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RATE OF STRONG CONVERGENCE TO MARKOV-MODULATED
BROWNIAN MOTION

By GiaNnG T. NGUYEN* AND OSCAR PERALTAT
The University of Adelaide

In [13], the authors constructed a sequence of stochastic fluid pro-
cesses and showed that it converges weakly to a Markov-modulated
Brownian motion (MMBM). Here, we construct a different sequence
of stochastic fluid processes and show that it converges strongly to
an MMBM. To the best of our knowledge, this is the first result on
strong convergence to a Markov-modulated Brownian motion.

We also prove that the rate of this almost sure convergence is
o(rfl/2 logn). When reduced to the special case of standard Brow-
nian motion, our convergence rate is an improvement over that ob-
tained by a different approximation in [9], which is o(n~/?(log n)>/?).

1. Introduction. The family of flip-flop processes corresponds to a class of piecewise-
linear Markov processes that converges, in some sense, to a standard Brownian motion. Specif-
ically, for A > 0, let = {¢*(t)}+>0 be a Markov jump process with state space {4, —}, initial
distribution (1/2,1/2) and intensity matrix

A A
A
Let 7(+) = VA, 7(=) = —V/A and define

(1.1) F’\(t):/o r(Ms))ds, 1> 0.

We call {(FA(t), o (t))}i>0 a flip-flop process. It can be shown (see, e.g., [18]) that F* =
{F t)}1>0 converges weakly to a standard Brownian motion B = {B(t)}i>0 as A — oo. In
other words,

(1.2) lim B [h(ﬁ)} = E [h(B)]

whenever h : C(]0,00)) +— R is a bounded Borel-measurable functional continuous with respect
to the topology of uniform convergence on compact intervals. Weak convergence implies that
the family of probability laws induced by {F*},s is tight, and that, for any 0 < t; < t5 <
e <ty < 00,

lim (FMt), FAta),. .., FMt) £ (B(t), B(ta), . .., B(ty)).
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These two properties are also sufficient conditions for (1.2) to hold [4]. As weak convergence
is a statement regarding probability laws, the stochastic processes involved do not need to be
defined on a common probability space.

An alternative definition of the flip-flop process F? is as follows. For t > 0, let

NA(t) = #{s € (0,1] : DX (s7) # ¢ (s)},

and N*(0) = 0. Then, {N*(#)};>0 is the Poisson process of intensity A which counts the jumps
of {¢*(t)}i>0, and we can rewrite (1.1) as

(1.3) FA(t) = ﬁ/t(—nms)ds, t>0.
0

The process F* defined as in (1.3) was first considered in [6, 11], where a link between its
transition probabilities and the telegraph equation was developed. In this context, F* became
known as a telegraph process or uniform transport process, of which the weak convergence to
B was proved in [17] and [19].

Later on, it was proved in [10] that such a convergence also holds in a pathwise sense. More
precisely, the authors showed that there exists a common probability space in which the family
of flip-flop (or uniform transport) processes {F*}>o and a standard Brownian motion B are
defined such that for any T' > 0

(1.4) lim sup |FA(t)— B(t)| =0 almost surely.
A—00 0<t<T

Whenever (1.4) holds, we say that F» converges strongly to B as A — oo. By applying the
Bounded Convergence Theorem to (1.2), we trivially get that strong convergence implies weak
convergence. Strong convergence results also lead to stronger approximations for diffusions
and for solutions to stochastic differential equations (e.g. in [8] and [7], respectively). In [9],
the rate of strong convergence of F* to B was computed. The key step in [10, 9] consisted in
embedding certain values of F* into B using the Skorokhod embedding theorem.

In recent years, the study of flip-flop processes was generalised into different directions, most
of which are based on the following. Consider a process (R, J) = {(R(t), J(t)) }+>0 where the
phase process J is a Markov jump process on a finite state space S, initial distribution p, and
intensity matrix @), and the level process R is defined by

(1.5) RO = [ usds+ [ ospdBlo. t20
0 0

with p; € R and 0; > 0 for i € S. If 0; = 0 for all ¢ € S, the process (R,J) is known
as a stochastic fluid process (SFP). If o; > 0 for all i € S, then (R,J) is called a Markov
modulated Brownian motion (MMBM). In [13], it is shown that there exists a family of SFPs
that converges weakly to any given MMBM. This result was later used to study MMBM with
two boundaries in [12], [14] and [1], Markov-modulated sticky Brownian motion in [15], and
MMBM with temporary change of regime at zero in [16].

In this paper, we construct a sequence of stochastic fluid processes which converges strongly
to an MMBM of any given parameters. More specifically, we prove the following result.
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THEOREM 1.1.  For any given p, Q, {;}ics and {o; > 0}ics, there exists a probability
space (2, F,P) on which live an MMBM (R, J) = {(R(t), J(t))}+>0 defined as in (1.5) and
a sequence of stochastic fluid models {(R™, T")}n>0 = {(R"(t), J"(t)) }+>0, where J™ has the
state space {+,—} x S, such that for all T >0

(1.6) lim sup |R(s)—R"(s)|=0 a.s.,
(1.7) 1i_>m m(J"(T)) =J(T) a.s.,

where ma : {4+, =} X S — S denotes the second-coordinate projection.

In fact, Theorem 1.1 is a consequence of the following result which concerns the rate of the
strong convergence of {(R", J")}n>0 to (R, J).

THEOREM 1.2. Fiz T € [0,1). In the probability space (Q, F,P) of Theorem 1.1,
(i) for each q > 0 there exists a constant « = «(q) > 0 such that

(1.8) P ( sup |R(s) — R"(s)| > aan) =o(n" ) asn— oo,
0<s<T
with &, := n~"/%log(n), where o(g(n)) for g : N — Ry denotes a function f : N — R
such that lim,,_, f(n)/g(n) =0;
(ii) furthermore, the process {ma(J"(t)) >0 converges in an a.s. local uniform sense to
{J(t)}tZO; that z's,

PO | noo \s€(T—p,T+p)

(1.9) lim [limsup ( sup  d(ma(J"(s)), J(s)))] =0 a.s,

where d(-,-) denotes the discrete metric in S.

The case T € [0,1) of Theorem 1.1 is a consequence of Theorem 1.2 and the Borel-Cantelli
lemma, with the case T' > 1 following by elementary time-scaling arguments.

REMARK 1.3. The proof of Theorem 1.2 is inspired by the work of [9], where we replace
the use of the Skorokhod embedding theorem with a Poissionian observations argument. Our
approach yields tighter and simpler bounds, which ultimately enables us to obtain a faster rate
of convergence than the one of [9] (which was proportional to n~/2(log(n))*/?) when reduced
to the case of the standard Brownian motion.

This paper is structured as follows. In Section 2 we construct (2,.%#,P) and describe the
distributional characteristics of each stochastic fluid process (R™, J™), for n > 0. We compute
in Section 3 the rate of convergence of R™ to R, from which the proof of Theorem 1.2, and thus
that of Theorem 1.1, follows. Finally, in Section 4 we develop some implications of Theorem
1.1 regarding the downcrossing probabilities of R and R"; in particular, we exhibit a new link
between the solutions of certain Riccati and quadratic matrix equations.
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2. Construction of {(Rn, jn)}nzo. First, we construct the probability space
suitable to prove Theorems 1.1 and 1.2. Fix p, @, {;}ics and {o; > 0};cs of Theorem 1.1.
Let Ao = 2max;es |Qii|, and consider a sequence {\y, },>1 such that A\, > \,_1 for n > 1 and
limy, 00 A\, = 00. Let (Q,.%,P) be a probability space that supports:

e a standard Brownian motion B = {B(t)}+>o0,

e a Poisson process M? = {MO(t)};>0 of rate \o/2,

e a sequence of Poisson processes {Mn}nzl, where M™ has rate (A — A\n—1)/2,

e a discrete-time Markov chain X0 = {X%(k)},>o with state space S, initial distribution
p, and transition probability matrix Py := I + (\o/2)'Q,

with B, MY, {Mv”}nzl, and X being independent of each other. All the elements stated
in Theorem 1.1 and of the whole manuscript will be constructed in (€2,.%#,P). To construct

(R,J) on (Q,.7,P), let
(2.1) J(t) = X°(M°(t)), t>o.

The uniformization method implies that J = {J(t)}+>0 is a Markov jump process with initial
distribution p and intensity matrix Q). Let R = {R(¢)}+>0 be defined as on (1.5), so that
(R, J) corresponds to a Markov-modulated Brownian motion.

Next, for each n > 0, we construct the process (R", J") as follows. Define the arrival process
M = {M"(t)}+>0 to be the superposition of (MO, MY, M2, ... M™}. Then, M" is itself a
Poisson process of intensity

Mo/2+ D> (A= Aem1)/2 = An/2,
/=1

and its arrival epochs form a subset of the arrival epochs of M™™™ for any m > 0. In other
words, {M"},>0 is a sequence of Poisson process with nested time epochs whose new arrivals,
as n increases, are created independently of the existing ones. Let us emphasize that choosing
to have Poissonan observations with rates A, /2 allows a direct comparison of our construction
with the models of [9] and of [18] in the special case of flip-flop approximations to a standard
Brownian motion.

Intuitively, our aim is to construct (R", J") in such a way that R" visits the levels of R
inspected at the arrival epochs of the Poisson process M". To that end, we employ the well-
known Wiener-Hopf factorisation for the Brownian motion with drift; see [5, Corollary 2.4.10]
for a proof.

THEOREM 2.1 (Wiener-Hopf factorisation for BM). Let {W;}i>0 be a Brownian motion
2> 0, drift u, and initial point Wy = 0. Let S be a stopping time and let
T ~ exp(B), independent of {W;}i>0. Then, We—ming<i<r Weis and Wepr —ming<i<r Weiy
are independent and exponentially distributed with rates

with variance o

2
10 peo 28 p :
+ po) and n= o + PR respectively.

p* o 2
ot 52

Theorem 2.1 implies that, restricted to an exponentially distributed time interval, we can
track both the value of the minimum over this period and that at the right endpoint of a
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Brownian motion with drift. Let {7}'};>1 be the interarrival times of the process M"™, and

define 63 := 0,

k
(2.2) pe=>) T, k>0
j=1

thus {0} },,>0 are the arrival epochs of M™. See Figure 1 for an illustration.

07 03 03 01 0y 0Og 07 0g 0y 01 11
—<® ® @—@ ® ® >
W 0 0 08 z 08
—m = = >
0

Fig 1: Blue dots correspond to arrivals {69};>0 of M, red diamonds the arrivals {67 }r>o of M™,
black squares the jump epochs of J. As J is given by (2.1), its jump epochs form a subset of the
arrival times of MV,

As {07'},>0 contain all the arrival epochs of MY, Equation (2.1) implies that {J(¢)}:>0
remains constant on each interval [0}, 07! ), k > 0. Consequently, given J(6}}) = i on [0}, 07 ),
{R(t)}+>0 behaves like a Brownian motion with drift z; and variance o7. Thus, by sequentially
using the Wiener-Hopf factorisation between arrival epochs of M", we can keep track of
{R(0}) k>0 and of {mingn<i<gp,  R(t)}k>0 = {mino<i<ryp R0 +1)} k>0 in a simple manner,
which we explain in detail next.

For each k > 0, define the random variables

X"(k) := J (),
k1 o= R(OF) —  min - R0 + 1),

Hiyy o= R(0 ) — min R(0F +1).

By Theorem 4.4 in the Appendix, X™ = {X"(k)},>0 is a discrete-time Markov chain with tran-
sition probability matrix P, := I+(\,/2)~'Q. The strong Markov property of {(R(t), J(t)) }:>0
and Theorem 2.1 imply that, conditioned on X™, {L}, | }x>0 is a collection of independent ran-
dom variables. More specifically, given X;' =, Ly, is exponentially distributed with rate

2 by .
n._ |4 n Mg
o, o; 0

Similarly, {H}!, | }x>0 is a collection of conditionally independent random variables for which,

given X;' =i, Hj' | is exponentially distributed with rate

_l’_

S5
>~

n . Mg
ny = - -
g;

Q)3
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Moreover, {L}, | }r>0 is conditionally independent of {H} ;}r>0. Note that {L}!,}x>0 and
{ﬂ{%l}kzo completely describe { R(6})}k>0 and {mingp<i<gn | R(t)}r>0, in the sense that for
a >0,

k
(2.3) R(O) =) (-Lj +Hj), and
j=1
k
(2.4) o 3. R(t) = ]Z:; (=L} + Hj) = Lity.

For all k£ > 1, if X"(k — 1) =14, define
LY =M 'wPLy  and  HJ := X, 'nfHJ.
Then, the collections {52}1@1 and {ﬁ[,?}kzl are i.i.d. random variables exponentially dis-
tributed with parameter \,. Let X! := 0, and define for all k¥ > 1
k ~ ~
Xp = Z <L;l —|—Hj") .
j=1

Let J™ = {J"(t)}+>0 be the process with state space {4+, —} x S defined by

i) = (=) iftexgxp+ ZZJA) for some k > 0 and X}! =1,
(+,1) iftexp+ EZH,XZH) for some k > 0 and X}’ = .

Figure 2 shows a sample path of J" with § = {1, 2, 3}.

J™(t)
(+1) 1 o0 e—o0
(+2) 1 —
(+,3) 1 —O o O ® O
(-,1) &—0 e—o0
(—,2) 1 e—O
(-,3) t e———0O &—=O —O
+ + + + t t
0 X1 Xz X3 X1 X5

Fig 2: A sample path of {J"(¢)} with S = {1,2,3}.

The process J" jumps alternately between {—} xS and {+} x S with intensity given by Ay;
furthermore, changes in its second coordinate, which occur according to P,,, are only possible
at jumps instants from {+} x S to {—} x S. Thus, J" is a Markov jump process with state-
space {4+, —} x S (ordered lexicographically), initial distribution (0,p) and intensity matrix

given by
Ml MNP, | | AL 2Q 4+ AT
A =X d | And A d |
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Note that the sequence of states in S visited by m2(J"™) coincides with that of J, or more
precisely,

(2.5) ma(JM()) = J(O) for all k> 0.

Also notice the jumps of mo(J") can occur only at {x} }x>0 while the jumps of J can occur
only at {6} }r>0. In general, {x}}r>0 # {0} }r>0; nevertheless,

k

E[Ok]:E E Tj :k]E[Tﬂ:)\*,
i—1 n

[ &
Bl =E (Y (Iy+ 1) | = kB L} + 8] = =
j=1 "

In words, the average jump times of ma(J"™) coincide with the average jump times of J, so
that the process mo(J™) is indeed similar to J. A more precise and stronger version of this
statement is proven in Section 3.

In order to construct R", define " : {+,—} x S — R by

Tn(+7i) = /\n/w;(z’ Tn(_vi) = _)‘n/n?

Let .
R™M(t) :—/0 (I (s))ds, > 0.

The pair (R™, J") is indeed a stochastic fluid process. Moreover, from the construction of J",
(2.3) and (2.4), it follows that for all £ > 0

k
(2.6) R () = 3 (~Lp + HY) = R(6}),
j=1
R k
(2.7) R (T ) = 30 (<15 + H)) = L = min - R(0).

.
Il
—

This implies that the values at the inflection points of the level process R"™ coincide with the
values of {R(0})}x>0 and {mingp<t<gp  R(t)}r>0- In conclusion, the values of R at the arrival
epochs of M", and the minimum level attained between them, are embedded in R". Figure
3 illustrates the construction of the stochastic fluid process (R", J") corresponding to the

Markov-modulated Brownian motion (R, J).
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R(t) R"(t)
251 251
: roo |
1.5 W | [ 1.5 !
M |
1 b L | :
05 VV' “‘L rﬂv | 05 |
\\WH Ny | | [ L
of ’\ " ” ‘ﬂ |\WE i f' ! 0 ﬁ\ [
‘ ‘;w fo w\L\ w I it I
I I I i\ I I
05 4 Lo ‘ ‘ | -05 I \ | |
i f\ A, A i -
1, B e N
'ui« I *1 I I I Y I
15+ | Il | 15 | | | |
I I I I I I I
‘ ‘ L L [ ‘ ‘ I P I 1t
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 0 0.5 1 15 2 25 3 35 4
i 0205 01 X1 X2 X3 b

Fig 3: (Left) A sample path of an MMBM (R, J) with J being on S = {1, 2}: arrivals corresponding
to M™ occur at {67'};>0, and the minima of R attained between these arrivals are highlighted with
blue crosses. When J(t) = 1 (red), 1 = 5 and 0? = 4. When J(t) = 2 (blue), pp = —2 and o5 = 1.
(Right) An associated sample path of a stochastic fluid process (R™, J"): jumps from {+} x S to
{=} xS occur at {x}}i>1. The values of R™(x}) match with those of R(6]) for ¢ = 1,...4, respectively.

3. Proof of Theorem 1.2. As \, — o, the partitions induced by {07 } k>0 and
{X%} k>0 become finer. Intuitively, this and (2.6) indicate that R™ approzimates R as n — oo,
which is stated more precisely in Theorems 1.1 and 1.2. We devote this section to rigorously
prove Theorem 1.2, from which Theorem 1.1 follows as a corollary.

Let A, = 2n?; this makes our results and rates comparable to those of [9] and related papers.
Fix T € ]0,1), ¢ > 0 and w.l.o.g. consider n > 2 throughout.

Proof of Part (i). In order to prove (1.8), notice that

(3.1) P (()EUET |R(s) — R™(s)| > a5n> <P(A") +P(x. <T),

where

A" = { sup |R(s) — R"(s)| > aen} = { max sup  |R(s) — R"(s)| > aen} ,

2
0<s<X™, 1<k<n? xn_ | <s<xp

where « is a constant to be determined later. We now show that each of the quantities P(A")
and P(x7, < T) are o(n™9).
The triangle inequality implies that

A" C BYUBy U B3y UDBY,

where

—

I<k<n? yn_ | <s<y7

B

N3

B} = { max sup  |R(s) — R(xy)| > aan/4} ,

max [R() = R(k/n?)] > aan/4}
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By = { max |R(k/n?) — R™(x})| > asn/4},

1<k<n?

1<k<n? xp_ | <s<xj.

B} = { max sup  |R"(x3) — R"(s)| > aan/él} .
By (2.6), BY can be rewritten as

n __ ny 2
5 = { s [R60) = Rl /)] > acu /1),

so that the events BT, By and B% concern only the process R, not R".
Let {6, }n>0 be any positive and decreasing sequence. Making a further partition, we obtain

(3.2) A" C ((BfUBYUBY)N (CRUC) ) U (CRuUCy) UBY,

where

Cy = { max_|x¥ — k/n? > 5n}, Cy = { max |0} — k/n?| > 5n}.

1<k<n2 1<k<n?
On (CYUCY)S, forallk=1,..., n? we have that
X0 X1 € [k/n? — 8,, (k +1)/n% 4 6,).

Let x; := max{z,0} for x € R. If there exists a,b € [k/n? — &,, (k + 1)/n? + §,] such that
|R(ay) — R(by)| > ae, /4 , then by the triangle inequality either |R([k/n? — 8,]4) — R(ay)| >
agn /8, or |R([k/n? — 6,)+) — R(by)| > ae,/8. Therefore,

(3.3) (BfUBSUBS)N (CrUCH)” C D",
where
D” = max sup R k 7’L2 o 5n . R a > ae, 8
{IS’“S”Q Q€[ /n? =, (k+1) /n?+6] (0 ) - Blas) / }

= {lnllgax2 sup |R((k/n2—6n—|—s)+) —R((k:/n2—5n)+)‘ >a5n/8}.
SkSn® se(0,n—2426,]

Thus, by (3.2) and (3.3),

(3.4) P(A™) <P(D") +P(C}) + P(Cy) + P(BY).

In the following, we show that with an appropiate choice of a and {0y, },>1, each summand
in the RHS of (3.4) is an o(n™9) function. For the remainder of the section, K, for j € N,
denote generic constants that are used to simplify bounds and are not dependent on ¢ or n.
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Bounding P(B}). Let wl. = Ilrélgl wit, me = Izrégl N, Kn = Wi, A Mms,- Then,

P(By) < Z P ( sup  |R™(x}) — R"(s)| > asn/4>
1<k<n?2 Xio—1S5<Xy

< Y P(HP >z, /4) + P (L} > 0z, /4)
1<k<n?

n2 < e~ Wmin0en/4 | e—n;;maan/4>

< n2 (2675,1(%”/4)) '

IN

By definition,

2 2 2 2
: pio 2nc R
= Sy S b B A (B S - B =00,
i “é%?{( g a§> < P 02>} ()
where the notation O(g(n)), for g : IN — Ry, denotes a function f : IN — R such that

limsup,, o |f(n)|/g(n) < M for some M € R. Then, there exists n; such that s, > n'/? for
all n > nq, and so for n > ny

IP(BZL) < n2 (26—}@”(&/4)”—1/2 log(n)> < n2 (26—(a/4) log(n)) — K1n2—a/4’

Choose « to be larger than ay := 8¢ + 8. Then, P(B7}) is an O(n~24) function and thus, it is
an o(n~9) function.

Bounding P(CY) and P(Cy). Let {pn}n be a sequence taking values in IN. By Doob’s
L,-maximal inequality, we have

E[(x]> — 1)%n]
(0n)2Pn

(35) P(C}) <

Since X', is a convolution of 2n? exponential r.v.s of rate 2n?, Xiva ™~ Erlang(2n?, 2n?), so that
(3.5) and Lemma 4.5 (in the Appendix) imply that

2p)V2n2 Va2 Tt
(2n2)2pn Von? —1
(62) 2P (2pn)!

P(CT) < (8,) 2

S K2 n2pn*1
2p,, \ "
) < K. — .
(3 6) =~ 2Mn <5nn>

Similarly, since 7, ~ Erlang(n?,n?), we have for n > 2

2p 2pn
. m < sl .
(3.7) P(Cy) < K3n <5nn>
Set

(3.8) O = 2pnaF/2/Pn=l -y >
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With this choice of {d,}, both (3.6) and the RHS of (3.7) are proportional to n~2%, so that
P(CY) and P(Cy) are o(n~9) functions.

Bounding P(D"). Set p, := |log(n)]; one can verify that with this choice of {p,}, the
sequence {8,} is a O(n~!log(n)) function. Define &/, := 26, + n~2 and let ny > n; be such
that aqe, /8 — fimax0,, > 0 for all n > ng. Then, for any o > a1, we have ae,, /8 — fimax0,, > 0
for all n > no. Thus,

0<s<4!,

P(D") < ZIP < sup ((k‘/n2 —0n)4) — R ((k/n2 — b+ 8)4)| > asn/8>

< ZZ]P ( sup ((k:/n2 —0n)4) — R ((k:/n2 —0p + s)+)‘ > aep /8

k—1icS 0<s<4!,

Gi,k,n) )

where G i = {J (k:/n2 - (5n) = i}. By strong Markov property, we can rewrite the above
RHS to obtain
J(0) = Z)

P(D™) —nQZIP< sup |R(s)| > ae,/8
V/ Omax0), p < (aen /8 — Mmax(sg)2>]
X _

ieS O<s<5’
2
€
V2T CkEn/S - Hmax(s;l QUmax(Sg

agn /8 — fimaxd))?
(39) < }’(477‘2 CeXp <_( n/20, aluéla n) ) y N > na,
max¥n,

<n2m[

where the first inequality follows from Lemma 4.6 (in the Appendix).
Let n3 > ng be such that e, < 1 and 4], < 34, for all n > n3. Then

IP(Dn) < K4n2 exp <_ (O‘gn/S)Q + (:U’maxé;z)Q — 2(a€n/8)(ﬂmax5iz)>

20 max0;
< Kyn®exp < (aen/8)" _22(a6%{8)(uma)(6 ))
Omax
< K4n2 exp ( (2 En/8 Zﬂmax)
Umax Umax
< K5n26Xp< (azn/8) )
60 max0n
_ 2 ' (log(n))?
= Ksn eXp( K 1og n(a+1/2)/[log(m) |-
?log(n)
2

(3.10) < Ksn”exp <— K6n(q+1/2)/U°g(")J) , n>ns.

Let v(q) = Sup,,>p,, Ken'?t/2/18(M] which is finite since n(a+1/2)/1e(M] converges to e?1/2.

If @ > a9 :=+/(2¢ +2)7(q), by (3.10) we have

) ) (2¢ +2)7(q) log(n)
P(D") < Ksn” exp <— Kgn(a+1/2)/[log(n)]

< Ksn®exp (—(2¢ + 2)log(n))

= K5n*2(1’ n > ng,
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which implies P(D") is an o(n~?) function. Thus, all four terms in the LHS of (3.4) are o(n™?)
functions, and so is P(A™).
Finally, let ng > ng be such that §, < 1 —T for all n > ny. Then,

P (XZQ < T) <P (C;‘) for all n > ng,

meaning that (3.1) is an o(n~?) function. The proof of (1.8) is now complete.
Proof of Part (ii). Now, let {p;}¢>1 be a sequence with p, | 0, and define

= U {ma(J"(5)) # J(5) for some s € (T = pr, T+ pr)}

j=1n=j

Proving (1.9) is equivalent to showing that P(N$°, E¢) = 0, which in turn is equivalent to
proving that hm IP(EZ) =0.

Define g —0 By :=0for n > 0. For k > 0, let
Brpr i=inf {s > By : J(s7) # J(s)},
By =inf {s > B : ma(J(s7)) #ma(J(s))}, n>0.
For any a,b € R, define M°[a,b] :== M (by) — M(a,); recall that MY is a Poisson process of
rate \g/2 defined in Section 2. Then,
(3.11) EY C{M°IT — 2p,, T + 2p;] > 0} U <{M0[T —2p4, T+ 2p) =0} N Ef> :

Note that P(MO[T — 2p,, T 4 2pg] > 0) < 1 — e~ Po/24e 5 0 as ¢ — oo. Thus, in order to
prove that élim P(EY) = 0, it is sufficient to show that
— 00

(3.12) Jim P ({MO[T 206, T + 2pg] = 0} N E£> 0,
— 00

which we do next. A path inspection reveals that

{M°[T —2p;, T +2p) = 0} N E*

S J B <T =200 < T +2py < By} p NE*
k>0

“U ﬁ [j{ {Be <T —2pe <T+2py < Brs1, T — pe < B} U }

- n
k>0 j=1 n=j {Br <T =2pe <T+2ps < Brot1, Bgy1 <T + pe}

< UM U |18k = BRI > pe, B < T = 2pe}y U{1Bkr1 — Bisal > pes B < T+ pi})

k>0j=1n=j

ﬂ U {k;egrg%)EQ IXic = Okl > pz} J ﬂ U {kxﬁnjgip K — Okl > Pé}

j=1ln=j j=1ln=j

N
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(3.13)
agi 0 0 o oo
n n n N
< ﬂ U {12?222 IXi: = Okl > pﬁ} Y ﬂ U‘{9n2 <T —2pg} | U ﬂ U'{an <T+ps}
j=1ln=j - = j=1n=j i=1n;

Since {0y }n>1 is a sequence such that d,, | 0, then for each £ > 1,

1<k<n?2

oo o0 oo oo
P r—0r| > <P T —0r| > 26 =0,
jﬂanj{ max |xy — 0| > pe} | < jQH{122§L2|Xk K| n}

where the last equality follows from the fact that

P ( max_|xy — 05| > 25n> <P(CYUCy) =o(n™1),

1<k<n?

and applying Borel-Cantelli (choosing, say, ¢ = 2). Similar arguments follow for the two other
events in (3.13). Thus, elim P(E*) = 0 and so (1.9) follows.
—00

4. An application: First passage probabilities. Theorem 1.1 implies

that some first passage properties of (R, J) can be analysed as the limiting first passage
properties of (R™, J™) as n — oo. In particular, for any Borel set A C R define

74 :=1nf{s > 0: R(s) € A},
Th:=inf{s >0:R"(s) € A}, n>0.

Then, Theorem 1.1 implies that for any open set A and j € S,
= li Toas.
Ta= lim 74 as.,

and on the event {74 < oo},

{J(ra) =5} = | {m(J"(r0) = j} as.

1=0n=1
In the case A takes the form (—oo, —x), for > 0, we have the following.

PROPOSITION 4.1. Forxz > 0 and n > 0 define

Then, for all j € S,
(4.1) {10 < 00, J(12) = 7} = {1} < o0,ma(J" (1)) =7}
PrROOF. Fix £ > 0 and n > 0. Let

N :=sup{k>0:71, > 6}}.
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This implies that 7, € [67%,6%,,) on {N < oo}, and since J is constant between the epochs
{07 } k>0, then J(0%) = J(7,). Similarly, if we define

N" :=sup{k>0:7] > X1},

then mo(J™(XRm)) = ma(J™ (7)) on {N™ < oo}. Equations (2.6) and (2.7) imply that N,, = N,
and since J(0}) = ma(J™(x})) for all k > 0 (see (2.5)), then

J(12) = J(OK) = m2(J" (Xn)) = ma(J" (7)) on {N < oo},
and (4.1) follows. O

The following result describes one central first passage distributional property of our con-
struction.

THEOREM 4.2. For n > 0, let U, denote the infinitesimal generator associated to the
process {ma(J™ (7)) }a>0. Then, Uy is a solution to the quadratic matriz equation

(4.2) X2+ 20,A2X +2A2Q =0

where A, = diag{p; : i € S}, Ay = diag{o; : i € S}. Furthermore U, corresponds to the
infinitesimal generator associated to {J(7z)}z>0-

PROOF. Let V¥, be the p x p-dimensional matrix defined by
(Un)ij =P (15" <00, J"(10) = (—,4) | R"(0) = 0,J"(0) = (+,1)), ©,j€S.
Define Ayn = diag{r"(+,i) : i € S}, A = diag{[r"(—,4)| : i € S}, and

Tor Too | [ =M 2Q+ Aol
T T_ | 7| I =X

It is known [3] that U, is the minimal nonnegative solution to the Riccati matrix equation
(4.3) A;ilTJﬁL\IJn F UL AT+ U AT W, A;ilﬂ_ =0,
and that
P(7 < 00, J"(1a) = (=,4) | R"(0) = 0,.J°(0) = (=, 1)) = e/ e"¢;,
where
(4.4) Un = AR T + T Uy) = A AL (Y, — 1),

with e; being the ith unit column vector.
Premultiplying (4.3) by AT_:} and commuting Ar_,il with Ar_nl give

AAlA AU — A AL A +)\A1\I/A1\IIR+A1A 2 (2Q 4+ A1) =0,

which leads to (A = AL U + A, UR + 245 ALIQ = 0. As AL = ALl = 20 TA,A? and
Ar_ilAr_*jl = M\, 1AZ2 we obtain

(4.5) U2 + 20,020, +2A,%Q = 0.

That U, is also the infinitesimal generator of {J(7;)}+>0 follows from Proposition 4.1. O
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REMARK 4.3. Theorem 4.2 provides a novel understanding of the classic quadratic matrix
equation associated to the down-crossing records of an MMBM (see [2]). Indeed, to compute
the infinitesimal generator solution of (4.2) (which is unique by [13]), we can instead compute
the minimal nonnegative solution to the Riccati matrix equation (4.3), say ¥,. The solution
of (4.2) is then given by U, as defined in (4.4). A comparable result is that of [13], where
the authors construct a sequence of matrices {U;}},>0 that is shown to converge to U. One
advantage of our construction is that each element of the sequence {U,} obtained through
Theorem 4.2 is identical to U.

Acknowledgements. Both authors are affiliated with Australian Research Council
(ARC) Centre of Excellence for Mathematical and Statistical Frontiers (ACEMS).

Appendix. The following are some standalone results used in Sections 2 and 3.

THEOREM 4.4. Let A = {A(t)}+>0 be a Poisson process of parameter N\, > 0, and X =
{X(n)}n>0 an independent discrete-time Markov chain with state space S and transition prob-
ability matriz P. Define the Markov jump process J = {J(t)}+>0 be

J(t) = X(A(t)), t>0.

Let B = {B(t)}+>0 be an independent Poisson process of parameter A, > 0. Define C to be the
superposition of the Poisson processes A and B, and denote by {7 }x>0 the arrival times of C.
If we let

Y(n)=J(m), n=0,

then the process Y = {Y (n)}n>0 is a Markov chain with transition probability matriz given by

Ao b
P I.
S Ve W

(4.6)

PROOF. First, we show that ) is a Markov process. Let ¢ € S and k > 1. Then,

P (Y (k)=1[Y(0),Y(1),...,Y(k—1))

P(J(r) =i | J(70), J( )5 (Th1))
=P(J(rx) =i | J(1k—1)) (Strong Markov property of J)
PY(k)=i|Y(k—1)),

—~

so that the Markov property holds.

Next, let C* be the marked Poisson process with arrivals corresponding to the superposition
of A, arrivals which we mark with an a, and B, arrivals which we mark with a . The kth
arrival of C* occurs at 7, carrying a mark, say my € {a,b}. Then,

P(Y (k) =3 [Y(k-1)=1i)
PY(k)=gmp=a|Y(k-1)=i)+PY(k)=j,mp=0b|Y(k—1)=1)
=PYk)=j|Y(Ek-1)=it,mr=a)P(mp=0a|Y(k—-1)=1)
+PY(k)=7|Y(k—1)=i,mi=b0P(mi=0b|Y(k—1)=1).
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The event {my, = a} is clearly independent from {Y'(k — 1) = i}: the mark of a given Poisson
arrival is independent of the history of the previous arrivals. Thus,

Aa
Pimg =a|Y(k—1)=1i) = P(my = a) = .
(mp=al|Y(k ) =1) (mg = a) oty
Similarly,
. b
P = Yk—-—1)=1) =P =b) = .
(mp=0b|Y(k ) =1) (mg =) SV

Next, since J only (possibly) jumps at arrival times marked with a, then
IP(Y(]{) :j ’ Y(k - 1) = i,mk = b) = (Sij,

where ¢;; denotes the Kronecker delta. Finally, since J is piecewise constant between the
arrival times {7}, then

V=1 =i} = {J(m) =i} = {J(r) = i}
This implies that
P(Y(k) :j ’ Y(k— 1) = i,mk = a) = P(J(Tk) :j ’ J(Tk_) = i,mk = a) = Pij-
Consequently,

— .- )\a +5 )‘a
APV PR

P(Y(k) =37 |Y(k—=1)=1)
and the proof is complete. O

LEMMA 4.5. Fora € Ny\{1} and b >0, let Y ~ Erlang(a,b). Then

k"\/a \/ak-i-l 1
k
— < - .
(4.7) E [(Y E[Y]) } <t forkeny
PrRoOOF. W.l.o.g. suppose that b = 1. Equation (4.7) can be rewritten as
k .
(4.8) B [(Y - E[Y])’f] <Ky V.
j=1

We use induction to prove that (4.8) holds. First, since E[Y — E[Y]] = 0 < 1!\/a, the case
k = 1 holds trivially. Now, suppose (4.7) holds for all k& € {1,2,...,ko} for some kg > 1. By
[20, third formula on p.704],

ko—1 i
B[y - By)H] = hta Y A D]

(4.9) ~ kola |1+ z_: E[(Y - E[Y])]
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Using the induction hypothesis on the RHS of (4.9), we get

ko—1 i ko—1 '
B[(Y - BYDR ] <kola |1+ > va' | <kolad YV
=2 j=1 i=1 j=1
ko—1ko—1 ko—1
—ko'aZZf]_ko'az /{30—]
Jj=1 1i=j
ko—1 ko+1

< (ho+Dla Y va < (ko+1)! Y Ve,
=1 =1

which proves (4.8) and thus (4.7). O

LEMMA 4.6. Let (R,J) = {(R(t),J(t))}t>0 be a Markov-modulated Brownian motion
defined as in (1.5). Then, for anyi € S, t > 0 and a > pimaxt,

2 max? — Umax? 2
(4.10) P ( sup |R(s)| >a | J(0) = z) < 2 VOmaxt exp (_(a,ua)) ,
Oss<t \/ﬂa - Mmaxt QUmaXt

where fimax ‘= Max;es |iti| and opmax = max;es ;.

PRrROOF. Let {W(t)}+>0 be a standard Brownian motion, independent from (R, J). A stan-
dard bound for the Brownian motion gives us for b > 0

© 1 2
P sup |W(s)| >b :2/ e /2t qy
<0§sr_<)t‘ (s)] > b V2Tt

> l’/t _ 2
<2 DI et 2ty
B /b \ 27t

<72 (\/Z) e /2,
= Vo b

Note that R is identically distributed to {W (I7) + I}' };>0, where I7 := fot 0(s)ds and If' :=
fot try(s)ds. This implies that

P ( sup |R(s)| > a

0<s<t

J(0) :z'> :1?( sup [W (I7) + I*| > a

0<s<t

J(O)zi)
_E P(sup W) > a— sup |1 J<o>:z',{f;’}oggt,{fz}og@ ] J(O)zi)
0<s<t 0<s<t

SUpo<s<y 17| - I))2
<E( 2 (Vswoss ) <_<a supncec DY | o

J(0) = z>

sw( sup [W(I?)| > a— sup |I%]
0<s<t 0<s<t

V2r \ a —supge < 1] 28upg< < |17

2 \/Omaxt — fmaxt)?
Oma; exp <_ (a Hma: ) > ‘ J(O) _ 'L)
27 @ — [max? 20 maxt
_ 2 \/Omaxt exp (_ (a — Hmaxt)2>

V2mra— Hmaxt 20 maxt 7
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which completes the proof. O
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