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BAR RECURSION AND PRODUCTS OF SELECTION FUNCTIONS

MARTIN ESCARDO AND PAULO OLIVA

Abstract. We show how two iterated products of selection functions can both be used in conjunction with
system T to interpret, via the dialectica interpretation and modified realizability, full classical analysis. We also
show that one iterated product is equivalent over system T to Spector’s bar recursion, whereas the other is T-
equivalent to modified bar recursion. Modified bar recursion itself is shown to arise directly from the iteration
of a different binary product of ‘skewed” selection functions. Iterations of the dependent binary products are
also considered but in all cases are shown to be T-equivalent to the iteration of the simple products.

§1. Introduction. Godel’s [13] so-called dialectica interpretation reduces the consis-
tency of Peano arithmetic to the consistency of the quantifier-free calculus of function-
als T. In order to extend Godel’s interpretation to full classical analysis PAY + CA,
Spector [18] made use of the fact that PA“ + CA can be embedded, via the negative
translation, into HA“ + ACp + DNS. Here PA“ and HA“ denote Peano and Heyting
arithmetic, respectively, formulated in the language of finite types, and

CA : IfN=ByyN(f(n) & A(n))
is full comprehension,

ACy : VnNIxXA(n, x) — 3fVnA(n, fn)
is countable choice, and

DNS : VnN—=B(n) — ——VnB(n),
is the double negation shift, with A(n) and A(n, x) standing for arbitrary formulas, and
B(n) = 3x—A(n,x). Since HA“ + ACp;, excluding the double negation shift, has a
straightforward (modified) realizability interpretation [20], as well as a dialectica inter-
pretation [1, 13], the remaining challenge is to give a computational interpretation to
DNS.

A computational interpretation of DNS was first given by Spector [18], via the di-
alectica interpretation. Spector devised a form of recursion on well-founded trees,
nowadays known as Spector bar recursion, and showed that the dialectica interpreta-
tion of DNS can be witnessed by such kind of recursion. A computational interpreta-
tion of DNS via realizability only came recently, first in [2], via a non-standard form
of realizability, and then in [4, 5], via Kreisel’s modified realizability. The realizability
interpretation of DNS makes use of a new form of bar recursion, termed modified bar
recursion.

It has been shown in [5] that Spector’s bar recursion is definable in system T ex-
tended with modified bar recursion, but not conversely, since Spector’s bar recursion
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is 51-S9 computable in the model of total continuous functionals, but modified bar
recursion is not.

In the present paper we revisit these functional interpretations of classical analysis
from the perspective of the newly developed theory of selection functions [8, 9, 10, 11,
12]. Selection functionals are functionals of type (X — R) — X, for arbitrary finite types
X, R. We think of mappings p: X — R as generalised predicates, and of functionals
e: (X - R) — X as witnessing, when possible, the “non-emptiness” of any given
such predicate. For instance, if R = B is the set of booleans, Hilbert’s e-constant can
be viewed as a selection function. Just as e-terms in Hilbert’s calculus can be used to
define the existential quantifier, so can any selection function e: (X — R) — X be used
to define a generalised quantifier ¢: (X — R) — R as

¢(p) £ ple(p)).

Moreover, just like the usual quantifiers 3X and VY can be nested to produce a quanti-
fier on the product space X x Y, so can generalised quantifiers and selection functions.
We prefer to think about the nesting of selection functions (and quantifiers) as a prod-
uct operation, since it transforms selection functions over spaces X and Y into a new
selection function on the product space X x Y (cf. [11]).

In this article we define two different iterations of the binary product of selection
functions, one which we call implicitly controlled and the other which we call explicitly
controlled (cf. also [12]) and show that:

e Modified bar recursion is T-equivalent to the implicitly controlled product of se-
lection functions.

e Spector’s bar recursion is T-equivalent to the explicitly controlled product of se-
lection functions.

e The two different products can be used to interpret DNS directly via modified
realizability and the dialectica interpretation, respectively.

e The implicitly controlled product of selection functions is strictly stronger than
the explicitly controlled one.

e Apparently stronger iterations of the dependent products are in fact T-equivalent
to the iterations of the simple products.

§2. Preliminaries. Before we present our main results, let us first define the formal
systems used, and give an introduction to our recent work on selection functions.

2.1. Heyting arithmetic HA“ and system T. In this section we define the formal
systems used to prove the inter-definability results. These include Heyting arithmetic
in all finite types and extensions including bar induction and a continuity principle.

DEFINITION 2.1 (Finite types). The set of all finite types T are defined inductively as
e BB (booleans) and IN (integers) are in T

o If Xand Y arein T then X x Y (product) and X — Y (functions) are in T

o If Xisin T then X* (finite sequence) is in T .

We will also make informal use of the following type construction: Given a sequence of types
(Xi)ien we also consider Il X; and I1; ., X; as types. The main purpose of this is to make the
constructions more readable, since we can keep track of the positions which are being changed.
A formal extension of system T with such type construction has been considered by Tait [19],
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hence we also hope that our presentation below will extend smoothly to a more general setting’,
although in this paper we focus on the standard version of system T.

We use X, Y, Z for variables ranging over the elements of 7. We often write I1;X; for
ILienXj, and also IT;>; X; for IT; X; .

Let HA® be usual Heyting arithmetic in all finite types with a fully extensional treat-
ment of equality, as in the system E-HA® of [20]. Its quantifier-free fragment is the
usual Godel’s system T, also extended with sequence types. Godel’s primitive recur-
sion for each sequence of types (X;);eN € 7 is given by

Rfg0 et g
Rfg(n+1) "Z' fn(Rfgn)

where R has finite type I1,(X, — X,4+1) — Xo — IL;X;. We also assume that we
have a constant 0% of each finite type X, and the usual constructors and destructors
such as (t%,s¥): X x Y and 7'cl-(<sé(°,sf1>) = s;, where i = {0, 1}, for instance. For the
newly introduced sequence types we have that if t: I1;X; then ti: X;; and if t: X; then
Ait: 11X If st 11, X;, we write s;: X; for the i-th element of the sequence, for i < n.
If s: IT;-,,(X; x Y;) is a sequence of pairs, we write s9: IT; ., X; and s!: T1,,,Y; for the
projection of the sequence on the first and second coordinates, respectively. If a« has
type IL;en X; we use the following abbreviations

a” = Ma(i+n), (the n-left shift of a, hence a”: T;X; ;)

q"(a) = q(a"), (soq":TL;X; — Rifq: I;Xj, — R)

alk,n] = <{a(k),...,a(n)), (finite segment from position k to n)

[¢](n) = «[0,n—1], (initial segment of « of length n)

w7 = (a(0),...,a(n—1),0,0,...), (infinite extension of [a]|(n) with 0’s)

where in the last case the type of 0 at the i-th coordinate is the same type of a(i).

We use = for all forms of concatenation. For instance, if x has type X, and s has type
I'T; ., X; then s = x is the concatenation of s with x, which has type I1;.,1X;. Similarly,
if x has type Xp and « has type I;X;;1 then x = a has type I1;X;. Given a functional
g: I1;X; — R and a finite sequence s: I1;,, X; we write g5 : I;>, X; — R for the function
Awa.q(s*a). When s = (x) we write g5 as simply ¢x.

Given a finite sequence s and an infinite sequence « let us write s @ « for the “over-
writing” of son a, i.e. (s@u)(i) equals s; if i < |s| and equals a(i + |s|) otherwise.

In the following we shall assume that certain types are discrete. Semantically, in the
model of total continuous functionals, discreteness means that singletons are open or
that all points are isolated. Syntactically, the following grammar produces discrete
types in that model (along with compact types) [8].

UIf the reader prefers, however, she can assume that in a sequence of types (X;);<n all X; are equal X,
replacing infinite sequence types I1;en X; with N — X, and finite sequence types IT; ., X; with X*.
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DEFINITION 2.2 (Discrete and compact types). Define the two subsets of T inductively
as follows:

compact = 1B |compact x compact | discrete — compact
discrete = 1B |IN | discrete x discrete | discrete™ | compact — discrete.

In this paper we work with a model independent notion of definability. Formally,
given a term ¢t in system T, we view an equation F(x) = t(F, x) as defining or specify-
ing a functional F. We do not worry whether such an equation has a solution in any
particular model of HAY, or whether it is unique, when it has a solution.

DEFINITION 2.3. We say that a functional G is T-definable from a functional F (written
G <t F) over a theory S if there exists a term s in system T such that s(F) satisfies the
defining equation of G provably in S. We say that F and G are T-equivalent over S, written
F=71G,ifG=2r Fand F 27 G.

When stating in a theorem or proposition that G is T-definable in F, we will explicitly
write after the theorem/proposition number the theory S that is needed for the verifi-
cation. In a few cases this theory will be an extension of HA“ with some the following
three principles: Spector’s condition

SPEC : V'liXi=NyaliXigy (o (a7) < n),
the axiom of continuity

Xy ien X R
CONT : vg'i X~ Ryadnyp([a](n) "= [B](n) — q(a) = q(B))
with R discrete, and the scheme of relativised bar induction

5(O)

BI : VaeSInP([a](n)) — P(()),
A
Vs e S(Vx[S(s*x) — P(sxx)] — P(s))
where S(s) and P(s) are arbitrary predicates in the language of HA“, and « € S and
s € S are shorthands for VnS([«](n)) and S(s) respectively. We note that SPEC follows
from CONT, but it also holds in the model of strongly majorizable functionals [7].

2.2. Selection functions and generalised quantifiers. In [11, 12] we have studied
the properties of functionals having the type (X — R) — R, and called these generalised
quantifiers. When R = B we have that (X — B) — B is the type of the usual logical
quantifiers V, 3. We also showed that some generalised quantifiers ¢: (X — R) — R
are attainable, in the sense that for some selection function ¢: (X — R) — X, we have

¢p = plep)
for all (generalised) predicates p. In the case when ¢ is the usual existential quantifier,
for instance, ¢ corresponds to Hilbert’s epsilon term. Since the types (X — R) — R
and (X — R) — X will be used quite often, we abbreviate them as Kz X and JgX,
respectively. Moreover, when R is fixed, we often simply write KX and X, omitting
the subscript R. In [11] we also defined products of quantifiers and selection functions.

DEFINITION 2.4 (Product of selection functions and quantifiers). Given generalised quan-
tifiers ¢ KX and : KY, define the product quantifier (¢ ® P): K(X x Y) as

(p@9) (PR £ p(AxXp(AyY p(x,y))).
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Also, given selection functions e: JX and §: JY, define the product selection function (¢ ®
8): J(XxY)as

(e®8) (P =R) XY (4, b(a))

where

a e(AxX.p(x,b(x)))

b(x¥) 5(Ay"-p(x,y))-

One of the results we obtained is that the product of attainable quantifiers is also
attainable. This follows from the fact that the product of quantifiers corresponds to the
product of selection functions, as made precise in the following lemma.

LEMMA 2.5 ([11], Lemma 3.1.2). Let R be fixed. Given a selection function € : | X, define
a quantifier €: KX as

ep = p(ep).
Then fore: JX and §: ]Ywehavee@)é:?@g.

1=

Given a finite sequence of selection functions or quantifiers, the two binary products
defined above can be iterated so as to give rise to finite products of selection functions
and quantifiers. We have shown that such a construction also appears in game theory
(backward induction), algorithms (backtracking), and proof theory (interpretation of
the infinite pigeon-hole principle) — see [11] for details.

In the following (Sections 3 and 4) we will describe two possible ways of iterating
the binary product of selection function an infinite, or unbounded, number of times.

§3. Explicitly Controlled Product. The finite product of selection functions of Def-
inition 2.4 can be infinitely iterated in two ways. The first, which we define in this
section is via an explicitly controlled iteration, which we will show to correspond to
Spector’s bar recursion. In the following section we also define an implicitly controlled
iteration, which we will show to correspond to modified bar recursion.

DEFINITION 3.1 (eps). Let €: IT;J X} be a sequence of selection functions. Define their ex-
plicitly controlled infinite product as

’ X, |0 if1(9(0)) <mn
epsh(e)(q) 2 l .
(en ®eps, 1(€))(q) otherwise,
where q: 11;X;,, — Rand I: R — IN. We call | the length function since it controls the
length of the recursive path. Unfolding the definition of @ we can write the defining equation
of eps as

(eps) epsy,

WQWH@H{O if1(9(0)) < n

C* epsf1Jr1 (€)(qc) otherwise,

where ¢ = sn()\x.m(%))'

The next lemma (essentially Lemma 1 of [18]) states one of the most crucial properties
of this product of selection functions.
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LEMMA 3.2 (HAY + (eps)). Let « = epsl,(¢)(q). Then, foralli: N

o = [a] (1) * epsly (&) (91010

PROOF. By induction on i. If i = 0 this follows by the definition of a. Assume this
holds for i, we wish to show it also holds for i + 1. Consider two cases.

I£ 1(q(q () (0)) = 1(q(a, 7)) < n+i then

(i) epsl,;(¢) (@) = 0
and hence

—

(ii) & "2 (@) (i) * epsl,, () (G ) L i = BT 1.
Therefore,

Git) g i+ 1) i) <n+i<ntitl.

Hence, by (iii) we have

(i?]) eps;+i+1(£)(q[a](i+l)) =0.
So
(i) ———= (i .
e DT @ i +1) wepsh 1 (&) (G in))-
On the other hand, if I(q(y(1)(0)) = 1(q(a, 7)) = n + i, then

(IH) . .
=" [ (i) * epsl, ;(€) (qa)(1)) = @] (i) % c % epsl, 1 () (G1a) (i) )
so that w(i) = c. Hence « = [a|(i 4+ 1) * eps£z+i+1(€)(q[ﬂé](i+1))’ —
An immediate consequence of the lemma above is that it allows us to calculate the
i-th element of the infinite sequence epsl, (¢)(q) (see also Theorem 3.8 for another im-
portant consequence).

COROLLARY 3.3 (HA” + (eps)). Forall nand i

epsl, (¢) () (i) "2 { 0 if 1(q:(0)) < n +i

€n+i()\x-mwt*x)) otherwise,
where £ = [epsh (0)(9)] ()

PROOF. Let a = epsl,(¢)(g) so that t = [eps,,(¢)(q)](i) = [#](i). By Lemma 3.2 we

have that a(i) = eps£1+i(€) (9¢)(0). Hence, by (eps) we have the desired result. —

The fact that eps exists in the model of total continuous functionals, and is in fact
uniquely characterized by its defining equation, can be seen as follows. First, note that
the eps, (¢)(q) is an infinite sequence, say a: IT;X; . Intuitively, at each recursive call
the functional q gets information about one more element of its input sequence. As-
suming continuity we will have that [ o q: I1;X;,,, — IN will eventually always return
a fixed value, no matter what the rest of the input sequence is. This means that as n
increases we will eventually have I(g(0)) < n. Itis perhaps surprising that such a func-
tional also exists in the model of strongly majorizable functionals [7], which contains
discontinuous functionals! Following the construction of Bezem [7] one can prove this
directly, but this result will also follow from our result that eps is T-definable from
Spector’s bar recursion (Section 3.3).
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We also define the corresponding explicitly controlled product of quantifiers as fol-
lows:

DEFINITION 3.4 (epq). Let ¢: IT KX} be a sequence of quantifiers. Their explicitly con-
trolled infinite product is defined as

! g [ a(0) if 1(q(0)) <n
epal (#)(g) £ l |
(Ppn ® epqn+1(4)))(q) otherwise,
where q: 11;X;, — Rand I: R — IN. Unfolding the definition of the binary product of
quantifiers we have
g [ 9(0) if 1(q(0)) <n
(epq) epa,,(9)(q) = .
! 4)n()txX”.equ1+l (¢)(gx)) otherwise.

Howard (proof attributed to Kreisel) shows in Lemma 3C of [14] that assuming Spec-

tor’s bar recursion one can prove Spector’s stopping condition SPEC. It is easy to see

that the form of bar recursion used by Howard is also an instance of epq and hence we
obtain:

LEMMA 3.5. HA®“ + (epq) + SPEC.

We now show that epq and eps are T-equivalent. That epq is T-definable in eps has
been recently shown in [16]. Hence, it remains to show that epq defines eps. The proof
makes use of the fact that each selection function ¢ defines a quantifier, as ¢(p) =
p(e(p)) (cf. Lemma 2.5). In order to define eps for the types (X;, R) we shall use epq for
the types (X;, R’) with R" = I, X;.

LEMMA 3.6 (HA“ 4+ Bl + SPEC). Let R’ = I1;X;. Given ¢;: JgX; and q: I1;X; — R
define

(1) o (PR K (e (Ax¥i.g(p(x)))).

Defined also the sequence of functions f" = Aw.0Wi<nXi « . Then (with q: T;=,X; — R so
qn: HiXi — R)

log" n lo x n+1 . n+1
epciy 11 (677 ) (")) = (05 ™) @epa, (17" (910" (£41),
PROOE. By bar induction BI and the axiom SPEC. We take S(s) = true and

og" e,q" n o(gx)" e n+ n
Py 141 (97 ) ((F)ass) = (0 ) @epayy )11 (91" ) (1),

P(s)

where s: IT, ;<1 5 Xi-
(i) Va3j P([«](j)). By SPEC, for any a: I1;~, X; there is a point j such that
(Log")(0Mi<rXixxx [a]() x0) = 1(q(x = [a](j) *0))
< n+j+1

For such j and s = [&](j) it is easy to see that P(s) holds as both sides of P(s) are equal
to0*x*5=x0.
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(ii) Vs(VYyP(s #y) — P(s)). Let s be such that VyP(s = y); we show P(s). We can assume
that
(Log" o (f")xxs)(0) = (Lo (q:x)" o (f""1)s)(0) = m+s| + 1,

as otherwise the proof can be carried out as in case (i) above. Hence, we calculate

PGy 2o (BT ) ("))

(epa) q" log" ot "
P9 ¢n+|5‘+1()‘y'epqnj|s|+2(¢ V") wxsny)

e pq;°ﬁ|s|+z<¢fq”><<f">x*s*c>

D (0 x)@epal ) (8 (£ one)

2 (0 x)@epal 7)) (9H 0 ) (£ sue)

x lo(gy )
(O*X) :lgrq|5?+l (Ay.epqnﬁst (petae) +1)((fn+1)5*y))

29 (0w x) @epalr )11 (970" ) (F141);)

1=

—
[0}

where
€= €n+|s\+1()‘y q (qunH |+2(¢E'qn)((fn)x*s*y)))

lO X n 1
€= g1 (A9 ()" (epel 0 (20 (1))
so that (x) ¢ = ¢ follows directly from the induction hypothesis YyP(s = y). —

We are now ready to show that eps is T-definable from epq. The proof presented here
is essentially the same as Spector’s proof that his restricted form of bar recursion SBR

follows from the general form BR (cf. Section 3.3).

THEOREM 3.7 (HA“ + BI). epq =7 eps.
PROOF. Let ¢, and f" be as defined in Lemma 3.6. We claim that eps can be defined

from epq as

. HiXi n log" n
(i) epsh(e)(q) =" (epan (¢>7)(f™))".
We consider two cases.
If l(q(OHi?nXi)) < n then we also have l(q”(OHiXi)) < n. Therefore

epsh(€)() 2 (epay™ (94" )(F)" BV (£(0))" = 01K,
On the other hand, if 1(g(0"=n%i)) > n then [(g" (0"%%i)) > n and hence:

epsh(e)(0) 2 (epar” (4) ()"
BV (" (A epals T (957 ((F1))))"
= (epay (691 ) ((F7)e))"
136 ((O*C)@epqm " (gea (et ym
)

lo(ge n " n
¢+ (epqltl 1" (geta y (prety et

C* epSn+1( )(qc)

—
N2

W

—
=

1
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X g™ (epay T (94" ) ("))
= gy /\xX ((O*x)@epqni )H(qbsr(qx)”“)(fn+1)))

(*
(

= el g0 e L (g9 (7))
(
(

c = g

= en(Ax¥nge(epal 1" (gela) T (praty e

= en(Ax%r gy (epsl 1 (€)(92)))-
4{

3.1. Dialectica interpretation of classical analysis. In order to find witnesses for
the dialectica interpretation of DNS, and hence full classical analysis, Spector arrived
at the following system of equations

n ]2 wr
0 a(n) = eqlp),
pla(n)) £ qa

where ¢,,: JrX and q: (N — X) — Rand w: (N — X) — IN are given and n: IN and
x:IN — X and p: X — R are the unknowns. We now show how eps can be used to
solve Spector’s equations. We first solve a slightly different set of equations, and as a
corollary we obtain a solution to Spector’s original one.

THEOREM 3.8 (HA“ + (eps)). Let g: I1;X; — Rand I: R — N and ¢: I1;Jr X; be given.
Define

o = epsy(e)(q)
pn(x) = epsln+1(‘c')(q[vc](n)*x)'

Forn < 1(q()) we have

l1Z

a(n)
pu(a(n)) £ qo

en(pn)

PROOF. This is essentially Spector’s proof (cf. lemma 11.5 of [15]). Assume n <
I(g(a)). We first argue that n < I(q(a,7)). Otherwise, assuming n > I(q(&, 7)) =
1(q{a)(n) (0)) we would have, by Lemma 3.2, that « = @, 7. And hence, by extensionality,
1> 1(q(a)(n)(0)) = I(g(x)) = n, which is a contradiction.

Hence, assuming n < I(g(«)) we have n < I(q(«,7)) and hence

a(n) 2 en(Axepsh 1 (€) (Gymex)) = n(pn)-

For the second equality, we have
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pu(a(n)) = epsh_ 1 (e)(quj(nr1))
= uj(n+1)(ePsh i1 () G (ns1)))
= q([&](n+1) xepsl, 1 (€) (qLa)ns1)))
= qw).
4

COROLLARY 3.9. For any given q: XN — Rand w: XN — IN and sequence of selection
functions e, : JrX (of common type JrX) there are a: N — X and p: X — R satisfying the
system of equations (2).

PROOF. Let R’ = R x N, and let 715: R x N — R and 711: R x N — IN denote the
first and second projections. Define
R/
q'(a) = (), w(w))
e (p* ") en(Ax¥X.mo(p(x))).
soq’: (N - X) —» R'and €),: Jp/X. Let
X o (Y (o
o = epsy' (¢)(¢)
R 7 o
p;(xx) = epSZ}H (8,) (ql[tx](n)*x)'
Assume n < w(a) = 11(q'(«)). By Theorem 3.8 we have

[

a(n) = €(ph)

/ R
pula(n)) = qa
Finally, let n = w(a) and p(x) = 7o(p;,(x)). Then it is easy to check that « and p satisfy
the desired equation, e.g. a(n) = €, (p},) = en(mo 0 piy) = €n(p). =

3.2. Dependent variants of eps and epq. In the dialectica interpretation of DNS
given above (Section 3.1), the selection functions ¢, do not depend on the history of
choices already made. Thus, it was sufficient to use an iteration of the simple product
of selection functions. Nevertheless, Spector bar recursion and modified bar recursion
are normally formulated in the most general form, where selection functions at point n
have access to the values X; fori < n.

In the same vein, in previous papers [9, 11] we have considered generalisations of
the product of selection functions, where a selection function (or a quantifier) at stage
n can have access to the previously computed values. We called these the dependent
product of selection functions and quantifiers.

DEFINITION 3.10 (Dependent product of selection functions and quantifiers). Givena
quantifier ¢ KX and a family of quantifiers : X — KY, define the dependent product quan-
tifier (9 ®,¢): K(X x Y) as

(@4 9) (P 5) Z 9O *p(x Ay pl,1))):
Also, given a selection function e: |X and a family of selection functions 6: X — JY, define
the dependent product selection function (e®y496): J(X x Y) as

(e®q6) (P =R) X2Y (4, b(a))
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where

a S()\XX-P(xrb(x)))

b(x) 5(x, Ay¥ .p(x,y)).

As done for the simple product of selection functions and quantifiers, we can also
iterate the dependent products as follows:

DEFINITION 3.11 (EPQ and EPS). Given a family of quantifiers
¢: I (T X — KX),
define their dependent explicitly controlled product (denoted EPQ) as
9(0) if 1(q(0)) < ls|
(95 @4 (x4 EPQL,(¢)))(g) otherwise.
Unpacking the definition of the binary dependent product ® this is equivalent to
9(0) if 1(q(0)) <s|
¢s(Ax%1s . EPQL, . (¢)(gx)) otherwise.
Moreover, given a family of selection functions
e: I (T X; — JX),
define their dependent explicitly controlled product (denoted EPS) as
EPS.(¢)(q) iXjs)+i { 0 if [((0)) < Is|
(es ®g (AxX1.EPSL, . (€)))(q) otherwise.
Similarly, unfolding the definition of ®; the defining equation for EPS is equivalent to
0 if 1(g(0)) < |s]

Y

R

EPQL(¢)(9) = {

R

(EPQ) EPQL(¢)(q) = {

i ILi X514
(EPS) EPSs(e)(q) = l :
c x EPSg,.(€)(gc) otherwise

where ¢ = ss()\x.mwx))'

Clearly eps is T-definable from EPS. We now show that in fact eps and EPS are T-
equivalent. In Theorem 3.13 we will make use of the following construction. Given
a: Iljs, (i< Xx — X;) and s: IT_, X; define a®: I1;>, X; by course-of-values as

Xt

©) a(i) =" a(i) (s = [&7](7))-
Clearly, given a finite sequence t: I, . (ITx<; Xy — X;) we can perform the same
construction to obtain a £*: Ilic(;, ;) Xi.

LEMMA 3.12 (HAY). (d *a)® = d(s) = («)5*4C), where d: Tl X — X,.
PROOF. Straightforward. =
Finally, given ¢: I1;>,X; — R define ¢°: Il;>, (IT;-; Xy — X;) — R as
7)) £ g@).
THEOREM 3.13 (HAY). eps =1 EPS.
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PROOF. To define EPS of type (X, R) we use eps of type (I, X; — X, R). Given
selection functions &;: JX|,| define &: J(IT; 1 X; — Xi) as
(i) & (PWi<kXimXi)—R)y Hick&i=Xi Astli<kXi g (AyXe.P(At.y)).
Note that the infinite (simple) product of the selection functions & has type
epsy (8) + J (i (Mwi Xk = X;))
where [: R — IN. We claim that EPS can be defined from eps as

(ii) EPSé(S)(quX"*|S|HR) HiiHS\ (ep5f5|(g)(qs))s/

where s: TI; |5 Xk. Let us show that EPS as defined above satisfies the defining equa-
tion (EPS). Consider two cases:

If 1(q(0)) < |s| then1(g°(0)) = 1(q(0)) < |s|. Hence, by the definition of (-)*

EPS!(e) () = (epsl, (8)(4%)* = (0) =o.
On the other hand, if 1(g(0)) > |s| then I(4°(0)) = 1(q(0)) > |s|. Hence
EPSL(e)(q) 2
(o)
L3:.12

13.12

)
((g%)a))5*4e)
£)((qa(s))**4)))s*d()

d(s) = (eps| I+
* ge) 7€) )s%e

1
= e (eps] g (B)(
= cxEPSL.(¢)(q0),

)
where d = & (Af.(4°) (eps‘ \+1< )((7°)f))) and ¢ = es(Ax.qx(EPSL, . (¢)(gx)) so that
(*)

—
N

—
=

d(s)

—~
~

£ (AF-(8%) plepslyy 1 (B ((6%)))) ()

s (A4 aex(epsl 1 () (1) a1x)
Es(Ax.(gx)** (eps, , (8) ((g)***
( )
( )

S

At.x )

)
)

-
&
—
N

)
= es(Axga(eps], () ((9:)7)™)

gs(Ax. Qx(EPSs*x( )(qx)
C.

—
~

*1

REMARK 3.14. Note that a similar construction does not work in the case of quantifiers,
since there is no A-term (in the pure simply typed A-calculus) of type (X — KY) — K(X —
Y), for arbitrary X and Y. Nevertheless, it will follow from our results that the explicitly
controlled iteration of the simple product of quantifiers epq is T-equivalent to the explicitly
controlled iteration of the dependent product of quantifiers EPQ (cf. summary of results in
Figure 1).
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3.3. Relation to Spector’s bar recursion. As we have shown in Theorem 3.8, which
is essentially Spector’s solution, the explicitly controlled product of selection functions
eps can also be used to give a computational interpretation of classical analysis. When
presenting his solution in [18], Spector first formulates a general “construction by bar
recursion” as

9:(0) if s (0) < Is
BR BRY’ £
( ) s (¢)(q) { (PS(AXX‘SIBR(;;X((P) (q)) otherwise,

where ¢s: KgXg|, q: II;X; — R and w: IT;X; — IN. This is usually referred to as Spec-
tor’s bar recursion, but we argue that this is misleading. We show that BR is closely
related to the product of quantifiers EPQ, whereas the special case of this used by Spec-
tor is equivalent to the (dependent) product of selection functions EPS, which we have
shown to be equivalent to eps (Section 3.2).

REMARK 3.15. In fact, Spector’s definition seems slightly more general than BR as defined
here, since in Spector’s definition q might also depend on the length of the sequence s. As we
show in Lemma 5.7, however, it is possible to reconstruct |s| from the sequence s + 0 if s is the
point where Spector’s condition first happens.

THEOREM 3.16 (HA“ + BI). BR > EPQ.

PROOE. In order to define EPQ of type (X;, R) we use BR of the same type (X;, R).
BR and EPQ have very similar definitions, except that in BR the stopping condition
is given directly on the current sequence s * 0, whereas in EPQ a “length” function
I: R — IN is used so that the stopping condition involves the composition / o q. Hence,
in order to define EPQ from BR it is essentially enough to take w = I o g, taking care
of the fact that the types of g4 in EPQ and BR are slightly different as g in EPQ takes a
“shorter” input sequence starting at point |s|. We show that EPQ defined as

(i) EPQL(9)(q) = BRET (¢)(g))

satisfies the equation (EPQ). Consider two cases.
If (10 g¥1)5(0) = I(g(0)) < |s| then
EPQL(¢)() L BR (9)(g*) 'E (g1):(0) = 9(0).
On the other hand, if (I o gI°1)5(0) = 1(4(0)) > |s| then
epal(g)() 2 BRET (p)(gH)
# (AL BREL () (01)
ps(Ax¥ BREY) ™ (9) () #¥)

¢s (Ax™1. EPQL 1 () (7x))

i

—
=

™
%

—
*
~

where
logls! To(gy [sskx|
(+) BRu (¢)(gF) = BREY™ (@) ((q0)l*)
can, as in Lemma 3.6, be proved by bar induction BI and axiom SPEC, since
gl (s x 0 ) = (g,0)1*¥ (s % x % ).
Finally, recall that HA“ + (BR) - SPEC (Lemma 3C of [14]). —
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Spector, however, explicitly says that only a restricted form of BR is used for the dialec-
tica interpretation of (the negative translation of) countable choice. It is this restricted
form that we shall from now on call Spector’s bar recursion:

DEFINITION 3.17 (Spector’s bar recursion). Spector’s bar recursion [18] is the recursion
schema

X, 0 if ws(0) < |s
SBRY(e) 2 s@ +(0) <l
SBRY,.(¢) otherwise,

XS
where ¢ ‘= es(AxXsl SBRY, . (€)), and where ¢ Jix; Xjs) and w: TL;X; — N.

We now show that Spector’s bar recursion is T-definable from the explicitly con-
trolled product of selection functions EPS. It will follow from other results that they
are in fact T-equivalent (see Figure 1).

THEOREM 3.18 (HA“). EPS >1 SBR.

PROOF. To define SBR of type (X;) we use EPS of type (X, (I;X;) x IN). EPS and
SBRhave very similar definitions, except that EPS has an extra argument q: IT;> g X; —
R. We can obtain SBR from EPS by simply taking g(«) to be the identity function plus
the stopping value w(a). So, the length function /: R — IN can be taken to be the
second projection. The details are as follows: Let R = (I;X;) x N. Given w: IT;X; —
IN and &;: IHiXiX|S|’ define

I(rR) Y

g (@ %) £ w(a))

(N 2 e (moop).
Define

(i) SBR¥(e) "2 s « EPSL(2)(()s)-

If ws(0) < |s| then 1((¢*)s(0)) = ws(0) < |s| and hence
SBRU(¢) = sxEPSL(@)((g)s)

EPS
EPS) .o

= s5@0.
On the other hand, if ws(0) > |s| then also 1((q“)s(0)) = |s| and we have
SBRY(e) . s+EPSL@)((4):)

EPS
B s e EPSL(2)((49)sse)

* s % d % EPSé*d(g) ((qw)s*d)
SBRY, ,(¢)

skd

where ¢ = &5(Ax.(4°)ssx (EPSLy (8) (99)sx))) and d = e5(Ax.SBRY, . (¢)) so that ()

—
N

—
~
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Es()&x.(q“’)s*x(EPSi*x(E)((q“’)s*x)))

£s(Ax.s % x % EPSLy () ((4°)s4x))

es(Ax.SBRY(¢)) = d.

(o}
I

g

def g%, &

1=

—
=

_|

§4. Implicitly Controlled Product. We have seen in Section 3 above that the explic-
itly controlled iterated product of selection functions is sufficient to witness the dialec-
tica interpretation of the double negation shift (and hence, classical countable choice).
In this section we show that when interpreting this same principle via modified real-
izability, one seems to need an unrestricted or, as we we shall call it, implicitly controlled
infinite product of selection functions.

DEFINITION 4.1 (ips). The implicitly controlled product of a sequence of selection func-
tions €: 11 | Xy, is defined as

. ]HiXi n .
ipsu(e) T2 ey @ ipsyen (6):

Unfolding the definition of ®, this is the same as
i Xitn . .
=" en(Ax.qx(ipsp41(€) (9x))) * ipspp1 () (4c)-

9

(ips) ips, (€)(q)

~

[

We call the above infinite product implicitly controlled because under the assumption
of continuity for q: I1;X;,,, — R, for discrete R, the bar recursive calls eventually ter-
minate.

REMARK 4.2. As shown in section 5.6. of [11], an implicitly controlled product of quanti-
fiers ipq
PG (¢) = Pn @ iPdy11(P)

does not exist. It is enough to consider the case when R = X; = IN. Let ¢,(p) = 1+ p(0)
and q be any function. Assuming the equation above, it follows by induction that for all n

ipdo(¢)(q) = n +ipay,(¢)(qon),
where 0" = (0,0, ... ,0), with n zeros; which implies ipqy(¢)(q) = n, for all n.

4.1. Realizability interpretation of classical analysis. We now describe how ips can
be used to interpret the double negation shift (and hence countable choice) via mod-
ified realizability. As discussed in the introduction, a computational interpretation
of full classical analysis can be reduced to an interpretation of the double negation
shift DNS. Given that the formula A(n) (in DNS) can be assumed to be of the form
Jx—B(n, x), DNS is equivalent to

vn((A(n) -»1) - A(n)) - (YnA(n) -L) - VnA(n).
That is because, for A(n) = 3x—B(n, x), we have both | — A(n) and L — VnA(n) in
minimal logic. Moreover, since the negative translation brings us into minimal logic,
falsity L can be replaced by an arbitrary £9-formula R. This is known as the (refined)

A-translation [6], and is useful to analyse proofs of I1) theorems in analysis. Recall that
we are using the abbreviation
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JRA = (A - R) — A.
The resulting principle we obtain is what we shall call the J-shift

J-shift :  VnJrA(n) — JrVnA(n).
DNS is then the particular case of the K-shift

K-shift : VnKrA(n) — KgVnA(n),
when R =1; considering the other type construction

KrA=(A—R) >R
One advantage of moving to the J-shift is that A(n) now can be taken to be an arbitrary
formula, not necessarily of the form 3x—B(#,x). Hence the principle J-shift is more
general than DNS. We analyse the logical strength of the principle J-shift in more detail
in [10], where a proof translation based on the construction JrA is also defined. Our

proof of the following theorem is very similar to that of [4, Theorem 3]. We assume
continuity and relativised bar induction as formulated in Section 2.1.

THEOREM 4.3 (HA®” + BI + CONT). ipsy modified realizes J-shift.
PROOF. Given a term f and a formula A we write “t mr A” for “t modified realizes
A” (see [20] for definition). Assume that
en mr (A(n) - R) — A(n),
g mr VnA(n)— R
Let
P(s) = sxipsi(e)(qs) mr ¥YnA(n)
S(s) = Vn<|s|(spmrA(n)).
We show P({)) by bar induction relativised to the predicate S. Let us write a« € S as

an abbreviation for Vn([a](n) € S). The first assumption of BI (i.e. S({))) is vacuously
true. We now prove the other two assumptions.

(i) Vae Sk P([a](k)). Given a € S let k be a point of continuity of 4 on a. Let r := ga.
By CONT we have q([«](k) = ) = r, for all B. By the assumptions on « and g we have
that » mr R. We must show that for all n

([a] (k) # ipsy. () (AB.r)) (n) mr A(n),
If n < k this follows directly from the assumption « € S. In case n > k we must show
en(Ax.c) mr A(n), which follows from the assumptions on ¢, and r.

(i) Vs € S(Vx[S(s x x) — P(s=*x)] — P(s)). Assume Vx[S(s = x) — P(s=x)] withseS.
We must prove P(s), i.e.

s ipsjs (€)(qs) mr VnA(n).
Unfolding the definition of ipsjs| (cf. (ips)) this is equivalent to

§ % C *pS|g| 11 (€) (qsxc) mr VnA(n).

P(s*c)

where ¢ = ¢ (AX.qsxx(iPS|s|£1(€) (4sxx)) ). Since s € S, by the bar induction hypothesis
it is enough to show that cmr A([s]), i.e.

€s] (Ax-QS*x(iPS\s\+1(8)(‘15*X))) mr A([s|)
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so that also s « ¢ € 5. By the assumption on ¢||, the above follows from

Ax.qs*x(ips‘s‘ﬂ(s) (qssx)) mr A([s]) — R.

Finally, by the assumption on g the above is a consequence of

§ # X * ipS|g| 11 (€) (9sxx) mr VnA(n),

P(s*x)
for x mr A(|s|), which follows from the (bar) induction hypothesis. =

4.2. Dependent variant of ips. Consider also the implicitly controlled dependent
product of selection functions.

DEFINITION 4.4 (IPS). Let e: IT (I, .4 X; — JX)). Define the dependent implicitly
controlled product of selection functions (denoted IPS) as

I X )44
(IPS) IPS,(e) | M) o @y (AxXs IPSex (€)).

Again (similar to Section 3.2), it is clear that IPS is a generalisation of ips. We now
show that the proof that IPS is T-definable from ips can be easily adapted to show that
also ips is T-equivalent to its dependent variant IPS. In fact, in the case of ips and IPS the
proof is slightly simpler since we do not have to worry about the stopping condition
and the length function /.

THEOREM 4.5 (HAY). ips >7 IPS.

PROOF. Let & be as defined in Theorem 3.13. Note that the infinite (simple) product
of selection functions applied to & has type

ipsy(8) ¢ J(Iimp (T X — X5))-
We claim that IPS can then be defined from ips as
IL;X; sl ~
(i) 1PSs (&) (g1 R) T2 (ipsy(2) (47))°
where s: IT; | X and (-)° is as defined in (3). We have

i

IPSs(e)(q) = (ipsis(8)(4°))°

(d =ipsjs|+1(8)((7°)a))°

d(s) * (ipsjs|1(8) ((°)a))™*4C)

=7 d(s) * (ipsjsy11 (B) ((gas) )*4))) )
¢ # (ipS|suc| (€)((9c)7€))7¢

D w1PSgec(e) (g)

where, as in Theorem 3.13, we can show that (#) d(s) = ¢ for

d = &5(Af(q7) ¢ (51 (B)((4°)f)))
¢ = e&s(Ax.(gx)(IPSsxx(€)(qx))-

—
=

e

el
n

N

&
=
N

-
@
=
¥}

g
g

—
=
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4.3. Relation to modified bar recursion. The proof that ips interprets full classical
analysis, via modified realizability, is very similar to the one given in [4, 5] that modified
bar recursion MBR interprets full classical analysis. In this section we show how MBR
corresponds directly to the infinite iteration of a different form of binary product of
selection functions. We also show (cf. Section 5.1) that this different product when
iterated leads to a form of bar recursion (MBR) which is nevertheless T-equivalent to
IPS.

DEFINITION 4.6. Given a function ¢ € (X — R) — X x Y and a selection function 6 € JY
define a selection function e® 0 € J(X x Y) as

(e®8)(p) "2 e(Ar.p(x,b(x))
where b(x) L 5(Ay.p(x,y)). We shall also consider a dependent version &y of the product
where 5: X — JY and b(x) = 6(x, Ay.p(x,y)).

The above construction shows how a mapping of type (X — R) — X x Y can be
extended to a selection function on the product space, given a selection function on
Y. We shall use this with X = X, and Y = I1;X;;,41, so that we obtain a selection
function in J(IT; X;,,).

DEFINITION 4.7 (mbr). Let €,: (X — R) — I1;Xj, and € = (€n)nen. Define the
iterated skewed product mbr as

mbry, (€) JlZien) ey ®mbr, 1 (e).

Unfolding the definition of ® we have

i Xin
(mbr) mbry(e)(q) =" en(Ax.qx(mbry11(2) (gx))-
Define also the dependent iterated skewed product MBR

JILXivs)

MBRs(e) =" &&; (Ax.MBRssx(¢)),

where in this case es: (X| — R) — IL;X; . Again, unfolding the definition of ® we have

HiXi s
(MBR) MBRs(e)(q) = " es(Ax.qx(MBRssx(e) (qx))-

We name this mbr and MBR because we will show this is essentially modified bar recursion
as defined in [4, 5].

We think of ¢ as a sequence of skewed selection functions. The idea is that sometimes
a witness for X} is automatically a witness for all types X; for i > k. In such cases,
a selection function ¢, : (Xn — R) - X, gives rise to a skewed selection function
en: (Xn — R) — II;>,X;, so that the more intricate product of selection functions
(Definition 2.4) can be replaced by the simpler product given in Definition 4.6.

Similarly to IPS and EPS (Sections 3.2 and 4.2), we now show that the simple iterated
skewed product mbr is T-equivalent to its dependent variant MBR. Given a sequence of
types X; let us define the new sequence

Y] =B x (Hi<in — Hka+]‘).

The intuition for the construction below is the same as the one used to show that eps
T-defines EPS (Theorem 3.13), except that here we need an extra boolean flag as the
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whole result of the skewed selection function will be returned on the first position of
the output. The flag is used so that functions querying such sequences can know which
are proper values and which are dummy values. Let us first define the construction
O iYirs) = LX) that given a: TLY; g is defined as

als! (i) Xi;ls| g(s = [“[s]](”))(l —n) ifdn <i(a(n) =<{tt, g))
0 if Vi <i(a(n) = ff,...))

where in the first case 7 is the greatest n < i such that a(n) is of the form (tt, ). Finally,
for g: I1;X; | — R we define

R
98l () = g(al])
SYWEE IL;Y; s — R;and for x: X; define £: Y; as

¢ = (tt, Astli<i®i (%5, 0%iv, 052, ),
LEMMA 4.8 (HA®). (q8¥)z = (gx)*.

PROOF. By course-of-values induction on i we have (£ *a)l5(i) = (x » al*1)(i).
Hence (% * a)ls) = x » als*¥ and

(4" (@) = (£ * 0)F) = g (al*) = (g:) ().

THEOREM 4.9 (HA“). mbr >7 MBR.

PROOF. In order to define MBR of type (X;, R) we use mbr of type (Y, R). For
Es: (X] - R) - Hka+]‘, where s: Hi<inr define 51 (Y] - R) - HkYk+j as

() & (PR {<tt'Atni<jxi-et<Afo-P<f>>> itk =0,

By the definition of (-)!*) and definition (i) it is easy to check that

(ii) (85/(P)F = e5(Ax.P(%)).

We claim that MBR can be defined from mbr as
(ii1) MBRy(e) (" %1:~R) 2 (mbr (2) (g1
We have
MBR.(e)(7) = (mbryy (2)(g))"
27 (81 (AFYE.(g5)) p(mbrigp 1 (8) (g1 5
s (A1 (gl s (mbrig 1 (2)((4))z)
5 e (A (mbrjgay (B)((4:) 7)) ¥
(Ax%51.g2 (MBRgx (€) (4x)))-

(ff, OHi<j+sz’"HiXi+/+k> ifk>o0.

DR
)

= SS
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We now show that a slight generalisation of modified bar recursion [4, 5] is T-
equivalent to the iterated product of skewed selection functions. Define MBR' as

(MBR') MBR.(e)(7) "2 s # es(Ax™.g(MBRL,(€) (4)))

where q: I1;X; — Rand &: (X|; — R) — ILXj4 MBR' is a generalisation of mod-
ified bar recursion (as defined in [4], cf. lemma 2) to sequence types. If all X; = X we
have precisely the definition given in [4, 5].

THEOREM 4.10 (HA® + BI + CONT). MBR =1 MBR'.

PROOF. For one direction, let q: IT;X; — R and s: Il;,, X; and define

. I1;X;
(i) MBRy(e)(q) ="+ MBRs (&) (4s)-
Unfolding definitions we have

MBR.(e)(q) =2 s« MBRs(e)(qs)

S* € ()\XX‘SI ~5]s*x(MBRS*x (¢) (%*x)))
5 % €5 (AxXI1.q(s * X * MBRssx (€) (gs4x)))

5% €5 (Ax¥L.0(MBR,. () (7))).
For the other direction, let : I1;X;, | — R. Define

=z
@ |
2z

—
=

.. LX) ,
(i) MBRs(e)(q) = MBRy (Atesut)(q)-
We then have
MBRs(¢)(q) MBR/ s (At.esst)(q)

£s(AxX1sl.g(MBR, (At.e551)(9)))

| 5 =
oY) =
o =

—

®

= &AL (MBRYy (At€ssrnt) (41)))

= es(Ax®F.gx(MBRssx (€) (4x))),

where () MBR.,,(At.esxt)(q) = x * MBRL(At.€54xxt)(qx) can be proven by bar induc-
tion on the sequence 7, assuming continuity of g (cf. Lemma 3.6). =

=

—
=

COROLLARY 4.11. Gandy’s functional T is T-equivalent to MBR with X; = IN for all
ieN.

PROOF. It has been shown in [5] that the I' functional is T-equivalent to MBR' of
lowest type. It remains to observe that the equivalence of Theorem 4.10 respects the
types. —

QUESTION 4.12. It should be mentioned that in [2] yet another form of bar recursion is
used for the interpretation of the double negation shift (although they also use modified bar
recursion when dealing with dependent choice). We refer to this different bar recursion as the
bbc functional. Thomas Powell [17] has recently shown that bbc is T-equivalent to IPS (see
also [3]).
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§5. Further Inter-definability Results. In this section we prove three further inter-
definability results, namely ips > mbr, MBR > IPS and IPS > EPQ.

THEOREM 5.1 (HAY). ips =1 mbr.

PROOEF. Given a type X let us denote by X’ the type B x X. In order to define mbr
of type (X;, R) we use ips of type (I1;X; +j-R). The main idea for the construction is
to turn a skewed selection function into a proper selection function as follows. Given

ei: (X; = R) — T1;X;, ; we define &;: J(IT; X1+])

(i) &Ry T 0 o8 el (A% £(2)) ),

where
{ (t,x%iy  ifj=0

(tt, 0%+ if j > 0.
Intuitively, the booleans B = {tt, ff} are used to distinguish between values returned
by ¢; and those values £ passed into a recursive call.

Given a: Hk(H]X]+l+k) we define &: I1;X;; as

a) { @O i vk<j (a(k)(0))o = tt
(k) (i~ k)1 i 3k <j ((@(K)(0))o = f,

where k = pk < j(a(k)(0))g = ff. The construction & receives as input a matrix
K: HiH]-ZiX]’, and produces a sequence IT;X; as follows: As long as the value a(j) is

some £ (boolean flag will be tt) we filter out the x; once we reach a value returned by
an ¢, (boolean will be ff) then we return the whole sequence returned by the skewed

selection function ¢;. Hence, given a q: I1;X;,; — R we define §: TT; (IT;X] ke ]) —- R

as j(a) = q(&) lehere, Clearly
(ii) 4:(B) = (9x)(B)-

We claim that mbr can be defined as

WXy 0 I X!
(iii) mbri(e)(q) =" ((ips;()(q)) 7 (0)!
where ¢;: (X; - R) — II;X;;; and q: IT;X;;; — R. Recall that given a sequence
B: I, (X; x Y;) we write ,81 : IT;,Y; for the projection of the sequence on the second
coordinates. We have

mbri(e)(@) 2 (ipsi(8)(d)(0))!
"B (i G ipsi (B)(3))))!
&1 (x5 (ipsi 1 () (7))
(XX (00) (psir (B ((9)))
( (
(Ax (g

o
]

—
=

—
—

I
m

N
1K)

Ax%i g (ipsia (8) ((92))(0))1)
x)))

&

2 (A (mbriga (e

using that

—~

(iv) B = (ipsi1(&)((4:))(0)!, for B = ips;.1(8) ((q2)-
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_|

5.1. MBR > IPS. We now show that the implicitly controlled dependent product of
selection functions IPS is T-definable from (and hence T-equivalent to) modified bar
recursion MBR. Since in our proof we need to work with infinite sequences of finite
sequences (of arbitrary length), the use of the infinite product type IL;X; in here is
unhelpful. The problem is that keeping track of indices would imply introducing the ¥
type to record the length of each finite sequence. Although this can be done, it would
require much more of dependent type theory than we have assumed so far. Hence,
for this section only we work with selection functions of a fixed type (X — R) — X.
Similarly, skewed selection functions will have type (Y — R) — YN,

Let X denote non-empty finite sequences of elements of type X. We make use of
the following two mappings G: X — X and F: (XT)N — XN where

Glx) = (¥

F(a) = concatenation of non-empty finite sequences «(i)’s.
For the definition of F it is important that we are considering non-empty sequences, as
otherwise such concatenation operation would not be defined in general. Consider two
variants G*: X* — (X*)* and F*: (XT)* — X*, where G* is the function G applied
pointwise to a given finite sequence, and F* is the concatenation of a finite sequence of
non-empty finite sequences.

LEMMA 5.2. The following can be easily verified:

(i) F(A.G(v;))(i) = v; and F*(G*(s)) = s, where v;: X and s: X*.
(i) F*(s=t) = F*(s) = F*(t), wheres,t: (X1)*.
(iii) F*(G*(s) xt) = s+ F*(t), wheres: X* and t: (XT)*.

Given selection functions €, : Jr X define, by course-of-values, skewed selection func-
tions of type

v (Xt - R) — (XN,
where r: (XT)*, as
_ N Xt .
vr(PXT2R) (1) = Gleps (pu) (AN PUF*H) # 1))
(X%
with # "2 [, (PXT=R)) i),
LEMMA 5.3. If F*(r) = F*(¢') then v,(P)(i) = v, (P)(i).
PROOF. Directly from Lemma 5.2 (ii) since F*(r « ') = F*(r) « F*(t). -
Now, given a functional g: XN — R define 4: (X*)N — R as
~\R
q() = g(Fa).
Again, it is easy to see that:

+\N —

LEMMA 54. (§)s) xD) (qs), wheres: XT.

—~

PROOF. (7)¢sy(a) = q(F({s) x ) = q(F*({s)) » F(a))) = gs(Fa) = (gs)(a)- .
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LEMMA 5.5 (HA® 4+ BI + CONT). If F*(s) = F*(s') then

MBR; (1) () = MBRy (1)(4).
PROOF. Define the predicate
P(tX)*) = F*(s«t) = F*(s' % £) — MBRewt(v)(G¢) = MBRy .t (v) ().

We show P({)) by bar induction BI (assuming CONT).
(i) Ya3kP([a](k)). Given a, by CONT let k be such that g, is a constant function, say
T2 (k) (B) =1, for all B. Assuming F*(s + [a](k)) = F*(s’ * [a](k))

MBRsx (1) V) [@ajk) = Ves[a] (k) (AY-G[a] (k) 2y (MBRse [a] (k) 5y (V) (T [ (k) /) ))
= Vgula] (k) (AY-T)

= Vgl k) (AYT)

= Vgraa] (k) (AY-G[a] (k) 2y (MBRyr s [a] (k) 2y (V) (T [ (k) /)

= MBRys w0 (V) (0 k))-

(ii) VE(VxP(t xx) — P(t)). Let t be such that VxP(t * x). Assuming F*(s=t) = F*(s' = t),
and noting that this implies F* (s = t x y) = F*(s' =t # y), we have

MBRwt (V) (1) = Vot (AY-Grsy (MBRstny (v) (1))
=" Vst (AYftsey (MBRy sy (V) (dity) ))
= Vgt (AYGtaey (MBRy gy (V) (dity) ) )
= MBRyw (v)(41).
4

We can now show that IPS of type (X, R) is T-definable from MBR of type (X*, R).
THEOREM 5.6 (HA“ + BI + CONT). MBR > IPS.
PROOF. Define IPS from MBR as

IPS, (8)(11) }i\l F(MBRG*(S) (1/)(!7))

where v (and §) is defined from ¢ (g, respectively) as above. We show that IPS as defined
above satisfies its defining equation. Let

o = [UGus(AY.Gy (MBR Grg)uy (v) ()] ()
o 11 = [IPS5(e) ()] ().
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We first show that () F*(#) = 1. By course-of-values assume F*(t/) = 1/ for j < i,
then

PG F*([vgrs (Ay-diy (MBR Gog)y (V) (d9)))] (1)) ()

LSi(.l.? epr((6s)t) AR px11 1) (MBR Gy oy (V) o1y 00))

L5.2(iii) es*F*(t;‘)(/\x'57<(F*tf)*x>(MBR(G*S)*<(F*”)*">(V) (q<(F*tf)*x>)))
2 e () A e (MBR (G (o s (V) (0 P )
© €gri (Al (MBR (Gt )y (V) (0,752)))
2 e (AT (MBRGx (g (V) (0702))
= 0 (A (F(MBR G (i) (V) (,722))))
= i (AX (PS4 (€) (@174x))
= (M)

We then have

IPSs(e)(q)()) 2 E(MBRgx (o (V) ())(i)
= F(uors(Ay*" 3y (MBR gy (v) (3y)))) (i)

20 Epn ((Gs)t) (AT Py (MBR Gy () sy (V) (A (P4 ) ) )
BAD (#) AXG g (prepiy sy (MBR (Gt (i) sy (V) (G (P4 1)) ) ))

D s Aty (MBR Gy (V) (i)

B e (AR (MBR (G g iy (V) (8,752)))

= 84t (AN (FIMBR (G g) sty (V) (Tyi52))))

27 e (A% (FIMBR G i) (V) (3,70))

= i (AN (IPS i () (Gpisy)) )-

Ai

5.2. IPS > EPQ. Ithasbeen shown in [5] that BRis T-definable from modified bar re-

cursion. Here we simplify that construction and use it to show that EPQ is T-definable

from IPS. Moreover, we make explicit the assumption SPEC which is used in [5]. First

we prove that (the totalisation of) Spector’s search functional is definable in Godel’s sys-
tem T.

LEMMA 5.7 (HA®). The totalisation of Spector’s search functional

psc(w) () = least n(w(w, 1) < n)
is T-definable. More precisely, there exists a term ) in Godel’s system T such that the following
is provable in HAY

In(w(a,n) <n) - (w(a, xwr) < xwa AVi < ywa(w(a,i) =1i)).
In particular,
HAY + SPEC I (w(x, 1) < n) AVi < n(w(a,i) = 1)
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where n = xwa.

PROOF. We show how the unbounded search in ysc can be turned into a bounded
search. Abbreviate A,(w,a) = (w(x,7) < n). Consider the following construction,
given a: I1;X; define a®: I';X; as
{ 0% if I <i +1Ax(w,a)

(i) =
(i) otherwise.

Assume In(w(a, 71) < n). Let n be the least number such that A, (w, ) holds. Then it is
easy to see that a’ = a, n — 1. Because n is least, we must have that w(a%) > n—1, and
hence n < w(a”) + 1. Therefore, w(a®) + 1 serves as an upper bound on the search
Usc, i€ ywa = pun < w(a¥) +1 (w(w,7) < n). —
The construction above shows that Spector’s search functional can be made total in
system T, so that whenever it is well-defined for inputs w and a the term x indeed

computes the correct value.

THEOREM 5.8. EPQ is T-definable from |PS over HAY + SPEC. However, EPQ is not
T-definable from |PS, even over HA“ + BI + CONT.

PROOF. First, note that combining the results above we have the equivalences IPS =1
MBR and EPQ =1 BR, over HA®“ + BI + CONT. Hence, that IPS is not T-definable from
EPQ, even over HA“ + BI+ CONT, follows from fact that MBR is not S1-S9 computable
in the model of total continuous functions while BR is (see [5]).

In order to show IPS =1 EPQ we use the search operator ) of the above lemma. Define

X (w)(a) = pi < x(ABw(B) — k) (a) (w([a] (i) < i+ k),
where w(B) — k is the cut-off subtraction. By Lemma 5.7 we have that n = x ™ (w)(a)
is the least such that w([a](n)) — k < n. But since w([a] (7)) — k < i implies w([a](7)) <
i+ k, we have that, provably in HA“ 4 SPEC,

(i) w([a](n)) < n+kand Vi < n(w([a](i)) =i+k), forn = x ¥ (w)(a).
Let 95 : Kr X5 be a given family of quantifiers. We first turn each quantifier s: Kg X,
where s: IT; |5 X, into a a selection function 1 of type | R(Xjy wR) as?

(if) §o(FCoRI—R) FILE injg (7 (Ax 1. F(injx,, x)))

where t: T (X; w R), and (-): ITj<,(X; w R) — IT;<,, X; is defined as

(9, & X if s; = injx, (x;)

S); =

z 0%i otherwise.

We will also make use of the dual operation (-): IT;-,X; — II;-,(X; w R) that maps
injx () pointwise on a given sequence. Clearly we have

(iii) § =sand 3§ = injx, () = s#x, fors: I, X;.

Note that both construction (-) and (*) can similarly defined on infinite sequences as
well. Hence, given s: IT; X, and q: II;X;,y — R and I: R — NN let us define the

function 4" : TT;5;(X; w R) — R as

2We are here making use of the sum type X w Y, which can be implemented as B x X x Y, since we
assume all types are inhabited, with injy: X — X w Y and injy: Y — X w Y the standard injections.
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iv) als (a1li(XitkwR) R q([‘j‘](”) «0) if Vi<n (a(i) e XH'k)
(iv) g ( ) { a if 3i<n (a(i) € R),

where n = x Tl (o) (&) and a(pi <n (a(i) € R)) = injg(a). Intuitively, when g'* reads
an input sequence a: IT;(X; |y w R) it finds the first point n where I(q(& n)) <n—+sl.
If all values in « up to that point are X; values it means this « was generated by a
sequence of bar recursive calls until the stopping condition was reached, and hence
we must apply the outcome function g to the sequence up to that point. Otherwise, it
means that the bar recursive calls have already reached the leaves of the bar recursion
(i.e. the stopping conditions) and we are now backtracking and calculating the values
of intermediate notes, i.e. computations of the R-values. In which case the first such
value is then returned. We claim that EPQ defined as

(0) EPQLY)(51R) £ g12(1PSe(§) (g))
satisfies equation (EPQ). Consider two cases.

If 1(q(0)) < |s| then, by (i), n = xtI5/(104)(B) = 0, for any B. Hence, by (iv), we have
that g'*(B) = q(0), again for any B. Therefore,

EPQL(p)(q) L = (PSs(§)(q))

= q(0).

On the other hand, if (g(0)) > |s| then, again by (i), n = xTI°/(1 0 q)(B) > 0, for any B.
This implies both

(vi) ¢"*(c*B) = r, for ¢ = injg(r) and arbitrary B, and
(vii) g"*(d * B) = (qx)"***(B), ford = injx,, (x) and arbitrary B.

Hence

EPQL () ()

—
<
=
—
0

=
)
||$ |
)

*(
(e # IPSsic () ((77°)c))

—
=
=
S
=

=
s
=
(1
>
N
—
S
L
%
=
=]
3.
>
R
—
=
=
—
wn
*
=3
>
=
—
=
=
—~
<
N~—
—
—
=
L
:—/
=3
>
=
=
N~—
N~—
N~—

s Ax‘(ql's)injx‘s‘ (x)(lPsziJ/c(l/})((qlls)injxlsl(x))))
Ax.(42) 5 (IPS o (F) ((g)5%%)))
= p(AxEPQL(9)(gx))

where ¢ = $s(Ax.IPSzx ($)((47)x)). —

REMARK 5.9. As shown in [14] (cf. also Lemma 3.5), if one extends system T with Spector’s
bar recursion, one can actually prove SPEC. Hence, the result above says that in all models of
system T where EPQ could exist, it indeed does whenever |PS also exists. We leave it as an
open question whether |\PS already defines EPQ without assuming SPEC.

<
IS,
=
<
%

—
=

§6. Summary of Results. Figure 1 gives a diagrammatic picture of the results pre-
sented above. We use a full-line-arrow to represent that the inter-definability holds
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\ Cor 4.11
4— > Gamma
(type 0)

\
|
|
|
|
|
)

: Thm 3.16
i EPQ

I

: tr|V|aI [1 7]
I

| era

I

I

I

I

I

I

I

I

Equivalence classes

—»  HA® definability
......... L Assume SPEC

| Thm 3.7 Thm 3.18 --—-—>  Assume Bl

Thm 3.13 — — —>  Assume Bl + CONT

FIGURE 1. Diagram of inter-definability results

over HA®, whereas a dotted-line-arrow indicates that extra assumptions are needed.
We have used extra assumptions in four cases. In Theorems 3.7 and 3.16 we made
use of bar induction BI; in Theorem 5.8 we use SPEC; and in Theorem 5.6 we seem
to need both bar induction BI and the axiom of continuity CONT. It is an interesting
open question whether any of these four results can be shown in HA“ alone, or under
weaker assumptions.

Given that CONT implies SPEC, our results show that over the theory HA“ + BI +
CONT the different forms of bar recursion considered here fall into two distinct equiv-
alence classes with respect to T-definability.
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