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Abstract. M. Beiglbock, V. Bergelson. and A. Fish proved that if G is a countable amenable group and
A and B are subsets of G with positive Banach density, then the product set A B is piecewise syndetic. This
means that there is a finite subset E of G such that EA4B is thick, that is, E4B contains translates of any
finite subset of G. When G = Z, this was first proven by R. Jin. We prove a quantitative version of the
aforementioned result by providing a lower bound on the density (with respect to a Folner sequence) of
the set of witnesses to the thickness of EAB. When G = Z, this result was first proven by the current set
of authors using completely different techniques.

81. Introduction. In the paper [6], R. Jin proved that if 4 and B are subsets of
Z with positive Banach density, then 4 + B is piecewise syndetic. This means that
there is m € N such that 4 + B + [—m., m] is thick, i.e., it contains arbitrarily large
intervals. Jin’s result has since been extended in two different ways. First, using
ergodic theory, M. Beiglbock, V. Bergelson, and A. Fish [1] established Jin’s result
for arbitrary countable amenable groups (with suitable notions of Banach density
and piecewise syndeticity): in [5], M. Di Nasso and M. Lupini gave a simpler proof
of the amenable group version of Jin’s theorem using nonstandard analysis which
works for arbitrary (not necessarily countable) amenable groups and also gives a
bound on the size of the finite set needed to establish that the product set is thick.
Second, in [4] the current set of authors established a “quantitative version” of Jin’s
theorem by proving that thereis m € N such that the set of witnesses to the thickness
of 4 + B + [—m.m] has upper density at least as large as the upper density of A.
(We actually prove this result for subsets of Z¢ for any d.) The goal of this article is
to prove the quantitative version of the result of Beiglbock, Bergelson, and Fish.

In the following, we assume that G is a countable amenable group!: for every
finite subset £ of G and every € > 0, there exists a finite subset L of G such that, for
every x € E, wehave |[xL A L| < e |L|;such an L is said to be e-Folner with respect

Received August 7, 2015.

2010 Mathematics Subject Classification. 11B13, 11B05, 03HO05, 43A07.

Key words and phrases. amenable groups, piecewise syndeticity, product sets.

IFor those not familiar with amenable groups, let us mention in passing that the class of (countable)
amenable groups is quite robust, e.g., contains all finite and abelian groups and is closed under subgroups,
quotients, extensions, and direct limits. It follows, for example, that every countable virtually solvable
group is amenable.
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1556 DI NASSO ET AL.

to E. 1t follows that G is amenable if and only if it has a (left) Folner sequence.
which is a sequence S = (.S,,) of finite subsets of G such that, for every x € G, we
have% —0asn — +oo.

If Sisa Folner sequence and A C G. we define the corresponding upper S-density
of A to be

ds (A) := limsup A0S,
n—-+o00o |Sn|
For example, note that if G = Z¢ and S = (S,) where S, = [—n.n]?. then d s is
the usual notion of upper density for subsets of Z¢.

Following [1], we define the (left) Banach density of A, BD (A4), to be the supre-
mum of ds (4) where S ranges over all Folner sequences of G. One can verify
(see [1]) that this notion of Banach density agrees with the usual notion of Banach
density when G = Z¢.

Recall that a subset A4 of G is thick if for every finite subset L of G there exists a
right translate Lx of L contained in A. A subset 4 of G is piecewise syndetic if FA
is thick for some finite subset F' of G.

DEerFINITION 1.1, Suppose that G is a countable discrete group, S is a Felner
sequence for G, A4 is a subset of G, and o > 0. We say that 4 is

e upper S-thick of level a if for every finite subset L of G. the set
{x € G : Lx C A} has upper S-density at least «:

e upper S-syndetic of level « if there exists a finite subset F of G such that FA is
upper S-thick of level a.

The following is the first main result of this paper:

THEOREM 1.2, Suppose that G is a countable amenable group and S is a Folner
sequence for G . If A and B are subsets of G such thatds(A) = a > 0and BD(B) > 0,
then BA is upper S-syndetic of level .

When G = Z% and S = (S,,) where S, = [—n.n]?. we recover [4, Theorem 14].
We also recover [4, Theorem 18], which states (in the current terminology) that if
A, B C 7 are such that d(4) = o > 0 and BD(B) > 0. then 4 + B is S’-syndetic
of level a for any subsequence S’ of the aforementioned S.

If S is a Folner sequence for G, then the notions of lower S-density
ds. lower S-thick, and lower S-syndetic can be defined in the obvious ways.
In [4, Theorem 19], the current set of authors proved that if 4, B C 74 are such
that d 5(4) = a > 0 and BD(B) > 0 (where S is the usual Folner sequence for Z¢
as above), then for any € > 0, 4 + B is lower S-syndetic of level o — €. (An example
is also given to show that, under the previous hypotheses, 4 + B need not be lower
S-syndetic of level «..) In a previous version of this paper, we asked whether or not
the amenable group analog of [4, Theorem 19] was true. Using ergodic-theoretic
methods, Michael Bjorklund [2] settled this question in the affirmative. Shortly
after, we realized that our techniques readily established the same result and we
include our proof here.

In their proof of the amenable group version of Jin’s theorem, the authors of [5]
give a bound on the size of a finite set needed to witness piecewise syndeticity: if G
is a countable amenable group and 4 and B are subsets of G of Banach densities

Downloaded from https:/www.cambridge.org/core. Caltech Library, on 12 Jan 2017 at 15:58:26, subject to the Cambridge Core terms of use, available at
https:/www.cambridge.org/core/terms. https://doi.org/10.1017/jsl.2015.75


https:/www.cambridge.org/core/terms
https://doi.org/10.1017/jsl.2015.75
https:/www.cambridge.org/core

HIGH DENSITY PIECEWISE SYNDETICITY IN AMENABLE GROUPS 1557

a and f respectively, then there is a finite subset E of G with |E| < # such that
EAB is thick. In Section 3, we improve upon this theorem in two ways: we slightly

improve the bound on |E| from aiﬁ to ﬁ — é + 1 and we show that, if S is any

Folner sequence such that ds(4) > 0, then EAB is S-thick of level s for some
s> 0.

1.1. Notions from nonstandard analysis. We use nonstandard analysis to prove
our main results. An introduction to nonstandard analysis with an eye towards
applications to combinatorics can be found in [7]. Here, we just fix notation.

If r, s are finite hyperreal numbers, we write r < s to mean st(r) < st(s) and we
write s ~ r to mean st(r) = st(s).

If X is a hyperfinite subset of *G, we denote by uy the corresponding Loeb
measure, which is a probability measure extending the finitely additive probability

4]

measure defined on the algebra of internal subsets of X given by uy(A) := st (m) .

If, moreover, Y C *G isinternal, we abuse notation and write ux(Y) for uxy (XNY).
Suppose that S = (S,,) is a Felner sequence for G. For v an infinite hypernatural
number, we denote by S, the value at v of the nonstandard extension of S. It follows
readily from the definition that d s (4) is the maximum of us, (*4) as v ranges over
all infinite hypernatural numbers.
The following definition is central.

DEerFINITION 1.3. Suppose that G is a group and X C *G is hyperfinite. We say
that X is a Folner approximation of G if |gX A X|/|X] is infinitesimal for every
geq.

It follows immediately from the nonstandard characterization of limit that if G
is a countable amenable group and (S,) is a Felner sequence for G, then S, is a
Folner approximation of G for every v > N.?

§2. High density piecewise syndeticity. In this section, G denotes a countable
amenable group. We begin with a combinatorial lemma.

LemMA 2.1. Suppose that S = (Sy) is a Folner sequence for G, Y a Folner
approximation for G, and A C G.

(1) Ifds (A) > a. then there is v > N such that

A0S o 1 |x(*4nS,)"'nY|
—— 2 a and
S| S 2 Y]

Zo. (1)

(2) Ifdg (A) > . then there is vo > N such that (1) holds for all v > vy.

Proor. For (1), first apply transfer to the statement “for every finite subset £ of
G and every natural number k. there exists n > k such that

1 1

ANS, | >a—-2"% and —
5,1 A0S 5]

S xispASs<27R
x€E

2Conversely. if G admits a Felner approximation X . then G is amenable. Indeed. given finite E C G
and e > 0, observe that X is e-Folner with respect to E. whence an actual (standard) e-Folner set for E
exists by downward transfer.
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Fix K > N and let v be the result of applying the transferred statement to ¥ and K.
Set C =*A4 NS, and let y¢ denote the characteristic function of C. We have

xC~— ﬂY
Z| - |S|Z|Y|Zy”lx

|S|Y€S xX€S, yEY
[cny's
|Y|yezy 5
Y ly7's a8
o IS

~ Q.

For (2). apply transfer to the statement “for every finite subset £ of G and every
natural number k, there exists ny > k such that, for all n > ny,

|ANS,|>a—2"" and |S|Z\x—'s AS,| <27
XE€E

ISI

Once again. fix K > N and let vy be the result of applying the transferred statement
to Y and K. As above, this vy is as desired. -

Suppose that B C G is such that BD(B) > f. It is a routine saturation argument
to see that there is then a Folner approximation Y of G such that ‘*f;]‘yl > p. Itwill
become important to demand an extra condition on such a Felner approximation.

DEFINITION 2.2. Suppose that B C G is such that BD(B) > f. We say a Folner
approximation Y of G is good for B if

‘BOY] L,
| Y|

and, for any standard € > 0, there exists a finite subset F of G such that
(FB) N Y|
Y]
The following fact is central to our arguments and its proof is contained in the
proof of [3. Lemma 4.6].

Fact2.3. If B C G is such that BD(B) > 0. then there is a Folner approximation
Y of G that is good for B.

We are now ready to prove the main results of this section.

>1-—c.

THEOREM 2.4. Suppose that G is a countable amenable group, S = (S,) a Folner
sequence for G.and A,.B C G. If ds (A) > « and BD(B) > 0. then BA is upper
S-syndetic of level av.

ProoF. Let Y be a Folner approximation for G that is good for B. Let v be as in
part (1) of Lemma 2.1 applied to ¥ and 4. Once again, set C := *4 N S,. Consider
the ug, -measurable function

B |xC'nY]|
f(x)fst <T .
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/fdﬂs St<| |Z%>Za

X€S,

Observe that

whence there is some standard r > 0 such that ug, ({x € S, : f (x) > 2r}) > o.

Setting I’ = {x €S, : w > r} we have that ug, (I') > «. Since Y is good
for B, we may take a finite subset F of G such that
fEBNY 1
Y| 2
Fix g € G. Since Y is a Folner approximation for G, we have that
“(gFB)NY| ["(FB)ng™'Y| [|*(FB)NY]
Y] | Y| Yy

whence % > 1 — r. Thus, for any x € I, we have that xC~' N *(gFB) # ().

In particular, if L is a finite subset of G, then I C * (ﬂ cel gFBA) . Therefore

ds ﬂ gFBA | > us, *(ﬂ gFBA) | > us,(T) > a.
gelL geL

It follows that BA is upper S-syndetic of level a. o

As mentioned in the introduction, Theorems 14 and 18 of [4] are immediate
consequences of Theorem 2.4, after observing that the sequence of sets [—n, n]?
as well as any of its subsequences is a Folner sequence for Z¢. Example 15 of [4]
shows that the conclusion in Theorem 2.4 is optimal, even when G is the additive
group of integers and S is the Folner sequence of intervals [1, n].

THEOREM 2.5. Suppose that G is a countable amenable group, S = (S,) a Folner
sequence for G, and A,B C G. If dg(A) > a and BD(B) > 0. then BA is lower
S-thick of level o — € for every e > 0.

ProOF. Without loss of generality, we may suppose that d g(4) > «. Fix a Felner

approximation Y for G that is good for B and vy > N as in part (2) of Lemma 2.1
applied to Y and 4. Fix v > vy and standard € > 0 with € < a. Set

ro_ s, |xC~'nY]|
y =4 X € T_€
vl

and observe that ‘I 5] > €. Since Y is good for B, we may fix a finite subset F
of G such that
|*(FB)N Y| €
—>1- =
Y| 2
Fix g € G. Since Y is a Folner approximation of G, arguing as in the proof of the
previous theorem, we conclude that

" (gFB) N Y|

>1—e¢.
Y]
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Fix L C G finite. Once again, it follows that I, C * (ﬂge L gFBA) whence

‘* (ﬂgeLgFBA) ns, - T, |
1Sy — 1S

Since the previous inequality held for every v > vy, by transfer we can conclude that

> o —€.

dg ﬂgFBA >a—¢€.
g€l

It follows that BA is lower S-syndetic of level o — e. -

As mentioned in the introduction, Theorem 2.5 is a generalization of [4,
Theorem 19] and was first proven by M. Bjorklund using ergodic-theoretic methods.

§3. A bound on the number of translates. The following theorem is a refinement of
[5. Corollary 3.4]. In particular, we improve the bound on the number of translates,
and also obtain an estimate on the S-density of translates that witness the thickness
of EBA.

THEOREM 3.1. Suppose that G is a countable amenable group, S = (S,) a Folner
sequence for G, and A,B C G. If ds (A) > «a and BD (B) > f, then there exists
s > 0 and a finite subset E C G such that |E| < # — 1+ 1 and EBA is S-thick of
level s.

ProoOF. Reasoning as in the proof of Theorem 2.4, one can prove that there exist
v > N, a Folner approximation Y of G, a standard » > 0, and an infinitesimal
n € *Ry such that,if C =*4NS,,D=*BNY,and

= {xGSv:%|xC_lﬂD|>Oéﬁ—’7}’

then |[I'| = r|S,|. Fix a family (pg),. of strictly positive standard real numbers
such that Y-, pg < 5.

We now define a sequence of subsets (H,) of G and a sequence (s,) from G.

Define 1
Ho={g o verion g (B> b}

If H, has been defined and is nonempty, let s, be any element of H,, and set
1
H, = {g €G: m {xeT:gx¢"({so.....8:} BA)}| >pg}.
If H, = @ then we set H,,,| = @.
We claim H, = () for n > {aiﬁ — éJ Towards this end, suppose H, # O.

For 0 < k < n, take y; € I such that

sy & ({50, ... sk—1} BA).
Observe that the sets soD. 51(y1C~'N D). ... s,(yC~' N D) are pairwise disjoint.
In fact, if
SiD ﬁsjijfl # %)
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for0 <i< j <n,then
s;y; € 5:DC C* ({s0,....5;-1} BA).

contradicting the choice of y;. Therefore we have that

IZ,L"SODUsl (leflﬂD)U-~Us,, (yanlﬁD)‘

> |Y| <|D|+Z\y,c mD\)
>+ afn.

It follows that n < {— — lJ.

aff «a
Take the least n such that H, = (). Note that n < {# — —J + 1. If n = 0 then
BA is already S-thick of level r. and there is nothing to prove. Let us assume that
n>1,andset E = {so. ....Sqp—1}. It follows that, for every g € G, we have that

|F| Hx el :gx € "(EBA)} > 1 — p,.

Suppose that L is a finite subset of G. Then
1

m|{x6F:Lx§*(EBA)}|zl—Zpg21—Zpg2§.
geL geG
Therefore
v
S, :Lx C*(EBA -
|S | l{x € x C T (EBA)}| 2 5.
This shows that EBA is S-thick of level 5. -

With a similar argument using Markov’s inequality [8, Lemma 1.3.15], one can
also prove the following result. We omit the details.

THEOREM 3.2. Suppose that G is a countable amenable group. S = (S,) a Folner
sequence for G, and A,B C G. If ds(A) > o« and BD (B) > [, then for every
y € (0, oz[)’] there exists E C G such that |E| < % + 1 and EBA is S-syndetic of
level a/f }
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