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Abstract

The goal of this paper is to provide a general purpose result for the coupling of exploration
processes of random graphs, both undirected and directed, with their local weak limits when
this limit is a marked Galton-Watson process. This class includes in particular the configuration
model and the family of inhomogeneous random graphs with rank-1 kernel. Vertices in the graph
are allowed to have attributes on a general separable metric space and can potentially influence
the construction of the graph itself. The coupling holds for any fixed depth of a breadth-first
exploration process.
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1 Introduction

There is a growing literature of problems in physics, mathematics, computer science and operations
research that are set up as processes, random or not, on large sparse graphs. The range of problems
being studied is wide, and includes problems related to the classification, sorting, and ranking
of large networks, as well as the analysis of Markov chains and interacting particle systems on
graphs. Popular among the types of graphs used for these purposes, are the locally tree-like random
graph models such as the configuration model and the inhomogeneous random graph family (which
includes the classical Erdés-Rényi model). These random graph models are quite versatile in the
types of graphs they can mimic, and have important mathematical properties that make their
analysis tractable.

In particular, the mathematical tractability of locally tree-like random graphs comes from the fact
that their local neighborhoods resemble trees. This property makes it easy to transfer questions
about the process of interest on a graph, to the often easier analysis of the process on the limiting
tree. Mathematically, this transfer is enabled by the notion of local weak convergence @, E, B, ]
However, as it is the case for many problems involving usual weak convergence of random vari-
ables, it is often desirable to construct the original set of random variables and their corresponding
weak limits on the same probability space, in other words, to have a coupling. In addition, many
problems studying processes on graphs require that we keep track of additional vertex attributes
not usually included in the local weak limits, attributes that may not be discrete. The recent work
in HE] gives several examples of Markov chains and systems of equations on directed graphs whose
analysis relies on the kind of couplings presented here, and include the study of the personalized
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PageRank distribution ﬂg @, @] among others. Further applications include the analysis of in-
teracting diffusions ﬂﬁ, @], where one may wish to allow the vertex attributes to influence the
dynamics of the processes being studied. The results in this paper were designed to solve these
two problems simultaneously, by providing a general purpose coupling between the exploration of
the neighborhood of a uniformly chosen vertex in a locally tree-like graph and its local weak limit,
including general vertex attributes that may indirectly influence the construction of the graph.

The main results focus only on the two families of random graph models that are known to converge,
in the local weak sense, to a marked Galton-Watson process. It is worth mentioning that other
locally tree-like graphs like the preferential attachment models do not fall into this category, since
their local weak limits are continuous-time branching processes. In particular, we focus on random
graphs constructed according to either a configuration model or any of the inhomogeneous random
graph models with rank-1 kernels (see Sections [[.T] and for the precise definitions). Our results
include both undirected and directed graphs, and are given under minimal moment conditions
in order to include scale-free graphs. In particular, under our assumptions, it is possible for the
offspring distribution in the limiting marked Galton-Watson process to have infinite mean, and in
the directed case, for the limiting joint distribution of the in-degree and out degree of a vertex to
have infinite covariance.

Before describing the two families of random graph models for which our coupling theorems hold,
we will introduce some definitions that will be used throughout the paper. We will use G(V,,, E},)
to denote a graph, or multigraph, having vertices V,, = {1,2,...,n} and edges in the set E,. A
directed edge from vertex i to vertex j is denoted by (i, 7). For multigraphs, we also need to keep
track of the multiplicity of each edge or self loop, so we use [(7) to denote the number of self-loops
of vertex i and e(i,j) to denote the number of edges from vertex i to vertex j. If the graph is
undirected, we simply ignore the direction. In the undirected case, we use D; to denote the degree
of vertex i, which corresponds to the number of adjacent neighbors of vertex 7. In the directed
case, we use D;” to denote the in-degree of vertex i and D;F to denote its out-degree; the in-degree
counts the number of inbound neighbors while the out-degree the number of outbound ones. All our
results are given in terms of the large graph limit, which corresponds to taking a sequence of graphs
{G(V,,,Ey) : n > 1} and taking the limit as |V;,| = n — oo, where |A| denotes the cardinality of
set A. Both the configuration model and the family of inhomogeneous random graphs are meant
to model large static graphs, since there may be no relation between G(V,,, E,,) and G(V;,,, E,) for
n > m. Strong couplings for evolving graphs such as the preferential attachment models are a topic
for future work.

1.1 Configuration model

The configuration model M, ] produces graphs from any prescribed (graphical) degree sequence.
In the undirected version of this model, each vertex is assigned a number of stubs or half-edges
equal to its target degree. Then, these half-edges are randomly paired to create edges in the graph.

For an undirected configuration model (CM), we assume that each vertex i € V,, is assigned an
attribute vector a; = (D;,b;), where D; € N is its degree, and b; encodes additional information
about vertex ¢ that does not directly affect the construction of the graph but may depend on D;.
The attributes {b;} are assumed to take values on a separable metric space S’. For the sequence



{D; : 1 <i < n} to define the degree sequence of an undirected graph, we must have that
n
Ln:=)_D;
i=1

be even. Note that this may require us to consider a double sequence {a(n) 24> 1,n > 1} rather

than a unique sequence, i.e., one where a 75 a ) for n % m. In applications it is often convenient
to allow the vertex attrlbutes to be random themselves the work in ﬂE studies various stochastic
recursions on graphs that include vertex attributes such as the ones we envision here.

Assuming that L, is even, enumerate all the stubs, and pick one stub to pair; suppose the stub
belongs to vertex i. Next, choose one of the remaining L, — 1 stubs uniformly at random, and if
the stub belongs to vertex j, draw an edge between vertices ¢ and j; pick another stub to pair.
In general, a stub being paired chooses uniformly at random from the set of unpaired stubs, then
identifies the vertex to which the chosen stub belongs, and creates an edge between its vertex and
the one to which the chosen stub belongs.

The directed version of the configuration model (DCM) is such that each vertex i € V,, is assigned

an attribute of the form a; = (D, Df ,b;) € N2 x &', Similarly to the undirected case, D; and Df

denote the in-degree and the out-degree, respectively, of vertex i, and the b; is allowed to depend
n (D;, D;"). The condition needed to ensure we can draw a graph is now:

Ly = f:Dj — f:D;,
i=1 i=1

which again may require us to consider a double sequence {agn) ci>1,n>1}.

As for the CM, we give to each vertex ¢ a number D of inbound stubs, and a number DZ* of
outbound stubs. To construct the graph, we start by choosing an inbound (outbound) stub, say
belonging to vertex i, and choose uniformly at random one of the L, outbound (inbound) stubs.
If the chosen stub belongs to vertex j, draw an edge from j to ¢ (from i to j); then pick another
inbound (outbound) stub to pair. In general, when pairing an inbound (outbound) stub, we pick
uniformly at random from all the remaining unpaired outbound (inbound) stubs. If the stub being
paired belongs to vertex i, and the one to which the chosen stub belongs to is j, we draw a directed
edge from j to ¢ (from i to j).

We emphasize that both the CM and the DCM are in general multi-graphs, that is, they can have
self-loops and multiple edges (in the same direction) between a given pair of vertices. However,
provided the pairing process does not create self-loops or multiple edges, the resulting graph is
uniformly chosen among all graphs having the prescribed degree sequence. It is well known that
when the empirical degree distribution converges weakly and its second moment converges to that
of the limit, the pairing process results in a simple graph with a probability that remains bounded
away from zero even as the graph grows ﬂﬂ, m?

We will use %, = o(a; : 1 < i < n) to denote the sigma algebra generated by the attribute
sequence, which does not include the edge structure of the graph. To simplify the notation, we
will use P, () = P(:|.%,) and E,,[-] = E[-|.%,] to denote the conditional probability and conditional
expectation, respectively, given .%,.



1.2 Inhomogeneous random graphs

The second class of random graph models we consider is the family of inhomogeneous random graphs
(digraphs), in which the presence of an edge is determined by the toss of a coin, independently
of any other edge. This family includes the classical Erdés-Rényi graph @], but also several
generalizations that allow the edge probabilities to depend on the two vertices being connected,
e.g., the Chung-Lu model ], the Norros-Reittu model (or Poissonian random graph) iﬁ], and the
generalized random graph [7] to name a few. Unlike the Erdds-Rényi model, these generalizations
are capable of producing graphs with inhomogeneous degree sequences, and can mimic almost any
degree distribution whose support is N (or N? in the directed case). This paper focuses only on
inhomogeneous random graphs (digraphs) having rank-1 kernels (see ﬂa]), which excludes models
such as the stochastic block model.

Collectively, this family of models has a long history in the random graph literature, and their
connectivity properties, phase transitions, and degree distributions are well known. Rather than
attempting to name all the existing references where these models have appeared, we refer the
interested reader to the books ﬂﬂ, |ﬂg; ﬂ, @], where many of their properties have been compiled.

To define an undirected inhomogeneous random graph (IR), assign to each vertex i € V,, an attribute
a; = (W;,b;) € Ry xS'. The W; will be used to determine how likely vertex i is to have neighbors,
while the b; can be used to include vertex characteristics that are not needed for the construction
of the graph but that are allowed to depend on W;. If convenient, one can consider using a double
sequence {agn) :1>1,n > 1} as with the configuration model, but this is not as important since
the sequence #,, := {W; : 1 < i < n} does not need to satisfy any additional conditions in order
for us to draw the graph. As with the CM (DCM), the vertex attributes are allowed to be random.

We will use the same notation .%,, = o(a; : 1 <1i < n), as for the configuration model, to denote
the sigma algebra generated by the vertex attributes, as well as the notation for the corresponding
conditional probability, P, (-) = P(:|.%,), and expectation, E,[-| = E[-|.%,].

For the IR, the edge probabilities are given by:

P =P (i) € B) = 1A (4 (W W), 1Si<j<n,

where —1 < @, (W;,W;) = o(n,W;, W;,#;,) as. is a function that may depend on the entire
sequence #,,, on the types of the vertices {i,j}, or exclusively on n, and 0 < 6 < oo satisfies

1 — P
—E W; — 0, n — 0.
n

i=1

Here and in the sequel, A y = min{z,y} and x V y = max{z,y}. Since the graph is to be simple
by construction, pz(-?) =0 for all 7 € V,.

For the directed version, which we refer to as an inhomogeneous random digraph (IRD), the vertex
attributes take the form a; = (W, Wi+, b;) € Ri x &'. The parameter W,  controls the in-degree
of vertex ¢, and VV;r its out-degree. If we write W; = (W, WZ.JF), the edge probabilities in the IRD
are given by:

+ —

(n) . Wi W; L
pij =P, ((Zvj) € En) =1A 7(1 +(pn(wiij))7 <1 7&] <n,

On



where —1 < ¢, (W;, W;) = ¢(n, W;, W;,#,,) as. is a function that may depend on the entire
sequence #;, := {W; : 1 < i < n}, on the types of the vertices {i,j}, or exclusively on n, and
0 < 0 < oo satisfies

1 n
- Z(WZ_ + W) s, n — 0o.
i=1

Since the graphs are again simple by construction, we have pl(i") =0 for all 1 € V,.

2 Main result for undirected graphs

For an undirected graph constructed according to one of the two models (CM or IR), our main
result shows that there exists a coupling between the breadth-first exploration of the component of
a uniformly chosen vertex and that of the root node of a marked Galton-Watson process. Before
we can state the theorem, we need to introduce some notation on the graph and describe the
Galton-Watson process that describes its local weak limit.

Each vertex i in an undirected graph (multigraph) G(V,,, E,,) is given a vertex attribute of the form:

o (Dl,bl) if G(Vn,En) is a CM,
"l (Wi, by) if G(Vi, Ey) is an IR.

In addition, define for each vertex ¢ its full mark:
X; = (Ds, ),

where D; is the degree of vertex i. We point out that the definition of X; is redundant when the
graph is a CM, however, it is not so if the graph is an IR. In both cases the vertex attributes are
measurable with respect to .%,,, while the full marks are not if the graph is an IR.

The main assumption needed for the coupling to hold is given in terms of the empirical measure
for the vertex attributes, i.e.,
1 n
Un() = 521(& € ). (2.1)
i=1
In order to state the assumption, recall that the state space for the vertex attributes, &', is assumed
to be a separable metric space under metric p’. Now define the metric

p(x,y) = |1 — y1| + |z2 — yo| + 0/ (%3, ¥3), x = (21,22,%3), Y = (¥1,¥2,¥3),

on the space S := N xR x &', which makes S a separable metric space as well. Using p, and for any
probability measures v, i, on the conditional probability space (S, .%,,P,), define the Wasserstein
metric of order one

W1 (vp, pi) = inf {En [p(Y, Y)] aw(Y).%,) = v, law(Y|.%,) = ,un} .



Assumption 2.1 (Undirected) Let v, be defined according to 1)), and suppose there exists a
probability measure v such that

Wl(ynﬂ/)i)(), n — oQ.
In addition, assume that the following conditions hold:

A. In the CM, let (2, B) be distributed according to v, and suppose there exists a non-random
bg € &' such that E[2 + p/(B,by)] < cc.

B. In the IR, let (W, B) be distributed according to v, and suppose the following hold:

_1ly (M) _ () Ay P () _

1. & = - Z Z ;" — (ri;” A1) = 0 as n — oo, where r;;” = W;W;/(0n).
i=1 1<iAj<n,

2. There exists a non-random by € 8" such that E[W + p'(B,by)] < oo.

Now that we have stated the assumptions for our theorem, we need to describe the local neighbor-
hood of a vertex in the graph G(V,,, E,). To do this, let I € V,, denote a uniformly chosen vertex
in G(Vy,, Ey,); vertices are identified with their labels in {1,2,...,n}. Define Ay = {I}, and let Ay
denote the set of vertices at hop distance k from I. Now write g}’“) to be the subgraph of G(V,,, E},)
consisting of the vertices in Uf:o A, along with their (multiple) edges and self-loops. We will also

use the notation g}’“) (a) to refer to the graph g}’“) including all the attributes of its vertices.

Definition 2.2 We say that two simple graphs G(V,E) and G'(V',E’) are isomorphic if there
exists a bijection o : V. — V' such that edge (i,7) € E if and only if edge (o(i),0(j)) € E'. We say
that two multigraphs G(V, E) and G'(V', E') are isomorphic if there exists a bijection o : V. — V'
such that 1(i) = 1(o(i)) and e(i,7) = e(o(i),0(j)) for alli € V and all (i,j) € E, where [(i) is the
number of self-loops of vertex i and e(i, j) is the number of edges from vertex i to vertex j. In both
cases, we write G ~ G'.

To describe the limit of Q§k> as n — oo, we will construct a delayed marked Galton-Watson process,
denoted T(A), using the measure v in Assumption 2.1l The “delayed” refers to the fact that the
root will, in general, have a different distribution than all other nodes in the tree.

To start, let U = [J,—, Ni denote the set of labels for nodes in a tree, with the convention that
N9 := {0} contains the root. For a label i = (i1,...,ix) we write |i| = k to denote its length, and

use (i,7) = (i1,...,1k,7) to denote the index concatenation operation.

The tree T is constructed as follows. Let {(NV;, A;j) : i € U} denote a sequence of independent
vectors in S, with {(NV;, 4;) : 1€ U,i# 0} i.i.d. For any i € U, the Nj will denote the number of
offspring of node i, and A; will denote its attribute (mark). As with the graph, we will use the
notation 7 to denote the tree without its attributes. Let Ag = {(} and recursively define

Ap={G,)):ie A, 1<j <N}, k>1,
to be the kth generation of 7. To match the notation on the graph, we write
Xp=(Np,A4p), and X;=(N;i+1 4y, i#0.



The marked tree is then given by 7(A) = {X; : i € T}; note that the marks include the number
of offspring of each node, from where the edges in the tree can be deduced. We will denote 7*)
(T (A)) to be the restriction of T (T (A)) to its first k generations.

It only remains to identify the distribution of Xj, for both i = () and i # (), in terms of the
probability measure v in Assumption Il For a CM, let A = (Z, B) be distributed according to
v, then,

P(Xye-)=P(Z,4A) €),
1

PXi €)= grmBl21(2, A) €], 140,

For an IR, let A = (W, B) be distributed according to v, then,
P(X@ S ) :P((DvA) € ')7

P(X;e-) = EW1(D+1,A) €], i#0,

L
E[W]
where D is a mixed Poisson random variable with mean W. Note that the distribution of Xj

for i # (), corresponds to a size-biased version of the distribution of X with respect to its first
coordinate.

We are now ready to state the main coupling theorem for undirected graphs.

Theorem 2.3 Suppose G(V,, Ey,) is either a CM or an IR satisfying Assumption 2. Then, for

any fized k and g}’“) (a) the depth-k neighborhood of a uniformly chosen vertex I € V,,, there exists
a marked Galton-Watson tree T(k)(A) restricted to its first k generations, whose root corresponds

to vertex I, and such that,

P, (g}’“) o ”r(’f)) 20, n— oo,

and if we let o(i) € V,, denote the vertex in the graph corresponding to node i € T®)  and define
for any € > 0 the event

C§k7e) = ﬂ {p(XU(i)7Xi) < 6}7 g§k) = T(k) )
icT®)

then
E, [p(X1, Xy)] i) and P, <C’§k’e)> KR 1, n — 0o.

Moreover, for any fixzed m,k > 1, € > 0, and {I; : 1 < j < m} i.i.d. random variables uniformly
chosen in Vj,, there exist i.i.d. copies of T (A), denoted {%((ﬁi)(A) : 1 < j < m}, whose roots
correspond to the vertices {I; : 1 < j < m} in G(Vy, Ey,), such that

m

Y E, [p(XIj,X@(Ij))] 20 and P, ﬁ o I R
j=1

J=1



Remark 2.4 Theorem [Z:3 implies that the graph G(V,,, E,) converges in the local weak sense in
probability, as introduced in ﬂf @, B/ for undirected graphs and later extended in ] to marked
undirected graphs. The statement involving more than one exploration is related to the notion of
propagation of chaos in the interacting particles literature (see, for example, Definition 4.1 in B]},
and can be of independent interest in that context.

3 Main result for directed graphs

In the directed case, our main result will allow us to couple the breadth-first exploration of either
the in-component or the out-component of a uniformly chosen vertex. Since the two cases are
clearly symmetric, we state our results only for the in-component.

As with the undirected graph, each vertex ¢ in the graph G(V,,, E,,) has an attribute:
o {(D;,Dj,bi) if G(V,,, E,) is a DCM,
"l (W, Wit by) if G(Vi, E,) is an IRD.
The full mark of vertex i is now given by:
X; = (D;, D] ay),
where D;” and DZ* are the in-degree and out-degree, respectively, of vertex i.

With some abuse of notation, we use again v, as defined in (Z1]), to denote the empirical measure
for the vertex attributes. However, the state space for the full marks is now S := N2 x R? x &/,
equipped with the metric:

p(x,y) = |x1 — 1] + |z2 — yo| + |23 — y3| + |24 — ya| + 0’ (x5, ¥5),

for x = (21,29, 23,24,%5) and y = (y1,92,93,Y4,¥5). The Wasserstein metric Wi defined on the
conditional probability space (S,.%,,P,) remains the same after the adjustments made to S and p.

Assumption 3.1 (Directed) Let v, be defined according to ([21l), and suppose there exists a
probability measure v such that

W1 (U, v) i 0, n — 0o.
In addition, assume that the following conditions hold:

A. In the DCM, let (2~,2%, B) be distributed according to v, and suppose there exists a non-
random by € &' such that E[2~ + 27 + p(B,by)] < co.

B. In the IRD, let (W=, W™ B) be distributed according to v, and suppose the following hold:
_1y (M _ () 1y P M) _
1. 8,1—%2 Z ;" — (rij” AN1)| = 0 as n — oo, where r;;” = W; W, /(6n).

i=1 1<izj<n,
2. There erists a non-random by € 8" such that E[W~ + W™ + p(B,bg)] < cc.



Since we will state our result for the exploration of the in-component of a uniformly chosen vertex,
the structure of the coupled tree will be determined by the vertices that we encounter during a
breadth-first exploration. This exploration starts with a uniformly chosen vertex I € V,,, which is
used to create the set Ag = {I}. It then follows all the inbound edges of I to discover all the vertices
at inbound distance one from I, which become the set A;. In general, to identify the vertices in
the set Ay, we explore all the inbound edges of vertices in Ai_1. As we perform the exploration,
we also discover the out-degrees of the vertices we have encountered, however, we do not follow any
outbound edges. We then define g}’“) to be the subgraph of G(V,,, E,) whose vertex set is Uf:o A,
and whose edges are those that are encountered during the breadth-first exploration we described.
The notation g}’“) (a) will be used to refer to the graph g}’“) including the values of the full marks
{X;} for all of its vertices.

In the directed case, the limit of g}’“ is again a delayed marked Galton-Watson process, with
the convention that all its edges are pointing towards the root. We will denote the tree T (A)
as before, however, it will be constructed using a sequence of independent vectors of the form
{(M;, Ds, A;) =i e U}, with {(V;, Dy, As) i€ U, i # 0} ii.d. In other words, the full marks now
take the form

Xi:(-/\/’ialDi,Ai)y ield.

The construction of the tree T is done as in the undirected case using the {N; : i € U}, and the
marked tree is given by T(A) = {X; :i € T}. The notation T (T*)(A)) refers again to the
restriction of 7 (7 (A)) to its first k generations.

The distribution of the full marks X; for both i = () and i # () are also different than in the
undirected case. For a DCM, let A = (27, 2", B) be distributed according to v, then
P(X@ € ) = P((-@_7-@+7A) € ')7

P(X;e) = ﬁE (77127, 9%, A) € )], i#0.

For an IRD, let A = (W~, W, B) be distributed according to v, then
P(X@ S ) = P((D_7D+7A) S ’)7

P(X;c-) = ﬁE (WH1(D™, D" +1,A) € )], i#£0,

where D~ and D are conditionally independent (given (W=, W ™)) Poisson random variables with
means ¢cW ™~ and (1 — ¢)W T, respectively, and ¢ = E[WT|/E[W~ + WT]|. Note that in this case,
the distribution of X for i # (), corresponds to a size-biased version of the distribution of Xy with
respect to its second coordinate.

The following is our main coupling theorem for directed graphs.

Theorem 3.2 Suppose G(V,,, Ey,) is either a DCM or an IRD satisfying Assumption[31. Then, for

any fized k and g}’“) (a) the depth-k neighborhood of a uniformly chosen vertex I € V,,, there exists
a marked Galton-Watson tree T(k)(A) restricted to its first k generations, whose root corresponds
to vertex I, and such that,

P, (g}’“) o ”r(’f)) 20, n— oo,

9



and if we let o(i) € V,, denote the vertex in the graph corresponding to node i € T®)  and define
for any € > 0 the event

C§k’€) = ﬂ {p(X‘U(i)7Xi) < 6}7 g}k) = T(k) )
icT®)

then
E,[p(X7,Xp)] 250  and P, (0}’“”) 1, no oo

Moreover, for any fixzed m,k > 1, € >0, and {I; : 1 < j < m} i.i.d. random variables uniformly

chosen in Vi, there exist i.i.d. copies of T (A), denoted {%((i)‘)(A) : 1 < j < m}, whose roots
J

correspond to the vertices {I; : 1 < j < m} in G(Vy,, Ey), such that

Y E, [p(XIj,X@(Ij))] Lo and P ()CF] B no o
j=1 j=1

The remainder of the paper contains the proofs of Theorem 23] and Theorem

4 Proofs

The proofs of Theorem and Theorem are based on an intermediate coupling between the
breadth-first exploration of the graph G(V,,, E,) and a delayed marked Galton-Watson process
whose offspring distribution and marks still depend on the filtration .%,. This intermediate step
consists in coupling g}’“) with a marked tree denoted T(k)(A) Interestingly, this coupling will be
perfect, in the sense that the vertex/node marks in each of the two graphs will also be identical to
each other. The proofs of Theorems and will be complete once we show that T(k)(A) can
be coupled with the limiting 7*)(A).

To organize the exposition, we will separate the undirected case from the directed one. Most of the
proofs for the directed case have been established in prior work by the author, and therefore will
be omitted; the precise references and the missing details are given in Section Once the inter-
mediate coupling theorems are proved, the coupling between the two trees can be done indistinctly
for the undirected and directed cases (on the trees, the direction of the edges is irrelevant).

4.1 Discrete coupling for undirected graphs

As mentioned above, the main difference between the intermediate tree and the limiting one lies on
the distribution of the marks. As before, we start with the construction of the possibly infinite tree
T , which is done with the conditionally independent (given .%,) sequence of random vectors in S,
{(Ni, Ay) :ieU}, with {(N;, Ay) - i € U,i+# 0} conditionally i.i.d. Let Ag = {f} and recursively
define

Ay ={(,7):i€ A4_1,1<j <N},  k>1

10



Next, define the full marks according to:

Xy = (Np,Ag) and X;=(N;i+1,4Ay), i#0,
and let T(A) = {X; :ie T}. We use
For a CM, the distribution of the full marks is given by:

P (Xoc) = LS 1Dy )

i=1
( ) Z—l (Dj,a;) €-), i#0.

For the IR model, first let {b,} be a sequence such that b, L, 00 and b, //n Looasn— oo, and
use it to define W; = W; A b,, and
An =) "W,
i=1

The marks on the coupled marked Galton-Watson process are given by:

. 1 &
IPn<X -):— P((D;,a;) € -|a;),
0€) = P €

P, (Rie ) = ; %’P((Di Fla) € la), P40,

where conditionally on a;, D; is a Poisson r.v. with mean A,,W;/(6n).

We will also need to extend our definition of an isomorphism for marked graphs.

Definition 4.1 A graph G(V,E) is called a vertex-weighted graph if each of its vertices has a
mark (weight) assigned to it. We say that the two vertex-weighted simple graphs G(V,E) and
G(V',E") are isomorphic if there exists a bijection o : V. — V' such that edge (i,j) € E if and
only if edge (o(i),0(j)) € E', and in addition, the marks of i and o (i) are the same. For vertex-
weighted multigraphs, we say that G(V,E) and G'(V',E") are isomorphic if there exists a bijection
o:V = V' such that 1(i) = l(o(2)) and e(i,j) = e(o(i),0(j)) for alli € V and all (i,j) € E, where
(1) is the number of self-loops of vertex i and e(i,j) is the number of edges from vertex i to vertex
J, and in addition, the marks of i and o (i) are the same. In both cases, we write G ~ G'.

The intermediate coupling theorem is given below.

Theorem 4.2 Suppose G(V,, E,,) is either a CM or an IR satisfying Assumption 2. Then, for
Q§k> (a) the depth-k neighborhood of a uniformly chosen vertex I € V,,, there exists a marked Galton-

Watson tree T (k)(A) restricted to its first k generations, whose root corresponds to vertex I, and
such that for any fized k > 1,

P (0 () % TM(A)) Do, o

The proof of Theorem [£2]is given separately for the two models being considered, the CM and the
IR.
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4.1.1 Coupling for the configuration model

To explore the neighborhood of depth k of vertex I € G(V,,, E,) we start by labeling the set of L,
stubs in such a way that stubs {1,..., D;} belong to vertex 1, stubs {D; +1,..., D1 + Dy} belong
to vertex 2, and in general, stubs {Dy +---+ Dy,—1 + 1,..., Dy + D,,} belong to vertex m.

For any k£ > 0 define the sets:

Ay, = set of vertices in G(V,,, E,,) at distance k from vertex I.

Jir = set of stubs belonging to vertices in Ay.

k
Vi = A
r=0

A, = set of nodes in 1" at distance k from the root 0.
k
m:Um
r=0

These sets will be constructed as we explore the graph.

To do a breadth-first exploration of G(V,,, E,) we start by selecting vertex I uniformly at random.
Next, let Jy denote the set of stubs belonging to vertex I and set Ag = {I}. For k > 1, Step k in
the exploration will identify all the stubs belonging to nodes in Ay.

Step k, k> 1:

a. Initialize the sets Ay, = J, = @.
b. For each vertex i € Aj_q:

i. For each of the unpaired stubs of vertex i:

1) Pick an unpaired stub of vertex i and sample uniformly at random a stub from the
L, available. If the chosen stub is the stub currently being paired or if it had already
been paired, sample again until an unpaired stub is sampled.

2) If the chosen stub belongs to vertex j, draw an edge between vertices ¢ and j using
the chosen stub. If vertex j had not yet been discovered, add it to A, and add all
of its unpaired stubs to Jj.

The exploration terminates at Step k if J, = @, at which point the component of I will have been
fully explored.

To couple the construction of 7" initialize Ay = {#} and identify § with vertex I in G(V,,, E,) and
set N@ = Dy, ap = aj. For k > 1, Step k in the construction will identify all the nodes in Ay by
adding nodes in agreement with the exploration of the graph. Each node that is added to the tree
will have a number of stubs equal to the total number of stubs of the corresponding vertex, minus
one (the one being used to create the edge), regardless of whether some of those stubs may already
have been paired.

Step k, k> 1:

12



a. Initialize the set Ak = 0.

b. For each node i = (i1,...,ip_1) € Ag_1:

i. Foreach 1 <r < Ni:
1) Pick a stub uniformly at random from the L,, available.
2) If the chosen stub belongs to vertex j, then add node (i,7) to Ay, and set N(im) =
Dj — 1, A(i,r) = aj.

This process will end in Step k if Ni=0forallie flk, or it may continue indefinitely.

Note that the coupling relies on using the same uniform random numbers in step (b)(i)(1) for the
two constructions. Specifically, there is one uniform for each of the L,, stubs which is used in step
(b)(4)(1) of the tree construction, and in the first pick in the acceptance-rejection step (b)(i)(1) of
the graph exploration; in case of a rejection, independent uniforms are used until a stub is accepted.

Definition 4.3 We say that the coupling breaks in generation T = k if:

e The first time we have to resample a stub in step (b)(i)(1) occurs while exploring a stub
belonging to a vertexr in Ayp_1; or

e [If given that the above has not happened, a stub belonging to a vertex in Ap_1 is paired with
a stub belonging to a previously encountered vertez (this vertex could be in either Ax_1 or the
current set Ag).

Note: The exploration of the component of depth k of vertex I in G(V,,, E,) and the construction
of the first k generations of the tree T will be identical provided 7 > k, meaning g}’“) (a) ~
T(k)(A) in the sense of Definition .1l This particular construction is standard in the analysis of
the configuration model, with small variations depending on whether one needs to keep track of
completed generations or simply the number of stubs that have been paired. We refer the reader
to Chapter 4 in ] for the stub by stub version and a full history of the model. Earlier versions of
the coupling imposed finite second moment conditions that more recent proofs can omit (see, e.g.,

[24)).

Proof of Theorem (m =1) for the CM. From the observation made above, it suffices to
show that the exploration of the k-neighborhood of vertex I does not require us to resample any
stub in step (b)(7)(1) nor samples a stub belonging to a vertex that had already been discovered. To
compute the probability of successfully completing k generations in 7' before the coupling breaks,
write:

P, (6f(@) £ TW(A)) < Pu(r < ).

The coupling breaks the first time we draw a stub belonging to a vertex that has already been
explored: either a stub already paired, or one that is unpaired but already attached to the graph.
The number of paired stubs when exploring a vertex in A,_1 is smaller or equal than 2 Z;zl |A;|+
|.J-|, which corresponds to two stubs each for the vertices at distance at most r of I and the unpaired

13



stubs belonging to nodes in J,.. Note that up to the moment that the coupling breaks, we have
|A;| = |Aj| for all 0 < j <7, and |J,| = |Ar41], so the probability that we break the coupling while
exploring a vertex in A,_1 is smaller or equal than

r+1
2|V,
:_ZyAy_ |T“| r>1.

It follows that for any a,, > 0,

Pp(r < k) =Pu(r <k, ’Vk-l-l’ < ap) +Pn(“7k+1’ > ap)
k
< Z]Pn(T =T ’Vr’-i-l’ < ay) +Pn(“7k+1‘ > ay)
r=1

k
< 3 P (Bin(Aro1, B) 2 1, V| < ) + Pa([Viia| > an)

k
< Z]P’n (Bin(ay, 2a,/Ly) > 1) +]P’n(ﬂ7k+1\ > ap,)
r=1

< Z— + Pu(|Vir1| > an),

where Bin(n, p) represents a binomial random variable with parameters (n,p). Hence, we have
2ka?
L

n

Pn(|Vk+1| > ap).

2 (0P(2) £ TW(A)) <Po(r <) <

To analyze the last probability we use the first part of Theorem .7 to obtain that for any fixed
k > 1 there exists a tree T®) of depth k, whose distribution does not depend on .%,, such that

P, (74 £ T®) L0

as n — 0o. Let |Aj| denote the size of the kth generation of that tree, define [Vyy1| = Efié | Al
and note that

R R 2
B (00 (a) 2 TV (A)) < 2

P(Vit1| > an) + Py, <T(k) o+ T(k)) ‘

Choosing a, P, 50 so that at/n Pioasn = oo, and observing that |Vi11| < oo a.s., completes
the proof. m

4.1.2 Coupling for the inhomogeneous random graph

We will couple the exploration of the component of vertex I € G(V,,, E,) with a marked multi-
type Galton-Watson process with n types, one for each vertex in G(V,,, E,). A node of type

i€ {1,2,...,n} in the tree will have a Poisson number of offspring of type j with mean:
n) _ Wil ‘
qz] - en b 1 S j S n.
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Similarly as in the case of the CM, define:

Ay, = set of vertices in G(V,,, E,,) at distance k from vertex I.

k
Vi = A
r=0
Ay = set of nodes in T at distance k from the root 0.

By, = set of types of nodes in Ay
k

Vi = A
r=0

We will again do a breadth-first exploration of G(V,,, E,,) starting from a uniformly chosen vertex
I. To start, let {U;; : i,j > 1} be a sequence of i.i.d. Uniform[0, 1] random variables, independent
of #,. We will use this sequence of i.i.d. uniforms to realize the Bernoulli random variables that
determine the presence/absence of edges in G(V,,, Ey,). Set Ag = {I} and initialize the set J = &;
the set J will keep track of the vertices that have been fully explored (all its potential edges realized),
and will coincide with V;_; at the end of Step k.

Step k, k> 1:

a. Initialize the set A, = &.

b. For each vertex ¢ € Aj_q:

i. Let X;; = 1(U;; > 1 —pz(-;-l)) for each j € {1,2,...,n}\ J.
ii. If X;; =1 draw an edge between vertices 7 and j and add vertex j to Ay.

ili. Add vertex i to set J.

The exploration terminates at the end of Step k if Ay = @, at which point the component of I will
have been fully explored.

To couple the construction of 7" initialize Ay = {0} and identify § with vertex I in G(V;, E,) as
before; let By = {I}. To construct the tree, we will sample for a node of type i a Poisson number
of offspring of type j for each j € {1,...,n}. To do this, let G(:; A) be the cumulative distribution
function of a Poisson random variable with mean A, and let G=1(u; \) = inf{z € R : G(z;\) > u}
denote its pseudoinverse. In order to keep the tree coupled with the exploration of the graph we
will use the same sequence of i.i.d. uniform random variables used to sample the edges in the graph.
Initialize the set J = & , which will keep track of the types that have appeared and whose offspring
have been sampled. The precise construction is given below:

Step k, k> 1:

a. Initialize the sets Ak = Bk =g.

b. For each node i = (i1,...,ix_1) € Ag_1:

i. If i has type t ¢ J:

15



1) For each type j € {1,...,n}\ J let Zyy = G_l(Utj;qgl)), and create Z;; children of
type j for node i. If Z;; > 1, create Z;; children of type j for node i, each with node
attribute equal to a;, and add j to set By.

2) For each type j € J sample Zf; ~ Poisson(qg)), independently of the sequence

{Uij 4,5 > 1} and any other random variables. If Z§; > 1 create Z; children of
type j for node i, each with attribute equal to a;.

3) Randomly shuffle all the children created in steps (b)(i)(1) and (b)(i)(2) and give
them labels of the form (i,7), then add the labeled nodes to set Aj. The node
attributes will be denoted A(i,j) = a;. (The shuffling avoids the label from providing
information about its type).

4) Add type t to set J.

ii. If i has type t € J:

1) For each type j € {1,...,n} sample Zf; ~ Poisson(qg—o), independently of the

sequence {Uj; : i,j > 1} and any other random variables; create Z; children of type
J for node i, each with attribute equal to a;.

2) Randomly shuffle all the children created in step (b)(ii)(1) and give them labels of

the form (i, 7), attributes A(i,j) = a;, and add the labeled nodes to set Ay,

This construction may continue indefinitely, or may terminate at the end of Step k if Aj, = .

We point out that this coupling is not standard, since in most of the literature on IR models the
coupling is done between the binomial distribution (the degree of a vertex) and its coupled Poisson
limit (see ﬂa] or Chapter 3 in ﬂﬁ], where the proof uses the moments method). Moreover, most of
the existing couplings consider first a multi-type Galton Watson process with finitely many types,
and then use a monotonicity argument to obtain the general case. The coupling described above
avoids the need for this second step since the number of types grows as n — oo, and since it is based
on coupling the individual Bernoulli random variables (edges) with their Poisson counterparts, it
allows us to keep track of the vertex marks at no additional effort.

Definition 4.4 We say that the coupling breaks in generation T = k if for any node in Aj_; either:

o In step (b)(i)(1) we have Zy; # Xyj for some j € {1,...,n}\ J;

o In step (b)(i)(1) we have Zi; > 1 for some j € (Br_1 U By) \ J, in which case a cycle or
self-loop is created; or,

e In step (b)(i)(2) we have Zj; > 1 for some j € J.
We start by proving the following preliminary result. Throughout this section, let
1
A, = / ‘Fn_l(u) — F_l(u)| du < Wi (vp,v),
0

where F,(x) = %22:1 1(W; < z) and F(z) = P(W < z). We also use the notation X,, = Op(z,)
as n — oo to mean that there exists a random variable Y;, such that | X,,| <1 Y,, and Y, /x, L e
for some finite constant K.
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Lemma 4.5 For any 1 <i < n we have
P, (K%%;’#i | Xji — Zji| > 1> < min {1, 1(W; > by) + Pn(i) + Winn }

where
Pai) = > [pl - @l A,

1<j<n, ji

o = (Bn +g(by) + b5 /0 +030,/(00)) /6, and  g(x) = E[(W —2)*].
Proof. Let R;; = 1(U;; > 1 — TZ-(]T-L)) with TZ-(]T-L) = W;W;/(6n). The union bound gives:

P, < max | Xi; — Zy| > 1) SAW; > b) +1(Wi b)Y PullXyy = Ziy 2 1).
1<j<n,j#i 1<j<n,j#i

Now note that

Pn(|Xij — Zij| > 1) = P (X4 — Zij| > 1, X5 — Rij| > 1)
+Pu(1Xij — Zij| > 1,| X4 — Rizj| = 0)
< Pu(|Xij — Ryl > 1) + Pu(|Rij — Zij] > 1).

The first probability can be computed to be:
Pal1 Xy = Zigl 21) = Ip}) = () A1)l
To analyze each of probabilities involving R;; and Z;;, note that

P, (’R” — Zij‘ > 1) = ]P’n(RZ] =0, Zij > 1) + ]P’n(RZ] =1, Zij = O) —I-Pn(Rij =1, Zij > 2)
(n) (n) + (n) (n) +
= (1— (LAr) —e % > + (e_qii =1+ Ar; ))
(n)
+ min {1 —e % (1+ qgl)), (IA rfjn))}

(n)
= ‘1 — (1A rgl)) —e %

e ) "
—i—min{(l/\ri(j)), e %ii (e —1—q§j))}.

Now use the inequalities e ™ > 1 —xz, e ¥ — 142 < x2/2 and e’ — 1 — a2 < xzex/2 for z > 0, to
obtain that

—g™ —g™ g™
]P)n (|Xzy — ZZ]| > 1) < T’Z(]n) - (]Z(]n) + ‘1 — ql(]n) —e % +e i (eq” —-1- qz(jn))

(n) _ (n)

O ) (n)
=1y — g te W —1+ q(") (n))

ij + e_qij (eqlﬂ —-1- q
(n) (n) (n)\2

S (qij )"
It follows that

LW <ba) > PullXij— Zy[ = 1)
1<j<n,j#i
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A<t X (W - 0 A0 o+ ()
1<j<n,j#i

. W )2 —
Spn(i)‘F Z Wz(WJ W])+(9 2)2 Z ( j)2

1<j<n,j#i 1<j<n,j#i
LW (W:)2bp Ay,
< ot W, — + Y
< Pali) + on ;:1( J bn) " + (971)2

To further bound the second term note that if we let W) denote a random variable distributed
according to Fj, and W a random variable distributed according to F', then

% DW= ba) =B [(W) = b | < By [IWE) = W] 4+ (W = o) | = A+ gbu).
j=1

And for the last term,

W2

(W:)2bp Ay, - W;b?
0%n

(On)2  — 62n

(A, + E[W]).

'E, [Wm)} <

We conclude that for &, as defined in the statement of the lemma,

W;b2
0%n

Wi
1(Wz < bn) Z ]P)n(‘ng - Zij’ > 1) < ,Pn(z) + T(An + g(bn)) +
1<j<n,j#i

(A +EWT])

which in turn yields
7> < mi . ; A
Py <1Sjné?1}3#‘Xw Zij| = 1) S min {17 L(W; > by) + Py (i) + 77an}
]
Proof of Theorem (m =1) for the IR. We start by defining the following events:

jeJ jeEL
B; = { current set Bj,_1 U By, when the neighbors of i € A,_; are explored},

J; = { current set J when the neighbors of i are explored},

Hy, = ﬂ Fi({1,...,n}\ Ji, J5, Bi \ 1),

1€AL 1

Next, note that

P, (1 < k) < P, (7 < k, My) + P, (M)
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n

D Ppi(r =1, M,) + Py (M),
=1

SRS

k
<2
r=1

where the last probability can be bounded using the first part of Theorem L7 as it was done at the
end of the proof of Theorem for the CM. Specifically,

Po(Mg) < P (V| > sn) + Py (T 2 70

where [Viy1| = Efié |A;| < 00 a.s. and the distribution of 7*) does not depend on .7,.

Now note that for any r > 1,

r—1
]P)nvi (T =T MT) = ]Pn,i <MT’ N m Hpy N Hf) )

m=1

with the convention that ﬂgnzl H,, = Q. Let F; denote the sigma-algebra that contains the history
of the exploration process in the graph as well as that of its coupled tree, up to the end of Step ¢
of the graph exploration process. It follows that we can write:

Pn,i(T =T, Mr) = En,i

r—1
1 (Mr_l n Hm> P, (M, N Hf|}}_1)] .
m=1

To analyze the conditional probability inside the expectation above note that conditionally on F,._1,
the set A,_; is known, and recall that the set J = V,_o at the beginning of Step r (assuming r > 2,
otherwise, J = &). Therefore, by the union bound and the independence among the edges, we
have:

Po(M NHE|Foot) =Po | My | Fi({1,. 3\ 33, 30, Bi \ 30)°| Fra

iEA,,«71
S Z ]P)n(MrmE({l,7n}\q]]“q]]“BZ\Jz)c‘fr_l)
iEA,,«71
< min< 1, P, max Xii— Za| > 1| Fo
i€;1 { <j€{17---7n}\,ﬂi‘ J J ‘ ‘ 1>

+ P, | M, N Z Zj*z + Z Zji >1 Fr_1
j€l; JjEBN\JT;

Now use the independence of the edges from the rest of the exploration process and Lemma to
obtain that

P, < max ‘in—Zji’ > 1‘fr—1> <P, < max ’in_Zji‘ > 1>
{1,....,n\J;i 1<j<n,j#i
< 1(Wi > bn) + Pn(z) + Wi"?n'
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Next, condition further on the exploration up to the moment we are about to explore the neighbors
of 7, and use the independence of the edges from the rest of the exploration process to obtain that

Pn Mrﬂ ZZ]*Z—i— Z Z]zzl ]:7“—1
J€l; JEBN\T;

N (n)
<E, |17 < 5n) <1 _ e Tien @ >‘fr_1]

- i -
=E, | 1(|V}] < sp) <1 — e n 2 jeus; WJ) ‘ fr_1:|

[ > bn W;
<E, |1(|V:] < sn) <1 - e_BnI]Bi|> ' ]:T_l}
bWV,
<
< =g 5w

where in the last inequality we used 1 — e < x for x > 0 and |B;| < |Vr| < Sp.
It follows that

r—1
P i(t=rM)<E,; |1 (M,_l n Hm) > min {1, (Wi > by) + Pn(j) + Wi
m=1 JEA 1
by W;
+ on an .

To analyze this remaining expectation we note that on the event ﬂrm_:ll H,, the coupling has not

broken yet, and therefore we can can replace A,_; with its tree counterpart A, Also, note that
by Lemma 3.4 in ﬂﬁ] we have that the types of the nodes in each of the sets Ay are independent
of the type of their parents. We will then identify the nodes in A,_; as {Y7,... ,Y| Ar,1|}’ where for
any t > 1,

N L/
Pn(n:]):A_j7 ]:1727"'7n'
n

It follows that

|A7"71‘

_ b, 1
]P)n,i(T =, Mr) < ETL,Z’ 1 (Mr—l) Z min{l, 1(WY7: > bn) —|-’Pn(Y;) + WYtT/n + HVZYt sn}
t=1

_\_SnJ B b V_V
< Eni Zmin{la L(Wy, > by) + Pu(Ye) + Wy + — stn}

t=1 On

< _ bWy,
= Enl 1 t n n Y n L 4 n
—; ,|:(WY>b)+P(t)—|—Wy’I7—|— on 3:|
- b, W

= LanEn |:1(WY1 > bn) + Pn(yi) + WY177n —+ HnY1 Sn:| .
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To compute the last expectation, let (W("), W) be constructed according to an optimal coupling
of F, and F. Let W™ = W) Ab,. Then, for any ¢, > 1,

_ bnﬂ/
5] En, [1(Wy1 > bu) + Pu(Y1) + Wy + =5 sn}
"W _ bW
< s, 2 ™ (1(W] > by) +Pn(d) + Win, + o sn>
o 1 e~ son 1 — - b, W
o Sa 1 ) + 4 Som 1 ) ~ . Vi
<A "l (Wj —cn)™ + A nj:1cn (1(W] > by) +Pn(d) + Win, + o sn>

1
__ Sn T .yt () 7o) Cnbnsn

=Op <sn (g(cn) + Ap 4 P(W > by) + cn&n + cnnn + cnl;:Sn>> )

as n — oo, and since 1, = Op (A, + g(bn) + b /n), we conclude that
]P)n,i(T =T, Mr) =O0p (Sn (.g(cn) + cpén + crnly, + Cng(bn) + Cnbi/n)) )
as n — oo. It now follows from the beginning of the proof that

Pn(T < k’) <Op (kSn (g(Cn) + cn&n + e + Cng(bn) + Cnb%/n))
+ P (|Vig1] > sp) + P, (T(k) % T(k)) ,

as 1 — 0. Since limy o0 (x) = 0, choosing, for example, ¢ = (€, + Ay + g(by) + b2 /n) "% and
sp = (g(cn) + 051/2)_1/2 proves the theorem. m

4.2 Discrete coupling for directed graphs

The equivalent of Theorem (m = 1) for directed graphs has already been proven, under con-
ditions equivalent to those in Assumption 3.1 in Nﬂj (Theorem 6.3) for the DCM, and in ﬂﬁ]
(Theorem 3.7) for the IRD. Hence, we only need to describe the distribution of the intermediate
tree and state the coupling theorem. The descriptions of the couplings follow, with some adjust-
ments, those from Sections .11l and {.1.2l However, the precise descriptions in the directed case
can be found in ﬂﬁ] (Section 5.2) for the DCM and in ﬂﬁ] (Section 3.2.2) for the IRD.

In the directed case, the intermediate tree 1" is constructed using a sequence of conditionally
independent (given .%,,) random vectors {(Ni, D;, Ay :ieU}inS, with {(Ni, D;, A):iel,i#0
conditionally ii.d. The tree T is constructed as in the undirected case using the {Ni}, with all
edges pointing towards the root, and the full marks take the form:

X; = (N, Dy, A), iel.

The marked tree is given by T'(A) = {X; :ie T}.
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We now specify the distribution of the full marks, which in the case of a DCM is given by:

. 1 <& B
P, <X@ S ) = Ezl((Dl ,D;",ai) € ')7
i=1

P, (X € ) =Y F-UD; Dfa) €), 1A,

i=1

For the IRD model, first let {a,} and {b,} be a sequences such that a, A b, Py 50 and anbn/n o
as n — oo, and use them to define Wi_ =W, Na, and V_VZ-Jr = VVZ-Jr A by,

n n
A, = Z W, and Af = Z Wi
i=1 i=1
The marks on the coupled marked Galton-Watson process are given by:

P, (Roe )= %;P«D;Dj,ai) € Jay),

P, <Xi € > = Z Ij;/ij((D;,Dj +1,a;) € -|a;), i#0,

i=1 "
T ) ;. and Df are independent Poisson random variables with means
ASW.E/(On) and A, W, /(6n), respectively.

The intermediate coupling theorem for directed graphs is given below, and it is a direct consequence
of Theorem 6.3 in ﬂﬁ]j and Theorem 3.7 in ﬂﬁ]

where conditionally on a;, D;

Theorem 4.6 Suppose G(V,,, Ey,) is either a DCM or an IRD satisfying Assumption [31. Then,
for g}’“) (a) the depth-k neighborhood of a uniformly chosen vertex I € V,,, there exists a marked

Galton-Watson tree T(k)(A) restricted to its first k generations, whose root corresponds to vertex
1, and such that for any fized k > 1,

P, <g§k) (a) # 7®) (A)) E 0, n — o0.

4.3 Coupling between two trees

In view of Theorems[£.2land [L.G], the proofs of the main theorems, Theorem 23land B2 (m = 1) will
be complete once we establish that with high probability the intermediate tree T®*) is isomorphic
to the limiting tree 7). and that the node marks in the two trees are within e distance of each
other.

Note: There is no need to consider the undirected and directed cases separately, since they only
differ on the sample space for the full marks, X; / X, which take values in S = N x R x &’ in the
undirected case and S = N x N x R x R x & in the directed one. For the directed case, all edges
in the trees point towards the root.
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The coupling theorem between the two trees is the following. The proof of the main theorems,
Theorems 2.3l and [3.2] will follow directly from combining Theorems and A7 in the undirected
case, and Theorems and @7 in the directed one.

Theorem 4.7 Under Assumption [21) or 31, as appropriate, there exists a coupling of T™) (A)
and T®) (A) such that

P, (T(k) o T(k)> i 0, n — 0o,

and such that for any e > 0,

E, [p(X@,X@)] Bo and B () X X<, TO=T® ) D1 0.
ieT()

Before proving Theorem [£.7] we will need to prove a couple of technical lemmas. The first of the
two establishes the existence of couplings for the node attributes, whose distributions are given by:

n

Un(-) =P, <A€) :%Zl(aie-) and v()=P(Ae"),

i=1
and their size-biased versions. Recall that in the undirected case the node attributes are of the
form a; = (D;,b;) in the CM and a; = (W;, b;) in the IR, while in the directed case they take the
form a; = (D, , D;r,bi) in the DCM and a; = (W, WZ.JF, b;) in the IRD. In the undirected case,
the size-bias is done with respect to the first coordinate, while in the directed case with respect to
the second one. Specifically, the size-biased attributes in the undirected case take the form:

A L, S Dil((Di,b;) € ), in the CM,
]P’n(Abe-): nlzzn_l_ (( ) €-) ?n e
AP Wil(W, by) € +),  in the IR,
and

E[21((D,B) € )]/E|2], in the CM,

P(Aye-) = {E[Wl((VV, B) € )]/E[W], in the IR,

while in the directed case they take the form:

! (AZ)_l Z’?:l Wi—l—l((m_) Wi—i—,bi) & .)’ in the IR,D7

and

Pl JEZT(Z7, 2%, B) € )|/E[Z7],  inthe DCM,
e EW*1(W~=,W*,B) € -)|/E[W*], in the IRD.

For the undirected case, let p” be the metric on 8” = [0,00) x S’ given by

p'(%,y) = o1 — il + 0 (x2,¥2),  x=(21,%2), ¥ = (y1,¥2),
and for the directed case let p” be the metric on §” = [0,00) X [0,00) x &’ given by

p'(x,y) = |21 — il + [z1 — vl + 0 (%3, ¥3), X = (21,22,X3), ¥ = (Y1, 92,¥3)-
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Lemma 4.8 Under Assumption[21) or[31), as appropriate, there exist couplings (A, A) and (Ab, Ap)
constructed on the same probability space (S", 7, Py) such that
A P A P R P
E, |0"(A,4)] 50, (A4 50 and  p'(Ry A) D0

as n — o0.

Proof. Assumptions 21 and Bl state that Wi (v, v) Poasn— oo, and by the properties of the
Wasserstein metric (see Theorem 4.1 in @]), there exists an optimal coupling (A, A) such that

E, [;/’(A,A)} —Wilvp,v) 20 and (A, 4) Do

as n — oQ.

For the biased versions, note that it suffices to prove the lemma for the undirected case, since a
simple rearrangement of terms:

= (D}, b}) == (D;",D; ,b;)  or  aj=(W,bj) =W, W, b;)
redufjes the directed case to the undirected one. Through the remainder of the proof, write A =
(Y,B) and A = (Y, B) to avoid having to separate the CM and IR cases.

Next, note that we only need to show that that A, = A, asn — oo, where = denotes convergence in

distribution, since then we can take the almost sure representation to obtain that p” (Ab, Ap) Lo,
To this end, let f : §” — R be a bounded and continuous function, and let (A, A) be the one from
the beginning of the proof. Let Y =Y if the graph is a CM or Y = Y A b, if it is an IR. Then,

2 [£(B)] - Elf(an)]| = \E#[Y]E THA)] - g [Yf(A)]‘
< Enl[f,] ([ [ =) pA)] |+ [E0 [y (£(A) - Fea))]|)
T ‘Enl[f/] - ﬁ\ Y 7(A)]
< Enlm ( ¥ = Y1) sup 7@ + [, [V (&) - 7)) \)
E[¥ - V|
¢ P B F(A)
< o (B [V =Y 2 s [l + . [¥18) - rca]).

Since Wy (vp, v) L5 0 implies that En[[Y — Y] L0 as n — 0o, we have
E, [|f/ - Y|} <E, [|Y - Y|} +EYIY >b)] 50
and E,[Y] KNy [Y] as n — co. And by the dominated convergence theorem,
lim B [E, |[Y|f(A) - f(A)l]]| = B | lim YIf(A) - f(A)]| =o0.
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Hence, E,, [Y|f(A) - f(A)|] Li0asn— oo, and Ay = Ay as required. ®

The second technical lemma relates the convergence of the attributes to that of the full marks.

Lemma 4.9 Suppose Assumption 21 or[31 holds, as appropriate, and let (‘Bi’ A) and (Ab, Ayp) be
the couplings in Lemma[].8 Then, there exist couplings for (Xg, Xo) and (X, X) constructed on
the same probability space as (A, A) and (Ay, Ayp), such that

En [o(Xp, X0)| 50, p(XpX0) 50 and  p(X, X) 50

as n — o0.

Proof. For the two undirected models, CM and IR, write:
A =(V,B), A = (Y,B)
Ay=(V,By), A= (Y, By).
For the two directed models, DCM and IRD, write:
(Y=, Y* B), A=(Y",Y" B)

A=
A‘ b 7}/b+7Bb)7 Ab - (}/b_,}/b—i_,Bb).

’»%

@) = (Y,A,Y,A) and

I\

To obtain the statement of the lemma for the CM, simply set (X,
=Y, YT A Y, YT A) and

(X1, X1) = (Yb,Ab,Yb,Ab) Similarly, for the DCM set (Xp, X¢)
(leXl) (Y Ab7 b+7Ab)‘

For the IR construct

($,8) = <An(Y A bn)/(en),Y> .

Note that our assumptions imply that E, [|S - S |] L0 asn — o0o. Now let U ~ Uniform|0, 1] be
i.i.d. and independent of (5‘, S), and take

(Xo. X0) = (G71(U59),A,G71(U3Y), A).
where G7Hu;A) = S m1(G(m;A) < u < G(m + 1;))) is the generalized inverse of the
Poisson distribution function with mean A. Note that since G(m;\) is decreasing in A for all
m > 0, then we have that Poi(\) >4 Poi(u) whenever A > u, where >4 denotes the usual
stochastic order and Poi(«) denotes a Poisson random variable with mean «. It follows that

E[|G7HU;\) — G (U; p)|| = |X = |, which in turn implies that

E, [p(f(@, Xo)} =E, “5’ — S|+ p"(A, A)] Lo, n — 0.

For the size-biased versions, set
($,5) = (An(¥5 A ba)/(O0), V3)
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note that Lemma L8] gives |Sy — S| L0asn— oo, and let
(X1, X1) = (G7H U3 5) + 1Ay GTHU V) + 1, 4,).
Now use the continuity in A of G™(u;\) to obtain that

p(X1, X1) = |G U 8) = GTH U + 4 (Rp Ap) D0, 0 0.

The same steps also give the result for the IRD by setting:
($=,8%,57,5%) = (A:{(Y‘ Aan)/(0n), Ao (YF Aby)/(0n), ¢, (1 — c)y+) ,
(S5 5587+ 57) = (M (V5 A an)/(0m), A7 (V" Aba)/(0m), oYy, (1= Y, )
where ¢ = E[WT]/E[W~ + W], and setting
Xy, Xg) = (G—l(U;S—), GHU;STY+1, A, GHU;S7), GTHU'; 8T) +1, A) ,
(X1, X1) = (G‘l(U;Sg), G U SH + 1, Ay, GTHU; Sy ), GTHU; S + 1, Ab) ,
for some U, U’ i.i.d. Uniform|0, 1] and independent of .%,,. This completes the proof. m

Finally, we can give the proof of Theorem [£.7]
Proof of Theorem &7l By Lemma B there exists couplings (Xg, X) and (X1, X 1) such that

En [,{)(X@, X@):| ﬂ) 0 and ,O(Xl, X1) £> 0,

as n — co. Now let {(X;,X;):ieU,i+#0} beiid. copies of (Xl,{(l), independent of (X, X¢).
Recall that Nj (V) can be determined from the first coordinate of X; (Xj).

We will now use the sequence {(X;, X;) : i € U} to construct both T(A) and T(A) by determining
their nodes according to the recursions:

Ay ={(,5) i€ Ap_1,1 <j < N;} and A ={(G,7) i€ Ap1,1 < j <N}

for £ > 1. Without loss of generality assume that 0 < e < 1.
Now define the stopping time

k(e) = inf{k‘ >0: p(X;, X;) > € for some i € flk} .
Note that since N; and N; are integer-valued, then p(Xi, X;) < 1 implies that N; = M. Tt follows
that for any x, > 1,

k
P, (70 = 7®) > P, | () () {o(Ki, Xi) < e}, 70 = T
r=0icA,

=P, (k(e) > k)
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>1-P, (k(e) < k| V| <) — Py (|Vk| > 1)
k
=1-> Py (rle) =1, [Vil <xn) = Pr (Vi| > 20)
r=0

where Vj, = Uf:o A,. To compute the last probabilities, note that P,,(k(¢) = 0) < ¢ 'E,, [p(X@, X@)] ,
and for r > 1:

Py (k(€) =1, [Vel < ) <P | | {p(Xs, X5) > €}, | A,] < 2y
ic A,

<Ep | 104 < 20) 301 (p(Xi X5) > €

ic A,

= B [1(1 A, < 2)| 4| Py (p(X1, X1) > €

<z,P, (p(Xl,Xl) > e) ,

where in the third step we used the independence of (Xl, X ) from A,. It follows that if we choose
. ~1/2
z, =P, <p(X1,X1) > e) i o0, then

k
P, [ () ) {oXi, X5) < e, 70 = 70
r=0icA,

> 1 - "By [p(Kg, Xo)| — kaPr (X1, X1) > €) = Py (el > @)

> 1= 7By |p(Ry, Xo)| — k! —Pu (Vi > ) 50,

as n — oo. This completes the proof. m

The last proof in the paper relates to the case m > 2 for both Theorems and Since the
proof for the directed case follows exactly the same steps as for the undirected one, we include here
only the undirected case.

Proof of Theorem [2.3] (m > 2).  Start by sampling {/; : 1 < j < m} independently and
uniformly in V,,. Without loss of generality we can assume that Iy # Is # ... # I,,. Next, note that
the couplings for QZ-(k) (a) with their corresponding intermediate trees can be done simultaneously

for all i € V,,, so let Téé)) (A) be the coupled tree for gf’“ (a). Note that the {Téé})ﬂ)(‘/&) 1 <j<m}

are not independent of each other, but by Theorem (m = 1) case, they satisfy

m

S P
Z En [,O(X[j s X(/)(Ij)) — 0 and ]P)n
J=1 J

-

A ~ P
{dP@ =Ty (B)} ] So,
1

as n — oo. We will now explain how to construct a set of i.i.d. copies of Téfh)(A), denoted
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{ NQE([)J-)(A) 1< < m}, satisfying

k) =(k) % P
P, | U { S (A) # Tg(}j)(A)} L0, n— oo (4.1)
j=1
To start, let Téé?l)(]&) = Téf}l)(A) Next, note that the trees {Téf}J)(A) 1< < m} are each

(delayed) marked Galton-Watson processes whose roots have distribution p (-) = P, (X@ € > and

all other nodes have distribution yu,(-) =P, <X1 € ) Since each full mark X; contains the vector

A;, we can see which vertex attributes have been sampled. Note that the possible vertex attributes
are {aj,...,a,}, and they are such that pf = P,(Ag = a;) = 1/n, and p; = P,(A; = a;) is cither
equal to D;/L,, in the CM or to W;/A,, in the IR. We will keep track of the labels {1,2,...,n}
of the vertex attributes {aj,as,...,a,}. To do this, let S be the set of labels sampled in the

construction of Téf}l)([&), and then construct each of the Téfj)])([&), 2 < j < m, in a breadth-first

fashion according to the following rule:

~

e If a node in T\ (A) has a vertex attribute whose label is not in the set S, copy the node

0(15)
onto T, é?}])(A) and add the new observed label to the set S.

e Otherwise, attach an independent copy of a Galton-Watson marked tree having full mark
distribution p,, where the repeated node would be.

Since as long as we do not sample any vertex attributes from the set S we will have that T, éé})ﬂ)([&) ~

70

@(Ij)(A), then for any z,, > 0 and M, equal to either L, for a CM or A,, for an IR, we have that

j=1
LA Ay A0 AL N [k
<p, | { sy ) £ Ti ()b ST | < ma, 3 i < man /M, (4.2)
j=1 j=1 €8
+P, ({sz>ma:n/Mn}U Z‘Té(l))‘ > may, (4.3)
i€S j=1

Now note that since in the first probability Z;ﬂzl Téfj)]) < mx, and the chances of sampling a

label from S is at most ma,,/M,, we have that (£2]) is bounded by

2,.2
mx;

P, (Bin(mzy,, mx, /M) > 1) < T
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where Bin(n, p) is a binomial random variable with parameters (n, p). To analyze [@3) let Y; = p; M,

if A; = a;, and note that
m
D=, 2. Yi/Mn,
S j=1 . (k)
v J lETm(Ij)

so by the union bound we obtain that (43]) is bounded from above by

m
/\k A
Yoru [T v 2 i | =mba | [TO]v 3 vis
j=1 i€ty | ieT®)
J

Now use Theorem 7] to obtain that for any € > 0,

P, ‘T(k)‘ v Z Yi>ax, | <P "T(k)‘ V Z Vi+e€) >z, | +0(1)
ieT(®) icT (k)

as n — oo, where ) is equal to the second component of X;. Since \T(k)] < 00 almost surely and
does not depend on .%,, and 1/M,, = O(1/n) as n — oo, choosing x,, = n'/?/logn proves [@.I)).
Finally, use Theorem [£.7] applied to each of the {Téa)([&) : 1 < j < m} to obtain that there exists

an ii.d. set {76((12)(A) : 1 < j < m} having the same distribution as 7*)(A), such that for any
e€(0,1),

- Ve = k P
> B [pRoys Xor)| 0 and P [ (V3 () {0 X0 el Iif) =Tl 0 | 51
J

as n — oo. This completes the proof. m
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