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The distribution of refracted Lévy processes with jumps
having rational Laplace transforms
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Abstract

We consider a refracted jump diffusion process having two-sided jumps with
rational Laplace transforms. For such a process, by applying a straightforward
but interesting approach, we derive formulas for the Laplace transform of its
distribution. Our formulas are presented in an attractive form and the approach
is novel. In particular, the idea in the application of an approximating procedure
is remarkable. Besides, the results are used to price Variable Annuities with
state-dependent fees.
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1. Introduction

A refracted Lévy process U = (Uy);>¢ is derived from a Lévy process X =
(X¢)e>0 and is described by the following equation (see [13]):

t
Ut = Xt - 5/ 1{U3>b}ds, (11)
0

where §,b € R, and 14 is the indicator function of a set A. There are several
papers investigating refracted Lévy processes, where the three papers [13,14,20]
are based on the assumption that X in (1.1) has negative jumps only; and in
[23], the process X is assumed to be a double-exponential jump diffusion process.
Many results, including formulas for occupation times of U, have been obtained,
and the interested reader is referred to the above papers for the details. Besides,
in [22,24,25], under several different assumptions on X, we have considered the
following similar process U® = (U} )¢>0:

dU; = dX; — 61(ys pydt. (1.2)
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For the process U in (1.1) with X given by (2.1) (see below), we will show that
P (U, = b) = 0 for Lebesgue almost every ¢ > 0 (see Remark 4.1), which means
that Uy = Xy — 6t — (=) fot 1¢v, <pyds and thus the two processes U° and U are
equal essentially.

In this paper, we are interested in the distribution of U. When the process
X; in (1.1) is a Lévy process without positive jumps, the corresponding results
can be found in [13]; see Theorem 6 (iv) in that paper. Thus here we focus
on the situation that X has both positive and negative jumps. In specific, we
assume that X in (1.1) is a jump diffusion process and its jumps have probability
density functions whose Laplace transforms are rational functions. Such a Lévy
process is very popular and quite general, and two particular examples of it are
a hyper-exponential jump diffusion process (see [5,6]) and a Lévy process with
phase-type jumps (see [2,19]). Under the above assumption on X, the purpose
of this paper is to derive expressions for fooo e P (U; < y)dt or in differential
form

/ e "P (U, €dy)dt, y€ER, (1.3)
0

where g > 0. One reason why we are interested in the above quantity is that it
is closely related to occupation times of U since

o) t [e%s}
q/ e UE {/ 1{U3<y}ds] dt = / e "P(U; < y)dt, y€R,
0 0 0

which can be derived by applying integration by parts. This means that the
occupation times of U, i.e., fo 1{y, <y}ds, can be derived from (1.3).

In [22], under the same assumption on X as in this paper, we have derived
formulas for [~ e~ P (Uf < b)dt, where U* and b are given by (1.2). In this
article, for given b in (1.1), we combine the ideas in [22] with a novel and helpful
approximating discussion to calculate fooo e P (U; < y) dt, where y € R. Par-
ticularly, we obtain some attractive and uncommon formulas, which are written
in terms of positive and negative Wiener-Hopf factors. These extraordinary ex-
pressions are important and are conjectured to hold for a general Lévy process
X and the corresponding solution U to (1.1), providing that such a solution U
exists.

Results in this paper have some applications. One application is to price
equity-linked investment products or Variable Annuities with state-dependent
fees as in [24]. Such a state-dependent fee charging method is proposed re-
cently and has several advantages (see [4,7]), e.g., it can reduce the incentive
for a policyholder to surrender the policy. Equity-linked products are popular
life insurance contracts and one reason for their popularity is that they typi-
cally provide a guaranteed minimum return. There are many papers studying
Equity-linked products and their pricing, see, e.g., [10,15,18]. Investigations
on evaluating Equity-linked products under a state-dependent fee structure are
relatively new and the reader is referred to [17] for a recent work.

The remainder of this paper is organized as follows. In Section 2, some
notations and some preliminary results are introduced. Next, we present an im-



portant proposition in Section 3 and give the main results in Section 4. Finally,
the application of our main results is discussed in Section 5.
2. Notations and preliminary results

In this paper, the process X = (X¢):>0 in (1.1) is a jump diffusion process,
where its jumps have rational Laplace transforms. Specifically,

NS N,
Xp=Xo+pt+oWe+ > ZF =Y 7, (2.1)
k=1 k=1

where X, p and o > 0 are constants; (W;);>o is a standard Brownian motion;

+ _
Eivil ZF and Eivil Z,, are compound Poisson processes with intensity A* and
A~ respectively; and the density functions of Z;” and Z; are given respectively
by

Z Z ckj —— e_"’“’z, z >0, (2.2)

k=1 j=1

and

nzz d; 191?12] e U 2 >0, (2.3)

k=1 j=1

n _
with n; # n; and ¥; # ¥; for i # j; moreover, (Wy)i>0, Zg;l Z; and Zg;l Z,;
are independent mutually.

Remark 2.1. Parameters n, and cy; in (2 2) can take complex values as long
as p*(z) satisfies p™(z) > 0 and [;° p*(2)dz = 1. In addition, zf 11 has the
smallest real part among 01, ..., N+, then 0<m < Re(nz) <--- < Re(N+)-

Remark 2.2. Formula (2.2) is quite general and particularly it contains phase-
type distributions. Thus from Proposition 1 in [2], we know that for any given
Lévy process X, there is a sequence of X™ with the form of (2.1) such that

lim sup | X7 — Xs| =0, almost surely.
ntoo s€[0,t]

In what follows, the law of X starting from z is denoted by P, with E,
denoting the corresponding expectation; when = = 0, we write P and E for
convenience. And as usual, for 7' > 0, define

Xp= Ogl?éTXt and Xp = OiltlgTXt. (2.4)

Throughout this article, for given ¢ > 0, e(g) is an exponential random variable,
whose expectation is equal to %. Besides, e(q) is assumed to be independent of
all stochastic processes appeared in the paper. In addition, for a complex value
x, let Re(x) and Im(x) represent its real part and imaginary part, respectively.



For the Lévy process X given by (2.1), it has been shown that equation (1.1)
has a unique strong solution U = (U;);>0 (see, e.g., Theorem 305 of [21]), which
is a strong Markov process (see Remark 3 in [13]). For this unique solution U,
our objective is deriving the expression of (1.3), i.e.,

/ e 1'P, (U, € dy)dt, y€R,
0

and more importantly, we try to derive some novel expression.

Similar to previous investigations on refracted Lévy processes (see, e.g., [13]),
for given § € R, we introduce a process Y, which is defined as YV = {V; =
X — 0t;t > 0}. For the process Y, the two quantities Y- and Y are defined
similarly to (2.4). What is more, we denote by ]ny the law of Y such that Yo =y
and by Ey the corresponding expectation, and write shortly P and & if y=0.

The following Lemma 2.1 gives the roots of ¢(z) = ¢ and 1&(2) = q, where

+

2 m my g
w(z)::—%z2+izu+)\+ ZZC@( [Tk )—1

k=1 =1 Mk = 12

n=

AT dij -1
+ Z ki (’ﬂk + ’LZ) ’

k=1j=1

and (z) := ¥(z) — idz. Note that if z € R, then ¢(z) := In (E [¢*X1]) and
¥(2) :=In (IE [eizyl}). Lemma 2.1 has been developed in [16]; see Lemma 1.1
and Theorem 2.1 in that paper (note that o > 0 here).

Lemma 2.1. (i) For g > 0, the equation ¥ (z) = q (¢¥(2) = q) has, in the set
Im(z) < 0, a total of M+ (M) distinct solutions —ify (—if1), —if2 (—ifs),
oy —iBa+ (1B ), with respective multiplicities My = 1(My = 1), Ma(Ms),

ooy Mg+ (My, ). Moreover,

0<Bi < Re(Bs) <+ < Re(By+), 0< B < Re(Ba)<-- < Re(Byy), (2.6)

and
M+t MT mt
ZMk:ZMk:1+ka- (2.7)
k=1 k=1 k=1

(ii) For ¢ >0 and s > 0,

mt mp Mt A Mk
B [e—sﬁ(q)} _ (SJF_’%) ( Br_ ) 7 (2.8)
Mk s+ Bk

o mt 1nkM+ M,
E[e*SXem)}: <‘°’;_]:7k) H(Sf’“ﬁk) : (2.9)

and




Next, consider a function Fj(x) on (0,00) with the Laplace transform

00 1 E [e—sim}
/ e R de=~-|—F———=-1], s>0. (2.10)
0 S\E [6*5Xe<q>}

It follows from (2.8) and (2.9) that the Laplace transform of Fj(x) is a rational

function, which means that I (z) is continuously differentiable on (0, o0). Since
M; =1 and (2.6) holds, it can be shown that

hmFl_(ac):_ﬁ A Mf‘ﬁ s-8\" )
zToo e—,éllﬂ Bk — Bl ﬂk ' '

k=2 k=1

In addition, it holds that

Nt (B M,
. " (3)
F1(0) :=lim Fy (x) = lim se” T F(x)dx = ﬁ —1. (2.12)
x]0 stoo Jo o1 (ﬂk) k
Remark 2.3. The expression of F1(x) can be obtained easily from (2.8)—(2.10)

by using rational expansion, but it is not important in this paper and thus is
omitted for brevity.

Remark 2.4. Due to (2.11), Fi(z) is absolutely integrable and the Laplace
transform of Fy(x) in (2.10) can be extended analytically to the half-plane Re(s) >
0. When s =0, the right-hand side of (2.10) is understood as

g (Bl o (M ( B\ s\ M
b () i) s

si0 s \ & [efsye(q)} =1 \S + Bk kel

5=0

Besides, F1(x) is bounded on [0, 00] with Fi(00) 1= limgtee Fi(x) = 0.

Lemma 2.2. For the continuous function Fy(x) given by (2.10), it holds that
Fi(z)+1>0, for z>0. (2.13)

Proof. For q,s > 0, we know (see, e.g., formula (4) in [1])

— —grt_s _
E [efS(Xe(Q)fh)l{y } _E {e ar, (XT;T h)} E [e—sXe(q)} , h>0, (2.14)

() >h}

where 7,7 :=inf{t > 0: X; > h}. Exchanging the order of integration yields

* —s Yc —h _ o * —s(z—h ~
E {e Xe—h)1 {XC(M}} dh = e @M dnp (X, () € dz)
0 0

0
)]



Then, on both sides of (2.14), integrating with respect to h from 0 to oo gives

o0 —qr—s —h 1 1
/ E {e e )} dh=-|——1]. (2.15)
0 S\E [e—sxcm)}

Formulas (2.10) and (2.15) mean that fooo e *(Fy(x) + 1)dz is a completely
monotone function of s on (0, 00), then (2.13) follows from Theorem la on page
439 in [8). O

The following Lemma 2.3 is taken from Proposition 1 (v) in [11], which states
that for almost all ¢ > 0, ¥(z) = ¢ and 1/3(2) = ¢ only have simple solutions.
Based on this lemma, we apply an approximating argument (which reduces the
calculation in a large extent) to derive the final results.

Lemma 2.3. There exists only finite numbers of ¢ > 0 such that ¥(z) = q or
¥(2) = q has solutions of multiplicity greater than one.

In the following, let S be the set of ¢ > 0 such that all the roots of ¥(2) = ¢
and 9(z) = ¢ are simple.
~ m+
Remark 2.5. For g € S, Lemma 2.1 gives MT =M+ =14 3",", my.

We can obtain Lemma 2.4 by applying Lemma 2.1 to the dual processes —X;
and —Y;.

Lemma 2.4. (i) For q € S, the equation (z) = q (¢(z) = q) has, in the set
Im(z) >0, a total of N~ (N7) = 22;1 ng + 1 distinct simple roots iv1 (i91),
iv2 (i%2), ..., iyn- (95— ), ordered such that

0 <y < Re(yz) <--- < Re(yn-), 0<A1 < Re(fe) <--- < Re(Yg-). (2.16)

(ii) For ¢ € S and Re(s) > 0, we have
Xoo | — s\ T Vi
E[e (q)}_H( KN ) kl:[l(s"'we)’
ST vl LT (50 el
E{SY(Q)}_H( (s > H<S+%>.

k=1

(2.17)

Remark 2.6. For g > 0 and q € S¢, a similar result to (2.17) holds, e.g.,

R . n 5+19k ngk N o J\A/,;
E[e Lm} _H< i ) 1;[ (s+%) , (2.18)

where N,; is the multiplicity of 41; and Zivzl N,; = Zz;l ny + 1.




Remark 2.7. For any q > 0, from (2.9), (2.17) and (2.18), it can be concluded
that both X4y and Y,y have probability density functions.

The following Lemma 2.5 is important. We remark that the result in Lemma
2.5 is not surprising as o > 0 in (2.1), and its proof is omitted since it can be
established by using almost the same discussion as in Theorem 2.1 in [24].

Lemma 2.5. For q > 0, the function Vy(z), defined as Vg(x) := Py (Ue(q) > ¥)
for given y > b, is continuously differentiable on R. Particularly, it holds that

Vy(b=) = Vy(b+) and V!(b—) = V. (b+). (2.19)

The following Lemma 2.6 is known as the Wiener-Hopf factorization, we
refer the reader to Theorem 6.16 in [12] for its derivation.

Lemma 2.6. For a Lévy process X;, which is not a compound Poisson process,
it holds that X4 — Xe(q) 8 independent of Xe(q) and equal in distribution to

Xe(q)- This means that
E [¢#Xew] = E [ezegﬁ(q)} E [ewm(q)} ,

where Re(6) = 0.

To close this section, we present the following proposition, which gives the
expression of

Py (Ue(q) > y) = Q/ e” P, (U; > y)dt,
0

where y > b and ¢ € S. The proof of Proposition 2.1 is long, thus it is left to
the Appendix.

Proposition 2.1. For g €S and y > b, we have

Zk theﬂk(m_b) x <b,
P, (Ue(q) > y) = Zk ) erﬁk z—y) 4 Z Pke%(b ac) b<z<uy,
1+ Zk:l le'm y—z) Zk:l pke'wc(b 1)7 x>y,
(2.20)

where Hy and Q. are given by (A.17) and (A.18), respectively; Jy, and Py, are
given by rational expansion:

Mt N~ ~ Mt »

I D D R
i:lx_ﬁi STty Ie— B
mt m n- n
_ [Lomi (@ = mp)™* [1jy (z + 0p)"* « (2.21)

15 (@ = 8 T (e +4)

Z I (e = BT G +90) —Fy 5oy
k=1 Hz 1(ﬁk_771) HZ 1(/816—’—19)”1:17_/8]6




Remark 2.8. Formula (2.20) contains the roots of (z) = q and {)(z) = q, i.e.,
Br, Br and y,. This poses a limitation to extend the result in Proposition 2.1
to a refracted Lévy process U driven by other Lévy process, because we cannot

characterize the roots of ¥ (z) = q for a general Lévy process X (note that
P(z) =1In (IE [ ile]) if z € R). In Theorem 4.1, we derive another expression

for P, ( e(q) > y) which is free of Br, Br and A.

3. An important result

In this section, the following result is derived, and we have to say that the
ideas in the derivation are interesting.

Proposition 3.1. For given y > b, ¢ > 0 and Re(¢) = 0, we have

/ e 9(@=0) (Pz (Ue(q) > ¥) = P (Yerq) > y)) dx

. (31)
=E [ CWJ} E {e‘z’ye(‘”} / Fi(z+y—b)e®da.
0

In the following, we first show that Proposition 3.1 holds for ¢ € S and then
prove that it is also valid for ¢ € S°.

3.1. Proof of Proposition 3.1 with q € S
For Re(¢) =0, it follows from (2.20) and (A.25) that

* —ba-b) & -
/,ooe A Zﬂ 5 Z¢+%

¢) [3 Q (3.2)
_ Z i Bilb—y) 4 ob(b—y) z; l i z; Z%
It can be proved that
'L/B’L Qz")/z _ Qz¢
; 4 ; i=1 Bz Z FYZ + (b (33)

= w+<—¢>¢l-<¢> = [ewemq B [em(q)} =E[e"w],

where ¢* () and 7,/) (+) are gwen by (A.5) and (A.6); the first equality is due to

the fact that Zl 1 H El 1 Qi—1=0 (let 6 1 oo in (A.29)); the second and
the third equality follows respectively from (A.29) and (A.7), and the final one
is a result of Lemma 2.6.



In addition, for Re(¢) = 0, applying integration by parts will give us

/ T DP, (Usy > y) — PO VE [eetw]

:/ e AR, (Ueq) > ) _/ e PVAP (Y >y —z)  (34)

— 00

= ¢/ ) (Be (et > y) = Ba (Yo > 9) ) do
Note that (see (3.10) in the following Lemma 3.1)

o0 5
/ By (Ue(q) > y) — P (Ye(q) > y) da < |q|

Besides, from (2.21), (A.2), (A.4), (A.6), (A.7) and (A.17), after some
straightforward calculations, we can derive (note that M™ = M™T if g € S)

MT N- =~ Nt
Z Jz(b + Z R¢ _ Z sz Bz(b y)
Bi—0 o+
= Pi =1 Yo i B (;5 (3.5)
— ¢E |:6¢Xe(q):| E |:6¢Ye(q) / FO(.’I] + y— b)€¢zd$7
0
where
& bi-B T B
Fo(z) = Z —Bix H lﬂk H R x> 0. (3.6)
i=1 k=1 k=1,k#i k
Finally, for s > 0, it holds that
Mt Mt o~ Ve ~
— Bz Bk ﬁk 1
SwFo( )d:zc = — S —
/0 ;IH Bk k—g#ﬁi—ﬁkﬁﬁ—s .
N - 3.7
—8Y e(q
Hs+ﬂkH :l E[e ()}_1
1 S + ﬁk s\ E {efsye(q)}

where the second equality follows from the rational expansion and the third one
is due to (A.4), (A.5) and (A.7).

Formulas (2.10) and (3.7) conform that Fy(z) = Fy(x) for > 0. Therefore,
(3.1) for ¢ € S is derived from (3.2)—(3.5).

8.2. Proof of Proposition 8.1 for ¢ > 0 and q € S°
First, for such a ¢ > 0 and ¢ € S¢, Lemma 2.3 implies that there exists a

sequences of g, € S such that lim, 1 ¢, | ¢. In Subsection 3.1, we have shown
that (3.1) holds for gy, this gives

/ e ¢t (Pw (Uetan) > ) = Bo (Yeqq) > y)> d

B - (3.8)
=F |:6¢X€(Qn):| E {6¢Xe(qn>} / Fl'(z +y — b)e®dx,
0



where Re(¢p) = 0 and

% 1 E [6_576(%)}
/ e z)dr =~ | ————=—-1], s>0. (3.9)
0 S\E [6*5Xe<qn)}

Lemma 3.1. For given §,y € R, we have

| B> )~ B> )l < ol (3.10)
and
/ By (X, > y) — Bu (V) > y) |de < |31t (3.11)

Proof. Recall (1.1) and ¥; = X, — dt. For § > 0, it holds that
Py (X >y) 2 Po (U > y) 2 Po (Vi > ),

thus

/ |]P’1(Ut>y)—1f"m(Y}>y)|dx:/ P, (U; > y) — P, (Y; > y) da

— 00 — 00

< / P, (Xt > y) - HADI (}/t > y) dr = / E [l{y—m<Xt§y—;E+5t}] dx

=EK |:/ 1{y—w<Xt§y—;E+5t}dI:| = 5t7

where the penultimate equality is due to the Fubini theorem. For § < 0, it is

obvious that .

which gives

/ |P1<Ut>y>—@x<n>y>|dxg/ By (Vi > y) — Pa (X; > y) do

— 00 — 00

= ]E |:/ 1{y—w+(5t<Xt§y—;E}dI:| = —5t,

— 00

0 (3.10) is derived.
Note that

sup (X5 —ds) — |0t < Xy < sup (X — ds) + |d]¢,
0<s<t 0<s<t

which means that
Py (X — [0t > y) <Pu (Vi >y) <Pu (X + 6]t > ).

Hence (3.11) can be proved similarly. O

10



Lemma 3.2. For Re(¢) =0,

lim e~ ¢@=b) (Pw (Ue(qn) > y) P, (Ye(qn) > y)) dx
ntoo J_

0o (3.12)
= / e (B (e > 9) = Bo (Yu > ) ) do,

— 00

and for Re(s) >0,

lim [ [esZe(qm] =E [esxeﬁﬁ] and lim E {675?6("")} =FE {efSYG(")} - (3.13)

ntoo ntToo

Proof. Since qn, > q and Py (Ue(q,) > y) = [y ane”"'Py (U; > y) dt, we derive
via the dominated convergence theorem that

lim Py (Ueqn) > y) = Po (Ve > 9) - (3.14)
Similarly, we can prove (3.13) and the following result:
lim Py (Yeqg,) > 9) = Po (Yeq) > 9) - (3.15)

In addition, it holds that
/ e~ P(z—b) (Pm (Ue(qn) > y) — ]sz (Ye(qn) > y)) dx

oo oo (3.16)
= / qne_q"t/ e~ ®(==b) (]P’m (U > y) — P, (Y: > y)) dxdt.
0 —00

From (3.10) and (3.14)—(3.16), the dominated convergence theorem produces

(3.12). O
Lemma 3.3. For F['(x) in (3.9) and Fy(z) in (2.10), it holds that
liTrn e T F(z)dx :/ e " Fy(x)dz, Re(s) > 0. (3.17)

Proof. Due to Remark 2.4, for each n, we have

oo 1 E [6_5?6(%)}
/ e Y (z)de = - | ———=—=—1], for Re(s)>0. (3.18)
0 S\E [e—sxcmn)}

Similar to the derivation of (3.13), it can be shown that
hTm i [6—57e(qn)} — [67576(@} , Re(s) > 0. (3'19)
Formulas (3.13) and (3.19) lead to

o0

b 1
lim e TF] (x)dx = / e *TF(x)dx = -
0

ntoo Jo S

E
(3.20)
E

[e_svﬁ(tﬂ}
L
e

— 9
{ —SXcuz)}

11



which holds for Re(s) > 0 and s # 0.
Next, we consider the case of s = 0. It follows from (3.9) that

E [6_8?6(4177.):|

/OoFln(a:)d:E:lim1 —_—= -1
o sl0s \ g [efsxe(qn)}
i {6_5?%)} ) [e-sye(qn)]
= lsiiﬁl . (3.21)
~ lim O°° e (B (Vo) <) B (Xugq) <)) da

= /0 (P (Vetqn) < 2) =P (Kegq) <)) do,

where the third equality is due to the integration by part and the final one
follows from the dominated convergence theorem since (see (3.11))

/ |HAD (YG(QH) S .I) -P (Ye(%l) S .I) |d'r S / qeiqt|6|tdt = %
0 0

As ¢, > ¢ and (3.11) holds, formula (3.21) yields

oo o0

lim F'(z)dx = lim qne_q"t/ (]f” (?t < x) —-P (Yt < x)) dxdt
0

ntoo Jo ntoo Jo

= liTm qefqt/ (]f” (?t < x) —P (Yt < x)) dxdt = / Fy(x)dx,
nteo Jo 0 0
which combined with (3.20), leads to (3.17). O

Proof of Proposition 3.1 for g € S°. Since Fy(z), F{*(z) > —1 for x > 0 (see
Lemma 2.2), we can define the following measures

Mf(:c):/om (Fln(z)—i-l)dz and Ml(:v):/om (Fl(z)—i-l)dz. (3.22)

Formula (3.17) implies that

oo

liTm e dM7 () :/ e **dM;(x), s> 0, (3.23)

which combined with the continuity theorem for Laplace transform (see Theo-
rem 2a on page 433 of [8]), gives

x

lim (Fln(z) + l)dz = / (Fl(z) + l)dz, for all x> 0. (3.24)
ntoo Jq 0

Next, for fixed z > 0, introduce the following probability distribution func-
tions

o (PR +1)dt
(PR 4+ 1)at

and Py(z) = M, 0<z<z (3.25)

() Jo (Fu(t) +1)dt

12



Then, formula (3.24) means that PJ*(x) converges to Pj(x) in distribution. As
a result, limpjoo [, €?'dPy(t) = [ e?*dPi(t) for Re(¢) =0, so

Jo e (Fir(@t) +1)dt [ e® (Fu(t) +1)dt

o E O D T (R + (320
It follows from (3.24) and (3.26) that
7%ﬁlo OI e FI (t)dt = /Ow e’ Fy(t)dt, for any x>0, (3.27)
which combined with (3.17), yields
7%ﬁlo 000 e?" Fl'(z +y — b)dr = /000 e?* Fy(z 4y — b)dz. (3.28)

Therefore, the desired result that (3.1) holds also for ¢ € S¢ follows from (3.8)
by letting n 1 oo and using (3.12), (3.13) and (3.28). O

4. Main results

For the unique strong solution U to (1.1) with X given by (2.1), its proba-
bility distribution function is given by Theorems 4.1 and 4.2.

Theorem 4.1. For q¢> 0 and y > b,

Yy—x

P, (Ue(q) >y) = I—Kq(y—$)—l_ Fl(y—:zr—z)Kq(dz), (4.1)

where K4 (x) is the convolution of Y, (g under P and Ye(q) under P, i.e.,

min{0,z} - R
K,(z) = / P (X <v—2)P (Xe(q) € dz) Lz eR,  (4.2)

— 00

and Fy(z) is continuous and differentiable on (0, 00) with rational Laplace trans-
form given by (2.10).

Proof. First, the right-hand side of (3.1) can be rewritten as
/ e / Fi(zx — 2z +y —b)dK,(2)dx, (4.3)

where K,4(x) is given by (4.2). Since X and Y, ;) have density functions
(see Remark 2.7) and Fj(z) is continuous on (0,00), it is concluded that the
integrand in (4.3), i.e., [*_ Fi(z —z+y—b)dK4(2), is continuous with respect
to x.

As Y, () is the convolution Of?e(q) and Yo (see Lemma 2.6), P, (Ye(q) > y)
is continuous with respect to x. This result and Lemma 2.5 lead to that
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P, (Ue(q) > y) — P, (Ye(q) > y) is also continuous. Therefore, for y > b, it
follows from (3.1) and (4.3) that

b—zx

Py (Ueg) > y) — P (Yorq) > y) = / Fily—z—2)dK,(2), z€R. (4.4)
In addition, for Re(¢) = 0, we have (recall (4.2) and Remark 2.4)
0o S 1 ¢Yﬁ(q)} S
e dK,(x / e Fy (x — / e dK ,(x
/—oo (7) 0 i ¢ ¢Xe<q)} —o0 ()

( T AK (2) - B [ewe(q)])

—OO

(4.5)

where the second equality is due to Lemma 2.6 and the third one follows from
the application of integration by parts. Note that

/ |]P’( ) < @) — Ko(a)|d
0o min{0,x} = . .

< / / P(YVegp<z—2)—P(Xeq<z—2)|P (Xe(q) € dz) dx

/ / @ <z—2)— P(Ye(q)<x—z)|]P’( e(q)edz)dxgm,

q
where in the first inequality, we have used Lemma 2.6 and (4.2); the final in-
equality follows from (3.11).

For z € R, formula (4.5) gives

[ R—a K, G) =B (g <y-0) - Ki-o). (@40)

— 00

which combined with (4.4), leads to

Py (Uetq) > y) = Pa ( ea) > Y)
. y—z (4.7
:]P)(Ye(q) Sy—:z:) —Kq(y—x)—/b Fi(y — oz — 2)dKy(z).
This proves that (4.1) holds for y > b. Letting y | b in (4.7) and using that
limy, [,/ Fi(y — z — 2)K,(dz) = 0 (since Fy(z) is bounded on (0,00); see
Remark 2.4) deduce that (4.1) holds also for y = b. O

Similar derivations will lead to the following Theorem 4.2, and for the sake
of brevity, the details are omitted.
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Theorem 4.2. For ¢ >0 and y < b,
b—x
P, (Ue(q) < y) =K,y —z)— / Foly — oz — 2)K4(dz), (4.8)
y—x

where Fy(x) is continuous and differentiable on (—oo,0) and its Laplace trans-
form is given by

0 1 (E {esiem}
/ eFF(z)dz=-| —4/—=—-1], s>0. (4.9)
—o0 s E [QSZG(Q)}

Remark 4.1. It follows from (4.1) and (4.8) that
P, (Ue(q) > b) + P, (Ue(q) < b) =1,
which implies that P, (Ue(q) = b) =0 for all ¢ > 0.

Remark 4.2. For firedb € R, lettingy = b in (4.1), we arrive at P, (Ue(q) > b) =
1— K,(b—x), which means that

/_OO ety (Pm (Ue(q) > b)) =k {e“b?e(‘ﬂ} E [e¢£e<Q>} .

A similar result has already been derived in [22]; see (4.9) in that paper.

Remark 4.3. Compared with (2.20), in (4.1), (4.2), (4.8) and (4.9), the roots
of ¥(z) = q and z/AJ(z) = q disappear. The forms of these results and Remark
2.2 give us the following conjecture: formulas (4.1) and (4.8) hold for a general
Lévy process X and the corresponding solution U (if exists) to (1.1). Proving
this conjecture is a potential research direction.

Since both Fj(x) and Fy(x) are differentiable, from (4.1) and (4.8), the
expression of P, (Ue(q) € dy) can be derived.

Corollary 4.1.

Py (Ue(q) € dy) = q/ e P, (Uy € dy) dt =
0

(F1(0) + ) Ky(dy — ) + [ F{(y — o — 2) K (d2)dy, y>b,
(F2(0) + V) Ey(dy — 2) — [/~ Fy(y — x — 2)K,(dz)dy, y <b,

(4.10)

where F1(0) is given by (2.12), F5(0) := limgo Fo(z) and moreover F>(0) =
F1(0).

Proof. In (4.1) and (4.8), differentiating with respect to y yields (4.10). Noting
that P (Ue(y) = b) = 0 (see Remark 4.1), we can write y > b or y < b in (4.11)
as y > b or y < b. An interesting conclusion is that F»(0) = F;(0), which will
be proved in the following.
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For simplicity, we only consider ¢ € S since the case of ¢ € S¢ can be shown
similarly.
It follows from (2.17) and (4.9) that

TTisy
B0)= -1 (4.11)
Hk:l '3%
For g € S, Lemma 2.1 (i) and Lemma 2.4 (i) give
N . _ .
12)(2’)—(]:1/)(2)_2'52_(]: _‘7_2 ;cwzl(ﬁk —i2) Hgﬂ(%—i-zz)
n- . mt .
2 Hk:1(19k +iz)m Hk:l(nk — iz)mE

which combined with the fact that (0) = 0, produces

)

2 Mt 3 N~ .
je1 Pk Hk:l Tk

ag
9=~ n- mt :
2 [Tem1 (F5)m™ TTheey (s) ™

Similarly, we can prove

Mt N~
0'_2 | | R

L T
Therefore, A
oy By _Iaw (4.12)
L5 A 0S5
and the desired result follows from (2.12), (4.11) and (4.12). O

Remark 4.4. For a more general Lévy process X, the two functions Fy(x) and
Fy(x) given respectively by (2.10) and (4.9) may not be differentiable. Thus, it
is better to understand (4.10) as

Py (Ueq) € dy) =

(F1(0) + 1) Ky(dy —z) + [/ Fi(dy —z — 2)Ko(dz), y>b,
(F2(0) + 1) Ko(dy — ) — [} 7 Fa(dy — o — 2)K,(dz), y<b.

5. Applications in pricing Variable Annuities

As stated in the introduction, our results can be used to price Variable An-
nuities (VAs) with state-dependent fees. First of all, we give some backgrounds.

VAs are life insurance products whose benefits are linked to the performance
of a reference portfolio with guaranteed minimum returns. There are many
kinds of guarantees such as Guaranteed Minimum Death Benefits (GMDBs)
and Guaranteed Minimum Maturity Benefits (GMMBs), and the reader is re-
ferred to [3] for more details. Of course, the guaranteed benefits are not free.
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Traditionally, the corresponding fees are deducted at a fixed rate from the poli-
cyholder’s account. This classical fee charging method has some disadvantages,
which have been noted by [4]. Thus in [4], the authors proposed a new fee
deducting approach under which only when the policyholder’s account value is
lower than a pre-specified level can the insurer charge fees. For more details
and researches on this new method, we refer to [4,7,17,24,25].

Let S; and F; represent respectively the time-t value of the reference portfolio
and the policyholder’s account. Under the state-dependent fee structure, we
have (see (1) in [4] or (2.3) in [24])

dF; = Ft,% — (_5)Ft71{Ft,<B}dta t>0, (51)
t—
where —9 > 0 is the fee rate and B is a pre-specified level. Note that the case of
B = oo corresponds to the classical fee charging method. Furthermore, assume
that
Sy = Soe %,

with X; given by (2.1).

For a VA with GMMBs, its payoff can be written as G(Fr), where T is the
maturity and G(-) is a payoff function. For a VA with GMDBs, its payment
when the policyholder dies is given by G(Fr, ), where T}, is the time of the death
of the insured. A simple example of G(-) is G(x) = max{x, K}, where K is a
constant. In order to price VAs with GMMBs or GMDBs, we need to compute
the following expectations under an equivalent martingale measure:

Ele""G(Fr)] or E[e "G (Fr,)], (5.2)

where r > 0 denotes the continuously compounded constant risk-free rate.

As the market is incomplete, an equivalent martingale measure should be
chosen to calculate (5.2). Similar to [24], we use the Cramér-Esscher transform
(see [9]) to obtain the wanted martingale measure. In specific, define first

are ecXt
P E[ecXt]’

where ¢ € R such that [E [eCX“] < 00. And for convenience, in (2.2) and (2.3), we
assume that 7; (¢1) has the smallest real part among 7y, ..., D+ (Y1, - .., Fp- ).
As S; = SpeX+ 79 it is reasonable to require that E [eXf] < 00, this means that
m > 1in (2.2). Note that limepy, E [e*] = oo and lim¢|_y, E [e*Xt] = co. We
can choose c¢* such that e, is a martingale under P<". It is obvious that X,
is still a Lévy process under P¢", and in particular, the process X has the same
form as (2.1) under P¢". So we drop the superscript ¢* from P¢" and assume that
the expectations appeared in the following are calculated under the equivalent
martingale measure P¢ .

For a VA with GMDBs, its price is E [e’rTzG(FTz )} Applying similar dis-
cussions presented in [24] (see the derivation of (2.9) in that paper), we obtain
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that the computation of E [e~"7=G(Fr, )] reduces to calculate E [e_Te(‘Z)G(Fe(q) )] =

K [G(Fe(rtq))] for given ¢ > 0. For a VA with GMDBs, we note that

1
s+r

/0 T TR le=""G(Fr)] dT = E [G(Fe(s4r)]

from which E [e""7G(Fr)]| can be obtained by using a numerical Laplace in-
version technique.

In summary, the key step to price a VA with GMDBs or GMMBEs is deriving
the expression of E [G(F,(,)] for ¢ > 0.

From (5.1), applying Ito’s formula gives Fy = FyeVt with

dU; = d(X; — 6t) — (_6)1{Ut<b}dt =dX; — 51{Ut>b}dt7 (5.3)

where b = In (F%) So we arrive at

oo

E [G(Fyg))] = E [G(FocV-@)] = / GRe"P (U €dy).  (5.4)

— 00

It follows from (1.1), (4.10) and (5.3) that

(FL(0) + DE,(dy) + [ Fily — 2)K(d=)dy, y>b,
P (Ve € ) = { (Fa(0) + DEy(dy) — [ Fily - 2)Koldo)dy, <
(5.5)

where Fy(z), Fy(z) and K,(z) are given respectively by (2.10), (4.9) and (4.2).

By applying rational expansion, we can obtain semi-explicit expressions for
Fi(z), F2(x) and K4(x) and thus for P (U, € dy). However, for ¢ € S¢, for-
mulas for P (Ue(q) € dy) are very long and complicated, and more importantly,
they are difficult to be used in numerical computations since we need to handle
multiple roots. Fortunately, due to Lemma 2.3, it is safe and convenient to
consider only the case of ¢ € S. The corresponding results will be given in the
following corollary, from which we can obtain first the expression of E [G (Fe(q))]
and then the price of a VA with GMDBs or GMMBs.

Corollary 5.1. For q € S, defining fy(z) =P (Ue(q) € dy) /dy, we have the
following results.

(i) If b > 0, then

Nt s Mt N- Nt
Ki i F m _B. _A. 3 _
%Kq(dy) S K (s anehaton) s,
k=1 D =1 j=1m=1 Dm — Bi

faly) =

I MIN N pop
L T g (dy) - Y0y 2 (e—my _ e—ﬂibe%(y_w) C0<y<d
Hk:l ’?k i=1 j=1n=1 Yn + Bz
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and for y <0,

N~ Mt N— N— .
) = o2 )3~y 37 Kol (e (B B ) ).
Hk:}% i=1 j=1n=1 Vi~ I + Bi ’Yn-i-ﬂz

(11) If b < 0, then

- Mt N~
HN: F)/k e%l(y b)+7;b _ e’Yﬂl

K ZZKJZ 2 - . y<b,
fuly) = k=1 Tk i=1 j=1 Tn
" H;Igwl Bk MN Vi _ oBm(b—y)+A;b

+ZZKngF1m N = , b<y<O,

k=1 Mk i=1 j=1 i +Bm

and fory > 0,

i + Bm Bm+'71

Mt Mt N nt .
fuly) = | 15k K, (dy) +ZZ Z K; 3F1 m {egmy <Aﬂz +:Yg ﬂm Bi (5m+%)b> eﬁiy} .

Hklk 'Ll]lml"

In the above formulas,

Vas ~

Y Bi— B B
FZ:_B’L ! e fOT 1S’L§M+, (56)
' ,};Il Bk k_lllﬂ Bi — Br

N~ .
Fi=—v [ 22 [I =%, for 1<i<N~,  (57)
k=1 V& k=1, ki Ve — Vi

and R
Mt N~

= ZZKUe*ﬁize(ﬁﬁ%)(I/\O), (5.8)

i=1 j=1

where

B m (k. = Bi)™ Ok =)™ T ( ol )
Kij = Bi +4; H (1x) ™% H ﬁk - ﬂz H () 11 W—=9)

k=1 k=1,k#i k=1,k#j

Proof. Since g € S, we have Fy(x) = Fy(z) (see (3.6) and (3.7)). So for > 0,

ot
= E Fy e Pt
i1

with Fy ; given by (5.6). Besides, formula (2.12) gives

.- 6

Fy(0) = k=L
O =
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From (2.17) and (4.9), applying partial fraction expansion gives
N-
Fy(z) = ZFg,ie%“, <0,
i=1

where I, ; is given by (5.7). In addition, we know (see (4.11))

N
Fy(0) = @ ~1.
L1 3%
From Lemma A.1 (i), Lemma A.1 (iii) and (4.2), some straightforward cal-
culations leads to (5.8).

Therefore, the desired results follow from (5.5) after some simple computa-
tions. O

Appendix

The proof of Proposition 2.1 is given in this section, where some ideas used
can also be found in [22]. For completeness and for the convenience of the
reader, we present all the details rather than omit some of them even though
we will repeat some preliminary results and calculation procedures appeared in
[22].

Recall S is the set of ¢ > 0 such that all the roots of ¥(z) = ¢ and 1&(2) =q
are simple.

The following Lemma A.1 follows directly from Lemmas 2.1 and 2.4.

Lemma A.1. For q € S, the following results hold.
— +
(i) Fory >0, P (X, € dy) = Eg/il Cre P¥dy, where

mt m Mt
C; M —ﬁi) ¥ B .
Zi_ dr , 1<i<MT™. Al
Bi 191;[1 ( M k_g# Br — Bi (A1)

(i) Fory >0, P (Y € dy) = Z,iw;l C’kefgkydy, where

~ m+ ~ mi M+ ~
i _ 11 <u> I1 P 1<i<ar (A.2)
k=1,k#i P — B

(iii) Fory <0, P (Ke(q) € dy) = Zg;l Dye¥dy, where

D, n Gu — A ng N~ ~ .
J:H(u> I (%> 1<j<NT. (A3
j Uk ket kg N BT
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Next, introduce the following three rational functions:

oI (E) T (2) - 5% o

Nk Pl

and

For ¢ € S and Re(s) > 0, note that (see (2.8), (2.9) and (2.17))
EleXw] =yt(s), Ble Vo] =dt(s) and E[eYew | = (s). (A7)
In addition, for a € R, define
rhi=inf{t >0: X; >a} and 7, :=inf{t >0:Y; <a}. (A.8)

Results on the one-sided exit problems of X and Y are presented in the
following lemma. Lemma A.2 (i) can be established by applying Lemma A.1
(i), (2.14) and (A.4); and Lemma A.2 (ii) follows from Lemma A.1 (iii), (A.6)
and the following result (see Corollary 2 in [1])

7| o5y —2)
k [e_lﬁ;-i_s(y*; _m)] = . [6 " l{Xe(q)<w}} z,s > 0.
k [esxew)} T
Lemma A.2. (i) Forq€ S and x,y > 0,
’n’L+ m ; —
E |e—em — Cy()do(d S O () Y g
e e 1{xTx+—xedy} = Co(z)do( y)+ZZ ki (%) G—1) € Y,
k=1j=1 ’

where 6o(dy) is the Dirac delta at y = 0, Co(z) and Ck;j(z) are given by rational
exTpansion:

m™T mp n 7 1 Mt e,ﬁkz
co(x)+zz%(x)( b ) = » e x>0, (A9)

kK~ 5 >
prr e + 5 () = s+ B
(i) For g €S and z,y <0,
n- ng

E [eiqn 1{Y+{ —xedy}:| = ﬁ0($)50(dy) + ; J:Zl ij (x) 7(19]6(); (__1y))'J e Vdy,
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where ﬁo(x) and ﬁkj (x) are given by rational expansion:

L nooMk Q) J 1 N . YT
Do(z) +3° 3 Dyj(x) (ﬁkis> -5 kZDksir%, x<0. (A.10)
=1

k=1j=1

Remark A.1. A useful observation is that Co(x) and Cy;(z) in (A.9) are
linear combinations of e%% for 1 < i < M*, and Do(x) and Dy;(z) in (A.10)
are linear combinations of eV for 1 <i < N-.

Lemma A.3 is a straightforward result of (A.9) and (A.10), here the reader

1 : 1 1 1
j can be written as —— 75

is reminded that 0

(0+Br)(s+Br) s+Bk )°
Lemma A.3. For any 0 >0 and s # —n1, ..., —Nm+ with 0 # s,
/Oo G_GICQ(CL')d.’L'—I—%%/OO e—Gka‘(x)dx ( Mk )j _ 1 (¢+(9) _1)
0 k=1j=1"0 ! Nk + s s —0 \9*(s) 7
(A.11)
and for any 0 >0 and s # —v1,...,—0,,- with  # s
0 n- ng 0 J =
. . 0 1 (4(0)
Ox Ox k
e’ Do(x)dx + / €”* Dy (z)dx < ) = ( . - 1)
. 22 et (555) =\
(A.12)

Proof of Proposition 2.1. For given y > b, the function of =, V;(z), is defined
as (see Lemma 2.5):
Vo(@) =Py (Uerq) > v) - (A.13)

Recall (1.1) and note that {X,t < 7"} and {U;,t < k; } with s = inf{t >
0 : U; > b} under P, have the same law if © < b. Thus, for z < b, the strong
Markov property of U will lead to

ot
Vo(z) =E; [1{Ue<q)>y}1{e(q)>~;}} =E, {e " Vq(Uﬁg)}
=B, e V(X )| = B[ (X o)
< i—1

= % Crj(b—x) /00 %e%zvq(b + 2)dz (A.14)

k=1 j=1 0

M+
+Colb—x)Vy(b) = > JpeP @0 2 <p,
k=1

where Ji,...,Jy+ are constants which are not dependent on z; the fourth and
the fifth equality follows from Lemma A.2 (i) and Remark A.1, respectively.
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For « > b, the strong Markov property of U and the fact that {Y;,t < 7, }
under P, and {U,,t < Ky } with k" :=inf{t > 0 : U; < b} under P, have the
same lawl will give

Ky o)
‘/(1(;17) — Em [/0 qefqt]_{Ut>y}dt —+ /7 qeqtl{Ut>y}dt‘|

b

(A.15)

]Ez |:/0 qe_qtl{Yt>y7t<7A'b}dt:| + ]Ez {e_qf—*:%(yf-g)}
= Pm(yve(q) > y,Ke(q) Z b) +IAE;E {e—qﬂqu(Yi )} .

Since Lemma 2.6 holds, the first item on the right-hand side of (A.15) can be
written as

0
/b P(}/e(q) - Xe(q) >Y—x — Z’Xe(q) S dZ)

—X

0
:/b P(Ye(q) >y —x— Z)P(Xe(q) € dZ) (A16)

_ S e o T Brenton, h<a <y,
L+ Ziv:l Qret =) Ziv:l pl:e%(b_m)v T2y,
where the second equality is due to Lemma A.1 (i) and (iii) (note that P (Yeq) >2) =
1if 2<0);fork=1,2,...,M",

A~ N- A

IR N B (A.17)
ﬁk j=1 ﬁk + i
and for k=1,2,...,N—,
Mt N ~ Mt oA A
~ ~ Ci D ~ Ci D 3. (b—
Qk:DkZﬁ_ Ak CLTLdP]::—Z ~ = kA eBZ(b U) (Als)
= Bi(Bi + ) =1 Bi Bi + Yk
Therefore, from (A.15), (A.16), Lemma A.2 (ii) and Remark A.1, we con-
clude that there are some constants Pi,..., Pg_ (independent of z) such that
N~ n- ng 0 1 i1
I . 9 (=29
Zpke'wc(bfz) = Z Dy (b — ;C)/ V, (b + Z)Meﬁkzdz
k=1 k=1 j=1 —o0 (7 =1t
X (A.19)
A N7 A ~
+ Do(b— )V, (D) + Z Pj*e'”(bfm), for all x>0,
j=1

1Strictly speaking, this statement should be written as follows: {Yi,t < 7, } with 7,7 :=
inf{t > 0:Y; < b} under P, and {Us,t < Ry } with &, :=inf{t > 0 : Uy < b} under P, have

the same law. But, since o > 0, we have Py ('Fl: = 7‘;) =1 and P, (n; = k;) =1.
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B (z—y) Y (b— 1) <
Vq(x){ He’c —i—Z P;ge’c b<z<uy, (A.20)

1+Zk 1lew y—2) +Zk P ee(o= r) x>y,

For the constants Jj, in (A.14) and Py in (A.19), we will show in the following
Lemma A.4 that formulas (A.25)—(A.28) hold.
Next, consider a rational function of x as follows:

Mt N— A
_ Ji i(b—y)
L(x)_;x_ﬂi 12“% z;x_ v (A.21)

For fixed 1 < k < m% and 0 < j < my — 1, (A.27) in Lemma A.4 gives
us 8‘9—; (L(2))y—p, = 0. This implies that nx is a root of L(z) = 0 and its
multiplicity is my. Moreover, for 1 < k < n™, (A.28) means that —¥Jy is a
ng-multiplicity root of L(x) = 0. From these results, L(z) can be rewritten as

HZ”; (z =)™ T} (2 4+ 01)™ (o + ha + -+ Ly 2™ =1 4 27 (Lo + Ly2)
+ V- N + ’
I15 (@ = ) TL (o + 40 T (2 — o)

(A.22)
where lo,l1,...,lp+_1, Lo and L; are constants, and we have used M+ =
EL”; mg +1=M* and N~ = 3}_, nj, + 1 (see Remark 2.5 and Lemma 2.4)
in the above derivation.

Then, by applying (A.25) and (A.26), we derive Ly = 0 and L; = 0 from
(A.21) and (A.22). Finally, it can be seen from (A.21) that

lim L(z)(z — B;) = —H;e® 09 1<i< M, (A.23)

Therefore, we arrive at the conclusion that

Lo - T = m) ™ Ty e 4 9™
1L (@ = B TIL (@ + )
Mz [ G = OIS Be+50) e o
= L (B — ma)™ Ty (Be + 0 @ — B
Formulas (2.20) and (2.21) are derived from (A.14), (A.20), (A.21) and (A.24).

(A.24)

O
Lemma A.4. (i) It holds that
M Mt A N~
D Ti=Vyb) => Hie V3P, (A.25)
i=1 i=1 i=1
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and
Mt MT

> JiBi = ZHBe (b=y) _ ZPM (A.26)
=1

(i) For 1 <k <m% and 0 <j <my —1,

N : MTf /
P, Hi(=1) g0
+ ! i _ _ - et 'lj) = O, A.27
; = 1k) ”1 ; (e +F3)3+1 ; (Bi — k)7 +1 e

(iii) For any given 1 <k <n~ and 0 < j <ng —1,

at Ty N P jVas H;(—1) Bilb—y) _ ¢ (A.28)
-_— + E ~ 3 - g A . e - = ’ '
; (Bi + )i t1 i=1 (% — Og)7H1 o (Bi+0) !

Proof. (i) These results follow from (2.19), (A.14) and (A.20).
(ii) First, as Zl 1 E =1= Z;V 1 5; (let s = 0 in (A.5) and (A.6)), for
some proper 6, we have (see (A.18))

Mt AA A MT A

" 00, V6D, 0 DiCs Dk ¢,
1+Z€+A :ZZ A.A.+ZQ+A ZA‘ A N
k=1 SL e e S e o 7 B e\ =5 Bi(Bi + ) i—1 Bi
Thus, for all 8 € C except at Bl, . 731\% and —41,..., —%g—, the last formula
and (A.17) will lead to
% 9Hk % 0Qu
B A A
Nt N A A A A A A
ZZ{ - -—— + AAJ}(A.29)
1 -1 g(ﬂi—o) 3 (Bi +95)(5 +0) B
Mt N~ o)) R R
=T (=) (6),
gz:: ; —9)(9+%)
where the last equality follows from (A.5) and (A.6).
Note that
o1

a1 (J)Jr(_n))n:nk =0, for 1<k<m" and 1<j<my.  (A.30)

From (A.29) and (A.30), we obtain

() (=1 =t (1 g = 1Q; B
(G-=1r ot (56n (z; Bi — Z n+ i 1) - .
A
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For 1 <k <mt and 1 < j < my, the integral (—1)7~! f: 2T le Mz elZ

Jj—1 z2
can be understood as aaj T (fzf e "Zefzdz) for some proper constants z1,

n=1
z9 and ¢, then it can be obtained from (A.20) and (A.31) that

o Jo3—1 N- P j Mt ﬁ j .
/ Wiz'efqu(b +2)dz =Y M +3 z(i)_embfy)’
o (-1 (e + 9 S (g — Bi)

which combined with (A.14) and the result of V,(b) = Zf‘i; ﬁieﬁi(bfy)—l-zij\; P
(see (A.25)), gives

% () ii %: Py(m)? % Hi(me) 4y
Ty = Chj (b — ) LA D efilbmy
k=1 k=1j=1 i—1 (1 + i) = (e — Bi)
+ Co(b ZHe by)—l—ZP , for all z <.
(A.32)
It follows from (A.11) and (A.32) that
Mt J b Mt
i _ 0(x—b) L Bi(x—b)
izﬂi+9—/_ooe ;Jle dx
= N (A.33)
Z Heﬁz(b v) v (0) +§: P (1/1+(9) 1>
2o hm by ) =\t )

. . +(_3 + N . +(0) bt (4, R
Since lim,_, 5 (= /;;)Bw 6 _ —H(—B;) and limg 5, ¥ (9)71& () _ = ™ (%)
In addition, noting that both sides of (A.33) are rational functlonsg of f, we can
extend identity (A.33) to the whole plane except at —f1, ..., —By+. Then, for

given 1 <k <m* and 0 < j < mg — 1, (A.27) is derived by first taking a
derivative on both sides of (A.33) with respect to 6 up to j order and then
letting 0 equal to —ny, where we have used the fact that 6‘992 (1/)*(9)) =0.

O=—ny
(iii) Similarly, for 1 <k <n~ and 1 < j < ng, it follows from (A.14) that

0 Wi (=20t o L g0
lmn(b+z)7(j_ o dz = ;7(19:@ A (A.34)

From (A.12), (A.18), (A.19) and (A.34) and the fact of V;(b) = Zf‘iﬁ Ji (see

+
2Here, we omit the first equality in (A.33), i.e., the item ffoo ef(@=b) Zfil J;ePi(@=b) gy
is omitted.
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(A.25)), it can be proved that

PiA _ ZE/OO (=) (35 (b—2) gy
O+% = b

Mt ¢ N~ S

C; D; M
:_Z ﬂ(b y) Zl

j= 1ﬂ1+7J9+7J

In addition, we note that

Mt %, N~ S

_Zwﬂbu) b 1

B+ 0t
M+ %, N~
1 . 1 1

— 7’ ﬂw(b y) D — — — (A36)

Z ﬁ'—9; J<9+7j ﬂri-’?j)

+ A A

_ Z Bilb—y) _ Z Cb™(0) pv—v)
ﬂl_o i=1 ﬂz(ﬁz_e)

where the second equality follows from (A.6) and (A.17).
Hence, from the last two formulas, we arrive at

~ P, - Ji ()
Zewi_zﬁi—e(x !

- Vv (Bi)
=1
i 4 . (A.37)
n Z (o) _ Z Ci™(0) pio-v),
BZ - 9 i=1 Bz(ﬁl - 9)
which holds for § € C except at —41,...,—Y5--

For given 1 < k < n~, on both sides of (A.37), we take a derivative with

respect to € up to j order for 0 < j < np — 1 and then let 6 equal to —J.
This calculation leads to (A.28) since 6‘% (1/;*(9))0 o = 0, and the proof is
=—Vk

completed. O
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