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Path to survival for the critical branching
processes in a random environment*

Vatutin V.A.T Dyakonova E.E.}

Abstract

A critical branching process {Zx,k =0,1,2,...} in a random environ-
ment is considered. A conditional functional limit theorem for the properly
scaled process {log Zp.,0 < u < oo} is established under the assumptions
Zn > 0 and p < n. It is shown that the limiting process is a Levy pro-
cess conditioned to stay nonnegative. The proof of this result is based
on a limit theorem describing the distribution of the initial part of the
trajectories of a driftless random walk conditioned to stay nonnegative.
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1 Introduction

We consider a branching process in a random environment specified by a se-
quence of independent identically distributed random laws. Denote by A the
space of probability measures on Ng = {0, 1,2, ...}. Equipped with the metric of
total variation, A becomes a Polish space. Let ) be a random variable taking
values in A. Then, an infinite sequence

I=(Q1,Q2,...) (1)

of i.i.d. copies of @ is said to form a random environment. A sequence of
Np-valued random variables Zy, Z1, ... is called a branching process in the ran-
dom environment 11, if Z;, is independent of II and given II the process Z =
(Zo, Z1,...) is a Markov chain with

E(Zn | Lp1 =2z 11= (Q1,Q2a---)) = E(gnl +"'+§7w) (2)
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for every n > 1, z € Ng and ¢1, g2, ... € A, where £,1,&n2, ... are i.i.d. random
variables with distribution g¢,,.

In the language of branching processes Z,, is the nth generation size of the
population and @, is the distribution of the number of children of an individual
at generation n—1. We assume that Zy = 1 a.s. for convenience and denote the
corresponding probability measure on the underlying probability space by P.
(If we refer to other probability spaces, then we use notation P, E and L for
the respective probability measures, expectations and laws.)

As it turns out the properties of Z are first of all determined by its associated
random walk S := {S,,n > 0}. This random walk has initial state Sp = 0 and
increments X,, = S,, — Sp_1, n > 1 defined as

X, = log <§:y Qn({y})>a

y=0

which are i.i.d. copies of the logarithmic mean offspring number

X = log (Zy Q({y})>-

y=0

Following [6] we call the process Z := {Z,,, n > 0} critical if and only if the
random walk § is oscillating, that is,
limsup S;, = o and liminf S, = —cc.
n—00 n—00
It is shown in [6] that the extinction moment of the critical branching process in
a random environment is finite with probability 1. For this reason it is natural to
study the asymptotic behavior of the survival probability P(Z,, > 0) as n — oo.
This has been done in [6]: If
lim P (S, >0)=p€ (0,1), (3)

n—r oo

then (under some mild additional assumptions to be specified later on)

l
P(Z, > 0) ~ 0P (min (S, S1, ..., Sn) > 0) = 6 (ﬁ)p (4)
n
where [(n) is a slowly varying function and 6 is a known positive constant whose
explicit expression is given by formula (25]) below.
Let

A={0<a<l; |8 <1}V l<a<2;|f < 1}U{a=1,=0}H{a=2,5=0}

be a subset in R2. For (,3) € A and a random variable X write X € D (o, 3)
if the distribution of X belongs to the domain of attraction of a stable law with
characteristic function

Hap(t) == exp{—c|t|o‘ (1—1—2'6%‘5&11%)}, c>0, (5)



and, in addition, EX = 0 if this moment exists.
Denote Ny :={1,2,...} and let {¢,,n > 1} be a sequence of positive integers
specified by the relation

cn=inf{u>0:Gu) <n '}, 6)
where

1 u
G(u) := ﬁ/_ 2*P(X € du).
It is known (see, for instance, [I7, Ch. XVII, §5]) that, for every X € D(a, ) the
function G(u) is regularly varying with index —a. This implies that {c,,n > 1}
is a regularly varying sequence with index a™!, i.e., there exists a function iy (n),

slowly varying at infinity, such that
en =n'%l(n). (7)

In addition, the scaled sequence {S,/c,, n > 1} converges in distribution, as
n — 00, to the stable law given by (H).

Observe that if X € D («, ), then (see, for instance, [28]) the quantity p in
@) is calculated by the formula

- %,ifa=10r2 (8)
p= 5+ ﬂl—a arctan (ﬁ tan %) , otherwise.
In particular, p € (0,1).

Denote
M, := max (S1,...,5,), Lgn:= min S;, L, := Lo, =min(Sy,S1,...,5)

' k<j<n

and introduce a right-continuous renewal function
V(z) =1+ P(=S<z,M;<0), z>0, (9)
k=1

and 0 elsewhere. In particular, V(0) = 1.
The fundamental property of V' is the identity

EVz+X);z+X>0] = V(z), >0, (10)

which holds for any oscillating random walk.

It follows from (I0) that V gives rise to further probability measures P}, z >
0, specified by corresponding expectations EF. The construction procedure of
this measure is explained in [6] in detail. We only recall that if the random walk
S = (Sp,n > 0) with Sp = = > 0 is adapted to some filtration F = (F,,) and
Co,C1, - .- is a sequence of random variables, adapted to F, then for each fixed
n and a bounded and measurable function g, : R"t! = R,

Bt (g0 (Cor - Ca)] = ﬁmgn(co,...,<n>v<sn>;f:n > 0],



where E, is the expectation corresponding to the probability measure P, which
is generated by S. Under the measure P* = P the sequence Sp, Si,... is a
Markov chain with state space [0, 00) and transition probabilities

b

+ xr =
P (z,dy) V)

Pa+Xedy)V(y), =>0.

It is the random walk conditioned never to enter (—oo, 0).

We now describe in brief a construction of Levy processes conditioned to
stay positive following basically the definitions given in [I3] and [I4].

Let ©Q := D (]0,00),R) be the space of real-valued cadlag paths on the real
half-line [0,00) and let B := {B;,t > 0} be the coordinate process defined by
the equality Bi(w) = w; for w € . In the sequel we consider also the spaces
Qu :=D([0,U],R),U > 0.

We endow the spaces €2 and Qp with Skorokhod topology and denote by
F = {Fi,t >0} and by FU={F,,t € [0,U]} (with some misuse of notation)
the natural filtrations of the processes B and BY = {By,t € [0,U]}.

Let P, be the law on © an a—stable process B, a € (0, 2] started at = and
let P = Py. Denote by p = P(By > 0) the positivity parameter of the process
B (in fact, this quantity is the same as in (§))). We now introduce an analogue
of the measure P+ for Levy processes. Namely, following [12] we specify for all
t >0, A€ F; the law P} on Q of the Levy process starting at point z > 0 and
conditioned to stay positive by the equality

1 _
+ - a(l—p) :
where I {C} is the indicator of the event C.

Thus, P is an h—transform of the Levy process killed when it first enters
the negative half-line. The corresponding positive invariant function is H(z) =

a(l—p)

x .

This definition has no sense for © = 0. However, it is shown in [13] that it
is possible to construct a law PT := ]P’Sr and a cadlag Markov process with the
same semigroup as (B, {PJ,z > 0}) and such that P* (By = 0) = 1. Moreover,

Pt = P", asx ] 0,
where here and in what follows = means weak convergence.

Let P(™) be the law on Q; of the meander of length 1 associated with (B,P),
ie.

P(™ () := lim P, (‘ inf B, 20). (11)
z]0 0<u<l1

Thus, the law P(™ may be viewed as the law of the Levy process (B,P) con-
ditioned to stay nonnegative on the time-interval (0, 1) while the law P* corre-
sponds to the law of the Levy process conditioned to stay nonnegative on the
whole real half-line (0, 00).



It is proved in [13] that P(™) and Pt are absolutely continuous with respect
to each other: for every event A € F;

P+ (A) = CoE™ |1 {A} BX7P)] (12)

where (see, for instance, formulas (3.5), (3.6), and (3.11) in [14])

Cy = ILm V(en)P (L, >0) € (0,00). (13)
Hence,
Oyl =E™ {B‘f‘(l_”)] . (14)

In fact, one may extend the absolute continuity given in (I2) to an arbitrary
interval [0, U] be considering the respective space Qp instead of ; and condi-
tioning by the event info<,<y B, > 0 in (II]).

Set
S v*Q (v}
(Z52ow QUwh)

In what follows we say that
1) Condition Al is valid if X € D («, ) ;
2) Condition A2 is valid if

((a) =

ok € Np.

E (log™ C((L))Ot—ir8 < 00 (15)

for some £ > 0 and a € Ny;
3) Condition A is valid if Conditions A1 and A2 hold true and, in addition,
the parameter p = p(n) tends to infinity as n — oo in such a way that

lim n~'p = nh_)rrgo n"p(n) = 0. (16)

n—oo
Introduce two processes

log Zy., log Z,,
’HP:Z{M,OSU<OO}7 g"::{Og [t],OStﬁl}.

Cp Cn

We are now ready to formulate two main results of the paper.

The first theorem describes the initial stage of the trajectories of the critical
branching process in a random environment that provide survival of the process
for a long time:

Theorem 1 If Condition A is valid, then, as n — oo

c (H”

Zn>0,20:1>:>L+(B),

where the symbol = stands for the weak convergence in the space D ([0, 00),R)
of cadlag functions in [0, 00) endowed with the Skorokhod topology. In particular,

lim P <—10g Zy <z

n—00 Cp

Zn>0,Zg = 1> =Pt (B < 2) = CoE™ |T{B, < 2} B{*~7

for any z > 0.



Remark 1. This theorem complements Corollary 1.6 in [6], which states
that under Conditions A1 and A2

L (g"

Zn> 0,7y =1) = L (B')

as n — 0o, where the symbol = stands for the weak convergence in the space
D([0,1],R) of cadlag functions in [0, 1] endowed with the Skorokhod topology.
In particular,

lim P (10an <z

n—00 Cn

Zn > 0,20 = 1> =P (By < 2) =E"™ [I{B; < z}]

for any z > 0.
Let, for U > 0

log Z,
HPU:—{M,OSUSU}.

Cp

Corollary 2 If Condition A is valid, then, for any U > 0

£ (6"

Zn> 0,7y =1) = L* (BY) x L™ (BY)
as n — oQ.

Remark 2. f EX = 0 and VarX € (0,00) then, for any z > 0

P (B, < 2) = / e 2y = 1 — =2
0

P (B <z) = \/2/ 22e~ 24y,
T Jo

We have seen by () that the asymptotic behavior of the survival proba-
bility of the process Z is primarily determined by the random walk S, since
only the constant 6 depends on the fine structure of Z (see formula (25]) be-
low). However, one also has to take into account that the random walk changes
its properties drastically, when conditioned on the event {Z, > 0}. The next
theorem, describing the trajectories of the random walk S that provide sur-
vival of the critical process in a random environment at the initial stage of the
development of the population, illustrates this fact.

For U € (0, 00] let

and

S
v ={M,0§u§U}, Q= QF

Cp
" Spu+[(n—pU)1] " "
§p ¢ =R o<t <1y, SMi= 5

Theorem 3 If Conditions A is valid then, as n — oo

c (QP

Zn>O,Z0:1):>IL+(B).



Remark 3. This theorem complements Theorem 1.5 in [6], which states
that under Conditions A1 and A2

c (3"

Zn> 0.7 =1) =L (BY) (17)
as n — o0.

Corollary 4 If Condition A is valid, then for any U > 0

£((ep.sm

Zn>0,Zy=1) = L* (BY) x L™ (BY)
as n — Q.

The usage of the associated random walks to study branching processes in
random environment has a long history. It seems that Kozlov [I9] was the first
who observed that to investigate properties of the critical branching processes
in random environment it is convenient to use ladder epochs of the associated
random walks. This fact has been used in various situations for the case of
the associated random walks with zero or negative drift and finite variance of
increments (see [1], [2],[3], [, [5] [I8)], [20] and [22]). The first steps to overcome
the assumption of a finite variance random walk in the driftless case were taken
in [16] and [24]. In recent years papers [6], [7], [8], [9], [1I], [26] and some
others provide a systematic approach to the study of branching processes in
random environment under rather general assumptions on the properties of the
associated random walk (see, surveys [23] and [25] for a detailed exposition).

2 Auxiliary results

We will use the symbols K, K1, Ko, ... to denote different constants. They are
not necessarily the same in different formulas.

2.1 Properties of the associated random walk

To prove the main results of the pepar we need to know the asymptotic be-
havior of the function V(z) as x — co. The following lemma gives the desired
asymptotics.

Lemma 5 (compare with Lemma 13 in [27] and Corollary 8 in [13]) If X €
D (a, B) then there exists a slowly varying function lo(z) such that

V(x) ~ 2Py () (18)
as T — 00.

Our next result is a combination (with a slight reformulation) of Lemma 2.1
in [6] and Corollaries 3 and 8 in [15]:



Lemma 6 If X € D(a, ), then there exist positive constants K, K1 and K
such that, as n — oo

P(L, > —w)~ V(WP (L, >0)~ KV(w)nti(n) (19)
uniformly for 0 < w <K ¢y, and
P (L, > —w) < K;V(w)n”"t(n) < KoV (w)P (L, >0), w>0,n>1. (20)
For further references we prove the following simple statement.

Lemma 7 Let A, CR, n € N, be a family of subsets and let b, (z), n € N, be
a sequence of functions such that, for any fized sequence {a,,n € N} such that
an € Ay for allm € N

lim by (a,) = 0. (21)

n—oo

Then
lim sup |b,(a)| = 0.
n—o0 4cA,

Proof. Assume that the conclusion of the lemma is not true. Then, there
exists € > 0 such that for all N there exist n(N) > N and a,y) € A, () such
that

[brv) (an())| = &

This, clearly, contradicts (Z1).

The lemma is proved.

In the sequel we agree to consider the expressions of the form lim A(p,n) or
lim sup A(p, n) without lower indices as the lim or lim sup of the triangular array
{A(p,n),p > 1,n > 1} calculated under the assumption pn=! — 0 as p,n — oc.
We also write a,, < by, if lim,,—, 0 @y, /by, = 0.

Let ¢1 : Q1 — R be a bounded uniformly continuous functional and {e,,,n € N}
be a sequence of positive numbers vanishing as n — oc.

Lemma 8 If Condition Al is valid then
Ef¢1(8") |Ln > —2] = E™ [61(8Y)] (22)
as n — oo uniformly in 0 <z < egpcp,.

Proof of Lemmal|[8l It was shown in Theorem 1.1 of [14] that, given Condi-
tion Al convergence (22]) holds for any sequence x = x,, meeting the restriction
0 <z, < ¢, asn — co. This and Lemma [ with A,, := {0 < a2 < e,¢,} imply
the desired statement.

Now we are ready to demonstrate the validity of the following result.

Lemma 9 If Conditions Al and {I8) are valid then, for U > 0 and any r > 0

£((eh.sm

Ly > —r) = L* (BY) x L") (B')

as n — 0.



Proof. Consider the processes S¥™ and §¥™,0 < k < n, given by
Sin ~ 1
St o= TR G5 e — (Sjug) = Sjagan) s 0SS L. (23)

Clearly, . .
St =814 8%

Let 8* := {S},n > 0} be a probabilistic and independent copy of the random
walk S = {S,,,n > 0} and
n [ Sln-pty
L; :=min(Sg,S7,...,S;), (8, = {7,0 <t< 1}.

Cn

For a fixed N > 0 set

0 if x < N~L
Nz—1 if ze(N-12N71),
Iy(x) := 1 if 2N !<a<N,
N+1—a2 if N<z<N+1,
0 if x>N+1,

and let
¢:QU—>Rand¢1:§21—>R

be two continuous and bounded functionals.
Then, for fixed positive U and N and pU = ne,,, wheree > ¢, | 0 as n — oo,
we have (with a slight abuse of notation)

E [(b(QpU)IN (SCLU> ¢1(S");Ly > —r

P

- [¢(QPU)IN <SCLU> H{Lyy 2 =r} B [61 (S +8") TH{Li 2 =S = 1}] |

P

Here and in what follows we agree to consider pU and n — pU as [pU] and
[n — pU], respectively. Since c,/c, — 0 as n — oo, it follows that, given

LpU Z T
S S
So g <_U> L 0as.
Cn Cp

and SPY™ vanishes as n — co. This observation, Lemma [ and the continuity
of ¢1 imply

E [(;51 ((8")5 + 8" Loy > =Spu — r] — E™ [y (BY)]

as n — oo uniformly for 0 < S,y < Ne¢p < ¢, On the other hand, by (19),
(@3), @) and properties of regularly varying functions (see, for instance, [21])



we deduce, as p,n — oo:
P(L:; pU> SpU—’I”)IN (SC;DU) ~ V( pU IN (%l)
P
V( (S—U> x V(cp)P (Lyn > 0)

Spu CoP (Ln, 2 0)
) P sy

N (SLU) (1= P>IN (s )COP(L > 1),

Cp p P(L,>—-r)

Hence we get after evident but awkward transformations that, as p,n — oo

E [¢(Q’,}) b1 (S™) In (SCLPU> L, > _r]

a(l-p)
¢ (Q7) (SLU> In (ﬁ) |Lpr > —7“] :
Cp Cp

By Theorem 1.1 of [14], as p — oo

a(l—p)
E |6(Qh) <@) Iy <S’l) |Lpv > —r]
Cp Cp

—E [¢(8Y) By I (Bu)| =E* [0 (BY) I (Bu)] .
Thus, under Conditions A1 and (I6)
lim E {¢(QP)IN (SC”U) ¢1(S™) | Ly, > —r]
= CoE™ [¢ (BY) Iy (Bu)] x EM™ [¢1(BY)] .

~ CoE™ [y (B1)]| E

P

Letting now N — co we get
£((Qh.sm

for any U > 0.
The lemma is proved.

Corollary 10 If Conditions Al and (I8) are valid then
(e

Lnz —1) = L* (BY) x L") (BY)

w2 -1) =L (B)
asn — oo.
Proof. It follows from Lemma [9 that
£(Qh|Ln = —r) =L+ (8Y)

for any U > 0. This fact combined with Theorem 16.7 in [I0] completes the
proof of the corollary.

10



3 Conditional limit theorem

For convenience we introduce the notation
Ays. =4{Z, >0 for all n >0}
and recall that by Corollary 1.2 in [6], @) and (3]

0C
~ > ~ —(1-p) ~ 0
P (Z, > 0) ~ 6P (L, >0) ~ n I(n) (o) (24)
as n — 0o, where
0=> E[P} (Au.);m =kl. (25)
k=0

Let

Lk = min Sk i — Sk
n 0<j<n—k ( +Jj )

and let Fj, be the c—algebra generated by the tuple {Zy, Z1, ..., Zi; Q1, Q2, ..., Qi }
(see (). For further references we formulate two statements borrowed from [6].

Lemma 11 (see Lemma 2.5 in [0]) Assume Condition Al. Let Y1,Ya,...be
a uniformly bounded sequence of real-valued random wvariables adapted to the

filtration F = {]}k,k € N}, which converges PT-a.s. to some random variable
Y. Then, as n — oo

E[Y,|L, > 0] = ET[Ya].

Denote
Tp:=min{j: S; = L,}. (26)

Lemma 12 (see Lemma 4.1 in [6]) Assume Conditions A1 and let | € Ny.
Suppose that (1,Co, ... is a uniformly bounded sequence of real-valued random
variables, which, for every k > 0 meets the equality

E [Cn; Zp1 >0, ﬁk,n >0 |]‘~—k} =P (L, 20) (Chyoo +0(1)) , P-a.s. (27)
as n — oo with random variables (1,00 = (1,00 (1), Choo = (2,00 (1) ;... Then

E[(w; Z,+1 >0 =P (L, >0) (ZE [Chooos T = K] + 0(1))

k=0

as n — 0o, where the right-hand side series is absolutely convergent.

For U >0and g <p, pU<nlet

xFP o = {XPP = e~ Satlur—a)l Zyt o) 0 Su< U},
oL P — o= Satlur—a
XP o = {XPP = St Z 0 o1 0 < u < oo}
it =Y = e e 2y, 0 S E < T, PP = YR

The next statement is an evident corollary of Theorem 1.3 in [6] and we give
its proof for completeness only.

11



Lemma 13 Assume Conditions Al and A2. Let (q1,p1),(q2,p2),... be a se-
quence of pairs of positive integers such that g, < p, asn — oo. If p, K n
then, for any U > 0

L((XgPn Y™y (|2, > 0,20 = 1) = L ((Wu, 0<u<U),(W, 0<t< 1))
as n — 0o, where
P(Wu:VT/t:V[/,OgugU,Ogt§1>:1 (28)
for some random variable W such that
PO<W<o)=1.

Proof. We follow (with minor changes) the line of proving Theorem 1.3
in [6]. According to Proposition 3.1 in [6] there exists a strictly positive and
finite random variable W such that, as n — oo

ez, Wt Ptas. (29)

and
{Wt >0} ={Z,>0foralln} Pt-as. (30)

Fix U > 0 and let ¢ be a bounded continuous function on the space Qy =
D ([0,U],R) of cadlag functions and let ¢; be a bounded continuous func-
tion on the space €. For s € R let Wy = {W;:,0<u <U} and W =
{Wts, 0<t< 1} denote the processes with constant paths coinciding (formally)
within the time-interval [0, min {U, 1}]:

We = e *WH, 0<u<U, W= e W, 0<t<l1.
It follows from (29) that, for fixed s € R the two-dimensional process
(e—ngnxpn,e—Sygnvn)

converges, as n,p, — oo with ¢, < p, < n, to (W,SJ,WS) in the metric of
uniform convergence and, consequently, in the Skorokhod metric on the space
Qu x Q1 PT-as., and

Kn = (e X5 " )dr(e Vi) (Zn > 0)
= Koo := oWH o WHI{WT >0} P —as.

For ¢ < p <n and z € Ny define

P(z,8,q,p,n) = E.[op(e*XE)p1(e *V5"); Zp > 0, Ly, > 0]
= E.[p(e *XF")p1(e V5™ (Zy > 0) |Lp, > O]P (L, >0).

Since K, — Ko Pt—a.s. as n — oo, it follows from Lemma [IT] that

U(2,8,4n, P, ) =P (Ln > 0) (EX[o(WV5)o1(0V*); W > 0] +o(1)) -

12



Observe now that, for k < ¢ <p<n
E[p(e *XF")p1(e *VI™); Zy > 0, Ly > 0 | Fii] = 9(Zk, Sk, gk, p—k,n—k).
Therefore, we may apply Lemma [I2] to the random variables

o = G(e™* X" P )pr (e V") I{Zn > 0}

and
Groo = B[00V )61 0VZ);: W > 0]
with [ = 0.
Using (24) we get

E[gp(X2 ") (V™) | Zy > 0] — /(b(m)gbl(n) A(dmxdn) as n — oo,

where A is the measure on the product space of cadlag functions on Qy x 4
specified by

A(dmxdn) :=

1 o0
J > E[Az,.s, (dmxdn); Z, > 0,7, = k|
k=0

with 3
A s(dmxdn) = PIW§ € dm,WV° € dn, Wt > 0.

By (B0) the total mass of A, 4 is equal to P} (Z, > 0 for all n > 0). Therefore,
the representation of § in (28] shows that A is a probability measure. Again
using (B0) we see that A, s is concentrated on strictly positive constant functions
only. Hence, the same is true for the measure .

Lemma [I3] is proved.

Corollary 14 Assume Conditions Al and A2. Let (q1,p1),(q2,p2),... be a
sequence of pairs of positive integers such that q, < p, < n and ¢, — 0 as
n — co. Then

L(XPr |Z, >0,Z0=1) = L({W,, 0<u<o0}).
Proof. We know that
E(Xgmpn |Zn > O,ZO — 1) — E({Wu, 0 S U S U})

as n — oo. for any U > 0. This and Theorem 16.7 of [10] complete the proof of
the corollary.
Proof of Theorem [3l Let U > 0 be fixed. Consider the processes

Qgp:{sgvp,ogugU},Q%p:{S’Z’p,OSuSU}, 0<gq<pl,
given by

Sipu - 1
gov .= 2N e (G~ Spuing), 0 <u< U (31)



Clearly, }
Q= QY + 0.
Take k,1 > 0 with £ + 1 < pU. We may decompose the stochastic process
QY as
b= Qp T+ O

Let ¢ be a bounded continuous functional on . Define
w(m,r) = Elp(m + QF ) Liin > ]

for m € D[0,U] and r > 0. If p,n — oo in such a way that pn=! — 0 then,
according to Corollary [0

c ({S’;va,o <u< oo} \ikﬂm > _r) — L ({B,0 < u < 00})

for each fixed pair k and . Hence, if the cadlag functions m? € Qy converge
uniformly to the zero function as p — oo, then, given (I0)

Y(mP,r) = P (Lo = —1) (ET [¢(BY)] +0(1))
= V()P (L, >0)(E™ [¢(BY)] + (1)),

as p,n — oo, where for the second equality we have applied ([3). Using the
representation

{Lim >0} ={Lpsrs > 0y N {Lrs1n > —(Sket — Sk)} (32)

and taking into account that Q’f]Jrl’p converges uniformly to zero P-a.s. as

p — oo, we have under Condition A:
E [éf)(Q?]) i Zpt > 0, L >0 | ]'—kH]
P (Qlfjﬂ’p, Skt — Sk) I {Zk+l >0, Ly gy > 0}

= V(Skpi — Sk)P (Ln > 0) (ET [¢(BY)] + o(1))] {ZW >0, Lipss > o} P-a.s.
(33)

This representation combined with (20) and ([B2) allows us to deduce the chain
of estimates

E[(Q0); Zkt1>0,Lyn > 0| fk+z]’ < sup[¢|P (fik,n 20| fk+z)
= sup|¢| P (ikJrl,n > —(Skqr — Sk) | ]:k+l) I{f/k,kJrl > 0}
< K V(Skst — So)P (Lo gegsy) > 0) T {fik,w > o} P as.
for some K; > 0. Observe now that according to (I0)

E[V(Sk+l — Sk); f/k,kJrl >0 | ]'—k] = V(O) < o0 P —as.
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Hence, using the dominated convergence theorem, (1)) and the definition of P,
we obtain by (B3] that

E[¢(Q)); Zkwt > 0, Ly > 0| Fi] = (ET [¢(BY)] +0(1))P (L, > 0)
X E[V(Sk_;,_l — Sk); Zk+l > Oa-i/k,k-i‘l >0 | ]:k]
= (ET [¢(BY)] +0o(1))P (L, > 0)P} (Z,>0) P-as.

Applying Lemma 2 to ¢, = ¢(Q¥,) with n > p = p(n) — oo yields
E[QS(QZ[})v Z‘rn-H > 0]

:(EJFM(BU)}_" o(1))P (L, > 0) ZEP+ (Z; > 0);1 = k]
k=0
Therefore,
P (Zr41>0) ~ P(L,>0)Y E[P} (Z >0);7% = k] (34)
k=0

as n — 0o, where the right-hand side series is convergent. Observe that

[E* [¢(BY)] P (Zy > 0) — E[p(Q}): Zn > 0]

< |E* [¢(BY)] P (Z, > 0) — E[¢(Q]) ; Zr, 11 > 0]|
+ sup|¢| E[I {Zy > 0} — [ {Z,, 11 > O}

and

EI{Z,>0}-1{Z;,11>0}| < (P(Z,>0)—P(Zp4;1>0))
+(P (ZTn+l > 0) -P (Zn+l > 0))

These estimates and (24)) lead to the inequality

[E* [6(BY)] — E[6(Q7) | Zn > 0]

< 2sup|g| <%ZE[PJZrk (Z,>0);7, = k] — 1) + e(p,n), (35)

k=0
where lime (p,n) = 0. By the dominated convergence theorem and the definition
of 6 in (28] we conclude that

Y E[P} (Z1>0)im =k | 0 as | — oc.
k=0

Since the left-hand side of ([B3]) does not depend on I, this gives the assertion of
Theorem [3] for an arbitrary interval 0 < u < U. To complete the proof of the
theorem it remains to apply Theorem 16.7 of [10].
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Proof of Corollary [4l We use the notation of Lemma [0 and define
vr(mnr) = Elgm+ Qp)éi(n + ) Ly > ]

for (m,n) € Quy x Qq and r > 0. If a two dimensional vector of cadlag functions
(mP,n") € Qu x O converges uniformly to the two dimensional vector of zero
functions as p = p(n) — oo as n — oo, and condition (G is valid then,
according to Lemma

PP ) = P (L, > —7) (ET [¢(BY)] xE™ [¢1(BY)] +o(1))
V(r)P (L, > 0)(ET [¢(BY)] x E™ [¢1(B")] + o(1)).

Let k and [ be fixed. We know that the pair (Q*?, S¥¥1n) uniformly con-
verges, as p,n — oo to the two dimensional vector of zero functions P—a.s.
Hence we obtain

E [¢(QPU) $1(S™); Ziyy1 > 0, Ly > 0| ]'—kJrl}
= (Q][“]H’I’,Skﬂ’", Skt — Sk) I {Z,m >0, Ly > o}
= V(Sk41 — Sk)P (Ln > 0) x (ET [¢(BY)] x E™™ [¢1(B)] + o(1))
w1 {ZW >0, Lipss > o} P as.

Repeating now almost literally (with evident changes) the proof of Theorem Bl
one can check the validity of Corollary [l
Proof of Theorem [Il For each U > 0 we have

log Zy 4w
£<{M,O§u§U} Zn>0,Zo—1)
Cp
log X 2P U
_£<{C”37U+SL,0§U§U}Zn>O,ZO—1>.
Cp cp

This equality, Theorem [B] and Lemma [[3] combined with Theorem 16.7 of [10]
justify the desired statement.

Proof of Corollary 2l The needed statement follows from the representa-
tion

108 Zoy 1 u A
E({M,OSUSU; 08 ZpU+( pU)”,ogt§1} Zn>O,ZO_1>
Cp Cn
Spu + log X7 SpUt((n—p0)y) + log ;"
:5({w,0§u§m PUH[(n—pU)t] T 108 T ,ogtgl} Zn>0,ZO=1),
Cp Cn

Lemma [I3] and Corollary (]

References

[1] Afanasyev V.I. A limit theorem for a critical branching process in random
environment. - Discrete Math. Appl., 5, (1993), 45-58. (In Russian.)

16



2]

Afanasyev V.I. A new theorem for a critical branching process in random
environment. - Discrete Math. Appl., 7 (1997), 497-513.

Afanasyev V.I. On the time of reaching a fixed level by a critical branching
process in a random environment. - Discrete Math. Appl., 9 (1999), 627-643

Afanasyev V.I. On the maximum of a critical branching process in a random
environment. - Discrete Math. Appl., 9 (1999), 267-284.

Afanasyev V.I. A functional limit theorem for a critical branching process
in a random environment. - Discrete Math. Appl., 11 (2001), 587-606.

Afanasyev V.1., Geiger J., Kersting G., Vatutin V.A. Criticality for branch-
ing processes in random environment. - Ann. Probab., 33 (2005), 645-673.

Afanasyev V.I., Geiger J., Kersting G., Vatutin V.A. Functional limit the-
orems for strongly subcritical branching processes in random environment.
- Stoch. Proc. Appl., 115 (2005), 1658-1676.

Afanasyev V.I., Boeinghoff Ch., Kersting G., Vatutin V.A. Limit theorems
for weakly subcritical branching processes in random environment. - J.
Theoret. Probab., 25 (2012), 703-732.

Afanasyev V.I., Boeinghoff Ch., Kersting G., Vatutin V.A. Conditional
limit theorems for intermediately subcritical branching processes in random
environment. - Ann. Inst. Henri-Poincaré, 50 (2014), 602-627.

Billingsley P. Convergence of Probability Measures. Willey, New York-
London-Sydney-Toronto, 2nd ed., 1999.

Beoinghoff C., Dyakonova E.E., Kersting G., and Vatutin V.A. Branch-
ing processes in random environment which extinct at a given moment. —
Markov Process. Relat. Fields, 16 (2010), 329-350.

Chaumont L. Conditionings and path decompositions for Levy processes. -
Stochastic Process. Appl., 64 (1996), 39-54.

Chaumont L. Excursion normalisee, meandre at pont pour les processus de
Levy stables. - Bull. Sci. Math., 121 (1997), 5, 377-403.

Caravenna F., Chaumont L. Invariance principles for random walks con-
ditioned to stay positive. - Ann. Inst. H. Poincare, Probab. Statist., 44
(2008), 170-190.

Doney R.A. Local behavior of first passage probabilities. - Probab. Theory
Relat. Fields, 152 (2012), 559-588.

Dyakonova E.E., Geiger J., Vatutin V.A. On the survival probability and
a functional limit theorem for branching processes in random environment.

- Markov Process. Relat. Fields, 10 (2004), 289-306.

17



[17] Feller W. An Introduction to Probability Theory and its Applications. V.2,
Willey, New York-London-Sydney-Toronto, 1971.

[18] Geiger J., Kersting G. The survival probability of a critical branching pro-
cess in random environment. - Theory Probab. Appl., 45 (2000), 607-615.

[19] Kozlov M.V. On the asymptotic behavior of the probability of non-
extinction for critical branching processes in a random environment. - The-

ory Probab. Appl., 21 (1976), 791-804.

[20] Kozlov M.V. A conditional function limit theorem for a critical branching
process in a random medium. - Dokl. Akad. Nauk, 344 (1995), 12-15. (In
Russian.)

[21] Seneta E. Regularly varying functions. Lecture Notes in Mathematics.
V.508. Springer, 1976.

[22] Vatutin V.A. Reduced branching processes in random environment: The
critical case. - Theory Probab. Appl. 47 (2002), 99-113.

[23] Vatutin V. Subcritical branching processes in random environments. - Lec-
ture Notes in Statistics - Proceedings Springer, (2016). (In print.)

[24] Vatutin V.A., Dyakonova E.E. Galton—Watson branching processes in ran-
dom environment, I: Limit theorems. - Theory Probab. Appl., 48 (2004),
314-336.

[25] Vatutin V.A., Dyakonova E.E., Sagitov S. Evolution of branching processes
in a random environment. - Proc. Steklov Inst. Math., 282 (2013), 220-242.

[26] Vatutin V., Liu Q. Limit theorems for decomposable branching processes
in random environment. - J. Appl. Probab., 52 (2015), 877-893.

[27] Vatutin V.A., Wachtel V. Local probabilities for random walks conditioned
to stay positive. - Probab. Theory Related Fields, 143 (2009), 177-217.

[28] Zolotarev V.M. Mellin-Stiltjes transform in probability theory. - Theory
Probab. Appl., 2 (1957), 433-460.

18



	1 Introduction
	2 Auxiliary results
	2.1 Properties of the associated random walk

	3 Conditional limit theorem

