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EXPANSIONS OF THE ORDERED ADDITIVE GROUP OF REAL
NUMBERS BY TWO DISCRETE SUBGROUPS

PHILIPP HIERONYMI

ABSTRACT. The theory of (R, <,+,Z,Za) is decidable if a is quadratic. If a is
the golden ratio, (R, <,+,Z,Za) defines multiplication by a. The results are
established by using the Ostrowski numeration system based on the continued
fraction expansion of a to define the above structures in monadic second order
logic of one successor. The converse that (R, <,+,Z,Za) defines monadic
second order logic of one successor, will also be established.

1. INTRODUCTION

Let a € R. We consider the following structure R, := (R, <, +,Z, Za). Although
it is well known that (R, <, +,Z) has a decidable theory and other desirable model
theoretic properties (arguably due to Skolem ﬂBﬂE and later rediscovered indepen-
dently by Weispfenning [16] and Miller [I0]), the question whether the theory of
R, is decidable even for some irrational number a has been open for a long time.
The interest in these structures arises among other things from the observation that
the structure R, codes many of the Diophantine properties of a. This observation
will play a key role throughout this paper. The following is the main result of this
paper.

Theorem A. If g is quadratic, then the theory of R, is decidable.

A real number is called quadratic if it is the solution to a quadratic equation
with rational coefficients. Theorem A provides the first example of an irrational
number a such that the theory of R, is decidable. Its proof depends crucially on
the periodicity of the continued fraction expansion of a. When a is non-quadratic,
the conclusion of Theorem A can fail. It will be shown that whenever the continued
fraction expansion of a is non-computable, then the theory of R, is undecidable.
It is also worth noting that while the theory of R, can be decidable, its expansion
(R, <,+,Z,Za,Zb) defines multiplication on R and hence its theory is undecidable
as along as 1,a,b € R are linearly independent over QQ, by Hieronymi and Ty-
chonievich [8 Theorem C].

Now consider the structure S, := (R, <,+,Z, \,), where A, : R — R maps = to
ax. Note that S, is an expansion of R, since A\,(Z) = aZ. There are more results
known about these structures than about R,. If a is not a quadratic real number,
S, defines multiplication on R and hence its theory is undecidable by [8, Theorem
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lSkolem essentially showed elimination of quantifiers ranging over elements of Z. Full quantifier
elimination follows easily as pointed out by Smornyriski [14] Exercise 111.4.15].
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B|. However until now there was no known example of an irrational number a such
that the theory of S, is decidable. The following Theorem gives the first example
of such a real number.

Theorem B. Let ¢ := 1+2—‘/5 be the golden ratio. Then R, defines A\, and hence
the theory of S, is decidable.

Definable here and throughout the paper will always mean definable without
parameters. In order to establish Theorem A, we will show that for a quadratic,
R, is definable in monadic second order logic of one successor. To make this
statement precise, consider the two-sorted structure B := (N, P(N), sy, €), where
sy is the successor function on N and € is the relation on N x P(N) such that
€ (t,X) iff t € X. The structure B was studied by Biichi in his seminal paper [4].
Using the theory of automata Biichi proved that the theory of B is decidable and
established what would today be called a quantifier elimination result. Theorem A
will follow immediately from the decidability of the theory of B and the following
result.

Theorem C. Let a € R be quadratic. Then B defines an isomorphic copy of R,.

A structure that is isomorphic to a definable structure in B is sometimes called
Biichi presentable. While Theorem C shows that R, is at most as complicated as
B for quadratic a, we will also establish the converse.

Theorem D. Let a € R be irrational. Then R, defines an isomorphic copy of B.

One can show that (R, <,+,Z) does not define an isomorphic copy of B and
is significantly less complicated than B. Hence Theorem D shows that while the
theory of R, can be decidable, R, is not as well-behaved as (R, <, +, Z).

To prove Theorems C and D, we will rely on results from the theory of Diophan-
tine approximation. The key tool to construct the isomorphic copies in Theorem
C and D will be the Ostrowski representations of both natural numbers and real
numbers due to Ostrowski [II]. These representations originating in the theory
of Diophantine approximation are based on the continued fraction expansion of a.
The reason why the construction in Theorem C works for quadratic numbers and
not for others, is that a real number a has a periodic continued fraction expansion
if and only if a is quadratic.

This is not the first time that Biichi’s Theorem is used to understand expansions
of the ordered real additive group. As mentioned by Boigelot, Rassart and Wolper
in [3], Biichi himself must have known that the the structure (R, <, +,7Z) is defin-
able in B and hence that its theory is decidable. Also in [3], Biichi’s Theorem is
used to show that the theory of the expansion of (R, <, +,Z) by a ternary predicate
Vi (x,u, k) that holds iff u is a positive integer power of r, k € {0,...,r — 1} and
the digit of the base-r representation of x in the position corresponding to w is k,
is decidable. In some sense, their use of base-r representations will be replaced in
this paper by the Ostrowski representations.

The results of the paper should not only be of theoretical importance. The decid-
ability of the theory (R, <, +,Z) has been used in verification and model checking,
since mixed real-integers constraints appear naturally there. Hence the results of



this paper should be relevant in this area, if only by showing that there are inter-
esting expansions of (R, <, +,7Z) whose theory is decidable.

Acknowledgements. I would like to thank Chris Miller for bringing these ques-
tions to my attention several years ago, Lou van den Dries for comments on an
early version of this paper and Christiane Frougny for pointing out references. I
am grateful to the anonymous referee for closely reading the paper and helpful
comments that improved the presentation of this paper.

Notation. We denote {0,1,2,...} by N. Throughout this paper definable will
mean definable without parameters.

2. DIOPHANTINE APPROXIMATIONS

In this section we will recall some definitions and results from the study of
Diophantine approximations. For more details and proofs, see Rockett and Sziisz
[12).

Definition 2.1. A fraction p/q € Q is a best rational approximation of a real

number a if for every fraction 5—: with 1 < ¢ <gand p/q#p'/¢

l¢'a=p'| > |ga —pl
Note that using |a — p/q| instead of |ga — p| changes the definition. For that

reason the approximations in previous definition are sometimes called best rational
approximation of the second kind.

Definition 2.2. A continued fraction expansion [ag;az,...,ak,...] is an ex-

pression of the form
1

ap + ——————
ar + U«2+71 1
a3+;
For a real number a, we say [ag; a1, ...,ak,...] is the continued fraction expan-
sion of a if a = [ag;as,...,ak, -] and ag € Z, a; € N5q for i > 0.

It is well known that every real number has a unique continued fraction expansion.
For the rest of this section, fix a real number a with continued fraction expansion
[ap; a1, ... ak,...].

Fact 2.3. [12 Chapter III.1 Theorem 1 and 2] The continued fraction expansion
of a is periodic iff a is a quadratic irrational.

Definition 2.4. Let k > 1. We define pi/qr € Q to be the k-th convergent of
a, that is
Pk
qk
The k-th difference of a is defined as Sy := qra — pi.-
We define (i € R to be the k-th complete quotient of a, that is

= lag; a1, ..., agl.

Gk = [ak; aks1, apra, - -]
It is worth pointing out that for k£ > 0, {x > 1, since ay, is positive.

Fact 2.5. [12] Chapter II.2 Theorem 2] The set of best rational approximations of
a is precisely the set of all convergents of a.
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Fact 2.6. [12, Chapter I.1 p. 2] Let q—; := 0 and p_; := 1. Then go = 1, po = ao
and for k£ > 0,

Qk+1 = Qk+1 * Gk + qk—1,
Dk+1 = Gk+1 * Dk + Dk—1-

It follows immediately that for k > 0, Bkyr1 = ags18k + Br_1-
Fact 2.7. [12, Chapter 1.4 p. 9] Let k € N5o. Then
Bk

Cet2

Brt1 = —

Since (x > 1, the absolute value of ) decreases with k.

Fact 2.8. [12] Chapter IT.4 p. 24] Let N € N. Then N can be written uniquely as

N=> biiigr,
k=0

where by, € N such that b; < a1, by < ar and, if by = ax, bp_1 = 0.

The representation in the previous fact is called the Ostrowski representation
of N based on a. This representation will play a crucial role later. If a is the golden
ratio, the Ostrowski respresentation based on «a is better known as the Zeckendorf
representation, see Zeckendorf [I7]. It is important to note that the Ostrowski
representation is obtained by a greedy algorithm, see [I2, Chapter 11.4 p. 24]. The
following fact follows immediately.

Fact 2.9. Let M,N € N with M # N and let ), bpgr and ), cxqr be the
Ostrowski representation of M and N. Let n € N be the maximal such that
bn # ¢n. Then M < N iff b, < c,.

We will also need a similar representation of a real number.

Fact 2.10. [I2, Chapter IL.6 Theorem 1] Let ¢ € R be such that —Cil <ec<1- Cil
Then ¢ can be written uniquely in the form

c= Zbk-‘rlﬁka
k=0
where b, € N, 0 < b1 < aq, 0 < b < ag, for k > 1, and by = 0 if by11 = ax41, and
br, < ay, for infinitely many odd k.

One property that is used in the proof of Fact 2.10]is of particular importance to
us.

Fact 2.11. [12, Chapter II.6 p.32f] Let n € N. Then

—Bn = an12Bnt1 + angaBniz + angeBnis + ...
Hence if n is even, this equation determines the Ostrowski representation of —f,.
2While Fact ZI0is well known, the statement of [I2] Chapter I1.6 Theorem 1] is unfortunately

slightly different. But by inspection of the proof in [I2] and using Fact 211l and Fact the
reader can easily verify that Fact 210 indeed follows from the statement in [12].



Fact 2.12. Let n € N be odd. Then the Ostrowski representation of —f,, is
Br—1+ (ant1 = 1)Bn + ant3Bnt2 + ant56n+a + ant7Bnte + - - -
Proof. Since B,+1 = an+t1Bn + Bn—1, We have
—Bn = (@nt1 — 1)Bn + Br—1 — Bt
= Bn-1+ (ant1 — 1)Brn + ant3Bn+2 + ants5Bnta + ant7Bnye + - ...
(I

The following fact allows us to decide whether one real number is smaller than
another if we are just given their Ostrowski representations.

Fact 2.13. Suppose fp > 0. Let z,y € R with  # y and let >, byy16; and
Zk cik+10% be the Ostrowski representations of x and y. Let n € N be minimal
such that b,11 # cpt1. Then z < y iff

(i) bpt1 > cpt1 and n is odd,

(ii) ¢pt1 > bpt1 and n is even.

Proof. Suppose b,4+1 > ¢p4+1. Then

T—y= dn+16n + dn+26n+1 + Z dk‘f‘lﬁk’
k=n+2

for some dp41 > 0, dpyo < anto2, —ax < di < ay, for k > n+ 3. It is enough show
that if n is odd, then z — y < 0, and if n is even, then z —y > 0.

Let n be odd. Since By > 0, we have 8, < 0 and 8,41 > 0 by Fact Z7 Since
dni1 < anao — 1, we get by Fact 211l that

r—Yy S ﬁn + (an+2 - 1)ﬁn+l + Z ak-l—lﬁk

k>n+2, k even
Bo=Bnrit+ > ar1fe
k>n+1, k even
= _Bn-i-l < 0.

Let n be even. Then 8, > 0 and §,4+1 < 0. Since dp,4+1 < ant2 — 1, we get by Fact
2171 that

T —y > Pn+(any2 —1)Bnp1 + Z ak+1 Pk
k>n+2, k odd

oo

= Bn — Bnt1 + Z ar+1B%

k>n+1, k odd
= —0Bpy1 > 0.

A similar result holds if 5y < 0.

Given two natural numbers in Ostrowski representation, it will be important for us
to know how to calculate the Ostrowski representation of their sum. Assume for
now that a is quadratic. Since the continued fraction expansion of a is periodic,
there is a natural number ¢ := maxgenyax. Let X, = {0,...,c} and denote by
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¥¥ the set of words of finite length on X,. Let N € N be such that > ,_, br+1qk
is the Ostrowski representation of N. Then we define po(N) to be the ¥,-word
brnt1...b1. For X C N™ we define

0*pa(X) := {(04pa(N1),...,0" pa(N,)) = (Ny,...,Ny) € X, 1u,..., 1, € N}.

We will now explain what it means for X to be a-recognizable.

Let o = (aq,...,ap) € (X%)™ and let m be the maximal length of avy, ..., . Then
add to each «a; the necessary number of 0’s to get a word o} of length m. Then
the convolutior] of o is defined as the word ay * - - o, € (XM)* whose i-th letter
is the element of X7 consisting of the i-th letters of of,...,a/,. Let X C N". We
say that X is a-recognizable if {a x - *xay, : (Q1,...,a,) € 0%pa(X)} C (Z7)*
is recognizable by a finite automaton. For a definition of a finite automaton and
recognizability we refer the reader to Khoussainov and Nerode [9].

Fact 2.14. [T Theorem B] Let a be quadratic. Then {(z,y,2) € N3 : z +y = 2}
is a-recognizable.

If a is the golden ratio, the Ostroskwi representation is called Zeckendorf represen-
tation and in this particular case Fact [2.14] was first shown by Frougny in [5]. In
[1] Ahlbach et al. present an elementary algorithm to calculate the Zeckendorf re-
spresentation of a sum in terms of the Zeckendorf representation of the summands.
This algorithm was adjusted to give Fact 214 by Hieronymi and Terry [7].

3. DEFINING R, IN B

Let a € [1,2] be an quadratic irrational number. Since R, and R, are interde-
finable for non-zero ¢ € Q, we can assume that 1.5 < a < 2. Let [ag;a1,...,an,...]
be the continued fraction expansion of a. Note that since 1.5 < a < 2, a9 = a1 = 1.
By Fact 23] the continued fraction expansion of a is periodic. Hence it is of the
form

[(IQ; A1yeee s gy AE4Ty -+, a£+u]7
where v is the length of the repeating block and the repeating block starts at £ + 1.

Set p := max; a;. Since ag = 1, we have that Sy, as is defined in Definition 2.4,
is equal to a — 1 and hence positive. It also follows easily that a = 1 + Cil Hence

the interval [—Cil, 1-— Cil) given in Fact 210 is equal to the interval [1 — a,2 — a).
We denote this interval by I. Also note that if )", bx41/5k is an Ostrowski repre-
sentation of a real number in I, then by = 0, since a; = 1. Hence [y is not an
Ostrowski representation. The same is true for an Ostrowski representation of a

natural number. Hence the Ostrowski representation of 1 is ¢;, and not gg.

The goal for this section is to show that an isomorphic copy of R, is definable
in B. Remember that B is the two sorted structure (N, P(N), sy, €), where sy is
the successor function on N and € is the relation on N x P(N) such that € (¢, X)
iff t € X. We recall some easy and well-known definability results for B. We write
Even for the set of all even natural numbers and Odd for the set of all odd natural

3Here we followed the presentation in Villemaire [15]. For a general definition of convolution
see [9].
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numbers. Both sets are definable in B. For example, Even is the unique element
X in P(N) such that

0eXAVzeN (ze€X + sn(z) ¢ X).
Similarly, for m,n € N, the set
{seN : s=m modn}
is definable in B. Also recall that for m,n € N, we have m < n iff
X ePN)meXAng XAVEEN (t ¢ X — sy(t) ¢ X).

Hence the order on N is definable in B. If W C P(N) is definable in B, so is the
subset Wy, of W containing all finite sets in . Finally, if a subset X C P(N)"
can be recognized by a finite automaton, then it is definable in B, see for example
[ Lemma 2].

Defining Ostrowski representations. The first step towards defining R, in B
will be constructing definable sets that correspond to the Ostrowski representation
of both real numbers and natural numbers. This will give us two bijections between
definable sets in B and I and N.

Definition 3.1. Define A C P(N)* to be the set containing (X1,...,X,) € P(N)*
such that

O¢Xi,fori2a1—1,

If n € X;, then n ¢ X, for j # i,

né¢ X, if0<n<¢andi>apt,

n¢ X, ifn>¢n+1=+1 modv,le{l,...,v} and i > agyy,

for all m € N there exists n € Even with n > m such that there is [ €
{1,...,v} with

n+l1=¢+! modvandné¢ X

Ggqr-

It follows from the statements about definability in B we made before that A is
definable in B. Let Af;,, C A be the subset of A containing all tuples (X1,...,X,,)
for which X is finite for ¢ = 1,..., . Since A is definable in B, so is A;y,.

Definition 3.2. Let byy1 : A, = N map (Xy,...,X,) to
i, ifke X
0, otherwise.
If X € Ayip, define Z(X) to be the natural number
Z(X) = b (X)a.
keN

Note that by uniqueness of Ostrowski representations (see Fact [2.8), the map Z :
Afgin — N is bijective. Hence Z has an inverse which we denote by Z~1. Also note
that the relations by41(X) < br41(Y) and br41(X) = bpy1(Y) on N x A x A are
definable in B.

Definition 3.3. Let X € A. Define O(X) to be the real number in I
O(X) = brs1(X)Br.

keN
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By the uniqueness of the Ostrowski representations (see Fact [Z10), the map O :
A — T is bijective. Hence O has an inverse which we denote by O~1.

Lemma 3.4. Let X € Ay;,. Then aZ(X) — O(X) e N.
Proof. Let X € Afi,. Then

aZ(X) = O(X) =) besa(X)age — Y bey1(X)Br
k=0 k=0

=Y e (X)gra =Y bera(X)(gra —pr) = Y by (X)pr € N,
k=0 k=1 k=1

O

It is now a good point to outline the strategy for defining R, in B. We have
already constructed a bijection O between an interval I and the definable set A in
B. Moreover the map aZ : Ay, — Za that maps X € Ay, to aZ(X) is a bijection.
In the following we will amalgamate these two bijection to a single bijection between
R and a set C' definable in B. The reason we choose the map aZ and not the map
Z to start with, is Lemma B4l Vaguely speaking, because aZ(X) — O(X) € N, we
will be able to recover N from the images O(A) and aZ(Ayy,).

Defining order and addition. After defining A and Ay;,, we will now discuss
how to define order and addition such that the maps O and Z respect order and
addition on I and N.

Definition 3.5. Let @ : Afin X Apin — Apin be given by
XaY :=ZYZ(X)+Z(Y)).
Lemma 3.6. The function @ is definable in B.

Proof. Tt follows immediately from Fact 214 that the graph of @ can be recognized
by a finite automaton. Hence it is definable in B. O

Definition 3.7. Let X,Y € Ay, and X # Y. Let k € N be the maximal natural
number such that by11(X) # bry1(Y). Wesay X <z Y if b1 (X) < by1 (V).

It follows immediately from the comment after Definition that <z is definable
in B. The following Lemma follows immediately from Fact

Lemma 3.8. Let X,Y € Ay;,,. Then X <z Y iff Z(X) < Z(Y).
Hence Z is an isomorphism between (Ayin, <z, ®) and (N, <, +).
Lemma 3.9. Let X,Y € Ag;,. Then
OX®Y)=0(X)+0(Y) mod 1.
Proof. By Lemma 34l there is N € N such that
OX)+0Y)-0XaeY)=aZ(X)+Z(Y)-Z(X®Y))—N.
By definition of @, the right hand side of the previous equation is equal to —N. O

Definition 3.10. Let X,Y € A be such that X # Y. Let k € N be the minimal
natural number such that byy1(X) # bp+1(Y). We say X <o Y if one of the
following conditions hold:



(1) bp41(X) > br41(Y) and k is odd,
(ii) bp+1(Y) > bry1(X) and k is even.

It is easy to see that {(X,Y) € A : X <o Y} is definable in B. The following
Lemma follows immediately from Fact 213
Lemma 3.11. Let X,Y € A. Then X <o Y iff O(X) < O(Y).

Corollary 3.12. Let X,Y € A be such that X <o Y. Then there is Z € Ay,
such that X <o Z <o Y.

Proof. By Lemma BT O(X) < O(Y). Take Zy € A such that O(X) < O(Zp) <
O(Y). Let € € Rxg be such that ¢ < min{O(Zy) — O(X),O0(Y) — O(Zp)}. Take
n € N such that

max{ Z ak+1ﬂk, — Z ak+1ﬂk} < E.

k>n,k even k>n,k odd
Let Z071, ceey Z07M € P(N) such that Zy = (ZQJ, Cey Zo)u). Set
Z = ((Z()’l N [0, n], ey Z()“u M [O,TL])

Then
O(Z) = b1 (Z)Be = > ber1(Z0)Be — > brr1(Z)Bs
k=0 k=0 k=n+1
=0(Z0) = Y brs1(Zo)Br-
k=n-+1
Since | Y77, 1 bk1(Z0)Br| < &, we have O(X) < O(Z) < O(Y'). Again by Lemma
m X <0 Z <0 Y. O

We now use this density to extend @ to A.

Definition 3.13. Define +; : I x I — I be the function that maps (c1,c2) € I?
to the unique element d € I such that d =c¢; +¢2 mod 1. Let ®: A x A — A be
function that maps (X,Y) to O~1(O(X) +1 O(Y)).

The following Lemma follows immediately from the definition of @.
Lemma 3.14. Let X,Y € A. Then
OX®Y)=0(X)+0() mod 1.
Lemma 3.15. The map & : A x A — A is definable in B.

Proof. Consider the following two structures,
Mi = (4, <o, ®|Afin7Afin)’ Mo = (I, <, +1|O(Afm)7 O(Afm))

By Lemma and Lemma 311l the map O : M; — M is an isomorphism. Let
T be the topology on I whose basic open sets are the intervals (c1,¢a), if ¢1,¢0 € T
and ¢; < ¢g, and the sets [1 — a,c2) U (¢1,2 — a), if ¢1,¢2 € T and ¢1 > co. It is
immediate that the topological closure with respect to 7 of a set definable in Mo
is definable in My as well. By Lemma B.I1] and Lemma BI2, O(Ay;,) is dense
in I with respect to 7. Because of the continuity of +; with respect to 7, the
topological closure in T of the graph +1|O(Afm) is the graph of 4+;. Hence +; is
definable in M. Since O is an isomorphism, @ is definable in M; and hence in
B. O
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Thus (4, ®) forms a group. The neutral element 0 is (0,...,0). We write

= ({1},0,...,0).

Note that O(1) = 1 = a — 2. For X € A, we denote the inverse of X with respect
to @ by ©X, that means X & (6X) = 0. As usual, for X,Y € A we will write
X oY for X @ (8Y).

Modifying O. We have constructed an isomorphism O between (A, <o, ®) and
(I, <,4+1). In the following this isomorphism will be modified to an isomorphism S
whose range is ([0, 1), <, + mod 1) instead of (I, <,+1). Here + mod 1:[0,1)? —
[0,1) is the map that takes (z,y) € [0,1)? to the unique z € [0,1) such that z+y = z
mod 1.
Definition 3.16. Let X,Y € A, we write X <1 Y if

e Y <01 =0 X,

e XY <pland X <o Y,

e X Y>pland X <pY

Let @1 : A x A — A be the map that takes (X,Y) € A2 to (X ®Y) S 1. Let
S:A—1[0,1) maps X € A to

O(X) - 0(1), if 1 <o X;
O(X)—0(1)+1, otherwise.

Lemma 3.17. The map S : (4, <1,®1) — ([0,1),<,+ mod 1) is an isomorphism.
Proof. Since O(1) =a—2and I =[1 —a,2 — a), we directly get that
S{X €A : 1=20X})=1[0,4—2a) and S{X € A : X <0 1})=[4 - 2a,1).

We have 4 — 2a < 1, since 1.5 < a < 2. It follows immediately that S(X) < S(Y)
iff X <7 Y. Since O is bijective, it is easy to see that S is bijective. Note that
S(X) is the unique ¢ € [0,1) with ¢ = O(X) —a mod 1. Let X,Y € A. Then

S(X)+S(Y) O(X)+0(Y)—20(1) mod 1
O(X®Y)e1)—0(1) mod1
S(X®1Y) mod 1.
O
Hence (A, ®1) is a group and its neutral element is 1. As above, for X € A we

will write ©1 X for the inverse element of X in A with respect to 1. Thus &1 X is
the unique element in A such that (©:X) &1 X = 1.

Lemma 3.18. Let X, Y € A. Then ©: X <X, Y if S(X)+ S ) >1

Proof. Since 1 — S(X) = —S(X) mod 1 and S is group homomorphism, we have
1—-5(X) = S(©1X). Hence we have by Lemma B.17

S(X)+SY)>1if S(Y)>1-5(X)
iff S(Y) > S(e1X)
ity =1 &1X.
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Corollary 3.19. Let X, Y € A. Then

S(X) + S(Y), if 01X <, Y3

S(XeY)= { S(X)+ S(Y)—1, otherwise.

Recovering N. We have now established that we can define order and addition on
A and Ay, such that O, S and Za become isomorphisms. Vaguely speaking, the
next step is to recover N from O(A) and Za(Ay;,). We will find a set B definable
in B, a definable order <p on B, a definable operation &p : B X B — B and a map
R : B — N such that R is an isomorphism between (B, <p,®p) and (N, <,+). It
will be crucial later that the isomorphism R arises naturally from O and Za.

Lemma 3.20. Let X € Ay;,. Then NN (aZ(X),(Z(X) +1)a) is
{aZ(X)-O(X)+1,aZ(X)—-O(X)+2}, if X <01
{aZ(X) - O(X) + 1}, if 120 X =0 0;
{aZ(X) - O(X),aZ(X) — O(X) + 1}, otherwise.
Proof. Let X € Ay, Since 1.5 < a < 2, there are at most two natural numbers
between aZ(X) and a(Z(X) + 1). Moreover, since 1.5 < a < 2, 3 —a < a.
We will use this observation repeatedly throughout this proof. By Lemma B.4]
aZ(X)—0O(X) € Nand so are aZ(X) — O(X)+ 1 and aZ(X) — O(X) + 2. Since
1—-a<0(X) <2-—a, we also have that
aZ(X)<aZ(X)+O0(X)+1<a(Z(X)+1).
We just have to determine which of the other two natural numbers fall into the
interval we are considering. First consider the case that X <o 1. Since O(1) =
a — 2, we have O(X) < a — 2 by Lemma 311l Since 1 —a < O(X) < a —2, we get
that
aZ(X)+0(X)<aZ(X)<aZ(X)+0(X)+2<a(Z(X)+1).
Now suppose that 1 <o X <o 0. Since O(0) = 0 and O(1) = a — 2, we have
a—2<0(X) <0 by Lemma [3T1] Hence
aZ(X)+0(X) <aZ(X)and a(Z(X)+1) <aZ(X)+O(X) +2.
Finally consider the case that 0 <o X. Since O(0) = 0, we have 0 < O(X) by
Lemma B.ITl Since O(X) < 2 — a, we have
aZ(X)<aZ(X)+0(X)<aZ(X)+0(X)+1<a(Z(X)+1).
O

Definition 3.21. Let B C Ay, x {0, 1,2} be defined as the set of all pairs (X, 1)
that have one of the following properties:

(i) X =0 and i =0,

(i) X <o 1 and ¢ € {1,2},

(111) 1 jo X jo 0 and i = 1,

(iv) 0 <o X and i € {0, 1}.

Let R: B— Nmap (X,i) to aZ(X) — O(X) + i.

Lemma 3.22. R is a bijection.

Proof. By Lemma 320, NaNN = {0} and the fact that Z : Ay, — Nis a bijection,
R maps B\{(0,0)} bijectively to Nso. Hence R is bijective, since R((0,0)) =0. O

Definition 3.23. Let (X,4),(Y,j) € B. We write (X,i) <p (Y,j) if either



12 P. HIERONYMI

e X =Y and¢ < jor
e X <,Y.

Let sg : B— B map Z € B to its <pg-successor in B. Let pg : B\ {(0,0)} — B
map Z € B to its <pg-predecessor in B.

Since <z well-orders Ay;y,, <p well-orders B. Hence the successor and predecessor
function are well-defined. Moreover, by Lemma B.8 we have that for 71, Z> € B,
71 <p Z2 iff R(Z1) < R(Z3). Since R is a bijection, we have for Z € B

(3.1) R(sp(Z)) = R(Z) + 1.
We will use the following notation: we write s for the identity on B, and for

i € Nsg, we write sg,i for i-th iterate of pp and siB for the i-th iterate of sp.

We will now define @5 : Bx B — B such that R is an isomorphism from (B, <p, ®)
to (N, <,+). For convenience set e := ©1. Since O(1) = a — 2, we have that
O(e) =1 —a by Lemma B4 Hence e is the left endpoint of I and is <p-minimal
in A by Lemma B.1T]

Definition 3.24. For X,Y € A, we define 7(X,Y) € {0,1,2} to be

0, f X <pecY andY <o 0;
2 ifecoY <pXandY >0 0;
1, otherwise.

Definition 3.25. Let (X,4),(Y,j) € B. We define @p : B x B — B by
(X,i) @p (V) == s (X @Y, 1)),
Lemma 3.26. Let X € A. Then

O(e) - O(X
O(e) — O(X

Proof. Suppose X <0 0. Since 1 —a < O(X
1-a<0(e)-0(X)=1-a—-0(X) <0.

Hence O(e) — O(X) € I and thus O(e © X) = O(e) — O(X) by Lemma 314
Suppose X =0 0. Then 0 < O(X) <2 —a,and thus 0 <a—-1<1-0(X) < 1.
Hence

_ - 0(X)
O(e@X)—{ —O(X)+1, otherwise.
) <

0, we have

Oe) <O(e) —0(X)+1<l—a+1=2—a.
Hence O(e) — O(X) + 1 € I and therefore O(e © X) = O(e) — O(X) + 1. O
Lemma 3.27. Let X, Y € A. Then O(X)+O(Y)=0(X oY) +r(X,Y) — 1.

Proof. We first consider the case that Y <o 0. Suppose that X <o e ©Y. Hence
r(X,Y) = 0. By Lemma [3.20

OX)+0(Y)<0(€eeY)+0())=0(e) <OXaY).

Hence O(X) 4+ O(Y)+1 € I and thus O(X ®Y) —1 = O(X) + O(Y). Suppose
now that X >p e Y. Hence 7(X,Y) = 1. By Lemma 326

OX)>0X)+0(Y)>0(ecY)+0() =0(e).
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Hence O(X)+ O(Y) € I and thus O(X @Y) = O(X) + O(Y).
Now consider the case that Y = 0. Suppose that e©Y <o X. Hence r(X,Y) = 2.
Again by Lemma

O(X)+0(Y)>0(Y)+0(e) —O(Y)+1=0(e) +1=2—-a>O0(X ®Y).

Thus O(X) 4+ O(Y) =O0(X ®@Y) + 1. Finally suppose that e ©Y ¢ X. Then we
have r(X,Y) = 1. By Lemma [3.20

OX)<OX)+0(Y)<O))+0(e)+1-0(Y)=0(e)+1=2—a.
Hence O(X) 4+ O(Y) € I and hence O(X @Y) = O(X) + O(Y). O
Lemma 3.28. Let Z1,Zs € B. Then R(Z1 ©&p Z3) = R(Z1) + R(Zs).

Proof. Let (X,4),(Y,j) € B. Then by (B1]) and Lemma [3:27]

R((X,i)@p (Y, )) = R(s™ "X 2(X 6 1,1))
=R(Xa®Y),l)+i+j+rX,Y)—-2
=Z(XoY)a+O0OX@Y)+i+j+r(X,Y)—1
= aZ(X)+ Z(V)a+ O(X) +O(Y) +i+j
= R((X, 1)) + R((Y, 4))-

Corollary 3.29. The map R: (B,<p,®g5) — (N, <,+) is an isomorphism.

Amalgamating R and S. We have constructed two isomorphisms R : B — N and
S:A—[0,1). Wedefine T : Bx A — Rx( as the map that takes (Z,X) € Bx A to
R(Z)+ S(X). It follows immediately from Lemma BI7 and Lemma that T is
bijective. We will now construct two definable subsets A’, B’ of B x A, a definable
relation <¢ and a definable operation @¢ : (B x A)?> — B x A such that T is an
isomorphism between (B X A, <¢,®¢, B, A’) and (R>g, <, +, N, Na).

Definition 3.30. Set C := B x A. Let A’ C C be

{(rB(X,1), X ®1) : X € Agin, X <0 0}
U{(pB(Xal)vX@l) 1 X € Ajzn;X =0 0}7
and let B’ C C be the set {(Z,1): Z € B}.

Lemma 3.31. The map T : (C, B, A’") — (R>0,N, Na) is an isomorphism.

Isomorphism | Domain Codomain
0] A 1
Z Afin N
S A [0,1)
R B N
T C R>o

TABLE 1. A list of the isomorphisms and their domain and codomain
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Proof. We first show that T(B’) = N. Let (Z,1) € B’. Then
T(Z,1) = R(Z) + S(1) = R(Z) + 0 = R(Z) € N.
Since R : B — N is bijective by Lemma [3.22] we have T'(B’) = N .

We now establish that T'(A") = Na. Let X € Ay;,. Then
(3.2) O(X ®1) = O(X) + O(1) mod 1.

Suppose that X >o 0. Since 0 < O(X) < 1 and S(X @ 1) € [0,1), we get
S(X®1)=0(X) by B2). Hence
=aZ(X)-0(X)+0O(X) =aZ(X).

Now suppose X <o 0. Since 0 < O(X)+1< 1, we have S(X ®1) = O(X) +1 by
B2). Hence

TpE(X,1), X 1) = R(p%(X,1))+S(X 1)
=aZ(X)-O0(X)-14+0(X)+1=aZ(X).

Since Z : At — N is bijective, we have T'(A’) = aN.

Definition 3.32. Let (Z1, X1), (Z2, X2) € C, we define

(sB(Z1 ®B Z2), X1 @1 X2), if ©1X1 =1 Xo;

(Z1,X1) ®c (Z2,X2) == { (Z1 &5 2o, X1 @1 Xa), otherwise.

We say (Zl,Xl) <c (ZQ,XQ) if Z1 <p Z5 or (Zl = Z5 and X1 <3 Xg)

Lemma 3.33. The map T : (C,<¢,®c, B, 4") = (R>0,<,+,N,Na) is an iso-
morphism.

Proof. Let (Z1,X1),(Z2, X2) € C. By the definition of the maps R and S, we have
R(B) = N and S(A) = [0,1). Thus we see directly that T(Z1, X1) < T(Zs, X2)
holds iff either R(Z;) < R(Z3) holds or, R(Z1) = R(Z3) and S(Z1) < S(Z2)
hold. By Corollary and Lemma BI7 we have T(Z1,X1) < T(Zs, X3) iff
(Zl,Xl) <c (ZQ,XQ).

It is left to show that T'((Z1, X1) ®c (Z2,X2)) = T(Z1,X1) + T(Z, X2). First
suppose that ©1X; =<1 Xs5. Then by Corollary 319

T((Z1,X1) ®c (Zo, X2)) = T(sp(Z) ©p Zo2), X1 ®1 Xo)

sp(Z1 ®p Z2)) + S(X1 b1 X2)
Z1®p Zs)+ 1+ 5(X1)+ S(Xe) -1
Z1)+ R(Z3) + S(X1) + S(X2)

71, X1) + T(Z2, X5).

Il
Sz ®3



15

If ©1 X, =1 X2, we have by Corollary [3.19
T((Z1,X1) ®c (Z2,X2)) =T(Z1 Dp Za2, X1 &1 X2)
=R(Z1 ®p Z3) + S(X1 &1 X2)
= R(Z1 ®&B Z2) + S(X1) + S(X2)
=T(Z1,X1) + T(Z2, X5).
O

It follows easily from the previous Lemma that an isomorphic copy of R, is
definable in B. Hence Theorem C holds.

4. DEFINING B IN R,

Let a € R\ Q. Since R, and Ry, are interdefinable for non-zero ¢ € Q, we can
assume that 1.5 < a < 2. In this section, we will show that an isomorphic copy of
B is definable in R,. We do not require a to be quadratic.

Since 1 < a < 2, we have a = 1—}—%1 and hence [1 —a,2 —a) = [_C%’ 1— C%) Recall

that we denote this interval I. It is obviously definable in R,. Moreover, since
l<a<?2 Bo=a—1>0.
Definition 4.1. Let U be the set of all pairs (p,qa) € N x Na with

Vp' € NVg'a € Na(a < ¢'a < qa A (p,qa) # (0, q'a)) = |¢'a—p'| > |ga — p|

Note that U is definable in R,. By Fact the set {gra : k > 0} is the projection
on the second coordinate of U and hence definable in R,. We denote this set by
V. Since V is definable, the successor function sy on V' is definable as well. Note
for every qia € V we have sy (qa) = qi4+10.

Definition 4.2. Let f : Na — R map na to na —m, where m is the unique natural
number such that na —m € I.

Obviously, f is well-defined and definable in R,,.

Lemma 4.3. Let na € Na and let Ek br+1qx be the Ostrowski representation of
n. Then

f(na) = Zbkﬂﬂk-
%

Proof. Let m := 3", byt1pr. Then
na —m = Zkarl(Qka —pr) = Zbkﬂﬂk el
k

k

So in particular, f(gra) = B for every k € N.
Corollary 4.4. The set {gza : k odd} is definable in R,.

Proof. Since B < 0 iff k is odd, we have by Lemma (3] that f(gra) < 0 iff & is
odd. Hence the above set is equal to {na € V : f(na) < 0}. O
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Definition 4.5. Define g: V — R? by

(=(Bi+ Biy1), —Biy1), if Lis even,
e { (—Bi, —(5;: ﬁl+1);1 otherwise.

By Lemma [£3] Corollary 4] and sy (ga) = qi4+1a, the function g is definable. For
ease of notation, we will write g; = (g1.1, g1,2) for g(qa).

Lemma 4.6. Let n € N and ¢ € R be such that 220:0 bi+10k is the Ostrowski
representation of ¢. If —8,, < ¢ < —(Bn + Bnt1) or —=(Bn + Bnt1) < ¢ < =By, then
bp+1 =0 for all & < n.

Proof. Suppose —f, < ¢ < —(Bn + Bnt1). Since B,41 < 0, n is even. By Fact 211]
the Ostrowski representation of —f,, is
an+2ﬁn+l + an+46n+3 + an+6ﬁn+5 + ...
Since —f3,, < ¢, we have bgy1 = 0 for all odd k < n by Fact I3l By Fact 211] the
Ostrowski representation of —(83, + fni1) is
(ant2 = 1)Bnt1 + @nt3Bni2 + GnysPnra + an7Bnte + - ..

Since ¢ < — (B + Bnt1), we get b1 = 0 for all even k < n by Fact 213l Hence
bi+1 = 0 for all & < n. The case that —(8,, + Bnt+1) < ¢ < —fB, can be handled
similarly. (Il

Lemma 4.7. Let I,n € N and ¢ € I such that n < g;4+; and
f(na)+ g1 <c< f(na)+ gi 2.

and let Y77 bes1k be the Ostrowski representation of c¢. Then 22:0 br+1qx 18
the Ostrowski representation of n.

Proof. Let [ be even and n > ¢;. Then by definition of the function g, we have

=B + Bi1) < ¢ — f(na) < =By
Hence by Lemma the Ostrowski representation of ¢ — f(na) is Zl?;l—i-l Ck+10k,

for some cg41 € {0, ..., ak+1}. Now let Zic:o Ck+1qx be the Ostrowski representation
of n. By Lemma [£.3]

%) %) 1 %)
Zbkﬂﬂk =c=c— f(na) + f(na) = Z Cry1Bk + Z Chy1Bk = Z Cht15k-
k=0 k=it1 k=0 k=0

Hence by Lemma and the uniqueness of the Ostrowski representation, we have
that 22:0 bry1qx = 22:0 Cr+1qk 1s the Ostrowski representation of n. The case
that [ is odd can be shown similarly. O

Lemma 4.8. Let [ € N. For every c € I there is a unique n € N, , such that
(4.1) f(na) + gi1(na) < c < f(na) + gi2(na).

Proof. Let 220:0 bi+1Bx be the Ostrowski representation of ¢. We first show the
existence of such a natural number n. Set n := Zﬁc:o br+1qx. We will now show
that n satisfies (£]). Suppose that [ is even. Since [ is even, S;1or > 0 for each
k € N. Then by Fact 2.11]

l

F(na) = By =Y b1 B + arrsBira + arysBria + argrBire + - > c.
k=0



17

Suppose that n > ¢;. Then we have b;.1 > 0. Hence by Fact 211

l

f(na) — (Bi+ Bit1) = Z bit1Bk + (ar42 — 1) Bi41 + ar4aBi43 + arp6Bips + - - < c.
k=0

Note that the inequality on the right follows immediately from b;41 > 0. Now
consider that n < ¢;. Then by Fact Z11]
1

f(na) — B = Z bi+1Bk + arr2Bi41 + aiyaBiys + arpeBiys + - < e
k=0

Hence (1) holds, if [ is even. The case that [ is odd can be treated similarly. The
uniqueness of n follows directly from Lemma .7 and the uniqueness of Ostrowski
representations. O

Definition 4.9. Let i : V xI — Na map a pair (ga, c) to the unique na € Na<y,, ,a
given by Lemma (4.8

Definition 4.10. We define
Ey :={(qa,c) eV xI : h(qa,c) < qa},
Ey :={(qa,c) eV x I : qa < h(qa,c) < min{gyia,2qa}}.

Lemma 4.11. Let i € {0,1}, 1 € N, ¢ € I and let Y.~ bry18, be Ostrowski
representation of ¢. Then b1 =i iff (ga,c) € E;.

Proof. Let qqa € V. Then by Lemma [4.7] ZL:O bi+1qx is the Ostrowski repre-
sentation of h(ga,c)/a. Since the Ostrowski representation of a natural number
is obtained by a greedy algorithm, we have ¢; < h(gqa,c)/a < min{q1,2q} iff
by = 1, and h(ga,c)/a < q iff b = 0. The statement of the Lemma follows
immediately. (I

Definition 4.12. Define J to be set of ¢ € I such that (ga,c) € Ey U E; for all
qia € V. Let d € J be the unique element in J such that (a,d) € E1 and
VYqia € V (qua,d) € By iff (qi410a,d) ¢ Ej.
Let W:={q €V : (qa,d) € Er}.
It is easy to check that qqa € W iff [ is odd.

Definition 4.13. Define J’ to be the set of all ¢ € J such that (ga,c) € Ey
whenever qia ¢ W. Define hy : W — N to be the function that maps g;a to l_Tl
Let hs : J' — P(N) be the function that maps ¢ € J' to {52 : (qa,c) € Er}.

Theorem 4.14. The map h = (hy,he) : (W, J', sw, F1) — (N, P(N), sy, €) is an
isomorphism.

Proof. 1t follows immediately from the remark after the definition of W that h; :
(W, sw) — (N, sy) is an isomorphism. By definition of W, we have that ¢ € J is in
J' if and only if (q;a,c) € Ey for every even [ € N. Given a subset X C N, one can
easily find a unique ¢ € I such that

c= Z Bak+1-

keX
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We directly get that ¢ € J' and for every k € N, we have k € X iff (¢ar410,¢) € Ej.
Hence ho(c) = X and ¢ is the unique element in J’' with this property. From
the construction it follows directly that (gia,c) € Eq iff h1(ga) € ha(c), for every
qa € Wand ce J'. O

Hence R, defines an isomorphic copy of B. This proves Theorem D.

5. DEFINING MULTIPLICATION IN R,

Let ¢ := % be the golden ration. In this section it will be shown that multiplica-
tion by ¢ is definable in R.,. Since the continued fraction expansion of ¢ is [1;1,...],
we get by Fact 2.6 that ¢ is the k-th Fibonacci number, while py, is k+ 1-Fibonacci
number. So in particular, qx+1 = px and Br = qxp — qx+1. Moreover, because of
the special form of the continued fraction expansion of ¢, we get that {x = ¢ for
every k € N. Hence Biy1 = —% by Fact 271 Loosely speaking, this will allow us
to realizes multiplication by ¢ as a shift operation on the Ostrowski representations.

We will use the notation from the previous section. In particular, f, Ey and E; are
as defined before.

Definition 5.1. Let L : No — Ny map ny € Ny to the unique element mp € N
such that (grp, f(mp)) € Eq iff (gr+19, f(ng)) € Ey for every k > 1.
Let T} : Ny — R map ny to

{ L(np) — f(L(ng)) + 1, if (¢, f(ne)) € En;
L(ny) — f(L(ny)), otherwise.

Let T3 : Ny — R map ny to

{ f(L(ng)) +¢—1, if (¢, f(np)) € En;
f(L(ng)), otherwise.

Lemma 5.2. Let n € N and let Zk br+1qx be the Ostrowski representation of n.
Then the Ostrowski representation of ¢~ L(n¢p) is

Z broqr-
&

Proof. Set m := ¢ 'L(n¢p) and let Y, cx+1qx be the Ostrowski representation on
m. It is left to show that cp11 = bgao for every k € N. By Lemmad3lthe Ostrowski
representation of f(me) is >, cx410k and the Ostrowski representation of f(n¢) is
>k bk41 8. By Lemma LTIl cpqq = 1iff (qrip, f(my)) € Ei1. By definition of the
map L, this occurs iff (gr11¢, f(np)) € E1. Again, by Lemma [£11] this happens if
and only if by1o = 1. Hence cx41 = biya. O

Lemma 5.3. Let n € N. Then Ti(ny) = n.
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Proof. Let ), byt1qr be the Ostrowski representation of n. By Lemma and
Bk = qrY — qri1, we get that

n = Z br+1Gk
%

= (Z brt1qk—1)p + (Z ber1(qr — ©qr—1)) + b

k>1 k>1
= L(ny) — f(L(np)) + b2
= T1(nyp).
(I
Lemma 5.4. Let n € N. Then ¢f(np) = — f(T2(ngp)).
Proof. Since (; = ¢ and S = qr¥ — qr+1, we have by Fact 21 that
— 1
(5.1) Qet1¥ — k2 2
kP — qr+1 ®
Let Zk br+19x be the Ostrowski representation of n. Note that
phi=plp—2)=p*—2p=1-0.
Hence by (G.1))
of(np) = bryr(aee — gri1) = = ber1(ar-19 — ar)) + ebaf
k k>0
= —f(L(ng) — ba(¢ — 1) = =Ta(ny).
(I

Theorem 5.5. The function A, : R — R that maps x — @z, is definable in R.,.

Proof. It is enough to define A, on R>q. For m € N and ny € Ny, define a map
P:Nx N — R by

P(m,ng) := T ' (m) — f(T2(ng)).

This is well-defined, since T} is injective by Lemma [5.3] and moreover definable in
R,. By Lemma 5.3 and Lemma [5.4] we have

P(m, f(ng)) =Ty H(m) — f(Ta(ng)) = om + o f (ng) = ¢ - (m+ f(ng)).

Hence if there are m,m’ € N and np,n’p € Ny with m 4+ f(np) = m’ + f(n'p),
we get P(m, f(ny)) = P(m/, f(n'¢)). Let Q : N+ f(Nyp) — R map m + f(ng) to
P(m, f(ny). By the above, Q is well-defined, definable in R, and Q(x) = px for
all z € N+ f(Ny). Since N+ f(Nyp) is dense in [1 — ¢, 00) and multiplication by ¢
is continuous, the graph of A, on [1 — ¢, 00) is the topological closure of the graph
of @ in R?. Hence )\, is definable in R.. O

Theorem B now follows immediately from Theorem A and Theorem
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6. OPTIMALITY AND OPEN QUESTIONS

1. Let £ be the language of R, for some a € R. For a € R\ Q, we have seen that
the structure R, defines the set {gxa : k > 0}, which we denoted by V. Since
s]‘“,_l(a) = qia, it easy to see that for every k,! € N there is an L-sentence )y ; such

that for alla €e R\ Q

Ra = Ve iff g1 = lgr + qr—1-

It follows immediately from Fact that if a = [ap; a1, ...] and the function that
takes k to aj is non-computable, then the theory of R, is undecidable.

2. For a quadratic, quantifier elimination results for B like [4, Theorem 1] transfer
quite directly to R, because of Theorem C and Theorem D. Any attempt of proving
substantially different quantifier elimination results for R, are likely to fail due to
Theorem D.

3. Let a € R\ Q. By Lemma 43 the function f : Na — R that takes na € Na to
>k bkBr, where >, brq is the Ostrowski representation of n, is definable in R,.
This function maps a closed and discrete set onto a dense subset of the interval
[1—a,2—a). Hence together with Theorem A of the current paper, it follows that
for a quadratic the structure R, satisfies condition (i) of [8, Theorem A], but not
its conclusion. Hence condition (ii) can not be dropped from [8, Theorem A].

4. Except for Theorem D not much is known about the structure R, when a is not
quadratic. For example it is not know whether there is an a such that R, defines
multiplication on R. Even in the case of Euler’s number e we do not know whether
the theory of R, is decidable or not. Because the continued fraction expansion of
e is not periodic, it is unlikely that R, can be defined in B, surely not in the way
presented here. On the one hand the continued fraction expansion of e is simple
enough that other methods might be used to show decidability, but on the other
hand the expansion S, defines multiplication on R by [8, Theorem B].

5. It is an open question whether Theorem B holds for all quadratic numbers. How-
ever, it seems possible that a closer examination of how multiplication by a interacts
with the Ostrowski representations based on a, might at least yield decidability of
the theory of S, for every quadratic a.

6. By [8, Theorem C], (R, <,+,Z,aZ,bZ) defines multiplication on R and hence
every projective set whenever 1, a, b are linearly independent over Q. However, we
do not know whether there is a set definable in both (R, <,+,Z,aZ) and (R, <
,+,7Z,bZ) that is not definable in (R, <,+,Z). It would be interesting if a version
of Cobham’s theorem similar to the results in Boigelot, Brusten and Bruyere [2]
holds in this setting.

7. Let a € R\ Q. Note that an isomorphic copy of R, is definable in the expansion
(R, <, 4+, -, %, e%?) of the real field, but by [6, Theorem 1.3] the theory of the latter
structure is undecidable, even if a is quadratic.
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Several of the results in this paper can be reformulated to state that certain

sets are recognizable by certain automata. For example, Lemma shows that
the graph of addition of real numbers given in Ostrowski representation based on
a quadratic irrational is recognizable by a deterministic Miiller automaton. While
not crucial for the main results of this paper, it might still be interesting to give
and study explicit constructions of these automata.
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