,
and the corresponding domains. We return Yes if we get a solution for each

component Hj, and we return No otherwise.
Rule 4. If r = 1, then solve the problem by Lemma 5.

From now we assume that » > 2 and H is connected. Let p=p1 + ... + p,.

By Theorem 2, we can find a vertex ug € Vg and a dominating path P =
ug ... ug in H with the property that for ¢ € {1,...,¢}, u; € L; and for any
z € L;, z is adjacent to u;_y or u;, where Ly, ... L, are the BFS-levels of ug. For
1€ {O7 e ,6}, let Wz = NH[{U(), e ,ui}], W_1 = @, and Sz = NG[ui] \ Wi—l-
To simplify notations, we assume that for i > ¢, S; = 0, and S_; = (. Note
that by the choice of P, there are no edges xy € Egy with x € S; and y €
NH[{’U,Q,...,UZ‘}] lf]—Z > 2.

Our dynamic programming algorithm keeps a table for each i € {0,..., ¢},
X; C Siy1 and Y; C S;19, where | X;| < 4p,|Y;| < 4p, and an integer next; €
{0,...,r}. The table stores information about segments of (s?, t?)—paths inside
W;. Recall that each path can have more than one segment inside W;, but in
this case by Lemma 1, there are at most three such segments, and by Lemma 2,
the number of vertices of the segments outside W;, that join the segments inside,
is bounded. We keep information about these vertices in X;,Y;. If next; = 0,
then no path in the partial solution includes w;y1, and if next; = 57 > 0, then
only (5?71?;-‘)7 (55?,75?), (E?,tz?)—paths can use u;+1 (if ¢ = £, then we assume
that next; = 0). For each i, X;, Y;, next;, the table stores a collection of records
R (i, X;, Y;, next;) with the elements

{(State", RM|1 < j <r1<h<p},
where R;-L are ordered multisets of size at most two without common vertices
except (possibly) terminals sq,..., 8k, t1,...,t; of the original instance of SET-

RESTRICTED k-DISJOINT PATHS, R;L C Uj, and where each State? can have one
of the following five values:

Not initialized, Started from s, Started from t, Started from middle, Completed.



These records correspond to a partial solution of SET-RESTRICTED r-GROUP
DisJoINT PATHS for H; = H[W; U X; UY;] with the following properties.

- If State? = Not initialized, then (s”
partial solution and R = 0.

- If State? = Started from s, then sé‘ e wi, t? ¢ Vy, and R? contains one
vertex. Let R; = (f?) Then tN? € 5;_1U.S; and the partial solution contains
an (s s, j) -path.

— If Statej = Started from t, then s;‘ ¢ Vi, t? € W; and R;? contains one
vertex. Let Rh = (5?) Then §§L € S;—1US; and the partial solution contains

n (3" 57, j) path

- If Statej = Started from middle, then sh th ¢ Vp, and Rh contains two
vertices. Let R;P = (§;’,t~]) (it can happen that th = 5] ). Then sj,t?
S;_1 US; and the partial solution contains an (5" 57, ]) path.

— If State = Completed, then s] 7t;1 e W, R = (), and it is assumed that the
partial solutlon contains an (s7, t)-path.

We consequently construct the tables for i =0,...,¢. The algorithm returns
Yes if R(¢, Xy, Yy, nexty) for Xy = Yy, = () contains the record {(Statel}, RI")|1 <
j <r1<h<p,;}, where each Statej =(Completed). The tables are constructed
and updated as follows.

s}, t})-paths have no vertices in H; in the

Constructing the table for i = 0. First, we guess the collection of terminal
pairs (s J,t;b) je{l,...,r}, h € {1,...,p;}, such that the (s ],t?) paths have
vertices in Wy = Npglug]. For simplicity, assume that it holds for the pairs
(s g’, ]) wherej €{l,...,7"}and h € {1,...,p}}, v <r and each p; < p;. For
each palr ( th) of thls type we guess the first vertex 55‘ and the last vertex f?
of the (s, J) path in Wy, 8% <, o t". Note that 5" = s (i =t respectively) if
sh e Wo (t) € Wy rebpectlvely) Forj e{1,...,7"}, h e {1,...,p}}, denote by
Pjh the corresponding (5" 57, J) subpath of the bolutlon

Clearly, we can assume that these paths are induced. By Lemma 1, PJh has
at most two segments outside Wy and by Lemma 2, each of these segments
contains at most two vertices. Then the total number of the segments of paths
Pjh outside Wy is at most 2p. Because the vertices of these segments are adjacent
to the vertices of Wy, they are in S; U Sa. We guess the set X{j of at most 4p
vertices of them in S; and the set Y of at most 4p vertices of them in Ss.

Now we do guesses for ug. We decide whether ug is included in some Pjh or is
not included in any of the paths. If ug is a vertex of P]h, then by Lemma 3, Pjh has
at most three vertices. Moreover, recall that we are interested in solutions of SET-
RESTRICTED r-GROUP DISJOINT PATHS that could be extended to solutions of
SET-RESTRICTED 7-DISJOINT PATHS and conclude that by Lemma 3, A = 1 and
p;- = 1. Otherwise we discard the choice. Then we guess the set of vertices Z =
ijh. Suppose now that ug is not included in any PJh. Assume that ug € Uj. Since
we can assume that the final solution of SET-RESTRICTED r-DISJOINT PATHS
is minimal, by Lemma 4 we can guess the paths (if any) Pjh for h € {1,...,p}}



or discard the choice. Let now Z be the set of the vertices of all such paths (Z
can be empty). Observe that by Lemma 4, |Z] < 3.

Now we are ready to construct R(0, Xy, Yo, nexty) for each of these choices.
We include a record {(State!, R")[1 < j <r,1 <h < p;} in R(0, Xo, Yo, nexto)
if the following holds.

— X, € Xp and Yy C Yp.
— For State;‘ and R? ,
o if s?,t? € Wy, then State? =Completed, R? = {;
o if SSL € Wo,t? ¢ Wy, then State? =Started from s, R;-‘ = (f;-‘);
o if s? ¢ Wo,t;-‘ € Wy, then State? =Started from t, R;-‘ = (5?),
o if s? ¢ Wo,t;? ¢ Wy and j < ', h < p}, then State;-‘ =Started from mid-
dle, R;L = (5?,7}?); and
. State? =Not initialized, R;-L = () otherwise.

— If nexty = 0, then we exclude u; from all domains Uj, else we exclude u;
from domains Uj; such that nexty # j. Note that the value of newty should
be consistent with our guesses, i.e., if u; is already chosen to be included in
Pjh, then nexty = j. Then we solve SET-RESTRICTED 7/-GROUP DISJOINT

PATHS for the pairs (5?,5?), where j € {1,...,7"} and h € {1,...,p}} for
H[W, U X{ UY{]. Observe that by the choice of Z, we already guessed
the paths from one group. Hence, it remains to find the paths PJh from at
most r — 1 groups, and we do it by calling our algorithm recursively for
H[W, U X, Uyl — Z and the corresponding terminal pairs. We include the

record in R(0, Xo, Yo, nexty) if we get a Yes-answer.

Constructing the table for i > 0. We assume that R(i—1, X;_1,Y;_1, next;_1)
is already constructed. We consider each element {(State?', R;L)|1 <j<nrl<
h <pi}of R(i —1,X,_1,Y;_1,next;_1) and we then construct their successors
in R(i, X;,Y;, next;).

First, we guess the collection of terminal pairs (s?,t?), je{l,...;r}, h €
{1,...,p;}, such that the (:3;?7 t?)—paths have vertices in S;. For simplicity, assume
that it holds for the pairs (s?,t?), where j € {1,...,7"}and h € {1,...,p}}, 7" <

7 and each p; < p;. Suppose also that for j € {1,...,7"} and h € {1,...,p]},
where 7 < 7' and each p] < pjj, the (s, ")-paths have no vertices in W;_y, i.e.,
State? = Not initialized.

For j € {1,...,7"} and h € {1,...,p}}, we guess the first vertex §§‘ and
the last vertex f;? of the (s?,t?)—path in S; \ (X;-1 UYi_2), §;‘ <sh t?, (it is
assumed that Y_; = (). Recall here that the vertices of X; 1 UY;_5 are ah"ead%l

assumed to be included in paths that have vertices in W,_;. Note that §;’ =5

(f;? = t? respectively) if s? € S; (t;‘ € S, respectively). For j € {1,...,7"},
h e {1,...,p}}, denote by P]h the corresponding (§’;, f?)—subpath of the solution.
Clearly, we can assume that these paths are induced. By Lemma 1, Pjh has at
most two segments outside S; and by Lemma 2, each of these segments contains
at most two vertices. Then by Lemma 1, the total number of the segments of



paths Pjh outside S; is at most 2p”, where p” = p/+...+p!.,. Because the vertices
of these segments are adjacent to the vertices of .S;, they are in S;11 U S;412. We
guess the set X! with at most 4p” vertices of them in S; 11 \ ¥;—; and the set Y/
with at most 4p” vertices of them in S;.o.

Consider now j € {r" +1,...,r'} and h € {pj +1,...,p;}. We have the
following cases.

Case 1. State = Started from s. Then s € W;_; and the partial solution in
R(E—-1, X, 1,K 1,nemtz 1) contains a (s] ,t?) path. Recall that Rh ( ). We
guess the first vertex s and the last vertex th of the (s" s, ]) -path in S; \ (X;—1 U
Y 2), § sj =t tJ, Where sJ is adjacent to t?. Note that t? = t;‘ if t;‘ € S;. Denote
by P the corresponding (3",#")-subpath of the solution. We say that P} is
obtained by the extension from (t}).

Case 2. S’tate? = Started from t. Then th € W;_1 and the partial solution in
R(—1,X,_1,Y;— 1,next1 1) contains a (s] ,t?) -path. Recall that Rh = (~h) We
* and the last vertex th of the (s, t")- path in S;\ (X;-1 U
Yi_2), §§L < " t , where th is adjacent to Sh Note that s = 85 hif s? € S;.
Denote by Ph the corresponding ( th) subpath of the solution. We say that

guess the first vertex 5"

P] is obtalned by the extension from (s;’)

Case 3. State? = Started from middle. Then s?,t? ¢ W;_1 and the partial
solution in R(i — 1,X;_1,Y;_1,next;_1) contains a (sj ,t;l) -path. Recall that
R;‘ = (5;‘7 f;‘) in this case. We have three possibilities to extend this path.

Case 3.1. We guess the first vertex s and the last vertex th of the (s” s, J) path

in S; \ (Xio1 UYg), 8% <, h t Where <, h 8l and th is adjacent to 87

Denote by Ph the correspondlng ( th) subpath of the solution. We say that
Ph is obtamed by the eztension fmm ( "). Note that th = th if th €S

Case 3.2. We guess the first vertex s and the last vertex th of the (s” path

in S; \ (X;—1 UY;_), §? <t A;, Where th <t sj and th is adjacent to s

Denote by Ph the correspondlng ( th) subpath of the solutlon We say that

P] is obtalned by the extension from (57 h). Note that s 1f s] €S

J’ J)

() and the last vertex fh(l) of the ( sl th)-

path in S; \ (X;-1 UY;_9), Ah(l) h th( ), where fh(l) is adjacent to s . Then

Case 3.3. We guess the first vertex §;L

we guess the first vertex §; h)-path in

(1) _

h(z ) and the last vertex t ) of the (s s7,t5
Si\(X;-1UY;_9), § Ah(2) ot tv( ) , where §; h2) js adjacent to th Note that 3;

s; h if sj € S; and th(2) th if th € S;. Denote by Ph(l) Ph(z) the corresponding
Wh(1) ph(1) Ah(z) h2)
(8;7,t;7) and (3 ,tj )

P;L(l), P]h@) are obtained by the extension from (55‘

-subpath of the solution respectively. We say that
) and (f?) respectively.



Clearly, we can assume that all the paths P]h,P;l(l),Pjh@) are induced. By
Lemma 1, each path has at most two segments outside S; and by Lemma 2,
each of these segments contains at most two vertices. Then the total number of
segments of the paths PJh,Ph(l),PJhQ) outside S; is at most 2(p’ — p”’), where
p' = P/ + ...+ pl,. Because the vertices of these segments are adjacent to the
vertices of S;, they are in S; 11 U S;12. We guess the set X" of at most 4(p’ — p”)
vertices of them in S;41 \ (Yi—1 U X/) and the set ¥/ of at most 2(p’ — p”) their
vertices in S;yo2 \ Y.

Observe additionally that again by Lemma 1, it should hold that |¥;_; UX/U
X/!| < 4p; otherwise we discard our current choice.

Now we consider u;. We have two cases.

Case 1. next;—1 = 0. Then wu; is not included in any path in the partial solution.
Assume that ug € U;. Since we can assume that the final solution of SET-
RESTRICTED 7-DISJOINT PATHS is minimal, by Lemma 4 we can guess the
paths (if any) Pjh7 P;l(l), Pjh(g) for h € {1,...,p;} or discard the choice. Let now
Z be the set of the vertices of all such paths (Z can be empty). Observe that by
Lemma 4, |Z] < 3.

Case 2. next;_1 = j > 0. By Lemma 3, Pf (or Pjh(l) or P;L(Q)) has at most three
vertices. Moreover, we again recall that we are interested in solutions of SET-
RESTRICTED r-GROUP DISJOINT PATHS that could be extended to solutions of
SET-RESTRICTED 7-DISJOINT PATHS and conclude by Lemma 3, that we should
have at most one path for j; otherwise we discard the choice. Then we guess the

set of vertices Z of this path.

Now we are ready to construct R(i, X;, Y;, next;) for each of these choices.
Recall that the pairs (S’tate;'-’, IN%?) are elements of R(i — 1, X;_1,Y;_1,next;_1).
We include a record {(State;-‘,R;‘)H <j<rl<h<p}in R(i,X;,Y:, next;)
if the following holds.

— If State? =Completed, then State? =Completed, R;L = 0.
If gtate? =Not initialized and j > r’, then State? =Not initialized, R;-I = 0.
- If State;‘ =Started from s or Started from t or Started from middle and
z € ]:Z]h N S;_o, then r" +1 < 57 < 7’ and the path obtained by extension
from z is added. ~
- If State? =Started from s and R? = (f?), then
e if 7 > 7/, then State;Z =Started from s, R;? = (f?);
o if " +1 < j <7/, then if t? € 5;, then State? =Completed, R;L = (; else
if t ¢ S;, then Statel} =Started from s, Rl = (f;l)
- If State? =Started from t and R;L = (5?), then
e if 7 > 7', then State? =Started from t, R;L = (5?),
e if v 4+1<j <7/, thenif 5? € S;, then State;-l =Completed, R? = (; else
if s? ¢ S;, then State? =Started from s, R;P = (é;‘)

If State? =Started from middle and R;‘ = (5?,5?), then



e if 7 > 7', then State? =Started from middle, R;-‘ = (5?,5?);

e if 7/ +1 < j <+’ and only the path obtained by the extension from ¢/
is included in the partial solution by our guesses, then if t;-l € S;, then
State? =Started from s, R}’ = (5?), else if t;‘ ¢ S;, then State? =Started
from middle, R;L = (591,1??),

e if 7/ +1 < j <7’ and only the path obtained by the extension from 5?
is included in the partial solution by our guesses, then if s;? € S;, then
State? =Started from t, R? = (f?); else if s? ¢ S;, then State? =Started
from middle, R;-‘ = (§?,t~?);

e if " +1 < j <7’ and two path obtained by the extension from 5? and

f;b are included in the partial solution by our guesses, then if 3?715? S

S;, then State?’ =Completed, R;-” = (; else if S;L € Si,t?‘ ¢ S;, then

State? =Started from s, R;-L = (f?@)); else if s? ¢ Si,t? € S;, then
State? =Started from t, R? = (§§L(1)); else if s, t" ¢ S;, then State;-‘ =

(ERY
Started from middle, R? - (g’}(l) gh(z)).

Jj %3
— For j < 7",
o if s;‘,t? € S;, then State? =Completed, R;-L =0;
o if s;‘ € Si,t;? ¢ S;, then State?’ =Started from s, R;L = (f;?);

if 5? ¢ Si,t;’ € S;, then State? =Started from t, R;-L = (é?),

if s? ¢ Si,t? ¢ S; and j <7’ h <pl, then State? =Started from middle,
h'_ (sh Fhy.

R} = (8§,1}); and

) State? =Not initialized, R;P = () otherwise.

- X/UX/UY, C X, and YUY/ CY.

— If next; = 0, then we exclude u; 4 from all domains Uj, else we exclude ;41
from domains U; such that next; # j. Note that the value of next; should be
consistent with our guesses, i.e., if u;11 is already chosen to be included in

Pjh, then nextqg = j. Then we solve SET-RESTRICTED 7’-GROUP DISJOINT

PATHS for the pairs (§§‘7£;‘), (§?(1),f?(1)) and (§?(2),£?(2)) obtained by our
guesses, where j € {1,...,7"} and h € {1,...,p}} for H' = H[S; \ (X;—1 U
Yi_o) UX/UX/UY/UY/]. Observe that by the choice of Z, we already
guessed the paths from one group. Hence, it remains to find the paths from
at most r — 1 groups, and we do it by calling our algorithm recursively
for H' — Z and the corresponding terminal pairs. We include the record in

R(i, X;, Y, next;) if we get a Yes-answer.

Now we are ready to prove our main theorem.

Theorem 3. SET-RESTRICTED k-DISJOINT PATHS can be solved in O(nf(®)
time for n-vertex AT-free graphs for some function f(k) that only depends on k.

Proof. We apply the algorithm for SET-RESTRICTED k-GROUP DISJOINT PATHS
described above for G, p; = ... = p; = 1, terminal pairs (s},tjl) = (sj,t;), and
domains Uy, ..., Uy.



Correctness of the algorithm follows from its construction. It is sufficient
to observe that if the Yes-answer was given by the algorithm then we have
our disjoint paths. From another side, if a given instance of SET-RESTRICTED
k-D1sJOINT PATHS has a solution, then we can assume that this solution is
minimal, and in each step of the algorithm we can always make guesses that
correspond to these paths. Clearly, these choices would lead us to a Yes-answer.

It remains to prove that the algorithm runs in polynomial time for any fixed k.
To produce each R (i, X;, Y;, next;), we guess some vertices. The total number of
guesses is at most O(p;+. . .+p,). Note that initially r = kand p; = ... = pr = 1.
We call our algorithm recursively and for each recursive call, we reduce the
number of groups and we can multiply the number of pairs in a group by at
most two. Hence, p1 + ...+ p, < k25~1. If » = 1, then we solve the problem
using Lemma 5 in time g(k2*~!)n? for some function g(k) not depending on n.
Then the running time of our algorithm is O(n/*)) for some function f(k) not
depending on n. O

3.3 Set-restricted k-Disjoint Connected Subgraphs

We show that our algorithm for SET-RESTRICTED K-DISJOINT PATHS can be
applied to solve the more general problem SET-RESTRICTED k-DisJoINT CON-
NECTED SUBGRAPHS on AT-free graphs.

Theorem 4. SET-RESTRICTED k-DI1SJOINT CONNECTED SUBGRAPHS can be
solved in polynomial time on AT-free graphs for any fized integer k.

Proof. Clearly, we can assume that for i € {1,...,k}, S; C U;, and for any
je{l,... .k}, j#1i, S;nU; =0.

Observe that if G contain k pairwise vertex-disjoint connected subgraphs
G1,...,Gy such that S; C Vg, C U, for 1 <i <k, then each G; is AT-free and,
therefore, has a dominating pair (u;,v;) by Theorem 1. For each i € {1,...,k},
we guess this pair (u;,v;) (it can happen that u; = v;), and guess at most six
vertices of a shortest (u;,v;)-path P; in G; as follows: if P, has at most five
vertices, then we guess all vertices of P;, and if P; has at least six vertices,
then we guess the first three vertices z%, 2%, 22 € U; and the last three vertices
yi,y5,y5 € Ui u = o, v = y§ and 27 <4, o <u, 5 <u; Y1 <, Y5 <u, Y5 in
P;. Observe that P; is an induced path.

If we guess all vertices of P;, then we check whether P; dominates .S;, and if
it is so, then we solve SET-RESTRICTED Di1SJOINT CONNECTED SUBGRAPHS for
the graph G — (Vp, U S;) and the sets S;, j # ¢ with their domains. Otherwise
we discard our choice.

Now we can assume that for each ¢ € {1,...,k}, P; has at least six ver-
tices. We modify domains U; and sets S;: U = (U; \ Ng[{x}, 2?,y?,y3}]) U
{x} 22, 22, y1,y?,y?} and S! = U; \ Ng[{z}, 22 ,y2,y3}] for i € {1,...,k}. The
vertices of S} should be in the same component of G[U/]; otherwise we discard
our guess, since P; should dominate S;. Denote by U/’ the set of vertices of the
component of G[U/] with S; C U/".
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We claim that (z¢,%) is a dominating pair in G[U/] for i € {1,...,k}. To
show it, consider a dominating pair (x,y) in G[U/']. Any (x,y)-path P dominates
x% and yi. It follows that one vertex of the pair is in {z, 2} and another is in
{y4,y4}. It remains to observe that if z% (y4 respectively) is in the pair, then it
can be replaced by 2% (yi respectively).

It follows that any (x%,%)-path in dominates G[U!’]. We can find disjoint
(x%,y%)-paths (if exist), by solving SET-RESTRICTED k-DISJOINT PATHS for
the pairs of terminals (z%,v4) with domains U/ for i € {1,...,k}. Since by
Theorem 3, it can be done in polynomial time, and we guess at most 6k vertices,
the claim of the theorem follows. O

4 Induced Minors

In this section we consider the H-INDUCED MINOR problem. It is convenient for
us to represent this problem in the following way. An H-witness structure of G
is a collection of |Vp| non-empty mutually disjoint sets W (x) C Vi, one set for
each x € V, called H-witness sets, such that

(i) each W(x) is a connected set; and
(i) for all z,y € Vi with = # y, sets W(z) and W (y) are adjacent in G if and
only if x and y are adjacent in H.

Observe that H is an induced minor of G if and only if G has an H-witness
structure.

Theorem 5. H-INDUCED MINOR can be solved in polynomial time on AT-free
graphs for any fixed graph H.

Proof. Suppose that H is an induced minor of G. Then G has an H-witness
structure, i.e., sets W(z) C Vi for © € V. For each z € Vi, G[W(x)] is a
connected AT-free graph. Hence, by Theorem 1, G[W (z)] has a dominating pair
(Ugy V).

For each x € Vi, we guess the pair (uy, v, ) (it can happen that u, = v,), and
guess at most six vertices of a shortest (uy,v;)-path P, in G[W(z)] as follows:
if P, has at most five vertices, then we guess all vertices of P,, and if P, has
at least six vertices, then we guess the first three vertices u7, u3, u3 and the last
three vertices v, v5,v5 such that u, = uy, v, = v§ and uf <, u3 <y, U <,
V7 <y, V5§ <y, 03 in P;. Observe that P, is an induced path. We denote by
X1, X5 the partition of Vi (one of the sets can be empty), where for x € Xi,
all at most five vertices of P, were chosen, and for x € X5, we have the vertices
uf, ud, us, vy, v5,vi. Further, for each edge xy € Ex, we guess adjacent vertices
Szys Syz € Vi, where s;, € W(x) and s, € W(y). Note that the vertices s, are
not necessarily distinct, and some of them can coincide with the vertices chosen
to represent P,. Let S(z) = {szy|zy € Ex}. All the guesses should be consistent
with the witness structure, i.e., vertices included in distinct W(z) should be
distinct, and if xy ¢ Ejp, then the vertices included in W(x) and W(y) should
be non-adjacent in G.



For € X5, we check whether the guessed path P, dominates S(x), and if
it is so, then we let W’(x) = Vp, U S(z). Otherwise we discard our choice.

Recall that we already selected some vertices, and that we cannot use these
vertices and also not their neighbors in case non-adjacencies in H forbid this.
Hence, for each x € X5, we obtain the set

U:c = VG \ ((Uy€X1,zy€EH W/(y)) U (UyEXl,mygéEHNG[W,(y)])U

U (UyGXz,waEH (S(y) U {ullla uga Ug, v}f, v?QJa ”g})u
U (Uyexz\{:r},wy¢EHNG[S(y) U {u%) ugv ugv vlev ’Ug, ’Ug}]U

U Nel[{uf, uz, vy, v5}]) U{uf, ug, ug, o7, v3, 05}

Then for each z € X5, we check whether S'(z) = S(z) \ Ng[{u},u3, v, v3}] is
included in one component of G[U,]. If it is not so, then we discard our choice,
since we cannot have a path with the first vertices u{, u5, «§ and the last vertices
vf, v, v% that dominates S(z). Otherwise we denote by U, the set of vertices of
the component of G[U,] that contains S’(z). Note that (uf,v¥) is a dominating
pair in G[U]] for x € Xs. To show it, consider a dominating pair (u,v) in G[UZ].
Any (u,v)-path P dominates uj and v3. It follows that one vertex of the pair
is in {uf,u%} and another is in {v%,v§}. It remains to observe that if ug (v
respectively) is in the pair, then it can be replaced by uf (v respectively). We
solve SET-RESTRICTED |X3|-DISJOINT PATHS for the pairs of terminals (u], v§)
with domains U., for € X5. If we get a No-answer, then we discard our guess
since there are no P, that satisfy our choices. Otherwise, let P, be the (uf,v3)-
path in the obtained solution for z € X5. We let W/(z) = P, U S(x).

We claim that the sets W'(z) compose an H-witness structure. To show
it, observe first that by the construction of these sets, W'(z) are disjoint. If
zry € Epg, then as sz, € W/(x) and sy, € W'(y), W/(xz) and W'(y) are ad-
jacent. It remains to prove that if xy ¢ Eg, then W'(z) and W'(y) are not
adjacent. To obtain a contradiction, assume that W’ (z) and W’(y) are adjacent
for some =,y € Vg, ie., there is uwv € Eg with u € W/(z) and v € W/(y),
where zy ¢ Fpy. By the construction of W’(z), W'(y), =,y € Xs. Moreover,
u ¢ Ng[{u”f,u”ﬁ,vg,vg”}] orv ¢ NG[{U?{vungngg}]' Ifug¢ Ng[{ugf,ug,vg,v%}],
then we consider uf, v, u} and observe that these vertices compose an asteroidal
triple. Clearly, the (uf,v%)-path P, avoids Ng[u}], because Ng[uj] N U, = 0.
Because u ¢ Ng[{uf,u},v3,v5}], u is either in P, or adjacent to a vertex in P,
and v is either in P, or adjacent to a vertex in P, GIW'(x)UW'[y]] - Ng[uf] and
G[W'(z)UW'[y]] — Ng[vi] are connected. Hence, there are (uf,u}) and (v¥, uY)-
paths that avoid Ng[vi] and Ng[uf] respectively. By symmetry, we conclude
that if v ¢ Ng[{u¥,ul, v, v§}], then u}, vy, u] is an asteroidal triple. This con-
tradiction proves our claim.

To complete the proof, note that we guess at most 6|Vy|+2|Eg| vertices of G,
and we can consider all possible choices in time n@(Val+IPul) where n = |Vg|. If
for one of the choices we get an H-witness structure, then H is an induced minor
of G, otherwise we return No. As we can solve SET-RESTRICTED | X5 |-DISJOINT
Patas in time n/(V#) by Theorem 3, the claim follows. ad



We complement Theorem 5 as follows. A graph is cobipartite (and conse-
quently AT-free) if its vertex set can be partitioned into two cliques. Clearly,
any cobipartite graph is AT-free.

Theorem 6. The H-INDUCED MINOR problem is NP-complete for cobipartite
graphs, and W[1]-hard for cobipartite graphs when parameterized by |Vi|.

Proof. We first give a W[1]-hardness proof that also serves as an NP-hardness
proof. We reduce from the well-known W[1]-complete CLIQUE problem [6]. For
a graph G and a parameter k, this problem asks whether G has a clique of size
k. Let (G, k) be an instance of CLIQUE. Without loss of generality we assume
that k > 4. We construct the cobipartite graph G’ as follows:

e create a copy of Vi and construct a clique U on these vertices;
o for each edge uv € Eg, create a vertex e,, adjacent to all vertices of U\{u, v};
e construct the clique W = {ey, | uv € Eg}.

Now we construct the graph H:

e create a clique X of size k with vertices x1, ..., zg;

e create a clique Y with 1k(k — 1) vertices y;;, 1 <i < j < k;

o for each pair 7,5 with 1 < ¢ < j < k, make z; adjacent to y;; for h €
{1,...,k}, h #14,5.

We prove that G has a clique of size k if and only if H is an induced minor of G’.
First suppose that G has a clique {uy, ..., ut}. Then the subgraph of G’ induced
by this clique and the set of vertices {ey,.; | 1 <i < j <k} is isomorphic to H,
i.e, H is an induced subgraph of G’, and therefore an induced minor of G'.

Now suppose that H is an induced minor of G’. Let W (z) C Vg for z € Vi
be an H-witness structure. Note that because k > 4, each vertex x; € U is
not adjacent to at least three vertices of H. Since for each vertex ey, € W
dc(ews) = |Va| — 3, we find that W N (UK, W(z;)) = 0 and U_ W (x;) C U.
Suppose that U N W (y;;) # 0 for some 1 < i < j < k. Then W (y;;) is adjacent
to each set W(zy) for h € {1,...,k}, but y;; is not adjacent to two vertices of
{z1,...,2,}. This gives us a contradiction, and, therefore, Ui<;<j<sW (yi;) C
W. Now we prove that |W(z)| = 1 for z € V. To obtain a contradiction, assume
that |W(z)| > 2 for some z € V. We have two cases.

Case 1. €y, u,, €0, € W(ysj) for some 1 <i < j < k. Observe that dg(€y,u,) =
de(evyvy) = |Vi| — 3. Also for ujus # v1v2, Nglewuy) # Nalevyvy). Hence,
du(yij) > |Vu| — 2, but H has no such vertices; a contradiction.

Case 2. u,v € W(x;) for some i € {1,...,k}. Let j € {1,...,k}, j # i. Assume
without loss of generality that ¢ < j (otherwise consider further the vertex y;;
instead of y;;). The vertex y;; is not adjacent to x;,y;. Hence, W(y;;) is not
adjacent to W(x;) and W(x;), i.e., the single vertex from W in W (y,;) is not
adjacent to at least three vertices of U. It remains to observe that any vertex in
W is not adjacent to at most two vertices in U; a contradiction.



We conclude that H is an induced subgraph of G’, and, moreover, the vertices
of X are in U, and the vertices of Y are in W for the copy of H in G’. Hence,
X is a clique in G. This completes the W[1]-hardness proof.

To complete the proof of Theorem 6, it remains to observe that our W[1]-
hardness proof immediately implies NP-hardness, as CLIQUE is NP-complete and
our reduction is polynomial. O

5 Contractibility

In this concluding section we give another applications the algorithm for SET-
RESTRICTED K-DiISJOINT PATHS. We show that it can be used to obtain an
algorithm for H-CONTRACTIBILITY for the case when H has no triangles.

As with INDUCED MINOR, we represent H-CONTRACTIBILITY as a parti-
tion problem. An H -contraction witness structure of G is a partition of Vg into
|Vi| non-empty disjoint sets W(xz) C Vi, one set for each x € Vy, called H-
contraction witness sets, such that

(i) each W(z) is a connected set; and
(i) for all z,y € Vi with = # y, sets W (z) and W (y) are adjacent in G if and
only if x and y are adjacent in H.

Clearly, H is a contraction of G if and only if G has an H-contraction wit-
ness structure: H can be obtained from G by contracting the edges in each
H-contraction witness set until a single vertex remains in each of them.

Let H be an induced minor of G with the witness structure W (z) for z € Vi
such that Ugzey, W(x) is a dominating set of G. We say that the witness structure
W can be extended to an H-contraction witness structure if there is an H-
contraction witness structure W' (z), where W(x) C W'(z) C Ng[W(x)] for
x € V. We need the following lemma.

Lemma 6. Let a triangle-free graph H be an induced minor of G with the cor-
responding witness structure W(zx) for x € Vg such that Uzev, W(x) is a dom-
inating set of G. Then it can be decided in polynomial time whether W can be
extended to an H-contraction witness structure.

Proof. Let U = Vg \ Uzev, W(z). For a vertex u € U, we say that we assign u
to W(z) if we put u in W'(z). We assign vertices to the sets W’(x) recursively
using the following rules.

Rule 1. If for a non-assigned vertex u € U there is a unique « € Vg such that
u € Ng[W ()], then u is assigned to W'(z).

Let X(u) = { € Vglu € Ng[W(z)] for u € U. Now we can assume that
| X (u)| > 2 for non-assigned vertices of U.

Rule 2. If for a non-assigned v € U, |X(u)| > 3, then if H[X (u)] is a star
with the central vertex z, then we assign « to W’(x). Otherwise, we stop and
return a No-answer. To see the correctness of this rule, note that if u € W' (x),



then x should be adjacent to all other vertices of X (u). Then because H has no
triangles, H[X (u)] is a star with the central vertex x.

Now we can assume that X (u) = {x1(u), z2(u)} for non-assigned vertices of

U.

Rule 3. If for a non-assigned u € U, x1(u),x2(u) are not adjacent in H, then
we stop and return a No-answer.

Rule 4. If for u,v € U such that uv € Fg, u is not assigned and v is assigned
to W'(y), then if y ¢ Ny[z1(u)] (v ¢ Ng[ra(u)] respectively), then u is assigned
to W'(z2(u)) (to W' (x1(u)) respectively).

After this rule, it is safe to use the next one.

Rule 5. If for a non-assigned u € U, each v € U adjacent to u is assigned, then
assign u arbitrary to either W’ (x1(u)) or W’ (xa(u)).

Rule 6. If for u,v € U such that uv € Eg, u is assigned to W'(z) and v is
assigned to W'(y), then if either z # y or xy ¢ Ep, then we stop and return a
No-answer.

The remaining assignments are done as follows. Note that any non-assigned
u € U is adjacent to non-assigned vertices of U, and for any assigned neighbor
v € U, any assignment of u is safe. For each non-assigned v € U with X (u) =
{z1(u), z2(u)}, we introduce a Boolean variable z, and assume that z, = true if
u is assigned to W’ (z1(u)), and z, = false otherwise. For adjacent non-assigned
u,v € U, we define a Boolean function fu,(zy, 2,) such that fu,(zy, 2,) = true
if and only if for the assignments of u,v to W'(z;(u)), W’(z;(v)) respectively
that correspond to the values of z,, 2y, either z;(u) = z;(v) or z;(u)z;(v) € En.
Clearly, fuy(zu,2y) can be written in the conjunctive normal form where each
clause contains at most two literals. Consider the formula ¢ = Ayyea fuv (Zus 20),
where A = {uv € Eg|u,v € U and u, v are non-assigned}. Note that ¢ gives an
instance of 2-SATISFIABILITY that can be solved in linear time [16]. If we get a
solution, then we assign u according to the value of z,. Otherwise, we return a
No-answer. a

Now we are ready to prove the main theorem of this section.

Theorem 7. H-CONTRACTIBILITY can be solved in polynomial time on AT-free
graphs for any fixed triangle-free graph H.

Proof. We check whether H is a minor of G with an H-witness structure that
can be extended to an H-contraction witness structure. To do it we use the same
approach as in the proof of Theorem 5.

Suppose that H is a contraction of G. Then G has an H-contraction witness
structure, i.e., a partition W(x) for z € Vg of the set V. For each x € Vjy,
G[W(x)] is a connected AT-free graph. Hence, by Theorem 1, G[W (z)] has a
dominating pair (g, v,).

For each x € Vi, we guess the pair (u,, v,) (it can happen that u, = v, ), and
guess at most six vertices of a shortest (u,,v,)-path P, in G[W (z)] as follows:



if P, has at most five vertices, then we guess all vertices of P,, and if P, has
at least six vertices, then we guess the first three vertices u7, u3, u5 and the last
three vertices v{,v5,v%, u, = uy, vy = v§ such that uf <,, uf§ <,, u§ <,
vf <y, V5 <, vj in P,. Observe that P, is an induced path. We denote by
X1, X2 the partition of Vi (one of the sets can be empty), where for z € X7,
all at most five vertices of P, were chosen, and for x € X5, we have the vertices
uf, ug, ug,vf,v5,v5. Further, for each edge xy € Ex, we guess adjacent vertices
Szy, Syz € Vi, where s;, € W(x) and sy, € W(y). Note that the vertices s, are
not necessary distinct, and some of them can coincide with the vertices chosen
to represent P,. Let S(z) = {syy|zy € Er}. All the guesses should be consistent
with the witness structure, i.e., vertices included in distinct W (z) should be
distinct, and if zy ¢ Eg, then the vertices included in W (z) and W(y) should
be nonadjacent in G.

For z € X7, we check whether the guessed path P, dominates S(z), and if
it is so, then we let W’ (x) = Vp, U S(x). Otherwise we discard our choice.

Recall that we already selected some vertices, and that we cannot use these
vertices and also not their neighbors in case non-adjacencies in H forbid this.
For each x € X5, we then define the set

U = Ve \ (Uyexs,ayemn W' (Y)) U (Uyex, aygmn Na W' (y))U
U (Uyex, aye sy (S(y) U {uf, uy, ug, vf, v3, v3 U
U (Uyexo\{a}ayg En NalS(y) U {ui, ug, uz, v, vy, v3 HU
U NG[{uf’ UQQC’ U%, U?a;}]) U {ufv ug’ ug, Uf’ U%, U?f}

Then for each z € Xo, we check whether S'(z) = S(z) \ Ng[{uf,u3,v3,v3}] is
included in one component of G[U,]. If it is not so, then we discard our choice,
since we cannot have a path with the first vertices uf, 3, u3 and the last vertices
v, v%, v3 that dominates S(z). Otherwise we denote by U, the set of vertices of
the component of G[U,] that contains S’(z). Note that (uf,v}) is a dominating
pair in G[U/] for x € X5. To show it, consider a dominating pair (u,v) in G[UZ].
Any (u,v)-path P dominates u7 and v3. It follows that one vertex of the pair
is in {uf,u%} and another is in {v3,v5}. It remains to observe that if uj (v§
respectively) is in the pair, then it can be replaced by uf (v3 respectively). We
solve SET-RESTRICTED |X3|-DISJOINT PATHS for the pairs of terminals (u], v%)
with domains U. for x € X5. If we get the No-answer, then we discard our
guess since there are no P, that satisfy our choices. Otherwise, let P, be the
(uf, v§)-path in the obtained solution for z € X5. We let W' (z) = P, U S(x).
We claim that the sets W’(x) compose an H-witness structure. To show
it we use exactly the same arguments as in the proof of Theorem 5. Observe
first that by the construction of these sets, W'(x) are disjoint. If zy € Eg,
then as sz, € W/(z) and sy, € W'(y), W/(xz) and W'(y) are adjacent. It re-
mains to prove that if zy ¢ FEp, then W’/(z) and W'(y) are not adjacent.
To obtain a contradiction, assume that W/(xz) and W/'(y) are adjacent for
some z,y € Vy, ie., there is ww € Eg with v € W'(z) and v € W/(y),
where 2y ¢ Epy. By the construction of W'(z), W( ), &,y € X5. Moreover,

X
U¢NG[{ulvu2’U2’ }] OrU¢NG[{U17u27027 g}] ¢NG[{uf’u§vU§’U§}]7



then we consider uf,v%,u¥ and observe that these vertices compose an asteroidal
triple. Clearly, the (uf,v¥)-path P, avoids Ng[uY], because Ng[uy] N U, = 0.
Because u ¢ Ng[{uf,u},v3,v3}], u is either in P, or adjacent to a vertex in P
and v is either in P, or adjacent to a vertex in Py, G[W'(x)UW’[y]] - Ng[uf] and
G[W'(z)UW'[y]] — Ng[vi] are connected. Hence, there are (uf,u}) and (v§, uY)-
paths that avoid Ng[vi] and Ng[uf] respectively. By symmetry, we conclude
that If v ¢ Ng[{uy,uy, vy, vd}], then uY, v}, uf is an asteroidal triple. This con-
tradiction proves our claim.

Suppose now that all our guesses were correct, i.e., the chosen vertices belong
to the paths P, and the sets W (x) as it was described.

Now we claim that U,cy,, W’ (x) dominates G. Clearly, for z € X3, P, dom-
inates W(z). For © € X5, by the construction of U/, we have that W (z) C
UL U Ng[{u7,u3,v%,v3}]. Hence, W’'(x) dominates W (x). Since the sets W (x)
form a partition of Vi, the claim follows. Hence, the next step of our algorithm
is to check whether Ugzev, W'(x) is a dominating set. If it is not so, then we
discard our guesses.

Our next claim is that if the guesses were correct, then the H-witness
structure W’(z) can be extended to an H-contraction witness structure. Let
W (x) =W'(z) U (Ve \ Uzevy W (z)) N W (x)). Since W’(x) dominates W (z),
W(x) € W"(z) € Na[W'(x).

We show that W”(x) is an H-contraction witness structure. Observe that
the sets W/ (z) form a partition of Vg, and each W”(z) is connected by the
definition. To obtain a contradiction, assume that there is uv € Eg such that
ue W' (x),veW"(y), x #y and zy ¢ Eg. Note that u ¢ W(z) or v ¢ W(y).
If u ¢ W(x)orv¢ W(y), then u € W/(x) and v € W’(y), but this leads to
a contradiction, since W' is an H-witness structure. Therefore, we can assume
that w € W'(z) \ W(x) and v € W(y). Then v € W(y) \ W'(y). If € X1, then
W'(z) C W(z) and W' (z)\ W(z) = 0. Hence, z € X5. Since {uf,uf,v¥, v3} C
W(z),v ¢ Ng[{u},u}, v, v¥}US(x)], and, moreover, G[W (y)] contains a (uf, v)-
path P that avoids Ng[{uf,u,v5,v§} U S(z)]. Now we prove that uf, v, u! is
am asteroidal triple. The (uf,v§)-path P, avoids Ng(u{). If u € Vp,, then
w # uf,ul, v¥, v§ because v is adjacent to u. Then the concatenation of P, vu
and (u, uy)-subpath of P/ ((u,v%)-subpath of P, respectively) gives a (uf,u?)-
path that avoids Ng[vi] (Ng[v3] respectively). If u ¢ Vp_, then v € S(x). But
then v ¢ Ng[S(x)], a contradiction.

Using this claim, we check whether the H-witness structure W'(z) can be
extended to an H-contraction witness structure using Lemma 6. If we get an
H-contraction witness structure, then we conclude that H is a contraction of G.

To complete the proof of the theorem, note that we guess at most
6|Vi| + 2|Eg| vertices of G, and we can consider all possible choices in time
nOWValHEnD) swhere n = |Vg|. If for one of the choices we get an H-witness
structure that can be extended to an H-contraction witness structure, then H is
a contraction of GG, otherwise we return No. Since, we can solve SET-RESTRICTED
| X2|-D1sJOINT PATHS in time n/(V#D) by Theorem 3 and we can decide in



polynomial time whether an H-witness structure can be extended to an H-
contraction witness structure by Lemma 6, the claim follows. a

The join of two vertex-disjoint graphs G7 = (V1, Ey) and Gy = (Va, Es) is
the graph G; X Gy = (ViU Vs, By UEsU{uv | u € Vi,v € Va}). Van 't Hof et al.
in [12] showed that a graph G contains a graph H as an induced minor if and
only if K; X G contains K7 X H as a contraction [12]. This fact together with
Theorem 6 yields Corollary 1.

Corollary 1. H-CONTRACTIBILITY is NP-complete for cobipartite graphs, and
WI(1]-hard for cobipartite graphs when parameterized by |Vi|.

Determining the complexity classification of H-CONTRACTIBILITY on AT-
free graphs when H is a fixed graph that is not triangle-free is an open problem.
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