arXiv:2207.00346v1 [quant-ph] 1 Jul 2022

Emergent time crystals from phase-space noncommutative

quantum mechanics

A. E. Bernardini’>* and O. Bertolami®

!Departamento de Fisica e Astronomia,
Faculdade de Ciéncias da Universidade do Porto,
Rua do Campo Alegre 687, 4169-007, Porto, Portugal.
(Dated: July 4, 2022)

Abstract

It has been argued that the existence of time crystals requires a spontaneous breakdown of the
continuous time translation symmetry so to account for the unexpected non-stationary behavior of
quantum observables in the ground state. Our point is that such effects do emerge from position (§;)
and/or momentum (p;) noncommutativity, i.e., from [¢;, ¢;] # 0 and/or [p;, p;] # 0 (for i # j). In
such a context, a predictive analysis is carried out for the 2-dim noncommutative quantum harmonic
oscillator through a procedure supported by the Weyl-Wigner-Groenewold-Moyal framework. This
allows for the understanding of how the phase-space noncommutativity drives the amplitude of
periodic oscillations identified as time crystals. A natural extension of our analysis also shows how

the spontaneous formation of time quasi-crystals can arise.
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Time crystals are time-periodic self-organized structures that are supposed to emerge in
the time domain due to the spontaneous breaking of time translation symmetry [1, 2]. They
are analogous to spatial crystal lattices that are formed when the spontaneous breaking of
space translation symmetry takes place [3]. Their features have been quantum mechanically
probed in ultra-cold atoms [4, 5] and spin-based solid state [6-12] systems, through which it
has been claimed that periodically driven systems exhibit a discrete time symmetry which
corresponds to a time translation led by the period of an external driver [13, 14]. Such
plethora of follow up experiments [4-8, 12—14] suggests the emergence of novel phases of
matter [9-11] that exhibit a discrete time translation symmetry, mostly described as arising
from the breakdown of the continuous time translation symmetry, Ty = eiflt,

In fact, if a time-independent system driven by a time-independent Hamiltonian H is
prepared in an eigenstate |t,), such that H|i,) = E,|¢,), for the energy eigenvalue E,,
quantum mechanics (QM) implies that the probability density at a fixed position in the con-
figuration space is also time-independent. Nevertheless, according to the above arguments
and experiments, the existence of time crystals would admit that [I:I , P = [7}{, pn) # 0
for p,, = |¢n) (¥n], which would correspond to a spontaneous breakdown of time translation
symmetry followed by a non-stationary behavior of the eigensystem solutions.

In this letter, we argue that such a non-stationary behavior, and its straightforward
connection with time crystal properties, both emerge from position and/or momentum non-
commutativity in the phase-space.

As its inception, noncommutativity was firstly considered in the space coordinate domain
as a way to regularize quantum field theories [15]. Subsequently it appeared in the formula-
tion of string theories [16-19]. As a natural extension, the phase-space noncommutative (NC)
QM considered here [20-25] was formulated in terms of the Weyl-Wigner-Groenewold-Moyal
(WWGM) framework [26-28], which is supported by a 2n-dim phase-space that satisfies a
deformed Heisenberg-Weyl algebr, where position and momentum operators, ¢; and p;, obey

the following commutation relations,

—_
~—

45, 451 = 05, (@i, ;] = ihdij,  [Dir D] = insy, (

with ¢,7 = 1,...,d, and 7;; and 0,; identified as entries of invertible antisymmetric real
constant (d x d) matrices, ® and N, such that an equally invertible matrix, X, with ¥;; =

8ij+ 205, 1s identified if O;,my; # —h?0;5. Of course, given that 1;;, 6;; # 0, the relations



from Eq. (1) can affect the symmetries related to conserved quantities usually identified by
generic QM operators, O, for which d(O)/dt = ih~' ([H, O]) = 0.

Thus, for quantum operators identified by O — (’5({@, pi}), the central question examined
here is whether, in such NC extension of QM, the time crystal behavior emerges from the
breakdown of time translational symmetries identified by ([H, O({g, p;})]) # 0, in contrast
to the standard QM prediction, ([H, O]) = ([H, O({g,p;})])
this point, the NC algebra from Eq. (1) can be mapped into the Heisenberg-Weyl algebra

nij=0,;=0 = 0. To investigate

through the linear Seiberg-Witten (SW) transformation [18],
G = Ay Q; + Byll, pi = Cyy Q; + Dy, (2)

where A;;, B;j, C;; and D;; are real entries of constant matrices, A,B,C and D. In this

case, one recovers the algebra of ordinary QM,

from which it is straightforward to obtain the following matrix equation constraints [22],
AD” -BC” =1,,4, AB" —-BAT = h7'®, and CD” —DC” = A~'N, where the superscript
T denotes matrix transposition.

The algebra, Eq. (1), in the context of the WWGM framework [22, 23], allows for ex-
amining striking features which include putative violations of the Robertson-Schrodinger
uncertainty relation [29, 30], quantum correlations and information collapse in gaussian
quantum systems [31-35], and regularizing features in minisuperspace quantum cosmology
models [29, 36] and in black-hole physics [37, 38]. The generalized WWGM star-product,
the extended Moyal bracket and the NC Wigner function framework ensure that observables
are independent of any particular choice of the SW map [23].

To make our proposal more concrete, the 2-dim harmonic oscillator in the NC phase-space
[39] will be evaluated in order to show that time crystal patterns on quantum observables

and quantum states naturally emerge from the NC QM. Hence, let us consider the quantum

Hamiltonian,
3 PN PP 1,
Hro(G,P) = o~ + 5mw q’, (4)

on the NC “z — y” plane, with position and momentum satisfying the NC algebra, Eq. (1),

now with ¢, j = 1,2, 0;; = 0¢;; and 1;; = ne;j, where €;; is the 2-dim Levi-Civita tensor. The



map to commutative operators is given by

A On —1/2 0
- 1 — ot D
Qi = p ( h2) (qz +3 Mh@ﬂ%) ,

A on -1/2 n
I = A (1 - ﬁ) (pi - m@j%) ) (5)

in terms of the SW map,

A - N S B
G =Ai — el pi=plli+ 2k Qs (6)

which is invertible for #n # h?, and the parameters X and yu satisfying the condition

n

T = Al = ). (7)

The Hamiltonian in terms of the so-called commutative variables, Q; and II;, reads [39)]
) 2
Hyo(Q,11) = o*Q + BT + 7 ) | 6,11, (8)
ij=1
where a? = mw?\?/2+n?/(8mh2u?), 5% = p?/(2m) +mw?6? /(8R*A\?), and v = mw?8/(2h) +

n/(2mh), from which one obtains the following set of coupled equations of motion,

II; = _%<[ﬂi7 HHob = —2a” Q; — vejlly,
Q = _%<|:@z; I:]HO]> = 20°1L — ye;Q;, (9)

with @Q; = (Q;) and II; = (II;). In this case, Q = (Q1, Q) and II = (II;, II,) may be
interpreted as the dynamical variables within the WWGM formalism for which the solutions

are given by [39]

Q1(t) = x cos(Qt) cos(yt) + y cos(t) sin(vt) + g [y sin(2t) sin(yt) + 7, sin(t) cos(vyt)],

Q2(t) = y cos(Qt) cos(yt) — x cos(Qt) sin(~t) — g (7, sin(Q2t) sin(yt) — my sin(Qt) cos(vyt)],

a

II1(t) = m, cos(2t) cos(yt) + my cos(§2t) sin(~yt) 5 [y sin(Qt) sin(yt) + x sin(Qt) cos(yt)],

IIy(t) = my cos(Qt) cos(yt) — m, cos(§2t) sin(yt) + % [z sin() sin(vt) — y sin(Qt) cos(vt)], (10)

where x, y, 7, and 7, are arbitrary parameters, and

0
0 =20p = /@A~ AP+ 72 = (fw? 97 = 2 (11)



with A and p being eliminated by the constraint Eq. (7). In particular, by setting § = n = 0,
and therefore v = 0, one recovers the solutions for the 2-dim harmonic oscillator with
uncoupled x — y coordinates and 2 = w. For 6, n # 0, the above results lead to two
decoupled time-invariant quantities,

> (%Qi(t)Q + gﬂi(t)Q) = %(:ﬁ +y?) + g(wi + ),

Z EUQ% )) = TNy — YTy (12)

The meaning of the modifications introduced by the NC variables can be evinced by setting

T, = my = y/ah/2p, and * =y = /Ph/2q, so that the associated z and y translational

energy contributions can be shown to evolve as

Bi=as(§ Q02 + 202 ) = 5 (1= (1) sz, (13)

with ¢ = 1, 2, from which a typical low frequency ~-dependent beating behavior is found
[39]. Such a time-dependent periodic modification is a clear new feature of the NC harmonic
oscillator ground state associated energy'. In order to clarify the relation with the time crys-
tal behavior, one should get back to the Hamiltonian Eq. (4) and examine the contributions
of {¢1, p1} and {ga, po} to the energy and eigenstates. By identifying the associated energy

of each i-sector (i =1, 2) as

o)

2 D; 1 242

=t 4= 2 17
& =5 -+ omeg; (17)

from standard QM, one should have & = ih™'([H, &]) = 0 (with (§;) = &). However,
after recasting {¢;, p;} in terms of the SW map, Eqgs. (5)-(6), with Q, w and « constrained

! The stargenfunctions for the Hamiltonian, Eq. (8), are obtained from the stargenvalue equation,

HHO*pnl nQ(Q7H) = Enl,ng pK7n2(Qa H)'« (14)
where W (@, II) is the eigenstate associated Wigner function, from which one has [22],
w _ (=t Ll o Bro 0 0
pnlv"'Z(Q’ H) - W exp _ﬁ EQ + aH Ln1 (Q+/h) an (Q,/h) (15)

where L0 are the associated Laguerre polynomials, n; and ng are non-negative integers, and

. B -
2y = %Qz I F2 ) (LQ), 1o

ij=1

such that the energy spectrum is given by Ey, n, = h[2af(n1 +n2 + 1) +v(n1 — na)].



by Eq. (11), one obtains an unexpected non-stationary behavior for each of the energy

contributions,
n = M)y S 9vt) cos(201) — - sin(2vt) sin(204 18
&(t) = 5 Q1= (1" |/1= &5 (cos(29t) cos(226) — Lsin(2y) sin(220))  (18)

w v2 .
+Q” 1 o2 sm(27t)] } ,

from which the time crystal non-stationary behavior driven by {2 and a beating behavior
driven by v both emerge. As depicted in Fig. 1, if either 6 or n vanishes, one has Q2 = w? +~?
and

&(t) = ? {1 —(=1) [g (cos(m) cos(20t) — %si (27t) sin(QQt)> + (1 - g;) sin(m)] } .

(19)
For the arbitrary choice of /€ = 0.002, in the smaller window of Fig. 1, the energy decoupled
~-frequency NC quantum beating (dashed lines) and the externally driven Q-frequency time
crystal behavior (dotted lines) for 4t 2 0 can be clearly identified. Correspondently, Fig. 2
depicts the time derivative of the energy from which the magnitude of the time crystal
oscillating behavior can be quantified. From Eq. (18), the externally driven oscillation

amplitude, /£2/2, is modulated by a factor ~ /€.
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FIG. 1: (Color online) Dimensionless NC associated energies , (i€2)7'¢;2) (black (blue) line) as
function of Qt, for v/ = 0.002. Decoupled y-frequency NC quantum beating (dashed lines) and
Q-frequency time crystal behavior (dotted lines) for 4¢ 2 0 are identified in the zoom in window.

Due to the presumed small magnitude of v, the beating oscillations are probably difficult
to measure. Conversely, an effect can be straightforwardly identified for v < Q and ¢ 2 0
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FIG. 2: (Color online)Dimensionless time derivative, (hQ?)~'€; as function of Q, for v/ = 0.002.
The NC beating behavior is depicted by the first plot and the time crystal periodic behavior, driven
by the amplitude modulation, AyQ(= v/Q x h2?) (red line) is depicted by the second (zoom in)

plot.

implying that
HQ) 4
SOEEHIE (—1)1%(2925—1—005(2(%))], (20)

at first order in . In this case,
&(t) = (=) hyQ[1 — sin(201)] (21)

a time crystal periodic behavior with a measurable energy time derivative oscillation am-
plitude, Ay§2, driven by both the NC parameter, v, and the external oscillation frequency
O~ w.

The same effects can be encountered on the behavior of the associated Wigner eigen-
functions (time derivatives) for each i-sector of the 2-dim harmonic oscillator, as de-

picted in Fig. 3. Once again, under the perspective of the standard QM, for which



Wi (§12) (1) = Eny oy Wy o) (§12) (), one would expect that the decoupled Wigner eigen-

functions, W,,, and W,,,, written in terms of Laguerre polynomials, L2,

1
hWnl 2)((]1(2) D12 ) = hWnl@) <£1(2) (t)) = ; exp [_261(2)( )/hQ} ni(2) [451(2) (t)/hQ] ) (22>

should be stationary functions.

In fact, QM describes quantum superpositions of normalized solutions of uncoupled pairs
of two 1-dim harmonic oscillators in terms of decoupled stationary functions, h W, (& (t))
and hW,,(&(t)). However, under the NC QM perspective, given the time dependent
behavior of & 2)(t), Fig. 3 depicts the analogous non-stationary behavior in terms of,
OW,, (&1(t))/0t # 0, for ny = 0, 1 and 2, from which the highly oscillatory behavior is
also evinced. Of course, for too small values of v/Q (say v/Q < 0.002), time crystal and

NC beating patterns would be hard to measure.
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FIG. 3: (Color online) Time dependent behavior of A 0W,,, (£1(t))/0t as function of Qt, for v/ =
0.002, denoting the emergence of non-stationary behavior which is inexistent in standard QM.
Plots are for ground state (n; = 0, black solid lines), first (n; = 1, red dotted lines) and second

(n1 = 2, green dashed lines) excited states. Similar results can be obtained for 0W,, (£2(t))/0t.



Interestingly, 2-dim (or 3-dim) Bose-Einstein condensates with time crystal behavior
have, in fact, been detected through a resonance between two (or three) oscillating atom
mirrors through a configuration where the localized wave-packets are products of 1-dim
wave-packets [40, 41]. The results discussed above suggest a natural explanation for such
effect, in this case, with quasi-periodic eigenstates driven by &;, &, and ~ replacing the
1-dim wave-packets. In particular, for extended time intervals, in which the NC quantum
beating takes place, the short time scale (2-frequency periodic behavior turns into a quasi-
periodic one, due to the periodic corrections from 7-frequency driven contributions (cf. the
Supplementary Material). This suggests that a putative connection of the above results
with the spontaneous formation of time quasi-crystals from atoms bouncing between a pair
of orthogonal atom mirrors [40, 42] also deserves further investigations.

To summarize, our results show that the spontaneous breaking of time translation symme-
try featured by time crystals and their associated non-stationary behavior, which cannot be
accounted by standard QM, emerge from either position (¢) or momentum (p) noncommu-
tativity, i.e., from [g;, §;] # ife;; and/or [p;, pj] # ine;j. In such a context, one can conclude
that the NC parameters naturally drive the amplitude of periodic oscillations thought as
time crystals. Conversely, besides explaining the emergence of such unexpected properties,
the measurable oscillation amplitude oc Ay (/€2 in the dimensionless form) driven by both
the NC parameter, v, and the external oscillation frequency €2 ~ w, can be tested in order
to set bounds to the NC parameters. Even though that might require either a more complex
experimental engineering or a more elaborate set of harmonic oscillator configurations, the
ideas considered here might stimulate further discussions on such a fascinating phenomena
as time crystals.
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Supplementary Material — Emergent time crystals from phase-space noncommuta-

tive quantum mechanics

In order to exemplify how both time crystal and time quasi-crystal patterns emerges
simultaneously arise from NC QM, one should turn back to the choice of z, y, 7, and 7,
arbitrary parameters and constrain them by m, = 7, = k\/m ,and x =y = sm,
with £ and s corresponding to dimensionless phase-space coordinates; thus one can observe
the NC effects on the s — k plane.

Fig. 4, depicts the phase-space s — k Wigner function described in terms of the difference
between the NC Wigner function, m2W,,, (&1(t)) Wy, (& (1)), and the standard QM Wigner
function, w2W,,, ((s? + k%)/2) W, ((s> + k?)/2), at Qt = (x/8 ({*"-row), with ¢ from 1 to
8. The short time-scale pattern depicts the time crystal periodic behavior identified by an
external ()-frequency driven periodic rotation in the s — k plane. A larger time-scale pattern
(last row) shows that the time crystal periodic behavior is turned into a quasi periodic
behavior identified by NC ~-dependent corrections, which suppresses the Wigner function
amplitude. Hence, at a large time-scale, depending on the magnitude of the NC parameters,
amplitude suppression is converted into amplitude revival, due to the NC ~-driven quantum

beating.



FIG. 4: (Color Online) Phase-space (x-k) Wigner function described in terms of the difference between
the NC Wigner function, m2W,,, (£1(t)) Wi, (£2(t)), and the standard QM Wigner function, m2W,,, ((s? +
k2)/2) Wy, ((s* + k2)/2), at Qt = ¢x/8 (#"-row), with ¢ from 1 to 8. The BlueGreen Yellow scale runs
from 0 (blue) to 1 (yellow). Results are for v/ = 0.002, and (nq, ne) = (0, 1) (first column),(1, 1) (second
column) and (2, 5) (third column). They are amplified by a factor 10? in the first and third columns and

by a factor 10* in the second column.
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