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Pseudofinite H-structures and groups definable in
supersimple H-structures

Tingxiang Zou*(zou@math.univ-1lyonl.fr)

Abstract

In this paper we explore some properties of H-structures which are introduced
in [2].

We describe a construction of H-structures based on one-dimensional asymp-
totic classes which preserves pseudo-finiteness. That is, the H-structures we con-
struct are ultraproducts of finite structures.

We also prove that under the assumption that the base theory is supersimple
of SU-rank one, there are no new definable groups in H-structures. This improves
the corresponding result in [2].

1 Introduction

H-structures are introduced in [2]. They are based on a geometric theory, where algeb-
raic closure satisfies the exchange property and 3° is eliminated. When a dense and
co-dense independent subset is added to a model of this theory, the resulting structure
is an H-structure. Strongly minimal theories, supersimple SU-rank one theories and
superrosy thorn-rank one theories with elimination of 3% are examples of geometric
theories. In these cases, the corresponding H-structures preserve w-stability, supersim-
plicity or superrosiness and the rank is either one or w.

In the following, we will recall the definition of H-structures and some of their main
properties.

Let T be a complete geometric theory in a language £. Let H be a unary predicate
and put Ly = LU{H}. Let M | T; we say that A C M is finite dimensional if
A Caclg(aq,...,a,) for some aq,...,a, € M. For a tuple a and a set of parameters A,
we write dim a/A) as the length of a maximal aclz-independent subtuple of a over

A.

aclg(

Definition 1. We say that (M, H(M)) is an H-expansion of M ! if:
1. M ET;

2. H(M) is an aclg-independent subset of M

*This author is supported by the China Scholarship Council and partially supported by ValCoMo
(ANR-13-BS01-0006).

Tt is just called an H-structure in [2], we add this terminology to be more precise about the base
theory or the base model.
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3. (Density/coheir property) If A C M is finite dimensional and ¢ € Si(A) is non-
algebraic, there is a € H(M) such that a | g;

4. (Extension property) If A C M is finite dimensional and ¢ € S1(A) is non-
algebraic, then there is a € M, a |=q and a & aclz(AU H(M)).

Equivalently, we can replace density and extension properties with the following
more general ones:

e (Generalised density/coheir property) If A C M is finite dimensional and ¢ €
Sn(A) has dimension n, then there is a € H(M)™ such that a = ¢;

o (Generalised extension property) If A C M is finite dimensional and ¢ € S,,(A) is
non-algebraic, then there is a € M", a = ¢ and

dimaclc (a/A,H(M)) = dimaclg (a/A).

A structure M is called an H-structure if it is an H-expansion of some model of a
geometric theory.

H-structures are closely related to lovely pairs, where, instead of an independent
subset, a dense and co-dense elementary substructure is added. We recall the definition
of lovely pairs in the special case that the base theory is geometric, see [1].

Definition 2. Let T be a geometric theory in a language £ and let £Lp be the expansion
of £ by a unary predicate P. An Lp-structure (M, N) is a lovely pair of models of T', if

1. M =T,
2. N is an L-elementary submodel of M;

3. (Density/coheir property) If A C M is finite dimensional and ¢ € Si(A) is non-
algebraic, there is a € N such that a = ¢;

4. (Extension property) If A C M is finite dimensional and ¢ € S1(A) is non-
algebraic, then there is a € M, a = ¢ and a ¢ aclg(AU N).

Fact 3. [2], [1]. Properties of H-structures and lovely pairs.
Let T be a complete geometric theory in a language L.

e H-expansions of models of T exist and all of them are Lp-elementary equivalent.
Let Ty be the corresponding theory. Similarly, lovely pairs of models of T exist,
and all of them are £p-elementary equivalent.

e If the geometry of T is nontrivial and T is strongly minimal/supersimple/superrosy
of rank 1, then Ty is w-stable/supersimple/superrosy of rank w.

e Let (M,H(M)) be an H-structure. Then (M, aclz(H(M))) is a lovely pair.

Consider the theory of pseudofinite fields. It is supersimple of SU-rank one. By
the fact above, H-expansions and lovely pairs of pseudofinite fields exist. However, the
proof of existence uses general model theoretic techniques such as saturated models and
union of chains. It is not clear whether it is possible to have H-expansions or lovely
pairs of pseudofinite fields that are ultraproducts of finite structures.

The answer turns out to be negative for lovely pairs.



Lemma 4. If (K, k) is a lovely pair of pseudofinite fields, then it is not pseudofinite.?
Proof. Let (K', k') = [[,c (K], k;)/U be a pair of pseudofinite fields with char(K’) =

177
char(k’) such that k} C K/ are finite fields for any i € I.
Suppose char(K') # 2. We will show that there are a1,a2 € K’ and p(z;y1,y2) in
the language of rings such that ¢(x;aq,as) is non-algebraic, but there is no b € k¥’ such

that p(b; a1, a2) holds. However, as (K, k) is a lovely pair, the following holds in (K, k):

Vy1Vy2 (3% o(z3y1,92) — 32 € k (2391, 92)).

Therefore, (K, k) is not elementary equivalent to (K’, k).

As char(K') # 2, we may assume that char(K;) # 2 for all ¢ € I. For any i € I take
o; € Gal(K|/k}) with o; # id. Let a;,,a;, € K| be such that o;(a;,) = a;, and a;, # a;,.
Let 0 = (04)ier/U, a1 := (a;,)icr /U and ag := (ai,)ier/U. Then ay # ag, o(a1) = ag
and k' C Fix(o). Define

o(r;y1,y2) = 3z 22 =0 —y1) A ~(3z 22 =2 — ).

We claim that ¢(x;a1,a2) is non-algebraic in K’. Since char(K)) # 2 for any i € I, we
have {22 : z € K!} C K!. Let ¢; be such that there is no € K/ with 22 = ¢;. Then by
[3, Proposition 4.3], the ideal generated by {(X1)? — (X —ay); (X2)? —e;(X —a;,)} is
absolutely prime and does not contain X —a;, or X —a;,. Let V' be the corresponding
irreducible variety. Then V has dimension 1; by the Lang-Weil estimate |V N K| ~ |K]|.
We claim that K; = o(x;a,,,a;,) for any (x1,29,2) € V N K] with  # a;,. Since if
not, there is some z3 such that z — a;,, = (v3)?. As  # a;,, we have z3 # 0. Then
x2

e; = (m—3)2, contracting that e; is not a square-root. Therefore, we can define a function

i (VO K)\ {(z1,22,0:,) : 11,22 € K/} — (K5 a;,,a,)

by 7;(z1,z2, ) := x. As char(K]) # 2, it is easy to see that 7; is a four-to-one function.
By that [V N K| ~ | K|, we conclude that

1
"P(Kz{;aiuaiz)‘ ~ Z‘V sz/‘

Thus, ¢(z;a1,az) is non-algebraic.
On the other hand, for any b € k' we have

32(22 =b—ay) <= F2(0(2}) = o(b—a1)) <= Fz(0(2)®? = b—ay) < Fz(22 = b—ay).

Therefore, there is no b € &k’ such that ¢(b; a1, as) holds.
The case of char(K') = 2 is similar, using cubes instead of squares (and possibly
going to some finite extension of K’). O

In view of the close connection between H-structures and lovely pairs, we might
expect H-expansions of pseudofinite fields never to be pseudofinite. Luckily, this is not
so. In fact, we can see from the proof above that the reason (K’ k') is not a lovely
pair is the existence of a nontrivial automorphism o of K’ that fixes ¥’. In the case of
H-expansions, instead of a subfield we only need to add a subset. Intuitively, we might
be able to choose a pseudofinite set large enough such that no non-trivial automorphism
can fix all the points in this set.

2This was already noticed by Gareth Boxall (private communication).



Definition 5. Let T' be a geometric theory in a language £. Let M = [[,c; M;/U =T
be an infinite ultraproduct of finite structures. We call an H-expansion (M, H(M)) an
exact pseudofinite H-expansion of M if (M, H(M)) = [[;c;(M;, H;)/U with H; C M;
forall v e 1.

Remark: Let M = [[,c; M;/U |= T be pseudofinite. Then an arbitrary pseudofinite
H-expansion need not to be exact, since it need not be this particular ultraproduct. For
example, let U be a nonprincipal ultrafilter on N and V' = [[,cy Vo /U an ultraproduct
of finite vector spaces over Fg such that lim,cndim(V,,) = oo. It is easy to build an
exact pseudofinite H-expansion of V' by choosing an independent set H, C V,, for each
n € N with lim dim(H,) = iigcodim(Hn) =00 and put (V,H) = [[,en(Va, Hn)/U.

neN
Let H C V be a countable independent set of V. Then (V, H') is pseudofinite H-

expansion of V as (V, H') = (V, H). But (V, H') is not Rj-saturated, hence cannot be
an ultraproduct over non-principal ultrafilters. Thus (V, H’') is not exact.

Let C be a one-dimensional asymptotic class and M be an infinite ultraproduct of
members of C. In section 2 we show that exact pseudofinite H-expansions of M always
exist. In particular, pseudofinite H-expansions of pseudofinite fields do exist.

Section 3 deals with definable groups in H-structures. Our motivation is to clas-
sify definable groups in H-expansions of pseudofinite fields. There are some results
about definable groups in H-structures when the base theory is superstable in [2] us-
ing the group configuration theorem. The problem to generalise these results is that in
simple (even in supersimple) theories, there is no nice version of the group configuration
theorem available in general. However, pseudofinite fields are exceptional: the group
configuration theorem for pseudofinite fields has essentially been given in [5]. We can
easily deduce that definable groups in H-expansions of pseudofinite fields are virtually
isogenous to algebraic groups.

However, this is not very satisfactory. It is of course the best one could get when one
compares definable groups in H-expansions of pseudofinite fields with algebraic groups.
But as has been noticed in [2], “since the geometry on H is trivial, we expected adding
H should not introduce new definable groups”. With the help of the group chunk
theorem in simple theories (see Fact 23) we give a more satisfactory answer, namely,
there are no new definable groups in H-structures when the base theory is supersimple
of SU-rank one. Notably, Eleftheriou also got a same classification of definable groups
in H-structures in the setting of o-minimal theories using the similar strategy, see [4,
Theorem 1.2].

2 Pseudofinite H-structures

This section deals with pseudofinite H-structures built from one-dimensional asymptotic
classes.

One-dimensional asymptotic classes are classes of finite structures with a nicely
behaved dimension and counting measure on all families of uniformly definable sets.
They are introduced in [6] inspired by the class of finite fields.

We recall the definition of a one-dimensional asymptotic class and list some ex-
amples.



Definition 6. Fix a language £. A class C of finite L-structures is called a one-
dimensional asymptotic class if the following holds for every m € N and every formula
o(a: ) with [| = m:

1. There is a positive constant C' and a finite set E' C R>? such that for any M € C
and b € M™, either |p(M;b)| < C or there is u € E with

= 1
|l (M;0)| — p|M|| < C - [M]>.
2. For every pu € E there is an L-formula ¢, (%) such that for any M € C and be M™
M = ¢,(b) if and only if ||o(M;b)| — u|M|| < C - |M]z.

Examples of one-dimensional asymptotic classes are:

e The class of finite fields.

e The class of finite-dimensional vector spaces over finite fields.
e The class of finite cyclic groups.

Fact 7. ([6, Lemma 4.1]) Let C be a one-dimensional asymptotic class and M an infinite
ultraproduct of members of C. Then T'h(M) is supersimple of SU-rank 1.

In particular, the theory of any infinite ultraproduct of members of a one-dimensional
asymptotic class is a model of a geometric theory, and we will show that it always allows
an exact pseudofinite H-expansion.

Definition 8. Let C be a one-dimensional asymptotic class in a language L. Let ¢(x;9)
(y non-empty) be an L-formula and £ C R>? be as in Definition 6. Put

%@) = \/ (Pu(g)-

neE

For a structure M € C and a subset X C M, we say X covers ¢,(y) in M if the following
holds:
U ot M) 2 (017,
zeX
Let ¢(z;7y) be a formula. Suppose ¢(x;7) is algebraic (§ can be empty) over any
3. For a structure M € C and a linearly-ordered subset X C M, we say that X avoids
¢(x; ) in M if there is no x,x1,..., 25 € X9+ such that = > max{z,... , x|y} and

M l: qﬁ(m;xl,...,x‘g‘).

Let M be an infinite ultraproduct of members of C. For any ¢(x,y) and a € ML
if M = 9y(a), then there is 1 € E such that |p(M,a)| =~ p|M|. As p > 0 and M
is infinite, we get p(M,a) is infinite. On the other hand, if M = —,(a), then by
the definition one-dimensional asymptotic class, there must be some C' € N such that
lp(M,a)| < C. Therefore, 1,(7) defines the set of a such that p(x,a) is non-algebraic
in any infinite ultraproduct of members of C.



Lemma 9. Let C be a one-dimensional asymptotic class, I' be a finite set of algebraic
formulas of the form ¢(x;z) (Z could be empty) and A any finite set of formulas of the
form p(x;y) (the length of § can vary and y is non-empty). Then there are Nar € N
and Car € R™Y such that the following holds:

For any M € C with |[M| > Nar, there exists (Har(M),<) with Har(M) € M
and |Hap(M)| < Car-log | M| such that for any o(z;y) € A and ¢(x;2) € I', we have
Ha (M) covers 1,(g) and avoids ¢(x;Z) in M.

In particular, |M| > Nar should imply the equation (2) and the inequality (3),
which are defined throughout the proof.

Proof. By Definition 6, for each ¢(z;9) € A there are finitely many o, - - -, fr,,o > 0
and C,, € R, such that for any M € C and a € M7,

vo@) =\ (lo(M;a)| — s - |M|| < Cy - |M]3).
J<ky

Take 0 < p < min{pop; - -+, Pk o @ € A}, Let

Cu:= ﬂ {M eC: for any a, v, (a) implies |(M;a)| > p- |M|}.
peEA

We claim that there is some N € N such that for any M € C and |M| > N, we have
M € C,. Otherwise, there are ¢(z;y) € A, iy, > 0 and {M; € C,a; € ley‘ 11 € N}
such that the following holds:

o lim; o |M;| = o0;
* M; = ¢y, . (a;) for each i € N;
o |o(Mj;a;)| < p- |M;| < g, - | M;] for each i € N.
Therefore,
_ 1 1
Hio.p - |Mil = [o(Mi; @i)| > (pio, — 1) - |Mi| = (ttio o — ) - [Mi]2 - [M;[>.
By the definition of one-dimensional asymptotic class, there is some Cy, > 0 such that
_ 1
o (Mi; ai)| — pig o - [Mil| < Cyp - [Mi]2.

Since limy—s o0 (fig,e — 1) - |Ml|% = o0, there is clearly a contradiction.
Assume A = {o1(;91)s .-+, on(x;Pn)}. Fix any M € C with |[M| > N, for 1 <i <
n, define inductively the following sets: X]Z:, L;, H]Z C M and Y]Z C Y, (M ‘g”).

b YO1 =Yg, (M|§1\);
o X}:=H}:=L{ =10
Suppose in, XJZ:, H Ji», L;'» are defined. There are two cases.

. Iiji = () and i < n, define



= Y=y, (M),
_ X(Z)—i—l — Lz—i—l — @;
H8+1 Hz

o If Y]’ # (), define

- L%y, = Us(sperla € M : 3z € (H;I)\Zl, M E ¢(a;2)} UUy (yer ¢'(M).

- X ::M\(H’UL;H)

— Choose an element hj 41 In Xt j+1 such that gpi(hé- +1;in) has the maximal
cardinality among {p;(a; Y-) ae X! +1}

- H]-i—l —H U{h 11} and Y, ]+l —Yj \ @i ]+1aY;)

The construction stops either when Y[ is empty, that is H; i covers o, (7)) for any
1<i<n,or when Y} # () and X +1—(Z)f0rsome1<z<nandj€N

Let Yy, .. Y]Z be a maximal sequence of the construction. Define Ha p(M) := H;
ifi:nandeiZV).
Claim 10. There is Nar € N such that if M € C and |M| > Nar, then Ha (M) is
always defined.

Proof. Suppose |M| > N and M € C. We first estimate the size of Y 41 in terms of YZ
when the latter is not empty during the construction of {HJZ, YJZ, LZ X Lii<n,j> 0}

Suppose all ¢(x;z) € T' have no more than C-many Solutlons over any parameter
z (2 can be empty). Let Cr := C - [I'| and ko := max{[z] : ¢(z;2) € I'}. Then
L] < Cr- (1Hf| + 1)k

Therefore, '

X1l = [M] = Cr - (|Hj| + 1) — | Hj|. (1)

By construction, Y = Y \ {ei( ]+17Y1)} As gol(hﬁth) is maximal among

{pi(a; YJZ) a€ X 41}, we get

il V)| 3 [Uaexi,, 1(a,9) 19 € pi(a; V) . [Usexi,, {(@,9) 5 € soz'(a;Yj)}!'
Y X | M|

+1|

Let Tot := Upeun i) {(#,9)  § € ¢i(2:Y})}, then

U {@n):geei@y))}=Tot\ |J {(a.9) : 7€ pi(a;Y})}.

7 7
aGXjJr1 aGLJJr1

As M € C,, for each j € Yj we have |p;(M;y)| > p-|M|. And by the definition of
in, for any y € in, if M = pi(a;y), then a & H]’ Hence, |Tot| > p - |M] - |Y]’| On the
other hand,

U { a,9) : § € pi(a; )} < [Liy| - Y]] < Cr - (IHj| + 1) - Y]],
aEL

_ Slnce we need to include the algebraic elements over () defined by formulas in T', it can be that
' =0 but L), # 0, that’s the reason we put |H}| + 1 instead of |H}|.



Hence,

. . M| Y = Cp - (|Hi| 4+ 1)k - Y} Cr-(Hi+ 1)k
211 R/ R VR B OO L/ RV Y
e | M| | M| ’
Let £y := max{|y;| : 1 <i < n}. Define
lo - log | M|
hy = |———————=1]+ 1. 2
Then there is some N/, such that whenever [M| > N, /5, we have
Cr(n-hu + b _ G
| M| T2
In particular, we have
. k
Cr-(n-hu+ 1" _ p (4)
| M| T2
Therefore, when |H}| < n - hyr, we have |¢;(h}, 1;Y])| > §|Y]|, and hence,
i i i i H i
Yinl = ¥ = ik Yl < (1= 5) 1.
Consequently,
i H i N2 i pNITL AR
Yl < (1—§> Y| < (1—5) Vi< < (1—§> Yo < (1—5) ||

There is some Nar > max{N,, N} such that whenever [M| > Nar, we have
(1—=5%)-|M|>n-hy. Fix some M € C with [M|> Nar and let

1 1. vl i
YVO?"WY;,N"' 77YVO7“‘7}/t,L-

be a maximal sequence. We claim that for each 7' < 14, if |Ht’:,| <n-hy, then ty < hyy.
Otherwise, Y}f;w is in the sequence. By the argument above, |Y,:;%| < (1—&ymr o,
By calculation, we have

o - log | M| Lk ;
k> ——mM—— — 1—=) - |M|* <1.
~ —log(1 — p/2) ( 2) M <

Hence, Y}ffw = (). We conclude t;, < hps. Therefore, t; < hys and by induction, for each
1 <4 <n, we have |H§:,| = 1<j<irtj < i+ hy. Now we can see that |H]| <n-hpy.
Consider the set Xtii +1- By inequality (1),

X7 41l = [M| = Cr - (|Hp |+ 1) — |H} | > [M| = Cr - (n-har + 1) —n -l
By inequality (4) and (1 —§) - |M| > n - hy, we get

’X§i+1’Z‘M’—g\M!—n-hM>O,



Hence Xtii 1 # 0. As Y} is the end term of a maximal sequence, it can only be the case
that Y}! =0 and i = n.
Therefore, if [M| > Nar and M € C, then Ha (M) exists and

|[HAar(M)| <n-hy < Car -log|M|,

where Cap :=n - <[W1 + 1). O

Take any M € C with [M| > Nar, let Haop(M) as defined in Claim 10 and for
h;, ht, € Har, define h; < hi ifi<tori=tandj<m. By construction we have
(Har(M), <) covers 9, (y) and avoids ¢(x,y) in M for any ¢ € A and ¢(z,y) € I'. O

Theorem 11. Let C be a one-dimensional asymptotic class in a countable language
L. Let M := [[,c; M;/U be an infinite ultraproduct of members among C. Then exact
pseudofinite H-expansions of M exist.

Proof. Let {¢;(z;7;),i € N} be a list of all formulas in £ such that x is in one variable
and g; # () is a tuple of variables. For n € N, let A,, := {p;(z;7;) : i < n}.

Let {&(x; ;) : i € N} be a list of all formulas such that & (x; Z;) is algebraic (z; can
be empty). Let Iy, := {&(x; %) : i < n}.

By Lemma 9, there are Na, r, € N such that for any M € C with [M| > Na, 1,
there exists (Ha, r, (M), <) with Ha, 1, (M) € M such that Ha,, r, (M) covers ¢, ()
and avoids &(z;z) in M for all ¢ € A, and &(z,2) € Ty,.

For any i € I, let 4,, := max{n : |M;| > Na,r,} (set max) = —o0). Define
H; := Hp, r, (M;) if i, # oo; otherwise let H; := 0.

Claim 12. (M,H(M)) = [[;c;(M;, H;)/U is an exact pseudofinite H-expansion of
M.

Proof. We only need to show that (M, H(M)) is an H-expansion of M. We verify the
conditions one by one.

1. M = Thg(M): clear.

2. H(M) is an aclg-independent subset: Suppose, towards a contradiction, that

there are {ag,a1,...,a;} which are not aclg-independent. We may assume that
any proper subset of {ag,a1,...,ar} is an aclg-independent set. Suppose for
0 <t <k, each a; := (ay)ier/U. Let O := (ipiy - - - i) be an ordering of 0, 1,.. ., k.
Define o ‘

lo:={j€l:(a],a],...,a])is increasing in (Hj;, <)}.

Let A be the collections of all the orderings of 0,1,...,k. Since A is finite and
I = Upea 1o, we have exactly one Ip € U. We may assume that O = (0---k).
Suppose a; € aclg({ao,-..,ar} \ {a;}). By assumption, a; & aclg({ao,...,ar}\

{a;,ax}). Since acl satisfies the exchange property, we have ay, € aclg(ag, ..., a5_1).
Let ¢(x; 20, . .., 2zk—1) witness algebraicity (i.e., ¢(z;20,...,2r—1) is algebraic and
M E p(ag;agp, ... ,ax—1)). By thelist of all algebraic formulas, ¢(x; 2g, ..., 2p_1) =
&i(x; 20, ..., 2-1) = &(x; Z5) for some j.



Let J:={i €l :i, >j} ={i €l :[M] > Nar;}. Since M is infinite,
J € U. For any i € J, we have §;(x;%;) € I';,, hence H; avoids ;(x;Z;). As
aj, > max{ay,...,a}_,} in H;, by construction, the set H; avoids §;(z; Z;), we get

M; ): _'gj(aﬁc; aév oo 7a§c—1)
for any ¢ € J. We conclude M = —=&;(ag; ao, . .., ar—1), contradiction.

. Density /coheir property: As (M, H(M)) is pseudofinite, it is N;-saturated. There-
fore, we only need to show that for any ag,...,ar € M, if ¢(z;a0,...,a;) is
non-algebraic, then there is h € H(M) such that M |= ¢(h;ag, ..., a;). We may
assume that ¢(z;y0,...,yx) = @j(z; 7).

Let J:={i€l:i, >j}={ie€l:|M| > Nna,r;}. Then J € U. Note that
pj(w;9;) € Ay, for any i € J. Therefore H; covers 1, (7;) in M; for any i € J.

Suppose a; := (a)ier /U for 0 <t < k. Let
J={iedJ: M E w%(aé,...,a};)}.
As pj(z;aq, ..., a) is non-algebraic, J' € Y.
For any i € J', since H; covers 1, (¥;) in M; and M; |= ¢y, (af,. .., a}), there
is some h; € H; such that M; = @j(hi;ag,...,a};). For i ¢ J', choose h; € M;
randomly. Let h := (h;)icr/U. Then h € H(M) and M = ¢;(h;ao, ..., ax), ie.,
M ’: (,D(h, ag, - - - 7ak)‘
. Extension Property: Suppose A C F is finite dimensional. Let A" = {aq,...,ar}
be a base of A. Suppose a; := (al);e; /U for each t < k. Let A} = {a},...,at} C
M;. Let
clos;(H; U A}) := U & (M;;a),
j<in, ac(H;UA!)!
and define clos(H(M') U A") := [, clos;(H; U A})/U. By essentially the same
argument as acl/-independence of H(M), we have

aclg(H(M)U A) C clos(H(M)U A').

By the fact that (M, clos(H (M)UA’)) is pseudofinite, hence Ny-saturated, we only
need to show that for any bg,...,b € A, if p(x;by,...,b;) is non-algebraic, then
there is a € M\ clos(H(M)UA’) such that M = ¢(a; b, ...,b). We may assume
that (590, . ..,4t) = @;(2;7;). Assume by = (b%);er /U for k < t. There is some
J €U and p > 0 such that for all i € J, we have |@(M;; b, ..., b1)| > - | M.

Consider the size of clos;(H; U A"). We have
|ClOSZ’(HZ' U A/)| < Cpin . (|H2 U A/|)k0,
where as above Ty, := {&;(z;2;) : j <'in}, ko := max{|2;| : j < i,} and Cr, =

(in + 1) - C with C is the largest number of solutions of §; over parameters for
J < lp.
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Let A;, = {pj(x;7;) : j < in} and €y := max{|y;| : j < i,}. Note that there is
some J' € U such that for all : € J' we have k < {y. Hence

|H; UA'| < [H| +k < |Ag,] - hag, + Lo,
where hyy, is defined as the equation (2). By the inequality (3), we have
ko ~ M

Therefore,

closi (H; U A)| < Cr,, - (1H: U A < - M,

forallie JnJ'.
As |@o(M;; by, ..., bD)| > - | M;], there must be some

a; € p(M;;bh, ..., b%) \ clos;(H; U A"

for all i € JN J'. Choose a; at random for i ¢ J N J'. Set a := (a;);cr /U, then
a & clos(HUA") and M E p(a;bg, ..., b). O

O

Corollary 13. Let C be a one-dimensional asymptotic class in a language £ and M
be an infinite ultraproduct of members of C. Suppose acly of Th,(M) is non-trivial.
Then the exact pseudofinite H-expansion (M, H(M)) is a pseudofinite structure whose
theory is supersimple of SU-rank w.

Remark: Let M := [],c; M;/U be an infinite ultraproduct of a one-dimensional asymp-
totic class. We can also make the H-expansion (M, H(M)) := [];c;(M;, H;)/U satis-

fying
log |H;|

el log | M;]|

=0 thatis dp(H(M)) =0,

that is the pseudofinite coarse dimension of H (M) with respect to M is zero.
This is because by Lemma 9 we know that [H;| = Ca, r, -log|M;| where Ca, r,
depends only on A;, and I'; . If we redefine

ins

in = ma‘x{n : ‘MZ‘ > NA'an a‘nd ‘MZ‘ > (CA7L7F7L)TL}7

we see that additionally d,((H(M)) = 0.

Note that for generic element m € M, we have SUg(m) = w while SUg(h) < w for
any element h € H(M). In a following project, together with other collaborators, we
found this fact generalises to all definable sets. That is, the coarse dimension of a defin-
able set equals to the coefficient of the w-part of the SU-rank of generic elements. We
also wonder if (M;);cs is a one-dimensional asymptotic class, then the class (M;, H;)ier
we build in Claim 12 forms a multidimensional asymptotic class. We expect this should
involve a more detailed treatment of definable sets in H-structures.
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3 Groups in H-structures

This section deals with definable groups in H-structures when the base theory is su-
persimple of SU-rank one. We ask whether there are any new definable groups in
H-structures. As we said before, in [2] the authors have partially solved the question by
showing that in stable theories the connected component of an Lp-definable group in
an H-structure is isomorphic to some L-definable group. We record their results here.

Fact 14. ([2, Proposition 6.5])

Let D be a group in a language £ with RM (D) = 1 and assume that (D, H) is an
No-saturated H-structure. Let A C D be finite and let G < D™ be an Lp-definable
subgroup defined over A. Then G is L-definable over A.

Fact 15. ([2, Proposition 6.6])

Let M be a stable structure of U-rank one in a language £ and let H be a subset of
M such that (M, H) is an Rj-saturated H-structure. Let A C M be countable and let
G C M™ be an Lp-definable group over A. Let GO be the connected component of G.
Then G° is definably isomorphic to an £-definable group over A.

In this section, we will show that in supersimple theories, all £g-definable groups
in H-structures are definably isomorphic to £-definable groups.*

We first introduce some basic notions and facts about H-structures developed in [2],
as well as some results about groups in simple theories that we will use later.

Let (M,H(M)) be an H-structure. To simplify the notation, we write with sub-
script/superscript H for notions in Ty := Thy,, (M, H(M)) and no subscript /superscript
for T = Thy(M). We also write £L-independent to denote forking independence in T
(Lp-independent for Ty respectively), and L-generic for generic group element in 7’
(Lp-generic for Ty respectively).

Definition 16. Let A be a subset of an H-structure (M, H(M)). We say that A is
H-independent if A \LAOH(M) H(M).

Remark: Note that this is not the same as being £ g-independent in the sense of forking
in TH

Definition 17. Let a be a tuple in an H-structure (M, H(M)) and let C = acl(C) be
H-independent. Define the H-basis of a over C, denoted by HB(a/C), as the smallest
tuple i in H(M) such that a |, H(M).

By [2, Proposition 3.9], H-bases exist and are unique up to permutation. Here is a
useful observation:

Lemma 18. Let (M,H(M)) be an H-structure and a be a tuple. Suppose a subset
C = acl(C) is H-independent and HB(a/C) = 0. Then HB(a,C) = HB(C).

Proof. Suppose not, then a,C LHB(C) H(M). There is a finite tuple ¢ C C such that

acf g ©) H(M). Denote the dimension of the underlying geometric theory as dim,_,].

“Indeed, we need to assume that the base theory has elimination of imaginaries. Fact 14 and 15 also
have this assumption.
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Let ¢’ € C be a finite tuple such that dim,.j(a/C) = dimy(a/c’). Let ¢’ € C be a
tuple containing both ¢ and ¢. Then dim,(a,c"/HB(C)) > dim,(a,’"/H(M)). By
the choice of ¢”, we have

dimy i (a/c") > dimy(a/c”, HB(C)) > dimg ) (a/C) = dimg.j(a/c”).

acl(

By assumption, dim,, .j(a/C, H(M)) = dim,(a/C). Therefore,

acl acl (

dimy i (a/c") > dimgy(a/c”, H(M)) > dimyj(a/C, H(M)) = dimyj(a/C) = dimy(a/c").
We conclude that dim,(a/c", H(M)) = dim,(a/c") = dim

C is H-independent, we also have dim, . (c"/H(M)) = dim
ivity of dim we have

acl(a/c’, HB(C)). Since
acl(C”/HB(C))- By addit-

acl’

dim, ) (a, " /H(M)) = dimyj(a/c", H(M)) + dim,  (¢" /H(M))

= dimy ) (a/c", HB(C)) + dim, ) (¢"/HB(C)) = dimy(a, " /HB(C)),

a contradiction. O

Definition 19. Let M be a structure. A set X is hyper-definable over A C M if there
is a type-definable set Y C M™ for some n € N and a type-definable equivalence relation
E on Y both defined over A such that X =Y/E.

Fact 20. [2, Lemma 2.8, Corollary 3.14, Proposition 6.2]
Let (M, H(M)) be an H-structure.

1. Let a,b be H-independent tuples such that tp(a, HB(a)) = tp(b, HB(b)). Then
tpg(a) = tpy (b).

2. Let A be a subset of M, then acly(A) = acl(A, HB(A)).

3. Suppose Th(M) is superrosy of thorn-rank one and (M, H(M)) is Rp-saturated.
Let D be an Lp-definable group over some finite H-independent set A. Let b be
a generic element of the group. Then HB(b/A) = 0.

Fact 21. [2, Proposition 5.6] Let (M, H(M)) = Ty be a k-saturated H-structure and
C C D C M be aclg-closed and max{|C|,|D|} < k. Suppose T is supersimple of
SU-rank one and a € M. Then a \Lfé D if and only if none of the following holds:

e aeD\C,
e acacl(H(M),D)\ acl(H(M),C);
e HB(a/C) % HB(a/D).

Fact 22. [7, Lemma 4.4.8] Let G be a type-definable/hyper-definable group in a simple
theory. Let X be a non-empty type-definable/hyper-definable subset of G. Suppose for
independent ¢g,¢' € X we have g7 - ¢’ € X, and put Y = X - X. Then Y is a type-
definable/hyper-definable subgroup of G, and X is generic in Y. In fact, X contains all
generic types for Y.
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Fact 23. [7, Theorem 4.7.1] We fix an ambient simple theory. Let 7 be a partial type
and * be a partial type-definable function defined on pairs of independent realizations
of 7, both over () such that

1. Generic independence: for independent realizations a,b of m the product a * b
realizes 7 and is independent from a and from b;

2. Generic associativity: for three independent realizations a, b, ¢ of 7, we have (a %
b) xc=ax(bxc);

3. Generic surjectivity: for any independent a, b realizing 7, there are ¢ and ¢’ inde-
pendent from a and from b, with axc =0 and ¢/ xa = b.

Then there are a hyper-definable group G and a hyper-definable bijection from 7 to the
generic types of G, such that generically x is mapped to the group multiplication. G is
unique up to definable isomorphism.

We proceed by some lemmas, most of which are about the properties of generic
elements of definable groups in H-structures.
In the following we will assume & is an cardinal with x > |L].

Lemma 24. Let (M, H(M)) be a k-saturated H-structure such that Th(M) is super-
simple of SU-rank one. Let G be an Lp-(type-)definable group over some set A with

|A| < k and aclg(A) = A. Let a,b be Ly-independent and Lp-generic elements in G.
Then a-b € dcl(a,b, A) and a=! € dcl(a, A).

Proof. By Fact 20 (3), HB(a/A) = HB(b/A) = 0. Thatisa | , H(M)andb | , H(M).

By assumption, a J/Ii b. Hence, a \LAH(M) b. Thus, a LAH(M) bH(M). Together
witha | , A, H(M),wegeta | ,b, H(M). Hence, a, bJ/Ab (M). Again,asb | , H(M
we have a,b | , H(M). SlnceA\LHB(A H(M), we conclude that a,b, A |
Therefore, HB(a,b, A) C HB(A) C A.

Asc:=a-be€ aclgy(a,b, A) = acl(a,b, A, HB(a,b, A)) = acl(a, b, A), we have

a,byec,A | H(M).

HB(A)

HB(A)

Take ¢ € M with tp(c'/a,b, A) = tp(c/a,b,A). As ¢ € acl(a,b, A), we still have
a,b,cd, A J-/HB(A H(M). Therefore, a,b,c, A and a,b,¢’, A are H-independent tuples
of the same L-type. By Fact 20 (1), tpg(a,b,c/A) = tpy(a,b,c/A). As ¢ is in the
L py-definable closure of a, b, A, we get ¢ = c. Hence, ¢ € dcl(a,b, A) as we have claimed.

The proof of a=! € dcl(a, A) is similar. O

Lemma 25. Let (M,H(M)) be a k-saturated model of Tr. Let G C M™ be an Lp-
type-definable group over A with aclg(A) = A and |A| < k. Then there are a partial
Lp-type mg(x) and a partial L-type wz(x) over A such that:

1. g (M™) is the set of all Li-generics in G.

2. For any complete L-type q(x) over A with q(x) 2 wp(x), there is a complete
L-type p(x) over A such that p(z) D q(x) Ung(z);
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3. Let a,b,c be three realizations of wr(x) over A. Then there are a’, V', ¢ € G such
that o', V', ¢ realise mg(x), HB(a',V, ¢ JA) =0 and tp(a,b,c/A) = tp(a’, b, /A).
In addition, if a,b,c are L-independent, then o',V ,c are Lg-independent.

Proof. Suppose G is defined by a partial type d(z). Let mg(z) be the partial Lg-type
over A which contains §(z) and is closed under implication such that for all a € M™,
a |= mg(z) if and only if a is Ly-generic in G. Let 7z(z) C g (z) be the restriction of
7c(z) in the language L.

Claim: Item 2 holds. If not, then there exists L-type q(z) over A extending 7, (x)
such that ¢(x) Ung(z) is inconsistent. By compactness, there is some 9 (z) € ¢(x) such
that mg(x) F = (z). As mg(z) is closed under implication, —)(x) € mg(x), hence also
—)(x) € 7z (x), which contradicts that ¢(x) D 7 (x).

Now we prove item 3. Write a = (aj,a2), b = (b1,b2) and ¢ = (c1,¢2), where
SU(a1/A) = |ai], az € acl(a1, A); SU(b1/A,a) = |b1], ba € acl(b1, a, A) and SU(¢1/A,a,b) =
le1], c2 € acl(cy,a,b, A). (We remark that by, c; can be empty.) As SU(a1,b1,c1/A) =
la1| + |b1| + |c1] and T has SU-rank 1, we get aj,by,c; are L-independent. By the
axioms of of Ty and k-saturation, there are a/, b, ¢} in M such that tp(ai,b1,c1/A) =
tp(al, b, ) /A) and

bt | H(M)
A
Let ah, b}, ¢, be such that
tp(a/h CL/2, /17 /27 C/l, Cé/A) = tp(ah as, bl, b27 C1, c2/A)'
Define a’ := (af,dh), b’ := (b}, by) and ¢ := (d}, ).

Since af, b}, ¢} L H(M) and a b, d € acl(ay, by, c), A), we get o/, b, L H(M).
Therefore, HB(a',b',c//A) = 0. Hence, HB(a'/A) = HB(V'/A) = HB(d'/A) = 0.

We only need to show that ’,¥ and ¢ satisfy mg(x). Let ¢(x) := tp(a/A) 2 7o (x).
By item 2, there is a complete £y-type p(z) over A extending g(x) U mg(x). Let a” be

a realization of p(x). By Fact 20 (3), HB(a”/A) = (). Therefore, both a’, A and a”, A
are H-independent and

tp(a’, A, HB(d', A)) = tp(a, A, HB(A)) = tp(a”, A, HB(d", A)).

By Fact 20 (1), tpg(a’/A) = tpg(a”/A). Hence tpy(a’/A) O wg(x). Similarly, b’ and
¢ are realizations of mg(x).

In addition, if a,b,c are L-independent, then b’ = (b],b5) and ¢ = (d},d,) are
such that SU(b)/A) = SU(V /A, d") = |by], SU(c}/A) = SU(c}/A,d’, V') = |c}| and
by € acl(b), A), ¢ € acl(cy, A). As ay, by, ¢y |, H(M) and a} |, by, ¢, we get

ay L by, ¢y, H(M).
A

Therefore, a’ | , V', ¢/, H(M), whence a’ \LAH(M) v, H(M). Together with HB(a'/A) =

HB(d JAV ) = ) we get o \Lli b',c. The other £p-independences among a’, V', ¢ are
similar. Hence, a,b, ¢ are £pg-independent. d

Lemma 26. Let Lo C L1 be two languages. Let M be an L1-structure. Suppose Y is Ly-
hyper-definable and G is L1-type-definable in M such that there is an Lq-isomorphism
from'Y to G, then Y is Lo-type-interpretable.
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Proof. Suppose G = (;c; Gi is Li-type-definable, Y = X/R where X = [,.; X; and
R = (V;c; Ri are Lo-type-definable and ®(z,y) = (;c; @i : Xi — G; is Ly-type-
definable which induces an isomorphism between Y and G.

As & is the graph of a function from X to G, we have:

N Xi(@) AGi(y) AGi(Y) A Dp(,y) ADp(a,y) Ey =y
i,5,kel

By compactness, there are some i, ..., such that

flay) =0, @y S (X, x )G

<k i<k J<k

is an £q-definable graph of a partial function.
Let R’ C (ﬂj <k X,-j) X (ﬂ i<k Xij> be the L£i-definable equivalence relation given
by R'(z,z') if and only if there is some g € (;; Gi; such that both f(z,g) and f(2', g)
hold. We claim that
R | (X xX)=R.

Let z,2' € X. Suppose R(z,2’) holds. As ® is an isomorphism between Y and G, there
is some g € G with ®(z,g) and ®(z’,g). Therefore, both f(x,g) and f(z’,g) hold and
so does R'(z,2'). On the other hand, if R'(x,z') holds, then there is g € ;< Gi; with
f(z,g) and f(2',g). Let ¢’, ¢" € G such that ®(x,¢') and ®(z’, g"). Thus, we also have
f(z,g') and f(a2',¢"”). Since f is a partial function, g = ¢’ = ¢”. Therefore, R(z,z’)
holds.

As R is defined by (,c; R;, by compactness, there is some {jo,...,ji} 2 {io,...,ir}

such that on (ﬂigt le.) X (ﬂigt in) we have

Rey(z,2) = iji(x,x’) C R/(z,x").

1<t

Thus, R, is Lo-definable and it agrees with R on X. We have

NXi(@1) A Xi(z2) A Xi(x3)) b= Reo (21, 21)
el

A(R£0($1,$2) — R£0($2,$1))
/\(Rgo (:El,:EQ) A REO(JSQ,JJQ;) — Rgo(l‘l,l‘:;)).

By compactness, there are {ko,...,kmn} 2 {jo,...,j¢} such that R, is an equivalence
relation on (),.,, Xi,. Therefore, R is Lo-definable. O

We first consider L£pg-(type-)definable subgroups of L-(type-)definable groups. We
generalize Fact 14 to supersimple theories.

Theorem 27. Let T' be non-trivial of SU-rank one and let (M, H(M)) = Ty be k-
saturated. Suppose D is an L-(type-)definable group and G is an Lg-(type-)definable
subgroup of D, both defined over some set A = aclg(A) with |A] < k. Then G is
L-(type-) definable ovear A.

16



Proof. Suppose D C M™. Let mg(z) and mz(z) be defined as in Lemma 25 with |z| = n.
Suppose D is defined by the partial L-type x(z). As wg(z) is closed under implication,
7 (x) 2 x(z). Therefore, mz(z) 2 x(x).

By Fact 22, G = wg(M"™) - ng(M™). We will show that mz(M™) also satisfies the
conditions of Fact 22 in T'.

Let X := 7z (M™). Since x(z) C mz(x), we have X C D. Take two L-independent
realizations a,b of 7, (z). By Lemma 25, there are a’,b’ both realising m(z) such that
tp(a,b/A) = tp(a’,b'/A) and o J/IZ V. Therefore, (a')~! - ¥ is also generic in G, which
implies

me(x) C ma(x) C tpy((a) ! b'/A).

As tp(a,b/A) = tp(a’,b'/A) and group operations are L-definable, we have
tp(a~" - b/A) = tp((a') " - ¥/ /A).

Therefore, 7z (x) C tp(a~! - b/A), whence a='-b € X. By Fact 22 we get an L-type-
definable group D¢g := X - X such that X contains all £L-generics in Dg.

Clearly, G < Dg. Let a be an Lp-generic element in Dg. By Fact 20(3), we
have HB(a/A) = ). Since a is also L-generic in D¢, we get a € X. By Lemma 25
there is an o’ satisfying wg(x) such that tp(a/A) = tp(a’/A). As d' is Ly-generic in
G, HB(d'/A) = ) = HB(a/A). By Fact 20(1), tpgy(a'/A) = tpy(a/A). Hence, a
realizes wg(z), i.e., a is Ly-generic in G. Therefore, every Lp-generic element of D¢ is
contained in G, whence Dg < G. We conclude that G = Dg.

]

Now we consider general Lp-(type-)definable groups. The following is a generaliza-
tion of Fact 15.

Theorem 28. Let T be supersimple of SU-rank one and (M,H(M)) | Ty be k-
saturated. Let G be an Lp-(type-)definable group over a set A = aclg(A) of size less
than k. Then G is Ly-definably isomorphic to some L-(type)-interpretable group. In
particular, if T eliminates imaginaries, then every Ly-(type-)definable group is Lp-
definably isomorphic to some L-(type-)definable group.

Proof. Suppose G is type-definable. Let mg(x) and 7z(x) be defined as in Lemma 25.
In the following, we will extend L-generically and L-type-definably the group operation
- of G to x on g (x).

Let 7%(z,y) 2 7ma(x) U ng(y) be the partial Ly-type over A such that a,b are
Ly-independent and Ly-generic in G over A if and only if (a,b) = 72 (z,y) for any
a,b € M™. For (a,b) = 74(x,y), we have a - b € dcl(a,b) by Lemma 24. That is
a-b = fap(a,b) for some L-definable function f,; over A. Let dom,(x,y) be the
L-formula that defines the domain of the function f,;. Then define the £g-formula

ap(2,y) :=domgp(z,y) ANz -y = fap(z,y).

Then we can see that
ma@y) S | eas(@y).
(a,b)=md (z,y)
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By compactness, there are (a1, b1), (az,b2),. .., (ak,bg) such that

ma@y) =\ Can(@,y).

1<i<k

Let (a,b), (c,d) be two pairs of realizations of 72(x,y) such that tp(a,b/4) =
tp(e,d/A). Note that (a,b) is an Lp-generic element in G x G. By Fact 20(3),
HB(a,b/A) = 0. Similarly, HB(c,d/A) = 0. Applying Fact 20(1), we get tpg (a,b/A) =
tpg(c,d/A). Therefore, (M, H(M)) = @q,,(a,b) < @q,p,(c,d) for all 1 < i < k. The
above argument shows:

ﬂ'é(ﬂj,y) A ﬂ-é($l7y/) A /\ ¢(ﬂj‘,y) A 1)[)($/7y/) ’: /\ (('pai,bi ($7y) A Pas,b; ($/7y/))-
PeL(A) 1<i<n

By compactness, there is some finite set of £(A) formulas A such that the A-type

of any pair (CL, b) ': Wé(.ﬁl’,y) determines (CL, b) ': (pai,bi(x7y) or (CL, b) ): _‘(,Dahbi(x,y) for
any 1 < i < k. Hence, there are L-formulas ¢ (x,y),...,¥r(z,y) such that

Fé(l‘7y)’: \/ szl(x7y)

1<i<k

and for any 1 < ¢ < k, we have

me(@,y) Evi(@,y) = | Can @) A N\ Py, (@,y)
1<j<i

Let 7%(x,y) 2 mz(x)Uns(y) be the partial L-type over A such that (a,b) = 7%(z,y)
if and only if a,b are £-independent over A. By Lemma 25, for (a,b) = m%(x,y), there
are a’,b’ realizing 7g(x) such that o J/Ii b and tp(a,b/A) = tp(a’,t’'/A). Note that
(a/,V) = 7% (z,y). Hence,

(a/7 b/) ): wl(x7 y) A Qoai,bi (.Z', y) A /\ _‘Spaj,bj (‘Tu y)
1<j5<e

for some 1 < i < k. As tp(a,b/A) =tp(a’,V//A), we also have

(CL, b) ): ¢z($7 y) A domai7bi(x7 y)

Define a x b := fq, p,(a,b). As fq,p,(a',V) | me(x) and tp(a,b/A) = tp(d,b'/A), we
also have f,, 4. (a,b) |= mc(x). Note that a b is defined by fo,s,(x,y) if and only
if (a,b) = ¢;(x,y). Hence, x is an L-type-definable function from 7%(M", M™) to
mc(M™) and * agrees with - on 7% (M™, M™).

We now verify all the conditions of the group chunk theorem (Fact 23) in order to
obtain an L-hyper-definable group out of the generically given group operation.

Lemma 29. The L-type-definable function x : w4 (M™, M™) — mp(M™) satisfies all the
conditions in Fact 25.

18



Proof. Generic independence: Let a,b be L-independent realizations of 7z(x) and ¢ :=
axb. Then there are £y-independent and L p-generic elements a’, b’ over A such that
tp(a’,b'/A) = tp(a,b/A). Let ¢ :=a' - V. Since * is L-definable and agrees with - on
T2 (M™, M™), we get ¢ = a’ *b'. Therefore, tp(a’,V/,d /A) = tp(a,b,c/A). As ¢ \Lli a,
we have ¢ |, a/. Hence, we also have ¢ |, a. Similarly, ¢ |, b.

Generic associativity: Let a, b, ¢ be L-independent realizations of 7z (z). By Lemma
25, there are Lp-generic and £ y-independent realizations a’, b, ¢’ such that

tp(a,b,c/A) = tp(d', b, JA).
Now we have
tp((axb)xc),ax (bxc)) =tp((a xb)xc,a' x (' x)) =tp((d'-¥)-,a" - (b -C)).

Since (a/ - V) - =d - (b - ) we get (axb)xc=ax(bxc).

Generic surjectivity: for any L-independent realizations a,b of 7, (x), there are
Lp-independent realizations o', of mg(z) such that tp(a,b/A) = tp(a’,b//A). Let
¢ = (a’)7'-¥. Then ¢ is Ly-independent from a’ and from ¥'. By Lemma 24, ¢/ €
del((a")~1, b, A) = dcl(a’, b, A). Let ¢ be the element with tp(a,b,c/A) = tp(a’, ¥, /A).
Clearly, ¢ realizes 7z () and is £-independent from a and from b. Since ¢’-¢ = o'« =V
and tp(a,b,c/A) =tp(d’, V', /A), we have ax ¢ = b. Similarly, we can find ¢’ realizing
7c(z), L-independent from a and from b such that ¢’ xa = b. O

By Fact 23, there are an L-hyper-definable group D over A, and an L-type-definable
embedding f : 7z (M™) — D over A such that f(mz(M™)) contains all £L-generics of D.

Consider f(rg(M™)) C D. Take g,¢g' Ly-independent elements in f(7mg(M")).
Suppose ¢ = f(a) and ¢’ = f(b). As f is an Ly-definable injection, we get ai/i b.
Hence, a='xb = mg(z) and a \LIZ a~'xb. Since f preserves % generically and a,a"1,b €
G, we have

fla)- fla™ xb) = flax(a™' xb)) = f(a- (a7 b)) = f(b).
Hence, f(a)~t- f(b) = f(a=' %b) € f(rg(M™)). By Fact 22,
Gy = f(ma(M")) - f(zq(M"))

is an Ly-hyper-definable group, and f(7g(x)) contains all £y-generics in Gy.

Let X = {(9,f(9)) : 9 E ma(xz)} € G x Gy. Let (g1, f(g91)) and (g2, f(g2)) be
L g-independent tuples in X. Consider

Tgrgo = (91, f(91) 7" (92, F(92) = (97" 7)) - (92, f(92)) = (97" %92, F (97" % g2)).

As g1 J/Ii g2 in mq(x) we get g7 xgo = g7 ' - ga € mg(x). Therefore, 4 4 € X. By
Fact 22, C' := X - X is a subgroup of G x G¢. Consider the projection pi(C) < G.
It contains wg(M™), hence contains all £p-generics of G. Thus p;(C) = G. Similarly,
p2(C) = Gy. Let I :={g:(g,1) € C}and I' := {g : (1,9) € C}. If g € I, then there
are g1, g2 € mg(M") such that g = g1 x g2 and f(g1) - f(g2) = f(g1*g2) = 1. As fisan
embedding, we get g1 x go = 1. Therefore, I = {1}. Similarly, I’ = {1}. Hence, C' is the
graph a group isomorphism between G and G .
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Let a be an .CH—generic in D. Then HB(a/A) = (. Since a is also L-generic in
D, we get that f~!(a) satisfies mz(z). As f is an Lp-definable embedding, we have
HB( Ya )/A) = (. Since f~'(a) = 7mz(x), by Lemma 25 there is o’ realizing ()
such that a’ and f~!(a) have the same L-type over A. Note that HB(a'/A) = (). By Fact
20 (1), tpy(a’'JA) = tpy (f~(a)/A). Hence, f~'(a) realizes ng(x), and a = f(f~(a))
is Lp-generic in G . Therefore, the set of Lp-generics of D is contained in Gy, whence
D < Gy. Together with Gy < D, we get Gy = D and G is Ly-type-definably isomorphic
to D.

Now Lemma 26 implies that D is L-type-interpretable.

Suppose D = Dg/E where E is an L-definable equivalence relation and D¢ is £-
type-definable. If G is definable, then D¢ is the image of an Lp-definable function,
hence Lp-definable. By compactness D¢ is L-definable. Therefore, G is L-definably
isomorphic to an L-interpretable group D. O

Remark: Given an Lg-definable group G, without the assumption that G lives inside an
L-definable group, we cannot generally have that G is £-definable. Here is an example.

Example 30. Let D = (D, -, !) be a group without involutions of SU-rank one in the
language £ = {-, "'}. Let (D, H(D)) be an H-structure.

Define 0 : D — D as o(x) = z if # ¢ H(D) U (H(D))™!; and o(z) = a7 if
x € H(D)U(H(D))™ . Let x: G x G — G be defined as axb := o~ (o(a)-o(b)). Then
the group (D, *, 1) is Ly-isomorphic to (D, -, ~!) via o, but not L-definable.
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