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1. Introduction

Let (A,, Bn)nen be a sequence of independent and identically distributed R?-valued
random vectors with generic copy (4, B). Put Iy := 1 and IT,, := A;-...- A, forn € N.

The random discounted sum

X =) 1By,
k>1

provided that | X| < oo a.s., is called perpetuity and is of interest in various fields of
applied probability. The term ‘perpetuity’ stems from the fact that such random series
occur in the realm of insurance and finance as sums of discounted payment streams.
Detailed information about various aspects of perpetuities, including applications, can
be found in the recent monographs [5] 20].

There are a number of papers investigating the asymptotics of —logP{|X| > =} as
x — oo in the situations when P{|X| > z} exhibits exponential or superexponential
decrease, see [I}, 2 12, 17, [I8, 27]. In the present paper we are interested in precise
(non-logarithmic) asymptotics of P{X > z} as x — oo. Specifically, our main concern

is: which conditions ensure that P{X > z} ~ axe™t*

as x — oo for some positive a,
b and real c. Distribution tails which exhibit such asymptotics may be called gamma-
like tails, hence the title of the paper. To our knowledge, works in this direction are
rare. We are only aware of [9] 28] 29, [3T]. The first three papers are concerned with
exponential tails of perpetuities which correspond to nonnegative and independent A
and B. The results obtained in [3I] cover the situation when A = v € (0,1) a.s., B
is not necessarily nonnegative and satisfies P{B > x} ~ ax®e™*" as x — oo for some
positive a, p and real c. Under additional technical assumptions in the case p > 1 that
paper points out the asymptotics of P{X > x} as © — oo.

We note that the perpetuities with heavy tails have received much more attention
than those with light tails, [I1, [I5] [I6, 24] being classical articles in the area. A

non-exhaustive list of very recent contributions includes [7} [8) 10} 25| 26].

2. Main results

The following result was given as Proposition 4.1 in [9] under the assumptions that

A and B are a.s. nonnegative and that P{A = 1} = 0 which are partially dispensed
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with here. For s € R, define 9(s) := Ee*X and ¢(s) := Ee*?, finite or infinite.

Proposition 2.1. Let A and B be independent and r > 0. Suppose that P{A =1} €
[0,1) and that either

(a) P{A € (0,1]} =1 or

(b)) P{A e (-1,0)} =1, or

(c) P{]4] € (0,1]} =1 and P{A = -1} € (0,1).

(1) Assume that P{B =0} < 1.

Let the assumption (a) prevail. If P{A = 1} = 0, then Ey(rA) < oo if, and only if,
Ep(rA) < co. IfP{A = 1} € (0,1), then E(rA) < oo if, and only if, p(r)P{A =
1} < 1.

Under the assumption (b) E(rA) < oo if, and only if,

EerAi(Ba+A2Bs) o oo (1)
Under the assumption (c) Ey(rA) < oo if, and only if,
Ee "PEe B [P{A = —1}] < (1 — Ee "PP{A = 1}) (1 — Ee"PP{4 = 1}).

(II) Suppose that P{B > z} ~ g(z)e™%* as x — oo for some b > 0 and some function

g such that g(logx) is slowly varying at oo and that

limsup,, _, o (SUp; <, <, 9(y))/g(x) < oc.

Then

P{X >z} ~E¢(bA)P{B >z}, z— (2)
provided that Ey(bA) < oco.

Remark 2.1. Here is a comment on inequality (). If B > 0 or B < 0 a.s., then
(@ is equivalent to E¢(rA; A2) < oo and Ep(rAd) < oo, respectively. If A = —v a.s.
for some v € (0,1) and B takes values of both signs with positive probability, then
@) is equivalent to ¢(—rv) < oo and ¢(ry?) < oo. In the general case, ({l) which
imposes restrictions on both tails of B entails but is not equivalent to Ep(rA) < oo

and Ep(rA;As) < oo.
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The argument of [9] for part (II) remains valid in the extended situation treated
here. Our contribution consists in proving part (I), that is, a criterion for Ey(bA) to
be finite which is actually a consequence of Theorems 1] and Remark

Given next is the more complicated result in which A and B are allowed to be
dependent in a certain way, and the right tail of possibly two-sided B is gamma-

like. Throughout the paper we shall use the standard notation x* := max(z,0) and

x~ := —min(z,0) for x € R.

Theorem 2.1. Assume that P{A € (0,1]} = 1;
P{B >z} ~az‘e™ ", 1z — oo (3)
for some a,b >0 and c < —1;
Ee"P 1pa_1y < 1; (4)

P{Ay+ B >z} ~ f(y)P{B >z}, = — o0 (5)

for each y € R and a nonnegative measurable function f; and

Elog(l+ B7) < 0. (6)
Then Ef(X) < oo and
Ef(X

Remark 2.2. Recall that the distribution of a nonnegative random variable Y belongs

to the class S(«) for o > 0, if

(a) lim % = e for each y € R;
Tr—r00

(b) lim % = 2Ee®Y < 00, where Y* is an independent copy of Y.
xr—r0o0

Condition @B) with ¢ < —1 ensures that the distribution of BT belongs to S(b).
While point (a) above is easily checked, point (b) follows from Lemma 7.1 (iii) in [31].
Theorem 2] is closely related to Proposition 4.2 in [9] in which a similar asymptotic
result was proved under the assumptions that A and B are independent, that P{A =
1} = 0 and P{B > 0} = 1, and that the distribution of B belongs to the class S(b).

Theorem 3.2 in [28] is another result in this vein. A perusal of the proof given below
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reveals that (7)) remains valid if (B]) is replaced by the assumption that the distribution
of BT belongs to S(b). However, we refrain from formulating Theorem 2Tl in this way,

for our focus here is on the gamma-like tails.

Remark 2.3. Here, we provide more details on functions f arising in (B]) assuming
that the assumptions of Theorem 2] are in force. It is clear that f(y) = Ee®4,
y € R whenever A and B are independent. The last equality is not necessarily true
when A and B are dependent. For instance, if A = (1 1ipsqy +C2 1{p<qy for some
1,62 € (0,1), &1 # o and some g > 0, then f(y) = "< # Eet¥4, y € R.

We note that a condition of form () appears in Theorem 3 of [30] in the setting
quite different from ours. The cited result gives sufficient conditions under which the
right tail of supy>1 g1 By is heavy. One of the referees has kindly informed us that
our method of proof of Theorem 2] is rather similar to that of Theorem 3 in [30].
More details on this point will be given at the end of Section

Proposition 2] and Theorem 2.T] cover the situation where a gamma-like tail of X is
inherited from a gamma-like tail of B, the influence of the distribution of A being small,
for it is only seen in the multiplicative constant. Example 2.1] given below reveals that
the distributions of both A and B may give principal contributions to a gamma-like
tail of X.

To proceed we need more notation. Denote by v(a,b) and S(c,d) a gamma dis-
tribution with parameters a,b > 0 and a beta distribution with parameters ¢,d > 0,
respectively. Recall that

baxaflesz

v(a,b)(dz) = T L(0,00)(2)d,

where I'(+) is the Euler gamma function, and

Ble,d)(dx) = ﬁ:ﬁ_l(l - x)d_l Lio,1)(x)dz,

where B(+,-) is the Euler beta function. The following example is well-known, see, for

instance, Example 3.8.2 in [33].

Example 2.1. Assume that A and B are independent, A has a f(c,1) distribution
and B has a y(1,b) (exponential) distribution. Then X has a y(c + 1,b) distributionl.

This can be checked in several ways, for instance, via the argument given in Example
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In particular,

P{X >z} ~ %e_bm, T — 00. (8)

Our next result, Theorem 2.2 provides an extension of Example 2I] in that B is
allowed to take values of both signs with positive probability and that the right tail
of B is approximately, rather than precisely, exponential. Our Theorem is close in
spirit to Theorem 6.1 in [29] because in both results it is assumed that while one of the
independent input random variables A and B obeys a particular distribution (A has
a B(1, ) distribution in our Theorem 2:2} B has a (1, \) distribution in Theorem 6.1

[29]), the distribution of the other random variable follows a prescribed tail behavior.

Theorem 2.2. Assume that A and B are independent; A has a B(\, 1) distribution
for some A > 0; condition (6l holds and

P{B > z} = Ce " 4 r(x) 9)

for some C;b >0, all x > 0, and a function r such that

: bx o
zhﬁngoe r(z) =0, (10)
o0 Lby 00 o(bt+e)y
/ —7rt(y)dy < oo and / r(y)dy < o0 (11)
1Y 1 Y
for some € > 0. Then
P{X >z} ~ K27 2 — oo, (12)
where
Che* < ety 1 0 ety 1
Ki=———— A dy — P{B <y}d .
F(CA+1)eXp< [/0 y W /_oo y s yD<OO

The remainder of the paper is organized as follows. In Section B] we give several
examples intended to illustrate Proposition 2.I] and Theorem Also in this section
is a discussion of an interesting connection between perpetuities arising in Theorem
and certain selfdecomposable distributions. It is exactly this link which makes
the proof of Theorem relatively simple. In Section @] we provide criteria for the
existence of the one-sided exponential moments of perpetuities, the results which are
needed for the proof of Proposition 2.1l The picture is incomplete yet, for a criterion
remains a challenge in the case where both A and B take values of both signs with

positive probability. All the proofs are given in Sections [l [6] and [7
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3. Illustrating examples

Here is an example illustrating Proposition 2.1

Example 3.1. Denote by 6, and 6, independent random variables with a v(1, a) and

v(1,b) distribution, respectively. Let A = v € (0,1) a.s. and Ee*P = %75%75 for

—b < s < a. Then X = 0, — 6, or equivalently Ee?X = 4% A standard calculation

a—s b+s”

shows that P{X > z} = ai_irbe’“ for z > 0. The distribution of B is a mixture of the
atom at zero with weight 42, the distribution of , with weight v(1—+), the distribution
of —0), with weight (1 —+) and the distribution of 6, — ), with weight (1 —+)2. Hence,

P{B>uz}=(1- ’7)%6_(” for > 0 in full agreement with Proposition [Z11

It is well known that the explicit distributions of the perpetuities are rarely avail-
able. Below we give several examples of distributions of B satisfying the assumptions
of Theorem for which distributions of the corresponding perpetuities X can be
identified. Among others, this allows us to check validity of formula ([I2]). We start
with a trivial observation that the distributions of A and B as given in Example 2.1
satisfy the assumptions of Theorem 2.2l with A = ¢, C' =1 and r(z) = 0 in which case
(I2) amounts to () as it must be.

Throughout the rest of the section we assume, without further notice, that B is
independent of A and that A has a 5(1, \) distribution. We first point out an interesting
connection with special selfdecomposable distributions which enables us to obtain a
useful representation

Po(u) -1

U(t) ;= Ee'™ = &(t) exp (A/O ” du> , teR, (13)

where ®(t) := Ee'*B| ¢ € R. The connection is implicit in [32, B3] and perhaps some

other works.

The class L of selfdecomposable distributions is comprised of all possible limit
distributions for the sums, properly normalized and centered, of independent (not
necessarily identically distributed) random variables satisfying an infinitesimality con-
dition. It was proved in [23] that the class L coincides with the class of distributions

of the random variables J := f( 00) e~ *dY (s), where (Y (t))¢>0 is a Lévy process with

0,
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Elog(l+ |Y(1)]) < oo. It is known (see, for instance, formula (4.4) in [23]) that

t isY (1)
; logE
log Ee'®’ :/ Og#ds, teR
0 S

If (Y(t))i>0 is a compound Poisson process of intensity A with jumps By, satisfying the
assumptions of Theorem 2.2] then

t p—
1OgEeitJ — )\/ (I)(S) 1

= ds, teR (14)

as a consequence of logEe®Y (1) = \(®(t) — 1) for t € R. Recalling that the function
x + log(1+ x) is subadditive on [0, 00) we conclude that conditions (@) and (@) ensure
that Elog(1 + |B]) < Elog(1 + B™) + Elog(1 + B™) < oo, whence Elog(1 + Y (1)]) <
ENElog(l + |B|) < oo, where N is a Poisson distributed random variable with
parameter A. The latter inequality secures the convergence of the integral in (I4).
The selfdecomposable distributions with the characteristic functions of form (I4) were
investigated in [19] 21]. Formula (3] is a consequence of ([4) and a representation
X = B1+ A1 (Ba+A32B3+...) a.s. and the fact that A;(Ba+ A2 Bs+. . .) is independent
of By and has the same distribution as J in (I4).

Example 3.2. Let B = /b — n/a for a,b > 0 and independent random variables
& and n with a «(1,1) distribution (exponential distribution of unit mean). Then
P{B >z} =

a ,—bx
e for z > 0 and

P{B <z} =

s be‘”” for x < 0, (15)

so that the assumptions of Theorem [2.2] are satisfied with C = a/(a+b) and r(z) = 0.

Since
b a
b—ita+it’

() = Re''B = teR,

we infer with the help of (I3)

%J’_l A-‘rl
EeitX = ()" L R
b—it a+ it ’ '

Thus, X has the same distribution as Y — Z, where Y and Z are independent random

variables with y(aA/(a + b) + 1,b) and v(bA/(a + b) + 1, a) distributions, respectively.

Noting that the function x +— P{e¥ > z} is regularly varying at oo of index —b
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and applying Breiman’s lemma (Proposition 3 in [4] and Corollary 3.6 (iii) in [6]) we

conclude that

b

a—erJrl
P{X >z} =P{e¥e Z > e} ~ Be Y?P{Y > 2} = < j—b) P{Y >z}, z— oo.
a
In view of () this entails
bA al
a \arott (bx)ats b
P{X ~ | — o . 16
x>z} (a+b> OV CED I (16)

To check that formula (I2)) gives the same answer we have to calculate K appearing

in that formula. Using (I5]) we obtain

0 ety 1
exp ( - P{B < y}dy)
Yy

—(a+b)y
dy)

. ( b /Ooe —e
= X —
P a+b /o Yy
bA a+b s
- eXp<_a+b ( >) <a+b) (17)

having observed that the last integral is a Frullani integral. Thus,

K a+bba+b a '\ a \*ott ba+b

N P(a/\/(a+b)+1)(a+b> N <a+b) L(aX/(a+b)+1)

which is in line with (IG]).

Example 3.3. Put B := ¢ — n for independent positive random variables £ and 7.

Assume that

P{¢> 2} =Cre ™ 4 ri(zx), >0 (18)

and that 7 satisfies (I0) and (). Then
P{B >z} = / P{¢ > ¢ + y}P{n € dy}
0
= C1(Be ")e b 4 Ery(x +1n) = Ce b +r(x).

By the Lebesgue dominated convergence theorem lim e’®r(z) = 0. Furthermore, by
Tr—r00

Fubini’s theorem and the fact that y — y~'e® is nondecreasing on [1/b, c0) we obtain

[e's] eby 00 eby
/ — T (y)dy < E/ — i (y+n)dy <
16 Y 1/6 Y

E/Oo eb(y+n) . iy — E o by + )y < eby +(y)d
r{ (y+n)dy = / —7 </ —r{ (y)dy < oco.
e y+m ! Ubtn U e vl
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Analogously,

o0 o(b+e)y
/ r~ (y)dy < oo.
1 Yy

Hence, under (I8) the right tail of the distribution of B satisfies the assumptions of
Theorem 2.2 with C := C1Ee~"" and r(z) := Er;(z + n) whatever the distribution of
7.

To give a concrete example let £ and 7 be independent with P{¢ > z} = P{n >
)} =pe ¥ + (1 —ple forxz >0,¢>b>0andp € (0,1). Condition (I8) holds
with C; = p and r1(2) = (1 — p)e“® which trivially satisfies (I0) and ({IJ). Further,

e—bm + C2e—cm

P{B >z} =P{B< -z} = - , x>0, (19)
where
2p(1 —p)e 2p(1 —p)b
2 . _ )2 e
c1=p + e , c2:=(1—p)°+ T

which immediately implies that condition (B) holds and that B = ¢ — ) has the

characteristic function

Observing that

[e’s] . —Bu «
exp (a‘/o (elut_l)eru> = (ﬂ€1t> 5 teR

for a, 8 > 0 we obtain, with the help of ([I9),

o (3 [ 09=10,)

= exp(A\ m(ei“t—l)wdu exp (A Oo(e*i“t—nwdu
(0 Jor (0 )

u
b2 Cl)\/Q 02 Cg)\/?
N (b2+t2) (c2+t2) '

This entails
b2 (,‘1)\/2 C2 (,‘2)\/2
itX
s o () (220)

from which we conclude that X has the same distribution as ¢ —n+Y; — Yo + Z7 —
Zs, where the latter random variables are independent, Y7 and Ys have a v(c1A/2,b)
distribution, and Z; and Z; have a v(caA/2, ¢) distribution. Note that

c1A/2 caA/2
Ee—bn _ 1_9 + (1 —p)C _ C_l Ee—bYQ _ l 1/ ]Eeb(Z1—Z2) — 02 g
2 b+c 2p’ 2 ’ 2 — b2
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and that the exponential moments of order b + ¢ for € € (0,c — b) are finite. Invoking
Breiman’s lemma yields

P{X >z} ~ BEePCnV2tZ1-Z2)pfe 1y > 2}

c1A/2 2 caM/2
cp 1\ c
- 50) (35) menew

as © — oo. In view of the equality y(c1A/2,b) * v(1,b) = y(c1\/2 + 1,b) and the
asymptotic relation

Y(e1A/2,0) x (1, ¢)((w, 00)) = o(y(c1A/2 4+ 1,)((z, 0))),

T — OO

we have

P{€+ Y1 >z} ~ py(ci(A/2) + 1,b)((z, 00)),

T — O0.

Combining pieces together and applying formula () we obtain

c1A/2 2 c2A/2 Ac1/2
c1 (1 ! c brer A2 —
P{X ~ 22 - — gaX2be . (20
{X >z} 5 <2> <c2—b2> l—‘(cl()\/2)+1)x e " x—o0. (20)

Let us show that asymptotics ([20) follows from Theorem with C' = ¢1/2 and
r(z) = (c2/2)e®. To this end, we only have to calculate K appearing in ([I2). Using

a formula for Frullani’s integrals (see (’f])) we obtain

c1 herA/2 /°° e —1c
K = ———— by -1 Yd
2 T(e(A/2) + 1) 7P , y 20 Y

oo —b
— / 1z (C—leby + C—Qe°y> dy>]
0 y 2 2

o (1 c1A/2 2 c2A/2 prei/2
) (5) (02—172) T(ci(M\/2) + 1)

which is in agreement with (20]).

Example 3.4. Let B be a positive random variable with the distribution tail

—bx _ Az
P{B > 2} = %w

e , x>0,

where b, A > 0 and 2b+ A > 1. The last assumption warrants that the right-hand side
is a decreasing function. Writing

1 1 —bx(,—x _ ,—Ax
P{B >z} = Xe*bz + 1 < (16_ e—: ) = Ce " 4 r(x)




12 D. Buraczewski, P. Dyszewski, A. Iksanov, A. Marynych

we conclude that if A > 1, then r*(z) = r(z) - (A —1)/X as  — 0+ and r*(x) =
O(e=(+1)?) as x — oo, whereas if A € (0,1), then r~(z) = —r(z) = (1 — \)/\ as
z — 04 and r~(z) = O(e~(®+*N7) ag 2 — co. Thus, in both cases conditions (I0) and
() are satisfied.

Let Y be a random variable which is independent of B and has a (b, A) distribution.
It can be checked that

EeitY _ LO—it)['(b+ A)
T TOTOh+A—it)

On the other hand, formula 3.413(1) in [14] yields

t _ oo iut _
exp ()\/ Mdu) = exp (/\/ < 1IP’{B > u}du)
0 u 0 u

oo jut _ —bu _ ,—Au s
— exp / e le™®™(1—e )du _ L—-i)I'(b+ )\) 7
0 u 1—e v rOIo+ A —it)

t — .
exp ()\/ Mdu) = Ee Y,
0 u

This representation can be read off from Example 9.2.3 in [3], but both the setting and

te R

whence

the proof given in [3] are slightly different from ours. Using (I3]) we conclude that X

has the same distribution as —logY + B. This representation enables us to find the

asymptotics
P{X >z} = P{-logY >z} +P{-logY + B >z, —logY <z}
1 ¥ 1
_ —bx —b(z—y) ,—by 1—e¥ Afld ~ —bx
o(xe™"") + oY /0 e e V(1 —eY) Yy BN xe

as ¢ — oo. An application of Theorem in combination with already used formula

3.413(1) in [I4] gives the same asymptotics. We omit details.

4. Criteria for the finiteness of the one-sided exponential moments

Throughout the rest of the paper we shall often assume that the following nonde-

generacy conditions hold:
P{A=0}=0and P{B=0} <1 (21)

and

P{B+ Ac=c} <1forall ceR. (22)
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Also, we shall make a repeated use of the following well known decomposition

X = Bl+Ale+...+A1-...-A-,—_lBT-l—Al-...-AT(BT.H+A7—+1BT+2+...)
= X, +ILX"), (23)

where 7 > 1 is either deterministic or a stopping time w.r.t. the filtration generated by
(Ak, Bi)ken. Observe that X =B, 1+ A, 1B;12 + ... has the same distribution
as X and is independent of (Il;, X). This particularly shows that X is a perpetuity
generated by (I, X ).

Some of our subsequent arguments will rely upon Proposition 1] given below which
is a criterion for the finiteness of Ee"lXl. Parts (a) and (b) of Proposition Bl are

Theorems 1.6 and 1.7 in [2], respectively.
Proposition 4.1. (a) Suppose 1), 22) and P{|A| = 1} = 0, and let r > 0. Then
Ee” X! < oo if, and only if,

P{|A| <1} =1 and Ee" Bl < co.

(b) Suppose 1), @2) and P{|A| = 1} € (0,1), and let r > 0. Then Ee"lXI < oo if,
and only if,
P{|A] <1} =1, Ee'®l <o

and
Ee P Liac 13 BeP Liae 1y < (1 —Ee P Liazy)(1—Ee™? 1ayy).

Next, we provide necessary and sufficient conditions for the finiteness of the one-
sided moments Ee™* which is a somewhat more delicate problem. First, we state a

criterion for positive A.

Theorem 4.1. Suppose 1)), @2), P{A >0} =1, | X| < o0 a.s., and let r > 0. The
conditions

P{A<1} =1, (24)
Ee™? < oo and Ee™ Lia—1y <1 (25)

are sufficient for

Ee™ < 0o (26)
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to hold.
Conversely, if the support of the distribution of X is unbounded from the right, then
@6) entails 24) and ([28), whereas if the support of the distribution of X is bounded

from the right, then Ee*® < oo for all s > 0.

Remark 4.1. As far as condition (24)) is concerned, the assumption about unbound-
edness of the support of the distribution of X is indispensable. For a trivial coun-
terexample, just take a.s. nonpositive B, so that X € [~00,0] a.s. Then Ee"X < oo
for each r > 0, irrespective of whether P{A > 1} is positive or equals zero. More
interestingly, the support of the distribution of X can be bounded from the right even
if P{B > 0,A # 1} > 0 and P{A > 1} > 0. Indeed, assume that the last two
inequalities hold true, that P{A > 0} = 1 and that

Im+X,=A1-...-Am+B1+...+ B, <m as.

for some real m, where 7 := inf{k € N : I, # 1} (here, we have used decomposition
@3) with the particular 7). Then X < m a.s. (see Lemma 2.5.7 and Figure 2.4(c) in
[5]) whence Ee™ < oo for each 7 > 0 yet P{A4 > 1} > 0.

Remark 4.2. A perusal of the proof of Theorem .1 reveals that Ee"™* < oo in
combination with P{A € (0,1]} = 1 entails Ee"® 1413 < 1, irrespective of whether

the support of the distribution of X is bounded or not.

Remark 4.3. Passing to the case where A is negative with positive probability we
first single out a simpler situation in which P{A = —1} > 0. Then Ee"* < oo if, and
only if, Ee"¥! < 0o. Assume that () = Ee"™¥ < co. Decomposition (Z3) with 7 = 1
is equivalent to

¥(r) = Ee"Py(rA). (27)

Now we use (27)) to obtain
Y(r) =Ee"Py(rd) > Ee™ Lia 1y ¢(-r)

which shows that 1(—r) < oo whence Ee"lX! < 9(r) 4+ 9(—r) < oo. This proves the
= implication, the implication < being trivial. Thus, whenever P{A = -1} > 0 a
criterion for the finiteness of Ee"™X coincides with that for the finiteness Ee™lX!. The

latter is given in Proposition .11



Perpetuities with gamma-like tails 15

When A takes values of both signs with positive probability and P{A = —1} = 0 we

can only prove a criterion under the additional assumption that B is a.s. nonnegative.

Theorem 4.2. Suppose 1), 22), P{A = -1} =0, |X| < 00 a.s., and let r > 0.
Assume that P{A < 0}P{A > 0} > 0 and P{B > 0} = 1. Then (28] holds if, and only
if,

P{lA| <1} =1 (28)

and condition (25]) holds.
Assume that P{A < 0} = 1. Then @06 holds if, and only if, condition 28)) holds and

Ee"(BitAiB2) o (29)

5. Proofs of Theorems [4.7] and 4.2, and Proposition [2.7]

Proof of Theorem [{-]l ProoF or ([24)), (28) = ([26). Assume first that A € (0,1)
a.s., i.e., P{A = 1} = 0, so that we have to show that Ee"? < co entails Ee™X < oo or,

equivalently, that

Ee'B" <00 = Ee'¥' < oo. (30)

Since the function x — 27 is subadditive on R and satisfies (ax)™ = az™ for a > 0

and x € R we infer

exp[rXt] = exp{ (an 1Bk) } < exp [TZH“B;] =: exp[rX*].

E>1 k>1

The random variable X* > 0 is a perpetuity generated by (A, B*). Hence, by
Proposition LI Ee™" < 0o entails Ee™X " < 0o and thereupon 0.

Assuming that A € (0,1] a.s. and that P{A = 1} € (0,1) we must check that
Ee™? < oo together with Ee™? Tia=1}y < 1 guarantees Ee™X < oco. Put fo = 0,
Ty :=inf{n > Tj_1 : A, < 1} for k € N and then

A=A A, Be=DBg_ A7 B ot AR oA By,

for k € N. The vectors (A1, By), (Az, By), ... are independent and identically dis-
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tributed and X = El +> 1 /All e /Aln,lﬁn. Since
Ee? = ZEer(BlJrAlBﬁerAl'WVA”*IB”) Lia,=.=4,_,1=1,4,<1}
n>1
_ EGTB 1 A<l
- E rB 1 E rB 1,4 n—1 _ {A<1} <
P liacy Y (B 1iany) T—EePia, =%

n>1

and ]P’{/All =1} = 0 we conclude that Ee"X < oo by the previous part of the proof.

ProoF oF (26) = ([24). Assuming that the support of the distribution of X is
unbounded from the right we intend to prove that P{4 > 1} > 0 entails Ee"X = oo

for any r > 0, thereby providing a contradiction.

In view of P{A > 1} > 0 there exist positive constants §, ¢ and v € (0,1) such that

P{A>1+406, B> —c}=1. (31)

Let (a;):en be any sequence satisfying a; > 14 ¢ for all i € N. Pick now large enough
m such that m/(m — 1) < 14 6. For the subsequent proof we need the following

inequality

l1+a;+a1as+...+ai...a, <mayp...an, (32)

which will be proved by the mathematical induction. For n = 1 (82)) holds because
m—1>1/(146) > 1/a;. Assuming that [B32) holds true for n = k we have

l+a4+aia0+...+a1-...-apg+a1-... apap4+1

<ayc...-ag(m+agyr) <mag ... apape1(l/agsr +1/m) <maq - ... - agga,

by our choice of m. Thus, (32)) holds for n = k + 1.
Using (@23) with 7 = n gives X = X,, +1I,, X (). By assumption, X takes arbitrarily
large values with positive probability which implies that P{X ™ > mec +1} = P{X >

mc+ 1} = e for some € > 0 and all n € N. With this at hand, we have for any n € N
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and any r > 0

EerX — EeT(Xn+H71X(n))
> R[erntmax™) g 1
= I {A;>1+46, B;>—c for i=1,... .n} H{XM™>mec+1}
> E 'er(—c(1+A1+...+A1-...»A7171)+HHX<"))
x ]l{Ai>1+6, B;>—c for i=1,...n} 1{X<")>mc+1}}
(BE) E _er (—mcHn,l-i-HnX(")) 1 1
= I {A;>146, B;>—c for i=1,....n} H{XM™>mec+1}
[ Hn,1(AnX(")—mc)
2 IE_e ( ) 1{A,;>1+5, B;>—c for i=1,..n} ]1{X<")>mc+1}
> er(1+6)"71,7n8'

Letting n tend to oo we obtain Ee"X = oo.

PROOF OF (26) = (25). Assume that ¢(r) = Ee™* < oo for some 7 > 0 and that the
support of the distribution of X is unbounded from the right. Then P{A < 1} =1
by the previous part of the proof. Put ¢ := ming<:<, ¥(¢) and note that ¢ > 0. Since
EemBe(rA) > cEe™P, the proof is complete in the case P{A = 1} = 0 in view of (Z7).
Suppose now that P{A = 1} € (0,1). In order to check the second inequality in (25)

we use once again (21 to infer
P(r) = Be"Py(rA) Tpacyy +9(r)EBe”™ Tiamyy > ¢(r)Ee’™ 14y,

where the strict inequality follows from P{A < 1} > 0. Now Ee"? 1144 < 1is a
consequence of the last displayed formula.

sB < oo for all s > 0 provided that the support of

It remains to show that Ee
the distribution of X is bounded from the right. If X < 0 a.s., then B < 0 a.s.
whence Ee*? < 1 for all s > 0. Assume now that P{X > 0} > 0. This implies that
limg_ oo ¥(s) = co. The latter together with log-convexity of ¢ and its finiteness for
all positive arguments ensures the existence of so > 0 such that (so) = 1 and ¢(¢t) > 1
for any ¢ > so (note that sp = 0 if P{X > 0} = 1, and so > 0 if P{X > 0} € (0,1)).

Using (Z7) we obtain for ¢ > sq

P(t) = EePp(tA) Liacry +EePP(tA) Liasty > aBe’” Tacry +Ee'® Ly

> clEetB,

where ¢; := ming<s<; ¥(s) € (0,1). The proof of Theorem [£1]is complete. O
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Proof of Theorem [{.3 We start by showing that (26) in combination with P{A <
0} > 0 entails (28). Indeed, as a consequence of ([27) we infer

P(r) > Ee™Pp(rA) Liaco,

whence 1)(—s) < oo for some s € (0,7] and thereupon Ee®XI < ¢)(s) + 1(—s) < oo.
Hence, (28)) holds true by Proposition 1]

Assume now that P{A € (—1,0)} = 1. Then P{4;45 € (0,1)} = 1. Using now
decomposition [3) with 7 = 2 we conclude that Ee™X2 = Ee"(B1+41B2) < o0 ensures
[26) by Theorem Tl In the converse direction, assuming merely that A is a.s. negative,
so that AjAs is a.s. positive we use again ([23)) with 7 = 2 to obtain that (26]) entails
@39).

Throughout the rest of the proof we assume that A takes values of both signs with
positive probability and that B is a.s. nonnegative.

Proor or (28) AND (28) = (20). We shall use representation [23]) with
7 :=inf{k € N:II; > 0}.
Observe that P{7 = 1} = P{A > 0} =: p and P{r = k} = p*~2(1 — p)? for k > 2,
whence 7 < 0o a.s. In view of the first condition in (23]
Ee™Xr = Rer(BitiBat.. .+11,-1B:)

_ rB r(Bi+...+11, 1B,
= [Ee"' 1a,50) + E Ee" (5 ! )]1{A1<0,A2>o,...,An,1>0,An<o}
n>2

Ee"? + Ee™B Z]P’{Ag >0,...,4,-1 >0,4, <0} < 2Ee"P < .

n>2

IN

Further, Ee"* 1y, =1y = Ee"™®1 114,13 < 1 according to the second condition in
@3). Since P{IL; € (0,1]} = 1 we conclude that ([26) holds true by Theorem [4.1] which
applies because X is also the perpetuity generated by (I, X ).

Proor ofF 20) = ([@25) anD (28). We shall use 7 as above. Recall that we have
already proved that (20) ensures ([28)) and thereupon P{IL. € (0,1]} = 1. Hence,
Ee™X < oo entails Ee" Bt Tia=1y = Ee" X~ Iqm, -1y <1lby Remark 2 and Ee™* < oo

by Theorem 1l In particular,

00 >Ee™ " 1,21y =Ee™” Lia~qy



Perpetuities with gamma-like tails 19

and
00 > Ee™X" L,gy = Ee" Bt B 1y 4,01 > Ee™P Liaco Be " Liacoy

whence Ee"® < co. The proof of Theorem is complete. O

Proof of Proposition 2l In view of our remark in the introduction we only prove
part (I).

For k € N, put (A, B}) := (Ag, AxBiy1). The vectors (A7, BY), (A%, B3), ... are
independent and identically distributed, and

A1B2 +A1A2B3+... = BT +A>{B§ +ATA§B§ + .= X*

which shows that the left-hand side is a perpetuity generated by (A}, B} )ren. This
implies Eep(rA) = Eer(A1B2tA142Bs+.) — FerX”

Cask (a). By Theorem BT Ee™X™ < oo if, and only if, co > Ee"Pi = Ep(rA)
and 1 > Ee"Bi Liaz=1y = Ee'PP{A = 1}. If P{A = 1} = 0, the last inequality
holds automatically, whereas if P{A = 1} € (0, 1) it entails ¢(r) < oo and thereupon
Ep(rA) < oo because A € (0,1] a.s.

CaSE (b). By Theorem I3, Ee™ < oo if, and only if, co > Re"(BitAiBi) —

EerA1(B2+A2B3)

CASE (c). According to Remark and Proposition LIl Ee™ < oo if, and only if,

o0 > EelBil = EerlA1Bz2l and
EeiTBf ]].{Ais:_l} EBTBT ]]'{AT:_l} < (1 - EeiTBf ]]-{AT:l})(l - EETBI ]].{AT:l}).
The latter is equivalent to
Ee "PEe™P[P{A = 1} < (1 —Ee "PP{A = 1})(1 — Ee"PP{A = 1}) (33)

which entails

Ee"l 4152l < BBl < Be "B + Ee'P < .

Thus, Ee™X" < oo if, and only if, (33) holds. O

6. Proof of Theorem [2.7]

Our proof of Theorem 2.1]is based on two auxiliary results.
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Lemma 6.1. Suppose @) with ¢ < —1, @), @) and P{A € (0,1]} = 1. Let Y be a

random variable independent of (A, B) which satisfies
P{Y >z} ~ cyP{B>2z}, x— o0 (34)
for some constant cy > 0. Then Ef(Y) < oo and
P{AY + B >z} ~ (cyEe®P1a iy +EF(Y))P{B >z}, 2 — oo.
Proof. Fix § € (0,1). In view of

P{B > (1—8z,Y >dx} ~ a’cye "2?(6(1 —6))° = o(e "2°), = — o0

and
{AY + B>z, B<(1—-190)z} C{AY > dz} C{Y > dx} as.
we have
P{AY +B >z} = P{AY+B>uzY <6z} +P{AY +B>uz,B<(1-0)x}

+ o(e7'2°) =: I(z) + L(x) + o(e7"2°), 2z — .

We claim that

N P{B >z — Ay} I
]P’{B>$}_/<_oo,aml P{B > z} P{Y e dy} — Ef(Y) <oo, z—o0.

Indeed, this is a consequence of (&) and the Lebesgue dominated convergence theorem
in combination with the following two facts: (i)

P{B >z — Ay} <]P{B>3:—y}
P{B>z} ~ P{B>uz}

< Mebv <—I — y> < Me™(1 —§)°
X

for large enough z, y € [0, dz] and an appropriate M > 0;

P{B >z — Ay} <
P{B >z} ~

for all z > 0 and all y < 0, and (ii) Ee®Y < oo which is an easy consequence of (3] and

@.

Passing to the analysis of Io(x) we observe that

. P{uY >ax—v} bo
S Es ey @ L=y
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for u € (0,1] and v € R. Furthermore,

P{uY >z — v} <]P’{Y>:1:—v}
P{B>z} ~ P{B>uz}

Tr—v

e (222) <o

x
for large enough x, all w € [0,1], v € [0, (1 — 0)z] and some appropriate M > 0, and

P{uY >z — v}
—_— - <M
P{B>z} '
for large enough z, all w € [0, 1], v < 0 and appropriate M; > 0.

Recalling that Ee?” < oo we infer

I(z) / P{uY >z — v} bB
— = ———— —P{Aedu,Bedv} = cyEe’” L
P{B >z}  Jio1x(—oc,(1-8)s) P{B >} A=t
as x — oo by the dominated convergence theorem.

Combining pieces together finishes the proof of the lemma. |

Apart from Lemma we shall use a technique of stochastic bounds which is a
quite commonly used method nowadays. In the area of perpetuities this approach, as
far as we know, originates from [I5]. For random variables U and V we shall write
U <4 V to indicate that V stochastically dominates U, that is, P{U > z} < P{V > z}
for all x € R.

Lemma 6.2. Suppose B) with ¢ < =1, @), @) and P{A € (0,1]} = 1. On a possibly
enlarged probability space there exists a nonnegative random variable Z independent of
(A, B) such that

P{Z >z} ~ czP{B>z}, x— o0 (35)

for a positive constant cz and AZ + B <y Z.

Proof. Pick large enough ¢ > 0 satisfying
EebB Tia=1y +Eeb? Iigsgy <1

and then large enough d > 0 satisfying

obd P{B < ¢} '
1 — EebB ]]-{Azl} —EebB ]]-{B>q}

Let B’ be a copy of B independent of (A, B). Setting Y := (B’ +d) L{p/~q we infer

P{Y >z} ~ e"P{B >z}, z— oo
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Using Lemma 6.1l with cy = €% yields
P{AY + B >z} ~ ("Ee*® 1y} +Ef(Y))P{B >z}, =z — oo (36)

Since for each y > 0

P{B >z — Ay} <]P’{B>:1:—y}

by
— —
P{B >z} — P{B>u} e T

in view of (B]) we conclude that
fly)<e, y>o. (37)
This implies that
Ef(Y) <Ee" = e"Ee’” 1(p-4 +P{B < ¢},
whence
" Be" Ta1y +EF(Y) < " Be a1y +€"Ee’” 1ipsqy +P{B < ¢} <€ (38)

by the choice of d and ¢q. Now (B8) and ([B]) together imply that there exists zg > 0
such that P{AY + B > 2} < P{Y > z} whenever z > xo.
Let Z be a random variable independent of (A, B) with the distribution

P{Z>a}=P{Y >z |Y >ux0}.

For x > z9 we have

P{AY + B > x} < P{Y > z}
P{Y >xzo} ~ P{Y >}

P{AZ+B >z} =P{AY+B > z|Y >z} < =P{Z > z}.

For z < g P{Z > z} = 1, so that P{AZ + B > 2} < P{Z > x} holds for all x € R.
The proof of Lemma is complete. |

Proof of Theorem[21l Let Xy be a nonnegative random variable independent of
(An, Bn)nen. The sequence (X, )nen,, recursively defined by the random difference
equation

X, = ApnXp 1+ By, neN, (39)

forms a Markov chain. Occasionally, we write X, (Xo) for X,, to bring out the

dependence on Xj.
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While condition (B) entails Elog(1l + B") < oo which in combination with (@)
ensures that Elog(1 + |B|) < oo (see the paragraph following formula (I4)), condition
P{A € (0,1]} = 1 together with (@) guarantees that Elog A € [—c0,0). Further,
condition ([22)) obviously holds. Invoking now Theorem 3.1 (¢) in [13] we conclude that
X, converges in distribution to the a.s. finite X = Zk21 II;_1 By as n — oo whatever
the distribution of Xy. Our plan is to approach the distribution of X from above and
from below by the distributions of Xn(Xéi)), n € Ny, i = 1,2. By picking appropriate
distributions of Xéi) we shall be able to provide tight bounds on the distribution tail
of X.

UPPER BOUND. Put Xy = Z for a random variable Z as defined in Lemma which

is also independent of (A,,, By )nen. Then
X1 =41 X0+ By <st Xo
and thereupon
Xni1=Ani1Xn + Bry1 <st AnXn_1+Bp=X,, neN

because Ay > 0 a.s. for k € N.

Define a sequence (cx, )nen, recursively by
Cxy =Cz, CX,4 = CXnEebB ]]-{Azl} +Ef(Xn), n € Np.

Note that
Ef(X) <Ef(X,) <Ef(Z) <Ee"” < 0,

where the first two inequalities hold true because f is nondecreasing and (X, )nen, is
a stochastically nonincreasing sequence, the third inequality is a consequence of (B,

and the fourth inequality follows from (B8 and (@)). Starting with
P{Xo >z} ~ ex,P{B>z}, z—
we use the mathematical induction to obtain
P{X, >z} =P{A,Xpn_1+ B, >z} ~ cx,P{B>z}, z— o0

with the help of Lemma The latter limit relation together with the stochastic

monotonicity implies that (cx, )nen, iS @ nonincreasing sequence of positive numbers
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which must have a limit cx, say, given by

Ef(X)
1 — EebB ]]-{Azl} '

cx =
The form of the limit is justified by the fact that the distributional convergence of X,
to X together with continuity of the distribution of X (see Theorem 2.1.2 in [20] or
Theorem 1.3 in [2]) ensures that f(X,,) converges in distribution to f(X) as n — oo
whence lim,, oo Ef(X,,) = Ef(X) by the Lévy monotone convergence theorem.

Since X <y X, for each n € Ny, we infer

lim su PAX >z} < limsu M =c
m~>oop ]P){B } - m~>oop P{B > CE} -

for each n € Ny and thereupon

limsup ——— PX >x}

WS prpS gy =X (40)

LOWER BOUND. We start by noting that
P{X >z} =P{AX+B >z} > P{AX+B >z, X >0} >P{X >0}P{B >z}, zcR

Therefore, denoting by Xy a random variable which is independent of (A, By )nen,
and has distribution P{Xy > z} = P{X > 0}P{B > z} for x > 0 and P{X, > z} =
P{X > z} for z < 0, and arguing in the same way as in the previous part of the proof
we obtain a sequence (X, )nen, approaching X in distribution such that X,, <q X for
n € Ny. It is worth stating explicitly that (X, )nen, is not necessarily stochastically
monotone.

Define a sequence (c’, )nen, recursively by
Ay, =P{X >0}, dy,,, =cx B 1y +Ef(X,), neNo.

We claim that
lim Ef(X,) =Ef(X) < oo, (41)

n—oo
where the finiteness follows from the previous part of the proof. Mimicking the
argument given in the treatment of the upper bound we conclude that f(X,,) converges
in distribution to f(X) as n — oo. Therefore, liminf, _,. Ef(X,) > Ef(X) by Fatou’s
lemma. On the other hand, we have Ef (X,,) < Ef(X) for n € Ny, and ({#I) follows.
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Now (I) together with

n—1

dy, = (P{X > 0}Ee*® 1i41y)" + Z(EebB Lia—1y)" *'Ef(Xk)
k=0

for n € N ensures that ¢y := lim, . ¢y exists and

b B0
X 1-— EebB ]l{Azl} ’

The same argument as in the previous part of the proof enables us to conclude that

. X >} ,
R BB =

for each n € Ny, whence

P{X >z} S

lim inf 2 cx. (42)

Z—00 P{B >z
A combination of {0) and [@2) yields (). The proof of Theorem [21]is complete. [

As was announced in Remark 23] we are now discussing similarities between the
preceding proof and the proof of Theorem 3 in [30]. First, our Lemma resembles
Lemma 2 in [30]. Secondly, the random variables Z and YlJ’ appearing in our Lemma

and the proof of Theorem 3 in [30], respectively, serve analogous purposes.

7. Proof of Theorem

Recall that U(t) = Ee''X | t € R satisfies ([3). Using

oo 0
/ WP{B > y}dy — / P{B < y}dy
0

— 00

B 0
& ([ [ dy] 1{B>O}> ([ ] nco)
0 B

eltB — 1 1—¢ltB o(t)—1
=E 1 —-E 1 = —
( " {B>0}> < m {Bgo}) T

we obtain an equivalent form of (I3])

(t) = B(t) exp <i>\ /O t { /0 h P{B > y}dy — / ’ e WP{B < y}dy] du>

— 00

= &(t) exp </\ { /0 h eityy_ Lp(B > yydy — / ’ eityy_ b < y}dyD

— 00
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for t € R. In view of (@) this can be further represented as

U(t) exp (/\ /O h eityy_ 1T(y)dy> (43)

b oA o0 eity _ 1 n
= 2t <—b — it) exp </\/0 " (y)dy>
ety ]
X exp <)\/ —P{-B> y}dy>
0 Y

for t € R. Let Z;, Z> and Zs be infinitely divisible nonnegative random variables

with zero drifts and the Lévy measures v1(dy) = vy~ '~ (y) L(o,00)(y)dy, v2(dy) =
Y (y) L(o,00) (¥)dy and v3(dy) = y~'P{—B > y} L(0,00)(y)dy, respectively. Let V
be a random variable with a v(C\,b) distribution. Assume that Z; is independent of
X and that B, V, Zy and Z3 are mutually independent. Equality (@3] tells us that
X + Z; has the same distribution as B+ V + Z5 — Z3. We claim that

(bI)C)\ —bx

P{X +Z =P{B+V+ 25— Z ~ CEePZ2=%s) 7
{X+ 7, >z} {B+V + 2, 3> 1} e I‘(C)\—i—l)e

(44)

as & — 00, where Ee?(%1-22) < Eeb%t < 0o by virtue of the first condition in (ITJ).
ProoOF oF (). By @) and (I0), P{B > x} ~ Ce~%* as z — co. Hence,

O(b{E)CA —bx

T — 0

by Lemma 7.1 (iii) in [3I] (in the notation of [3I] we set Y7 := bB and Yy :=
bZ). According to an extension of Breiman’s lemma (Proposition 2.1 in [9]) relation
(@) follows provided that the following conditions hold: (a) Ee’(%1=%2) < oo; (b)
2PP{e#1=%2 > z} = o(h(x)) as * — oo, where h(z) := 2’P{eP*tV > 2} for z > 0;
(c) limsup, ﬁoosul)lghy(iigh(y) < 0o. We already know that (a) holds which particularly
implies that lim,_,o, #*P{e?'~%2 > x} = 0. While this in combination with h(z) ~
(CHE JT(CA +1))(log )¢ proves (b), the last asymptotic relation alone secures (c).
The proof of (@) is complete.

With (@4) at hand we infer
Eet(2=Ys)  O(bx)AC

%
Eetn T(AC+1)° el

P{X >z} ~ “br — KaprCembe

by Corollary 4.3 (ii) in [22] which is applicable because the distribution of Y; is infinitely
divisible and Ee(®+$)Y1 < oo by the second part of (II)). The proof of Theorem is

complete.
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