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TREE FORCING AND DEFINABLE MAXIMAL INDEPENDENT
SETS IN HYPERGRAPHS

JONATHAN SCHILHAN

ABSTRACT. We show that after forcing with a countable support iteration or
a finite product of Sacks or splitting forcing over L, every analytic hypergraph
on a Polish space admits a A% maximal independent set. This extends an
earlier result by Schrittesser (see [25]). As a main application we get the
consistency of t = u = i = wsy together with the existence of a A% ultrafilter,
a H% maximal independent family and a A% Hamel basis. This solves open
problems of Brendle, Fischer and Khomskii [4] and the author [22]. We also
show in ZFC that ? < i, adressing another question from [4].

1. INTRODUCTION

Throughout mathematics, the existence of various kinds of maximal sets can
typically only be obtained by an appeal to the Aziom of Choice or one of its
popular forms, such as Zorn’s Lemma. Under certain circumstances, it is possible
though, to explicitly define such objects. The earliest result in this direction is
probably due to Godel who noted in [I4] p. 67] that in the constructible universe
L, there is a Al well-order of the reals (see [I7, 25] for a modern treatment). Using
similar ideas, many other special sets of reals, such as Vitali sets, Hamel bases or
mad families, just to name a few, can be constructed in L in a Al way. This has
become by now a standard set theoretic technique. In many cases, these results also
give an optimal bound for the complexity of such a set. For example, a Vitali set
cannot be Lebesgue measurable and in particular cannot have a 31 or II} definition.
In other cases, one can get stronger results by constructing I1} witnesses. This is
typically done using a coding technique, originally developped by Erdés, Kunen
and Mauldin in [7], later streamlined by Miller (see [20]) and further generalized by
Vidnyanszky (see [35]). For example, Miller showed that there are II] Hamel bases
and mad families in L. Other results of this type can be found e.g. in [I3], [§] or
[10]. Since the assumption V' = L is quite restrictive, it is interesting to know in
what forcing extensions of L, definable witnesses for the above mentioned kinds of
sets still exist. Various such results exist in the literature, e.g. in [5], [9], [12], [26]
or [11].

The starting observation for this paper is that almost all of these examples can
be treated in the same framework, as maximal independent sets in hypergraphs.

Definition 1.1. A hypergraph E on a set X is a collection of finite non-empty
subsets of X, i.e. E C [X]|<¥\ {@}. Whenever Y C X, we say that Y is E-
independent if [Y]<“ N E = (). Moreover, we say that Y is mazimal E-independent
if Y is maximal under inclusion in the collection of E-independent subsets of X.

Whenever X is a topological space, [X]|<“ is the disjoint sum of the spaces [X]"
for n € w. Here, as usual, [X]™, the set of subsets of X of size n becomes a topolog-
ical space by identification with the quotient of X™ under the equivalence relation
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(o, Tn-1) ~ (Yo, -+ s Yn—1) iff {z0, ..., Zn-1} = {yo,-..,Yn—1}. Whenever X is
Polish, [X]<“ is Polish as well and we can study its definable subsets. In particular,
we can study definable hypergraphs on Polish spaces.

The main result of this paper is the following theorem.

Theorem 1.2. After forcing with the ws-length countable support iteration (csi) of
Sacks or splitting forcing over L, every analytic hypergraph on a Polish space has
a A} mazimal independent set.

This extends a result by Schrittesser [25], who proved the above for Sacks forcing,
which we denote by S, and ordinary 2-dimensional graphs (see also [26]). For
equivalence relations this was already known by Budinas [6]. We will also prove
the case of finite products but our main focus will be on the countable support
iteration. Splitting forcing SP (Definition E.T)) is a less-known forcing notion that
was originally introduced by Shelah in [28] and has been studied in more detail
recently ([30], [31], [16] and [19]). Although it is very natural and gives a minimal
way to add a splitting real (see more below), it has not been exploited a lot and to
our knowledge, there is no major set theoretic text treating it in more detail.

Our three guiding examples for Theorem will be wltrafilters, maximal inde-
pendent families and Hamel bases.

Recall that an wltrafilter on w is a maximal subset U of P(w) with the stron
finite intersection property, i.e. the property that for any A € [U]<*, | A| = w
Thus, letting E, := {A € [P(w)]<¥ : | A] < w}, an ultrafilter is a maximal F,-
independent set. In [22], we studied the projective definability of ultrafilters and
introduced the cardinal invariant up, which is the smallest size of a collection of
Borel subsets of P(w) whose union is an ultrafilter. If there is a 31 ultrafilter, then
up = wi, since every X3 set is the union of w; many Borel sets. Recall that the
classical ultrafilter number u is the smallest size of an ultrafilter base. We showed
in [22], that up < u and asked whether it is consistent that up < u or even whether
a Al ultrafilter can exist while w; < u. The difficulty is that we have to preserve
a definition for an ultrafilter, while its interpretation in L must be destroyed. This
has been achieved before for mad families (see [5]).

An independent family is a subset Z of P(w) so that for any disjoint Ay, .4; €
215 1Meesy N Naea, w \ 7| = w. It is called mazimal independent family if it
is additionally maximal under inclusion. Thus, letting E; = {AqUA; € [P(w)]<¥ :
|Mecay N Npea, w \ | < w}, a maximal independent family is a maximal E;-
independent set. The definability of maximal independent families was studied by
Miller in [20], who showed that they cannot be analytic, and recently by Brendle,
Fischer and Khomskii in [4], where they introduced the invariant ig, the least size of
a collection of Borel sets whose union is a maximal independent family. The classical
independence number i is simply the smallest size of a maximal independent family.
In [4], it was asked whether ip < i is consistent and whether there can be a I
maximal independent family while w; < i. In the same article, it was shown that
the existence of a Al maximal independent family is equivalent to that of a IT} such
family. The difficulty in the problem is similar to that before.

A Hamel basis is a vector-space basis of R over the field of rationals Q. Thus,
letting Ep, := {A € [R]<“ : A is linearly dependent over Q}, a Hamel basis is a
maximal Fjp-independent set. A Hamel basis must be as large as the continuum
itself. This is reflected in the fact that, when adding a real, every ground-model
Hamel basis is destroyed. But still it makes sense to ask how many Borel sets are
needed to get one. Miller, also in [20], showed that a Hamel basis can never be
analytic. As before, we may ask whether there can be a Al Hamel basis while

IIn this article, all ultrafilters are considered non-principal.
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CH fails. Again, destroying ground-model Hamel bases, seems to pose a major
obstruction.

The most natural way to increase u and i is by iteratively adding splitting reals.
Recall that for 2,y € P(w), we say that x splits y iff [rNy| =w and |y \ z| = w. A
real x is called splitting over V iff for every y € P(w) NV, x splits y. The classical
forcing notions adding splitting reals are Cohen, Random and Silver forcing and all
forcings that add so called dominating reals. It was shown though, in [22], that after
forcing with any of these, a 31 definition with ground model parameters will not
define an ultrafilter and the same argument can be applied to independent families.
For this reason, we are going to use the forcing notion SP that we mentioned above.
As an immediate corollary of Theorem [[.2] we get the following.

Theorem 1.3. It is consistent that v = u = i = wo while there is a AL ultrafilter,
a 11} mazimal independent family and a AY Hamel basis. In particular, we get the
consistency of ig,up < t,i,u.

Here, v is the reaping number, the least size of a set S C P(w) so that there is
no splitting real over §. This solves the above mentioned questions from [22] and
[]. Moreover, Theorem gives a “black-box” way to get many results, saying
that certain definable families exists in the Sacks model.

In [4], another cardinal invariant i, is introduced, which is the smallest size of a
collection of closed sets, whose union is a maximal independent family. Similarly,
one can define a closed version of the ultrafilter number, u,;. Here, it is irrelevant
whether we consider closed subsets of [w]“ or P(w), since every closed subset of
[w]“ with the strong finite intersection property is o-compact (see Lemma [5.6]). In
the model of Theorem [[L3, we have that i,; = ip and u, = ug, further answering
the questions of Brendle, Fischer and Khomskii. On the other hand we show that
0 < iy, mirroring Shelah’s result that @ < i (see [33]). Here, 0 is the dominating
number, the least size of a dominating family in (w*, <*).

Theorem 1.4. (ZFC) 0 <ig.

The paper is organized as follows. In Section 2, we will consider basic results
concerning iterations of tree forcings. This section is interesting in its own right
and can be read independently from the rest. More specifically, we prove a version
of continuous reading of names for countable support iterations that is widely ap-
plicable (Lemma [2.2). In Section 3, we prove our main combinatorial lemma (Main
Lemma [B4land B.14) which is at the heart of Theorem[I.21 As for Section 2, Section
3 can be read independently of the rest, since our result is purely descriptive set
theoretical. In Section 4, we introduce splitting and Sacks forcing and place it in
bigger class of forcings to which we can apply the main lemma. This combines the
results from Section 2 and 3. In Section 4, we bring everything together and prove
Theorem [[L2] 3] and [[L4l We end with concluding remarks concerning the further
outlook of our technique and pose some questions.

2. TREE FORCING

Let A be a fixed countable set, usually w or 2.

(a) A tree T on A is a subset of A<“ so that for every t € T and n < [t
t | n € T, where [t| denotes the length of t. For sp,s1 € A<“, we write
so L s1 whenever sg € s1 and 1 € sg.

(b) T is perfect if for every t € T there are sg,s1 € T so that sg,s; 2 t and
S0 1 S1.

(¢) A node t € T is called a splitting node, if there are i # j € A so that
t7i,t7j € T. The set of splitting nodes in T is denoted split(7'). We
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define split,,(T") to be the set of ¢ € split(T") such that there are exactly n
splitting nodes below ¢ in T'. The finite subtree of T’ generated by split,, (T')
is denoted split.,, (7).

(d) For any t € T we define the restriction of T to t as Ty = {s € T : s [/ t}.

(e) The set of branches through T is denoted by [T] = {z € A¥ : Vn € w(x |
neT)}.

(f) A¥ carries a natural Polish topology generated by the clopen sets [t] = {z €
A¥ :t Cx} for t € A<¥. Then [T] is closed in A“.

(g) Whenever X C A¥ is closed, there is a continuous retraction p: AY — X,
ie. o"AY = X and ¢ [ X is the identity.

(h) A tree forcing is a collection P of perfect trees ordered by inclusion.

(i) By convention, all tree forcings are closed under restrictions, i.e. if T € P
and t € T, then T; € P, and the trivial condition is A<%.

(j) The set T of perfect subtrees of A<“ is a Gy subset of P(A<¥) = P(w),
where we identify A<“ with w, and thus carries a natural Polish topology.
It is not hard to see that it is homeomorphic to w®, when |A| > 2.

(k) Often times, we will use a bar above a variable, as in “Z”, to indicate that
it denotes a sequence. In that case, we either write z(«) or z, to denote
the a’th element of that sequence, depending on the context.

(1) Let (T; : i < ) be a sequence of trees where « is an arbitrary ordinal. Then
we write &), Ti for the set of finite partial sequences 5 where doms €
[a]<¥ and for every i € dom 3§, s(i) € T;.

(m) (A“)* carries a topology generated by the sets [5] = {Z € (A“)* : Vi €
dom 5(z (i) € [s(i)])} for 5 € @, ., A<,

(n) Whenever X C (A¥)* and C C a, we define the projection of X to C as
X1C={z|C:z2€X}.

Fact. Let P be a tree forcing and G a P-generic filter over V.. Then P adds a real
xg:=U{s € A<¥ VT € G(s € T)} € A¥. Moreover, V[G] = V]z¢].

Definition 2.1. We say that (P, <) is Aziom A if there is a decreasing sequence
of partial orders (<,,: n € w) refining < on P so that

(1) foranyn cwand 7,5 € P, if S <,, T, then SN A<" =T NA<",

(2) for any fusion sequence, i.e. a sequence (p, : n € w) where p,11 <,, py, for
every n, p = (1, ¢, Pn € P and p <, p, for every n,

(3) and for any maximal antichain D C P, p € P, n € w, there is ¢ <, p so
that {r € D :r [ ¢} is countable.

Moreover we say that (P, <) is Aziom A with continuous reading of names (crn) if
there is such a sequence of partial orders so that additionally,

(4) for every p € P, n € w and ¢ a P-name for an element of a Polish spaceﬁ X,
there is ¢ <,, p and a continuous function f: [¢] = X so that

q - y[G] = f(za).

Although (1) is typically not part of the definition of Axiom A, we include it for
technical reasons. The only classical example that we are aware of, in which it is
not clear whether (1)-(4) can be realized simultaneously, is Mathias forcing.

Let (Pg, ng : B < a) be a countable support iteration of tree forcings that are
Axiom A with crn, where for each 8 < «,

IFp, “<§ﬂ,n :n € w) witnesses that Qg is Axiom A with crn”.

2In the generic extension V[G] we reinterpret X as the completion of (X)V. Similarly, we
reinterpret spaces (A“)%, continuous functions, open and closed sets on these spaces. This should
be standard.
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(n) For each n € w,a C «a, we define <, , on Py, where

§<naP ¢ (T<PAVBE A BIrp, 4(B)<5,0(B))) -
(o) The support of p € P, is the set supp(p) = {8 < a: plF p(B) # 1}.

Recall that a condition ¢ is called a master condition over a model M if for any
maximal antichain D € M, {p € D : ¢ £ p} C M. Equivalently, it means that for
every generic filter G over V containing ¢, G is generic over M as well. Throughout
this paper, when we say that M is elementary, we mean that it is elementary in a
large enough model of the form H (). Sometimes, we will say that M is a model of
set theory or just that M is a model. In most generality, this just mean that (M, €)
satisfies a strong enough fragment of ZFC. But this is a way too general notion for
our purposes. For instance, such M may not even be correct about what w is. Thus,
let us clarify that in all our instances this will mean, that M is either elementary or
an extension of an elementary model by a countable (in M) forcing. In particular,
some basic absoluteness (e.g. for X1 or I} formulas) holds true between M and V/,
M is transitive below wq and wq is computed correctly.

Fact (Fusion Lemma, see e.g. [1l, Lemma 1.2, 2.3]). If (a,, : n € w) is C-increasing,
(Pn 1 n € w) is such that Yn € W(Pni1 <n,a, Pn) and U, c,, supp(Pn) € U, e, an €
o, then there is a condition p € Py, so that for everyn € w, p <, 4, Dn; in fact, for
every B < a, p | BIFp(B) = Npew Bn(B)-

Moreover, let M be a countable elementary model, p € MNP, n € w, a C MNa
finite and (ov; : i € w) a cofinal increasing sequence in MNa. Then there is § <,.q P
a master condition over M so that for every name y € M for an element of w*
and j € w, there is i € w so that below q, the value of y | j only depends on the
P,,-generic.

(p) For G a Py-generic, we write Z¢ for the generic element of [[5_,, A* added
by P,.

Let us from now on assume that for each 8 < a and n € w, Qg and <g,, are
fixed analytic subsets subsets of 7 and 7?2 respectively, coded in V. Although the
theory that we develop below can be extended to a large extent to non-definable
iterands, we will only focus on this case, since we need stronger results later on.

Lemma 2.2. For any p € P,, M a countable elementary model so that Py, p € M
and n € w,a C M N« finite, there is § <,., D a master condition over M and a
closed set [q] C (A¥)* so that

(1) ql-zg € [q],
for every B < a,
(2) gl q(B) ={s€ A~ :Fz gz B=7c | BAsC 2(B))},
(3) the map sending T € [q] | Bto{s€ A<¥:3ze[ql(z | B=ZNsC z(P))}
is continuous and maps to Qg,
(4) 1a | B C (A“)? is closed,
and for every name y € M for an element of a Polish space X,

(5) there is a continuous function f: [q] — X so that Ik y = f(Zg).

(q) We call such g as in Lemma 2.2l a good master condition over M.
Before we prove Lemma 2.2] let us draw some consequences from the definition of
a good master condition.
Lemma 2.3. Let ¢ € P, be a good master condition over a model M and y € M
a name for an element of a Polish space X .
(i) Then [q] is unique, in fact it is the closure of {Zq : G > G is generic over V'}
in any forcing extension W of V_ where (3o, (|Pa))" is countable.
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(i) The continuous map f:[q] — X given by (5) is unique and
(i11) wheneverY € M is an analytic subset of X and g+ y €Y, then f"[g] C Y.

Moreover, there is a countable set C' C «, not depending on v, so that

(iv) [q] | C is a closed subset of the Polish space (A®)C and [q] = ([q] | C) x
(Aw)a\C

(v) for every B € C, there is a continuous function g: [q] [ (CNB) — Qp, so
that for every T € [q],

g@ 1 (CNP)={seA™:3ze[dzB=2[BNsC2(B))}
(vi) there is a continuous function f: [q) | C — X, so that
gty =f(za0C).
Proof. Let us write, for every 8 < « and Z € [q] | 3,
T ={s€ A~ :3Fzeql(z|B=2AsCz(B))}

For (i), let W be an extension in which (J,(|Pa|))" is countable and let 5 €
®;cq A be arbitrary so that [5] N [g] is non-empty. We claim that there is a
generic G over V containing g so that Zg € [§]. This is shown by induction on
max(dom(3)). For § = () the claim is obvious. Now assume max(dom(s)) = 3, for
B < a. Then, by (3), O := {z € [q] : s(B) € Tz} is open and it is non-empty
since [§] N [q] # 0. Applying the inductive hypothesis, there is a generic G > ¢
so that Zg € O. In V[G | ] we have, by (2), that Tz, = ¢(8)[G]. Moreover,
since T¢ € O, we have that s(8) € ¢(8)[G]. Then it is easy to force over V[G | ],
to get a full P, generic H O G | 8 containing ¢ so that T | f = Z¢ | 5 and
s(B) € zu(B). By (1), for every generic G over V containing q, Zg € [q]. Thus
we have shown that the set of such Z¢ is dense in [g]. Uniqueness follows from [g]
being closed and the fact that if two closed sets coded in V' agree in W, then they
agree in V. This follows easily from IT} absoluteness.

Now (ii) follows easily since any two continuous functions given by (5) have to
agree on a dense set in an extension W and thus they agree in V. Again this is an
easy consequence of IT} absoluteness.

For (iii), let us consider the analytic space Z = {0} x X U {1} x Y, which is
the disjoint union of the spaces X and Y. Then there is a continuous surjection
F: w¥Y — Z and by elementarity we can assume it is in M. Let us find in M a
name Z for an element of w® so that in V[G], if §[G] € Y, then F(2[G]) = (1, 9[G)),
and if §[G] ¢ Y, then F(2[G]) = (0,9[G]). By (5), there is a continuous function
g: g = w* so that ¢ IF 2 = g(Zg). Since ¢ IF § € Y, we have that for any
generic G containing g, F(g9(Zg)) = (1, f(Zg)). By density, for every Z € [g,
F(g(z)) = (1, f(Z)) and in particular f(Z) € Y.

Now let us say that the support of a function g: [g] — X is the smallest set
Cy C a so that the value of g(Z) only depends on Z | Cy. The results of [2] imply
that if g is continuous, then g has countable support. Note that for all 5 ¢ supp(q),
the map in (3) is constant on the set of generics and by continuity it is constant
everywhere. Thus it has empty support. Let C be the union of supp(g) with all
the countable supports given by instances of (3) and (5). Then C is a countable

set. For (iv), (v) and (vi), note that [g] | C = {g € (A¥)° : g~ (z | «\ O) € [q]}
for z € [q] arbitrary, and recall that in a product sections of closed sets are closed
and continuous functions are coordinate-wise continuous. O

Proof of Lemma[22. Let us fix for each f < a a continuous surjection Fg: w* —
(@g The proof is by induction on a. If a = 8+ 1, then P, = Pg * Qg. Let
do <n,a P | B be a master condition over M and H > gy a Pg generic over V. Then,
applying a standard fusion argument using Axiom A with continuous reading of
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names in V[H] to Qg, we find ¢(8) <g.» p(f) a master condition over M[H]| (note
that H is also M generic since §p is a master condition over M) so that for each
name § € M[H] for an element of a Polish space X there is a continuous function
f:1q(B)] — X so that ¢(8) IF y = f(2#¢). Thus we find in V', a Pg-name ¢(8) so
that go forces that it is such a condition. Let M > M be a countable elementary
model containing ¢(3) and ¢, and let ¢1/2 <n. Qo be a master condition over
M. Again let M*T 5 M™T be a countable elementary model containing g /.
By the induction hypothesis we find ¢1 <, 4 12 a good master condition over
M**. Finally, let § = g7 ¢(8). Then ¢ <, , p and q is a master condition over
M. Since ¢(8) € Mt C M, there is a continuous function f: [q1] — w®, so that
q1IFg Fa(f(Zu)) = ¢(B). Here note that Fs is in M by elementarity and we indeed
find a name 2z in M so that go I+ Fz(2) = ¢(8). Let [q] = {z € (A“)*:z | B €
(@] Az(B) € [Fs(f(Z ] B))]}. Then [g] is closed and (1), (2), (3), (4) hold true. To
see that [q] is closed, note that the graph of a continuous function is always closed,
when the codomain is a Hausdorff space. For (5), let § € M be a P,-name for an
element of a Polish space X. If H 3 ¢ is V-generic, then there is a continuous
function g: [¢(8)] — X in V[H] so that V[H| = q(8) IF g(i¢) = ¥, where we view y
as a Qg-name in M[H]. Moreover there is a continuous retraction ¢: A — [¢(5)]
in V[H]. Since M™T was chosen elementary enough, we find names ¢ and ¢ for
g and ¢ in M*. The function g o ¢ is an element of the spacd] C(A¥,X), but
this is not a Polish space when A is infinite, i.e. when A% is not compact. It is
though, always a coanalytic space (consult e.g. [I8 12, 2.6] to see how C(A¥, X)
is a coanalytic subspace of a suitable Polish space). Thus there is an increasing
sequence (Yg : § < wi) of analytic subspaces such that (., Ye = C(A*, X) and
the same equality holds in any wi-preserving extension. Since qi/p is a master
condition over M, we have that g5 IF g o ¢ € Y, where £ = M+ Nw;. Since ¢
is a good master condition over M** and Y, € M**, by Lemma 23] there is a
continuous function ¢’ € V, ¢': [1] — Y, so that @1 IF ¢'(Tu) = § o ¢. Altogether
we have that Iy = ¢'(Zg | 8)(xc(B)).

For « limit, let (a; : i € w) be a strictly increasing sequence cofinal in M N «
and let go <, , D be a master condition over M so that for every name y € M for
an element of w*, j € w, the value of § | 7 only depends on the generic restricted
to P,, for some i € w. Let us fix a “big” countable elementary model N, with
Jo, M € N. Let (a; : © € w) be an increasing sequence of finite subsets of N N« so
that ap = a and (J,,, @ = N Na. Now inductively define sequences (M; : i € w),
(Fi : i € w), initial segments lying in N, so that for every i € w,

- Mo =M, 7o = qo [ ao,

- M;+1 3 qo is a countable model,

- Mi,ﬂ-,ai S Mi+1

- 7; is a good P,, master condition over M;,
- Tir1 Sniiaina T Qo | [, aigr).

Define for each ¢ € w, § = 7;Go [ [, ). Then (g : ¢ € w) is a fusion
sequence in P, and we can find a condition ¢ <,, 4 Go <n,q P, Where for each 8 < a,
a1 BIFq(B) =Ney, d:(B). Finally let [q] := ;o ([Fi] x (4%)[@>)). Then (1) is
easy to check. For (5), we can assume without loss of generality that ¢ is a name
for an element of w* since for any Polish space X, there is a continuous surjection
from w* to X. Now let (i;),je, be increasing so that ¢ | j is determined on Paij
for every j € w. Since 7;; is a good master condition over M, there is a continuous
function f;: [75,] = w’ so that 7, I- g | j = fj(a’cgaij) for every j € w. It is

3The topology is such that for any continuous h mapping to C(A%,X), (z,y) — h(z)(y) is
continuous.
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easy to put these functions together to a continuous function f: [g] — 2, so that
f(@) 1 j=fi(Z ] ;). Then we obviously have that g IF 3§ = f(Za).

Now let us fix for each i € w, C; C a; a countable set as given by Lemma 2.3
applied to 7;, M;, which by elementarity exists in N. Let C' = U, Ci. Then
[@] = [q) | C x (A“)*\C and [g] | C is closed. For every 8 € a'\ C, the map given
in (3) is constant and maps to Qg, as A< is the trivial condition. Thus we may
restrict our attention to 8 € C. Let us write X; = ([;] x (A%)[*5®)) | C for every
i € w and note that (.., X; =[gq] | C. Forevery 8 € C, Z € [7] | (CNp) and
1 € w, we write

T ={s€ A~ :3ze€g 1CEz|B=2AsC2(8))}

1EW

and
T:={sc A~ :FzcX;(z|B=aNsC2(B)}

Claim 2.4. For every i € w, where 8 € a;, Ti™" <p, TL. In particular, Nico Tz i e
Qs-
Proof. If a;11 < B, then Tit' = Ti = A<¥. Else consider a P,,,,-name for

(T771, T € T2, where j = Zg | (C'NB). Such a name exists in M5 and
B € a; € Miya. Thus <g,;€ M,;;2 and by Lemma 23] we have that for every
¥ € [Fize] 1 (CNPB), (TgH,Tgi) €<g,;, thus also for § = Z. The rest follows from
the fact that the statement, that for any fusion sequence in Qg, its intersection is
in Qg, is IT and thus absolute. O

Claim 2.5. For every 7, ;o (Xi [7) = (Micw Xi) [

Proof. That (;c,(Xi [ 7) 2 (Niew, Xi) | v is obvious. Let us show by induction
on § € C, that for anyé’ECﬂé

(xi1d)C (ﬂ(xi r6>> 4.
1EW 1€EW

The base case 6 = minC is clear. For the limit case, let 6" € C'N§ be given and
let (0n)new be increasing cofinal in (C'N0)\ ¢'. Whenever § € [, (X; [ &), by
the inductive hypothesis, there is 7o € (), (Xi [ do) extending . In particular,
there is Zy € Xg [ § extending gg. Next, there is U1 € jeo(Xi [ 01) extending 7o
and z; € X1 | 0 extending g;. Continuing like this, we find a sequence (Z,, : n € w)
that converges to z € (A¥)“™. Since (2, : n > m) is contained within the closed
set Xy, [ 6 for each m € w, Z € (), (X [ 0). Since z [ §' = g, this proves the
limit case. Now assume § = £ + 1. Let (5’ < 6 be given and let § € ;¢ (Xi [ 0').
Then there is z € [, (Xi [ §) extending y by the inductive hypothesis. Since
Nico T2 € Qj, there is u € [ﬂzew Ti) and 27w € (¢, (Xi | 6). To finish the proof
apply the induction step one more time to 6 =sup{€ +1:£ € C} and § =v. O

Claim 2.5 shows that (4) holds as [q] | 8 = (;c,, Xi) | 8% (A“)P\C = Nico (Xi |
B) x (A*)P\C and M, (X; | B) is closed, being an intersection of closed sets.

Claim 2.6. T; = (), T%.

Proof. That Ty C (e, T4 is clear from the definitions. Thus let s € (), T%. As
Nico T2 € Qp, there is y € [;c,, Ti] with s C y. In particular, 7y € ﬂle( )

(B+1) = (Niew Xi) I (B+1). So there is z € [, Xi with z | 8 = and
z(B) =y 2 s. Thus s € T;. O

Now (2) follows easily. For the continuity of T — T, let t € A< be arbitrary
and j large enough so that |t| < jand f €a;. Then {Z€[q] | f:t ¢ T:} ={z €
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[ 1B8:t¢Tand{zec(gB:teT:}={zeclq|B:teTl} which are both
openE Thus we have shown (3). (]

Lemma 2.7. Let C C «a be countable and X C (A“)C be a closed set so that for
every € C andz € X | 3,

{se A~ :3zeX(z|B=2AsC2(8)} € Qs

Let M > X be countable elementary. Then there is a good master condition T over
M so that [F] | C C X.

Proof. Tt is easy to construct ¢ € M recursively so that ¢ IF z¢ | C € X. By
Lemma [Z2] we can extend ¢ to a good master condition 7 over M. The unique
continuous function f: [F] — (A“)¢ so that for generic G, f(Zg) = g | C, is so
that f(z) =z | C for every & € [F]. Since f maps to X, [f] | C C X. O

3. THE MAIN LEMMA

3.1. Mutual Cohen Genericity. Let X be a Polish space and M a model of set
theory with X € M. Recall that x € X is Cohen generic in X over M if for any
open dense O C X, such that O € M, z € O.

Let zg,...,zn—1 € X. Then we say that xzg,...z,_1 are (X-)mutually Cohen
generic (mCq) over M if (yo,...,yrx—1) is a Cohen generic real over M in the
Polish space XX, where (y; : i < K) is some, equivalently any, enumeration of
{zg,...,xn—1}. In particular, we allow for repetition in the definition of mutual
genericity.

Definition 3.1. Let (X; : | < k) € M be Polish spaces. Then we say that
To,...,Zn1 € [[;o), Xi are (X : 1 < k)-mutually Cohen generic (mCg) over M, if
their components are mutually added Cohen generics, i.e.

K 1y - .
(yg,...,yé(o,...,ygfl,...,yk_kll) is Cohen generic in HXIKZ over M,

<k

where (y! : i < Kj) is some, equivalently any, enumeration of {z;(l) : i < n} for
each | < k.

Definition 3.2. Let X be a Polish space with a fixed countable basis B. Then we
define the forcing poset C(2%, X) consisting of functions h: 25" — B\ {0} for some
n € w such that Vo C 7 € 25"(h(o) 2 h(7)). The poset is ordered by function
extension.

The poset C(2¢, X) adds generically a continuous function x: 2 — X, given by
x(x) = y where (), ., h(z [ n) = {y} and h = [JG for G the generic filter. This
forcing will be used in this section several times to obtain ZFC results. Note for
instance that if G is generic over M, then for any z € 2%, x(z) is Cohen generic
in X over M, and moreover, for any zg,...,zn—1 € 2, x(z0),...,x(Zn—1) are
X-mutually Cohen generic over M. Sometimes we will use C(2%, X) to force over
a countable model a continuous function from a space homeomorphic to 2%, such
as (2¢)* for a < wy.

Lemma 3.3. Let M be a model of set theory, K,n € w, X; € M a Polish space
for every j < n and G a Hj<n C(2¥, X;)-generic over M yielding x;: 2¥ — X;
for every j < n. Then, whenever T is Cohen generic in (2°)5 over M[G] and
UQ, -« s Un—1 € 2 N MI[Z| are pairwise distinct,

T (xj(ui) i <m,j<n)

4Here we use clause (1) in the definition of Axiom A.
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is Cohen generic in
2% x I x:
i<n
over M.
Proof. Since Z is generic over M it suffices to show that (x;(u;) : i <n,j) is generic
over M[z]. Let O € M be a (2<¢)X-name for a dense open subset of [T, (X"

and i; a (2<¢)E-name for u;, i < n, such that the trivial condition forces that the
u; are pairwise distinct. Then consider the set

D:={(h,5) € [[C2*, X:) x (2%)% : 3o, tn_y €2°¥
i<n
(V’L < n(§ -t C ’CLi) A S I H hj(ti) - O)}
i,j<n
We claim that this set is dense in [],_, C(2¥, X;) x (2<¢)¥ which finishes the
proof. Namely let (h, ) be arbitrary, wlog dom h; = 25" for every j < n. Then
we can extend 5 to § so that there are incompatible ¢;, with |t;| > ng, so that
5 Ik t; C 4; and there are U; ; C hj(t; | no) basic open subsets of X; in M for
every i < n and j < n, so that § I+ Hi,j<n Ui C O. Then we can extend h to h’
so that h';(t;) = U, ; for every i, j < n. We see that (n',5") € D. O
3.2. Finite products. This subsection can be skipped entirely if one is only in-
terested in the results for the countable support iteration. The lemma that we
will prove below is relevant to finite products instead (see Theorem B.0). It is
very similar to Main Lemma [B14] in the next subsection, but the proofs are com-
pletely different. Main Lemma B4 is based on a forcing-theoretic proof of the
Halpern-Lauchli theorem that is commonly attributed to L. Harrington (see e.g.
[15, Lemma 4.2.4] as a reference). On the other hand, Main Lemma B.14] uses an
inductive argument.

Main Lemma 3.4. Let k € w and E C [(2°)*]<% an analytic hypergraph on (2¥)F.
Then there is a countable model M so that either

(1) for anyn € w and To, ..., Tn_1 € (2°)* that are (2% : 1 < k)-mCyqg over M,
{Zo,...,Tn_1} is E-independent

or for some N € w,

(2) there are ¢y, ..., ¢on—1: (29)F — (29)F continuous, 5 € @, 2 so that
for any n € w and Zo,...,Tn_1 € (2°)* N [5], that are (2¢ : | < k)-mCyq
over M,

{6;(Z;) : 5 < N,i <n} is E-independent but {Zo} U{¢;(To):j < N} € E.

Remark 3.5. Note that N = 0 is possible in the second option. For example
whenever [(2@)¥]! C E, then () is the only E-independent set. In this case the last
line simplifies to “{Zo} € E”.

Proof. Let £ = Jor—1(Rg)T. Recall that by Erdés-Rado (see [17, Thm 9.6]), for
any c: [k]?* — H(w), there is B € []™ which is monochromatic for ¢, i.e. ¢ | [B]**
is constant. Let Q be the forcing adding x many Cohen reals

(2(1,0) 1 @ < K) in 2% for each [ < k

with finite conditions, i.e. Q = [[S¥(2<¥)*. We will use the notational conven-
tion that elements of [x]¢, for d € w, are sequences & = (ay,...,aq_1) ordered
increasingly. For any a € [k]*¥ we define Z5 := (2(0,a0): - - - » Z(h—1,a5 1)) € (2°)".
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Let A be a Q-name for a maximal E-independent subset of {Zs : @ € [k]F},
reinterpreting F in the extension by Q. For any a € [x]*, we fix ps € Q so that
either

or
(2) pa - zZ5 & A.

In case (2) we additionally fix Ny < w and (5%);<n, = (81(@))i<n,, and we assume
that
We also define Hy(a@) = {3} :i < Na} U{a} € [k]<¥ for each | < k.
Now for a € [k]?* we collect the following information:
(i) whether patk = Pag.....an_, I Zatk € A or not,

(ii) 5= (Pak(0,0), .-, papr(k — L, ap_1)) € (2<9)F,

(iii) the relative position of the py for ¥ € I' := [],_, {21, 22141} to each other.
More precisely, consider J;p domps = {0} x doU- - -U{k—1} x di—1 where
do,...,dg—1 C k. Let M; = |d;| for | < k and for each] e [[,.pf20,20+1},
collect a function 7; with domr; € {0} x Mo U ---U{k — 1} x My_; that
is a copy of p5, where ¥ = (ozjo, ces Qe 1)y § = (jos. -+, Jk—1). Namely,
7;(l,m) = p5(l, B), whenever j3 is the m’th element of d;.

In case pak IF Zak € A we additionally remember

(iv) N = Napx

(v) Ny =|H(a] k)|, for each | < k,

(vi) bZ € [1,<), Ni so that j3] is the bj’th element of Hy(a [ k), for each i < N,

(vii) @ € [],., Ni so that o is the al’th member of H;(a | k),

(viii) the partial function 7 with domain a subset of J,,{l} x N;, so that
r(l,m) =t € 2<% iff pax(l, B) =t where [ is the m’th element of Hy(& | k).
And finally we also remember
(ix) for each pair 7,0 € [], ;. {o2r, azi41}, where 5 = (o), )i<k and 6 = (i<
finite partial injections e; ; 7 : Ni — N; so that e; ;5 (m) = m’ iff the m’th
element of H;(¥) equals the m”’th element of H;(4).

This information is finite and defines a coloring c: [k]?* — H(w). Let B € [r]**
be monochromatic for ¢. Let M < H(f) be countable for 6 large enough so that
K,¢, B, (ps:a € [k]*), B, Ac M.

Claim 3.6. If for every & € [B]*, pa IF Z4 € A, then (1) of the main lemma holds
true.

Proof. Let Xy, ..., T,—1 be arbitrary mCg over M. Say {x;(l) : i < n} is enumerated
by (yi : i < K;) for every | < k. Now find

Ko—1 K 1
o) <<t < <a)y < <a it

in M N B. Then there is a Q-generic G over M so that for any j € I1,cr K1,
G = W, ),

where 3 = (ao ,.. ai’“ ). In particular, for each i < n, there is 8; € [BN M]*

that z5,[G] = Z;. Smce pg, = 1 € G for every B; we have that

M[G] = &; € AlG]
for every i < n and in particular

MIG] = {Z; : i < n} is E-independent.
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By absoluteness {Z; : i < n} is indeed E-independent. O

Assume from now on that ps |- Zs ¢ A for every a € [B]*. Then we may fix 5,
N, (Np)i<k, b" for i < N, a, r and e;; 5 for all I < k and j, ;' € [T, {20',20' + 1}
corresponding to the coloring on [B]?*.

Claim 3.7. For any & € [B]** and %,0 € [],.;{aar, o241},
py | (domps N domps) = ps | (dom py N dompg).
Proof. Suppose not. By homogeneity we find a counterexample @, 7, § where

BN (agy, agr41) is non-empty for every I’ < k. So let (I, ) € dom p5 Ndom ps such
that ps (1, 8) = u # v = ps(1, B). Let p € [B]* be such that for every I’ < k,

pr € (v, 6p) if v <oy

pr € (O, ) if op <

pr = if v = dy.
Now note that 5’s relative position to 7 is the same as that of § to 4. More precisely,
let j,j" € [T, op{20,20' + 1} so that 7 = (ajy,..., 5 _,), 0 = (ajs,...,c5 ).
Then there is 3 € [B]** so that 5 = (8)q,...,8j,_,) and p = (Bj;,...,Bj;_,). Thus
by homogeneity of [B]?* via ¢, ps(I,8) = v. Similarly § is in the same position
relative to p as to 4. Thus also ps(l,8) = v and we find that v = u — we get a
contradiction. O

Claim 3.8. For any | < k and j,j" € [], ., {20',2l' + 1}, e, 5:(m) = m for every
m € dome; ;5.

Proof. Let ag < -+ < agr € B so that (agy,agr11) N B # 0 for every I' < k.
Consider ¥ = (aj, )y <k, 0 = (ajz'f)l'<k and again we find p € [B]¥ so that py is
between (possibly equal to) a;,, and aj,. If €, ;7 (m) = m’, then if 3 is the m’th

element of H;(%), then 8 is m'’th element of H;(d) aswell as of H;(p). But also
is the m’th element of H;(p), thus m = m/'. O

Note that by the above claim e; ;5 = (e; 7 7) ™' = ¢, 7 and the essential infor-
mation given by e, 7 5 is it’s domain.

Next let us introduce some notation. Whenever x,y € 2¥, we write x < y to
say that z is lexicographically below y, i.e. z(n) < y(n), where n = min{m € w :
x(m) # z(m)}. For any g € {—1,0,1}* we naturally define a relation R, between
k-length sequences v and fi, either of elements of 2, or of ordinals < «, as follows:

v < ifgl)=-1
PRy >Vl < kv = ifg(l)=0
vy > if g(l) =1.

Further we write 7R, i iff 7R, i or iR,7. Enumerate {R, : g € {—1,0,1}*} without
repetition as (R; : i < K) (it is easy to see that K = %) Note that for any v, ji
there is a unique ¢ < K so that vR;i. Now for each | < k and i < K, we let

IlJ' = domelJJ/ g Nl,
where jR;j’. By homogeneity of [B]?* and the observation that e, ; 5 = ¢, 5 ;, we
see that I;; does not depend on the particular choice of j, j/, such that jR;j’.
For each [ < k and m < Nj, we define a relation Ej ,, on (2“’)’“ as follows:
ZE; Y <> m € I;; where ¢ is such that TR;¥.

Claim 3.9. E; ., is an equivalence relation.
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Proof. The reflexivity and symmetry of Ej,, is obvious. Assume that ZoEj.,,T1
and .flEl’m.fQ, and say jORiojly flRili‘Q and ZZ'()RZ'ZZZ'Q. Find "_)’O,"_)’l,’_}/z € [B]k SO
that
{Wo:i<3y<-<{yi_,:i<3}
and
V' Ri 7 A Ry 74 Riy 7.
If 3 is the m’th element of H;(5°), then §3 is also the m’th element of H;(¥!),

since we can find an appropriate & € [B]?* and j, j/ so that ° = («;,)i<x and
' = (aj)i<k, jRi,j’ and we have that m € I ;,. Similarly § is the m’th element
of H; (’_}/2>

But now we find again & € [B]?** and j, j' so that 4° = (aj,)i<x and 7> =
(ajl/)l<k. Thus m € I, 4,, as €5 5 (m) = m and ToEy ,,,T2. O

Claim 3.10. £, is smooth as witnessed by a continuous function, i.e. there is a
continuous map @y, (2°)F — 29 so that TE; my iff ©1.m(Z) = @rm ().

Proof. We will check the following:
(a) For every open O C (2¢)*, the F} ,, saturation of O is Borel,
(b) every Ej ,,, equivalence class is Gs.
By a theorem of Srivastava ([32, Thm 4.1.]), (a) and (b) imply that Ej,, is
smooth, i.e. we can find ¢ ,, Borel.
(a) The Ej,, saturation of O is the set {Z : 35 € O(ZE;»¥)}. It suffices to
check for each g € {—1,0,1}"* that the set X = {Z : 3y € O(ZR,Y)} is
Borel. Let S = {7 € (2<¥)* : [0¢] X - -+ x [o_1] € O}. Consider

xp <pex op 0¥ ifg(l')=-1

0(z) 3 Jo € SVI' < k< ap € [oy] ifg(I")=0

op 1Y <jex Ty if g(ll) =1

If ©(Z) holds true then let & witness this. We then see that there is § €

[o0] X + -+ X [ok—1] with :ERgg. On the other hand, if § € O is such that

ZRyy, then we find & € S defining a neighborhood of § witnessing ¢(%).

Thus X is defined by ¢ and is thus Borel.

(b) Since finite unions of G5’s are Gy it suffices to check that {Z : ZR,7} is G5

for every ¢ and g € {—1,0,1}*. But this is obvious from the definition.

Now note that given ¢ ,, Borel, we can find perfect Xo,... X;—1 C 2% so that

©1.m is continuous on Xo X -+ X Xi_1 (¢r,m is continuous on a dense Gj5). But
there is a <jex preserving homeomorphism from X; to 2“ for each [ < k so we may
simply assume X; = 2. (I

Fix such ¢; , for every I < k, m < Ny, so that ¢4, (Z) = z; (note that ZE) 4,7
iff 2; = y;). Now let My be countable elementary, containing all relevant informa-
tion and such that ¢ ., € My for every I < k, m < N;. Let xipm: 2 — [r(I,m)]
for | < k and m s# a; be generic continuous functions over M, i.e. the sequence
(Xtm)i<kmeNnfart 8 Tlicp menyfary €27 [r(I,m)]) generic over My. Let us de-
note with M the generic extension of Mj. Also let x;,,, for m = a; be the identity.
Finally we set

$i(Z) = ((Xaps © P16 )(E) 1<
for each 7 < N.

Claim 3.11. (2) of the main lemma holds true with M, § and ¢;, i < N, that we
just defined.
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Proof. Let Zg....,Tn—1 € [5] be (2¢ : | < k)-mCg over M. Let us write {Z;(]) : i <
n} = {y} :i < K;} for every | < k, where y <jex =+ <lex lelfl- Now find

)< <alfotciical  <o<alitt
: - . (0) J(k—1) —
in BN M. For every j € [[,., Ki, define 55 := (yy /,...,45—; ') and &; :=
(aé(o), .. .,ai(_kl_l)). Then, for each i < n, we have j; € [« K so that Z; = gj,.

For each i < n define the function g;: |J, ., {l} x Hi(az,) — 2, setting

gz(lvﬂ) - Xl,m(cpl,m(fi))a
whenever 3 is the m’th element of H;(ay, ).

Now we have that the g; agree on their common domain. Namely let ig,i; < n
and (I, 8) € dom g;, Ndom g;,. Then if we set ¢ to be so that Z;, R;Z;, , we have that
m € Ir;, where § is the m’th element of H(aj, ) and of Hi(aj, ). In particular
Ty By m @i, and 01m(Ziy) = 01,m(Zi,) and thus

9io (L, B) = Xt,m (P1,m (Tig)) = Xt,m (P1,m (Tiy ) = i (1, B)-

Let g := U,.,9i- Then we see by Lemma B3] that g is Cohen generic in
11, )cdom ¢ 2¢ over Mo. Namely consider K = 37, _; K; and (S, ... ,y,f_kl’lfl) as
a (2<¢)E_generic over M. Then, if (u; : i < n') enumerates {¢;m(%;) 11 < n,l <
k,m < N}, we have that every value of g is contained in {x;m(u;) : ¢ < n/,l <
k,m < N;}. Also note that by construction for every i < n, Pa;, [ domyg is in
the generic filter defined by g. Since {p&;i : 4 < n} is centered we can extend the
generic filter of g to a Q-generic G over My so that ps; € G for every i < n.

Now we have that

Za; [G] = %; and Zg;

Ji

|G = 9;(T)

for every i < n and j < N. Thus we get that
Mo[G] = (J{¢5(®:) 1 5 < N} C A[G] A {Zo} U {¢(Zo) : j < N} € E.
<n

Again, by absoluteness, we get the required result.

OO

3.3. Infinite products.

Definition 3.12. Let (X, : i < a) € M be Polish spaces indexed by a countable
ordinal . Then we say that Zo,...,Tn-1 € [[;., Xi are (X; : i < a)-mutually
Cohen generic (mCgq) over M if there are o =0 < -+ < & = « for some k € w so
that

Zoy ..., Tn—1 are (Y] : | < k)-mutually Cohen generic over M,

where Y, = Hie[gl,ng) X; for every | < k and we identify Z; with

(@ [ [€0,€0),- - T [ -1,&)) € [[ %,

<k

for every i < n.

The identification of a sequence z with (Z | [§o,&1),...,Z [ [€k—1,&k)) for a given
(& : 1 < k) will be implicitely made throughout the rest of the paper in order to
reduce the notational load.

Note that whenever Zo,...,Z,—1 are (X; : i < a)-mCg over M and 8 < «, then
To By, Tn-1 | B are (X; : i < B)-mCg over M. Also note that Definition
agrees with the notion of mCg for finite a.
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Definition 3.13. We say that Zo,...,Z,—1 € [[,., Xi are strongly (X; : i < a)-
mCq over M if they are (X; : i < a)-mCg over M and for any i,j < n, if £ =
min{f8 < o : z;(8) # x;(8)}, then z;(8) # x;(8) for all g > &.
Main Lemma 3.14. Let o < wy and E C [(2¥)*]<“ be an analytic hypergraph.
Then there is a countable model M, a4+ 1 C M, so that either

(1) for anyn € w and T, ...,Tn_1 € (2¥)* that are strongly (2¥ : i < a)-mCy

over M,
{Zo,...,Tn-1} is E-independent
or for some N € w,
(2) there are ¢o,...,on—1: (2¥)% = (2¥)* continuous, 5 € @, , 2= so that
for any n € w and To,...,Tn_1 € (2¥)* N [3] that are strongly mCqg over

M,
{6;(Z;) : 5 < N,i <n} is E-independent but {Zo} U{¢;(To):j < N} € E.

Proof. We are going to show something slightly stronger. Let R be an analytic
hypergraph on (2¢)* X w, M a countable model with R € M,a+1 C M and k € w.
Then consider the following two statements.
(1), m,x: For any pairwise distinct Zo, . .., Z,—1 that are strongly (2¥ : i <
a)-mCg over M, and any ko, ..., k,—1 <k,

{(Zo,k0)s- -, (Tn-1,kn—1)} is R-independent.

(2)r,m,k: There is N € w, there are ¢o,...,dn—1: (2*)* — (2¥)* continu-
ous, such that for every z € (2)* and jo < j1 < N, ¢,,(Z) # ¢4, () and
¢jo(Z) # T, there are ko,...,kx_1 <k and 5 € Q,_, 2<%, so that for any
pairwise distinct Zo,...,Zn—1 € (2¥)* N [§] that are strongly (2¢ : i < a)-
mCg over M,

{(¢;(Z;),k;) : j < N,i <n}is R-independent, but

{(@o, k)} U{(¢(Z0), k) : j <N} € R.
In fact, if £ > 0,

{(@i, k—1) i <n}U{(¢;(Z:),k;) : § < N,i <n}is R-independent.

We are going to show by induction on « that for any R, M, k, (1)g,am r implies
that either (1)g k41 or there is a countable model M D M so that (2)g p+ k-
From this we easily follow the statement of the main lemma. Namely, when-
ever E is a hypergraph on (2¥)%, consider the hypergraph R on (2¥)* x w where
{(Zo, ko), -+ (Tn_1,kn—1)} € Riff {ZTo,...,Tp_1} € R. Then, if M is an arbitrary
countable elementary model with R, € M and if k = 0, (1) g a5 holds vacuously
true. Applying the claim we find M™ so that either (1)g,a,1 or (2)g a+ 0. The
two options easily translate to the conclusion of the main lemma.

Let us first consider the successor step. Assume that & = 4+ 1, R is an analytic
hypergraph on (2)® x w and M a countable model with R € M,a+1 C M so
that (1) g, a,x holds true for some given k € w. Let Q be the forcing adding mutual
Cohen reals (29,21, : 4,7 € w) in 2¥. Then we define the hypergraph R on
(29)8 x w where {(Fo,m0); -+ -, (Fn—1,Mn_1)} € RN[(2¥)7 x w]™ iff there is p € Q

and there are K; € w, kio,...,ki k,—1 <k for every ¢ < n, so that
plro (J{@i ™ %05, kig) s 5 < Ki U5 21,k) : § < mi} € R.
<n

Then R is analytic (see e.g. [I8, 29.22]).
Claim 3.15. (1), is satisfied.
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Proof. Suppose 9o, ..., Yn—1 are pairwise distinct and strongly mCg over M, but

{(90,0), ..., (In-1,0)} € R as witnessed by p € Q, (K; : i < n) and (k;; : i <
n,j < K;), each k; ; < k. More precisely,
(%0) plro (J{@i™ %05, kiy) 1§ < Ki} € R.

i<n

By absoluteness, () is satisfied in M[go, . .., Yn—1]. Thus, let (20,21, : 4,5 €
w) be generic over M[go, . .., Jn—1] with p in the associated generic filter. Then the
Ui~ 2(0,,5) for i <n,j < K; are pairwise distinct and strongly mCg over M, but

L@ 20,5 ki) 15 < Ki} € R.

<n

This poses a contradiction to (1)R,M,k. O
Claim 3.16. If (1) 5, is satisfied for every m € w, then also (1)r,m,k+1-

Proof. Let Zg,...,Tpn—1 € (2*)% be pairwise distinct, strongly mCg over M and let
ko, ... kp_q1 < k:. Then we may write {(Zo, ko), . - -, (zn,l, kn—1)} as

(*1) U 1@ 20,5, ki g) 1§ < Kiy U0 21,05, k) 5 < mu},

i<n’
for some pairwise distinct go,...,Jn—1, (K; 1 @ < n'), (ki; : i < n,j < K;),
(mi i <n)yand (z0,,:1%,J €w), (z1,4,; : 1, J € w) 2¢-mutually Cohen generic over
Mlgo, .- Un—1]. Letting m = max;<,» m; + 1, we follow the R-independence of
the set in (x1) from (1)z 1s .- O

Claim 3.17. If there is m € w so that (1) ;. fails, then there is a countable
model M+ D M so that (2)g pr+ -

Proof. Let m > 1 be least so that (2)3 ,. ,, for some countable model My 2 M.
We know that such m exists, since from (1)3 ,,, we follow that either (1)z .,
or (2)[37]\4071 for some Mjy, then, if (1 )RM2’ either (1 )R,M,B or (2)127]\4072 for some
My, and so on. Let ¢g,...,0n—-1, Mo,...,mny—1 <m and § € ®i<ﬁ(2<w) witness
(2)R7M07m. Let M; be a countable elementary model such that ¢q,...,¢n_1, My €

M;. Then we have that for any 7 that is Cohen generic in (2*)? N [3] over My, in
particular over M, that

{(7.m)} U{(6;(7),m;) :j <N} €R,

i.e. there is p € Q, there are K; € w, kio,..., ki k,—1 < k for every i < N, so that

(+2) plro (J{(@i@) 20,5, ki) 5 < K} U{(ds(§) " 21, k) 5 < mi}
i<N
UL 2ovgo kN g) 1 J < BN} UL 2Ny, k) 1 J <mj} € R.

By extending §, we can assume wlog that p, (K; : i < N), (k;; : 4 < N,j < K;)
are the same for each § € [3] generic over M, since (x3) can be forced over M.
Also, from the fact that ¢; is continuous for every j < N, that ¢;(g) # g for every
j < N, and that ¢;,(7) # ¢, (y) for every jo < j1 < N, we can assume wlog that
for any yo, 41 € [s] and jo < j1 <N,

(*3) ¢j0 (QO) # ¢1 and ¢j0 (QO) # ¢j1 (gl)

Let us force in a finite support product over M7 continuous functions xo,;,;: (2 )5 —
[p(0,, )] and x1.4,;: (2¢)° — [p(1,4,7)] fori,j € w and write M T = M1[(x0.i., X1.i.j :
i,j € w)]. For every i < N and j < K; and T € (2¥)®, define

¢0,i,5(Z) == ¢:(T | B) " Xo,i,;(¢:(T | B)) and ko = ki ;.
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For every ¢ < N and j < m; and Z € (2¢)%, define
$1,i,5(Z) == ¢i(Z [ B) " x1,1,i(¢:(Z | B)) and k5 = k.
For every j < Ky and Z € (2¥)%, define
bo.n;(Z) =T [ B xon,j(T | B) and ko N j = kn ;-
At last, define for every j < m — 1 and Z € (2¢),
o1.85(Z) =T [ B xan;(T [ B) and ki ;= k.

Let t € @;., 2<% be 5§ with p(1, N,m — 1) added in coordinate 3. Now we have
that for any z € [f] that is Cohen generic in (2¥)* over M T,

{(Z, k) } U{(¢0,i,5(T) koiy) 1 i < N,j < KnjU{(¢1,,5(T) kri5) 18 <N, j <my}
U{(¢1.5(Z), k1) :j <m—1} € R.

This follows from (x)2 and applying Lemma B3] to see that the xo,: ;(¢:(Z | 5)),

X1,i,;(0:(Z T B)), xo,n;(Z [ B), x1,~v,;(Z | B) and z(B) are mutually Cohen generic

over Mi[Z | B]. Moreover they correspond to the reals zp; ;, z1; added by a

Q-generic over Mq[Z | f], containing p in its generic filter. Also, remember that

(*)2 is absolute between models containing the relevant parameters, which M [g]
is, with g =z | 8.

On the other hand, whenever o, ..., Z,—1 € (2¥)*N[{] are pairwise distinct and
strongly mCg over M, letting §o, - .., §n—1 enumerate {Z; | B : i < n}, we have
that

(x2)  {@i,m—1):i<n'}U{(¢;(5:),m;) i <n',j < N} is R-independent.

According to the definition of R, (%) is saying e.g. that whenever AUB C (2¢)* is
an arbitrary set of strongly mCg reals over M, where A [ 5,B | 8 C {7;, ¢;(%:) :
i<n',j <N} andin B, §; is extended at most m — 1 many times and ¢;(g;) at

most m; many times for every i < n’, j < N, and, assuming for now that k& > 0, if
f: A—k, then

{(z, f(Z)) : T € A} U (B x {k}) is R-independent.
As an example for such sets A and B we have,
A=A{¢oj(@):1<ni<N,j<K}U{z:l<n'}, and
B = {d)l,i,j(fl) < n,i < N,] < mz} U {(bl,N,j(jl) < n/,j <m — 1}
Again, to see this we apply Lemma 3.3 to show that the relevant reals are mutually
generic over the model Mj[fo,...,¥n—1]. Also, remember from the definition of
¢1,i,; for i < N and j < m; that, if ¢;(Zy, | 8) = ¢i(Z1, | B), then also ¢1;;(Z,) =
¢1,i,5(Z1,), for all lo,l1 < n. Equally, if 7y, [ 8 = 2y, | B, then ¢1,n,;(Z),) =
o1,n,5(Z1,) for every j < m — 1. Use (*3) to note that {g; : ¢ < n'}, {¢o(%:) :
t<n'}, ..., {dn-1(7i) : t < n'} are pairwise disjoint. From this we can follow that

indeed, each g; is extended at most m — 1 many times in B and ¢,(g;) at most m;
many times. In total, we get that

{(¢O,i7j(jl), kO,i,j) l<n,i < N,j < Kl} U {(.i'l,k/’ — 1) < n’}U
{(d1,05(@) k) : L <mi<N,j<mi}U{(¢1n;(T1),k):1l<n',j<m—1}
is R-independent.

It is now easy to check that we have the witnesses required in the statement of
(2) g+ k- For example, ¢ ; ;(Z) # & when i < N, follows from ¢;(z) # z. For
the values ¢g v ;(Z) we simply have that xo,n;(Z | 8) # «(5), as the two values
are mutually generic. Everything else is similar and consists only of a few case
distinctions. Also, the continuity of the functions is clear.
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If £ = 0, then we can simply forget the set A above, since K; must be 0 for every
i < N. In this case we just get that

{(Qﬁl,i,j(jl); k) l<n, i< N,j< ml} @] {(¢17N7j(.i'l),k) < n’,j <m — 1}
is R-independent,
which then yields (2) g ar+ k- O

This finishes the successor step. Now assume that « is a limit ordinal. We fix
some arbitrary tree T C w<%“ such that forevery t e T, |{n € w:t"n € T} = w
and for any branches x # y € [T], if d = min{i € w : x(i) # y(i)} then x(j) # z(j)
for every j > d. We will use T only for notational purposes. For every sequence &y <

<& =a, welet Qg g, = (Hl<k/(®z€ (€,60s1) 2<w)<w) X (e €lto,0) 2<w)<w,

(@&,, & adds, in the natural way, reals (2, : 1 < k’,i € w) and (2] : i € w), where

€ (29)ééi) and z! € (2¢9)€0) for every | < K, i € w. Whenever t € T Nw*',
we write 20 = Zg,t(o)A .. “22,711,5(,6,71). Note that for generic (2, : i € w,l < k),
the reals (20 : t € T Nw"') are strongly (2 : i € [¢, o))-mCeg.

Now, let us define for each ¢ < a an analytic hypergraph Re on (2¥)¢ x 2 so that
{(#9,0) 14 < noy U{(g},1) i <n1} € Re N[(2¥)¢ x 2]m0+™ where [{(79,0) : i <
no}t| =mno and [{(g},1) :i <n1}| =nq, iff thereare g =€ < -+ < & =, (p,q) €
@50,___75k,, K; € w, k?@o, ceey k/’i,Ki—l < k and distinct ti,o, ceey ti,Ki—l eTn wk/ for
every i < ng, so that ¢;, j,(0) # t;, j, (0) for all ig < i1 < ng and jo < Ky, 51 < Ky,
and

”_@sU{ zt” kij):j< K yU{(giz k) :i<n}€R.
1<no

Note that each R¢ can be defined within M. It should be clear, similar to the
proof of Claim B.I5] that from (1)g ark, we can show the following.

Claim 3.18. For every £ < a, (1), m1-
Claim 3.19. Assume that for every £ < a, (1)r. a2 Then also (1)g ark+1-

Proof. Let z9, ... 20 - ,:E,lh_l be pairwise distinct and strongly mCg over
M and ko, ey kzno 1 < k Then there is £ < « large enough so that z) |
& ... no 1 FETTE, ... n1 RS are pairwise distinct and in particular, ZJ |
€, ), LT 16 a), [ (€, @),..., &5 _ | [, @) are pairwise different in every
coordinate Let &y =&, 51 =a, K, =1 for every i < ng and tpo,...,tno—1,0 € TNw!
pairwise distinct. Also, write ko0 = ko, .-, kng—1,0 = kno—1. Then, from (1)r, a2,
we have that

Lk, {((2) 167 zg Jokio) i <noU{((® €)%, k) i <ni} is R-independent.

7 77

By absoluteness, this holds true in M[(Z{ | £, %} [ € :i < ng,j < n1)] and we find
that

{(@, k) i <no}yU{(7},k)} is R-independent,
as required. (I

Claim 3.20. If there is & < a so that (1)r. a2 fails, then there is a countable
model M+ 2 M so that (2) g ar+ -

Proof. 1f (1) g, a2 fails, then there is a countable model Mo 2 M so that (2 )Rg M1

holds true as witnessed by 5 € @;¢ 2%, @0, .-, X1, D05+ iy 17 (29)° =

(2%)¢ such that for any pairwise distinct %o, ..., 7n_1 € (2*)¢N[3] that are strongly
mCg over My,

(xs) {(7:,0) 1 <n}U{(¢7(5:),0) : i <n,j < No}U{(¢j(5:),1) : 4 <n,j < Ni}
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is R¢-independent, but

(*6) {(@0, 1)} U{(¢9(50),0) : 5 < No} U{(¢ (%), 1) : j < N1} € Re.

As before, we may pick M; > My elementary containing all relevant information,
assume that (xg) is witnessed by fixed {o = £ < --- < & = @, (p,q) € Qgy,...¢,. 5
Ko, ..., KNofl, ki,07 e kiﬁKifl and ti,07 R ,tiﬁKifl eT ﬂwk, for every i < Nop, so
that for every generic 3o € (2¢)* N [3] over My,

(*7) (paq) ”_@g {(yO lea }U U { ¢O Ztlj k',j) j < Ki}U
i< Ny

{(#}(50) "2}, k) 1 j < N1} € R.

As before, we may also assume that iy # (bm (9o) # Qﬂ; (7h) for every o, 71 € [8]
and (jo,%1) # (j1,91). We let & = 57¢(N1). Now we force continuous functions
PRE D (29)8 — (29)l&s) N [p (l,i)] and x!: (29)¢ — (296 N [g(i)] over M, for
every i € w, I <k and we let M+ = Mi[(x},,xi : 7 € w,l <k’)]. Finally we let

603 (%) 1= 67 1 €)™ Xo.20,0) (@ (T 1) -+ " Xar—1.00, (k-1 (87 (7 1 €))

for every i < Np and j < K;, T € (2¥)%, and

$1,i(Z) = (@ [ &) " x1i(e} (Z 1))

for every i < Ny, T € (2¥)*.
We get from (*7), and, as usual, applying Lemmal[33] that for any Z € (2¢¥)*N[5']
which is generic over M T,

{(ZZ', k)} U U {(¢O,i,j(j)7ki,j) j < KZ} U {(d)l,i(f); k) . Z < Nl} S R

8l

i<No
On the other hand, whenever Zy, ..., Ty —1 € (2¥)* N [§] are strongly mCg over
MT, and letting %o, ..., YJn—1 enumerate {Z; | £ : i < n’}, knowing that the set in

(%5) is Re-independent, we get that

{(:Z'l, k— 1) < TL/} U U {(d)o,i,j(fl)yki,j) i< Kl < TL/}U
i<Np
{(¢1,i(71), k) : i < N1, <n'} is R-independent,
in case kK > 0. To see this, we let 9 < --- < mx be a partition refining &, <
.., & witnessing the mCg of Zg | [§, @), ..., Tn—1 | [§, @) and we find appropriate
UQ,05+ -+ s UO,Lo—1y-++yUn—1,05++->Un—1,L,_1—1 € TN wk” and Vi € TN wk” for
i < Ny, j < K; to interpret the above set in the form

{20, k=1) i< ni< L} ([ J{(@) @) "2, kij) 1< No,j < Ki,l < n}
1<Np

U{(é; (1) "2} k) :i < Ny, 1 < n},

for Q. ..., -generic (27,27 1 1 < K",i € w) over Mi[fo, - .., Jn—1]. We leave the
details to the reader. In case k =0, all K; are 0 and we get that

{(¢1.i(71), k) :i < N1,l <n'} is R-independent.

Everything that remains, namely showing e.g. that Z # ¢1,,(Z) is clear. ([

As a final note, let us observe that the case o = 0 is trivial, since (2*)* has only
one element. g
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Remark 3.21. If we replace “strong mCg” with “mCg” in the above Lemma, then
it already becomes false for &« = w. Namely consider the equivalence relation E on
(2¥)¥, where ZFEy if they eventually agree, i.e. if In € wVm > n(z(n) = y(n))E
Then we can never be in case (1) since we can always find two distinct Z and g
that are mCg and ZEg. On the other hand, in case (2) we get a continuous selector
¢o for E (note that N = 0 is not possible). More precisely we have that for any
Z, g that are mCg, ZE¢o(Z) and ¢o(Z) = ¢o(y) iff ZEy. But for arbitrary mCg T
and g so that Z-EY, we easily find a sequence (Z, : n € w) so that Z and Z,, are
mCg and TFEZ,, but Z, [ n =y [ n for all n. In particular lim,¢,, Z, = y. Then

(bo(’l;) = limpe, d)O(i‘n) = limye,, ¢0(i’) = ¢0(j)

The proofs of Main Lemma [3.4] and B.14] can be generalized to E that is w-
universally Baire, in particular they also hold for coanalytic hypergraphs. The only
assumptions on analytic sets that we used in the proofs are summarized below.

Proposition 3.22. Let I' be a pointclass closed under countable unions, countable
intersections and continuous preimages and assume that for every A € T NP(w*),
there are formulas @, ¥ (with parameters) in the language of set theory, such that
for every countable elementary model M (with the relevant parameters) and G a
generic over M for a finite support product of Cohen forcing,
(1) forz € M[G]Nw*, M[G] = ¢(z) iff t € A and M[G] E¥(z) iff x ¢ A,
(2) for i € M[G] a C-name for a real, p € C, M[G] = “p Ik o(2)” iff p Ik p(z),
(8) fory a C-name for a real, p € C and a continuous function f: w* x w* —
w?, {xew i plko(f(z,y))} €T.
Then Main Lemma[34] and[3.1]) hold, where “analytic” is replaced by I'.

Definition 3.23. For Zo,...,Z,—1 € [[,., Xi, we define
A(Zo, ..., Yn-1) :={Az,z, i #j <n}U{0,a},
where Az, z, := min{¢ < a : x;(§) # x;(£)} if this exists and Az, z, = a if ; = T;.
Remark 3.24. Whenever Ig,...,T,—1 are strongly mCg, then they are mCg as
witnessed by the partition &y < -+ < &, where {&, ..., &} = A(Zo, ..., Tn-1).
4. SACKS AND SPLITTING FORCING
4.1. Splitting Forcing.

Definition 4.1. We say that S C 2<% is fat if there is m € w so that for all n > m,
there are s,t € S so that s(n) = 0 and ¢(n) = 1. A tree T on 2 is called splitting tree
if for every s € T', Ty is fat. We call splitting forcing the tree forcing SP consisting
of splitting trees.

Note that for T'€ SP and s € T, Ts is again a splitting tree. Recall that z € 2¢
is called splitting over V, if for every y € 2 NV, {n € w : y(n) = x(n) = 1} and
{n €w:x(n) =1Ay(n) =0} are infinite. The following is easy to see.

Fact. Let G be SP-generic over V. Then xg, the generic real added by SP, is
splitting over V.

Whenever S is fat let us write m(S) for the minimal m € w witnessing this.

Definition 4.2. Let S, T be splitting trees and n € w. Then we write S <, T iff
S < T, split.,,(S) = split<,,(T") and Vs € split., (S)(m(Ss) = m(Ts)).

Proposition 4.3. The sequence (<p: n € w) witnesses that SP has Axiom A with
continuous reading of names.

5This equivalence relation is usually called F7.
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Proof. Tt is clear that <, is a partial order refining < and that <,+;C<, for
every n € w. Let (T, : n € w) be a fusion sequence in SP, i.e. for every n,
Trt1 <n Tn. Then we claim that T := (1, o, Ty, is a splitting tree. More precisely,
for s € T, we claim that m := m((T}s)s) witnesses that T} is fat. To see this, let
n > m be arbitrary and note that n > m > |s| must be the case. Then, since
split<,,1(Tnt1) € T we have that s € split,, 1 (Tnr1) and m((Tr41)s) = m. So
find to,t1 € Tn+1 so that to(n) =0, tl(n) =1 and |t0| = |t1| =n -+ 1. But then
to,t1 € T, because to,t; € splite, 1 (Th41) CT.

Now let D C SP be open dense, T' € SP and n € w. We will show that there
is S <, T so that for every x € [S], there is t C x, with S; € D. This implies
condition (3) in Definition [Z11

Claim 4.4. Let S be a splitting tree. Then there is A C S an antichain (seen
as a subset of 2<%) so that for every k € w,j € 2, if Is € S(s(k) = j), then
It e A(t(k) = j4).

Proof. Start with {s; : i € w} C S an arbitrary infinite antichain and let m; :=
m(Ss,) for every ¢ € w. Then find for each i € w, a finite set H; C S, so that for
all k € [m;, mit1), there are tg,t1 € H;, so that to(k) = 0 and t;(k) = 1. Moreover
let H C S be finite so that for all k € [0,mp) and j € 2, if Is € S(s(k) = j),
then 3t € H(t(k) = j). Then define F; = H; U (H N S;,) for each i € w and let
F_y = H\ U,c, Fi. Since F; is finite for every i € w, it is easy to extend each
of its elements to get a set F; that is an additionally an antichain in Ss,. Also
extend the elements of F_; to get an antichain F’ | in S. It is easy to see that
A= Uig[o1,u) Fi works. O

Now enumerate split,, (T') as (o; : i < N), N := 2". For each i < N, let A; C T,
be an antichain as in the claim applied to S = T,,,. For every i < N and t € A;,
let St € D be so that St < T;. For every i < N pick t; € A; arbitrarily and
F; C A; a finite set so that for every k € [0,m(S%)) and j € 2, if 3s € A;(s(k) = j),
then 3t € F;(t(k) = j). Then we see that S := ;. y(U,ep, S* U S*) works. We
constructed S so that S <,, T. Moreover, whenever x € [S], then there is i < N be
so that o0; C . Then z € [UteFi S¢USy,] and since Fj is finite, there is t € F; U{¢t;}
so that t C . But then S; < S* € D.

Finally, in order to show the continuous reading of names, let y be a name for
an element of w*, n € w and T € SP. It suffices to consider such names, since
for every Polish space X, there is a continuous surjection F': w* — X. Then we
have that for each i € w, D; :== {S € SP: 3s € wi(SIF § | i = s)} is dense open.
Let (T; : i € w) be so that Ty <, T, Ti11 <p+i T; and for every x € [T;], there
is t C 2 so that (T3); € D;. Then S = (N, Ti <, T. For every x € [S], define
f@)y=U{s ew<v:3t Cx(S: - s Cy)}. Then f:[S] — w* is continuous and
Slky=f(zqg). O

Corollary 4.5. SP is proper and w*-bounding.

4.2. Weighted tree forcing. In this subsection we define a class of forcings that
we call weighted tree forcing. The definition is slightly ad-hoc, but simple enough to
formulate and to check for various forcing notions. In earlier versions of this paper
we proved many of the results only for splitting forcing, but we noted that similar
combinatorial arguments apply more generally. The notion of a weight resulted
directly from analysing the proof of Proposition for splitting forcing. It also
turned out to be particularly helpful in the next subsection.

Definition 4.6. Let T be a perfect tree. A weight on T is amap p: T xT — [T]<%
so that p(s,t) C Ts \ T} for all s,t € T. Whenever pg, p1 are weights on T" we write
po C p1 to say that for all s,¢t € T, po(s,t) C p1(s,t).
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Note that if ¢ C s then p(s,t) = () must be the case.

Definition 4.7. Let T be a perfect tree, p a weight on 7" and S a tree. Then we
write S <, T'if S C T and there is a dense set of sy € S with an injective sequence
(Sn)new In Sy, such that Vn € w(p(sn, Snt+1) C 9).

Remark 4.8. Whenever py C p1, we have that § <, T implies S <, T

Definition 4.9. Let P be a tree forcing. Then we say that P is weighted if for any
T € IP there is a weight p on T" so that for any tree S, if S <, T then S € P.

Lemma 4.10. SP is weighted.

Proof. Let T € SP. For any s,t € T let p(s,t) C Ts \ T} be finite so that for any
k € wand i € 2, if there is r € T, so that r(k) = ¢ and there is no such r € T,
then there is such r in p(s,t). This is possible since T} is fat. Let us show that p
works. Assume that § <, T" and let s € S be arbitrary. Then there is sg 2 s in
S with a sequence (S,)new as in the definition of <,. Let k > m(T,,) and i € 2
and suppose there is no r € S;, with r(k) = 4. In particular this means that no
such r is in p(8y, Sp41) for any n € w, since p(sp, Sn+1) C Ss,. But then, using the
definition of p and m(Ty,), we see inductively that for each n € w such r must be
found in T, . Letting n large enough so that k < |s,|, sp(k) = ¢ must be the case.
But s, € Ss,, which is a contradiction. O

Definition 4.11. Sacks forcing is the tree forcing S consisting of all perfect subtrees
of 2<%, Tt is well-known that it is Axiom A with continuous reading of names.

Lemma 4.12. S is weighted.

Proof. Let T € S. For s,t € T, we let p(s,t) contain all i € Ty \ T3 such that
r~(1 — i) € T and where |r| is minimal with this property. O

Recall that for finite trees Ty, 71 we say that T3 is an end-extension of Tp, written
as Tp C Ty, if Ty € T and for every t € Ty \Tj there is a terminal node o € term(Tp)
so that ¢ C t. A node o € Tj is called terminal if it has no proper extension in Tj.

Definition 4.13. Let T be a perfect tree, p a weight on T and T}, T} finite subtrees
of T'. Then we write Ty <1, T iff Tp = T7 and
(%0) Vo € term(Tp)IN > 23(s;)icn € ((Th)s)" injective

(50 =0 ANSN_1 € term(Tl) AVi < N(p(s“ Si+1) - Tl))

Lemma 4.14. Let T be a perfect tree, p a weight on T and {T,, : n € w) be
a sequence of finite subtrees of T so that T, <, Th,41 for every n € w. Then

UnEw T" SP T.

Proof. Let S := U, ¢, Tn- To see that S <, T note that |J, ., term(7T},) is dense in

new

S, in a very strong sense. Let o € term(T},) for some n € w, then let sg, ..., sn,-1
be as in (xq) for T}, Ty11. Since sy,—1 € term(Ty,41) we again find sy, ..., SN, -1
so that sSyy—1,...,8N,—1 18 as in (o) for Tp41, Th+o. Continuing like this, we find
a sequence (s; : i € w) in S starting with sg = o so that p(s;, s;11) C S for all
i € w, as required. (I

Lemma 4.15. Let T be a perfect tree, p a weight on T and Ty a finite subtree of
T. Moreover, let k € w and D C (T)* be dense open. Then there is Ty >, T so
that
(*1) V{o0,...,0%_1} € [term(Tp)]*Voy, ..., 0%, € term(T})

(VI < k(oy C 0]) = (00,...,04_1) € D).
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Proof. First let us enumerate term(7p) by oo, ...,0x_1. We put sh = oy for each
| < K. Next find for each | < K, st € T, sl C s} above a splitting node in Ty
Moreover we find sb, € Ty so that s} 1 s} and s} is longer than any node appearing
in p(sh, s}). This is possible since we chose s} to be above a splitting node in Ty

For each | < K we let T} be the tree generated by (i.e. the downwards closure of)
{sh, s} Up(sh,st) Up(sh,sh). Note that sh € term(T%) as p(sh, sb) L sb.

Let us enumerate by (f;)2<j<n all functions f: K — {1, 2} starting with f5 the
constant function mapping to 1. We are going to construct recursively a sequence
<le : 2 < j < N) where le C T;H, and <s§ : 2 < j < N) without repetitions, for
each [ < K such that at any step j < IV:

. LCsh if f;(1) =1
(1) for every I < K, sé— € term(Tj) and Sl2 ~ S{ 1 £
51 C sy if fi(1) = 2.
or any {l; : i < S and (%;);<x where t; € term [t an
2) f i ti <k K]* and h Tii,) and

lict. if £:.(1,)=1
{51 Cti if f;(l) for every i <k, (to,...,tx—1) € D

st Lty if fi(l) =2
(3) for every I < K, p(s}, s}, ) C T;H.

Note that (1) holds true at the initial step j = 2 since fa(l) = 1, sb C s
and s, € term(TY) for each I < K. Now suppose that for some j < N we have
constructed TJZ and sé— for each [ with (1) holding true. Then we proceed as follows.
Let {t! : i < N;} enumerate {t: t € term(T;) Asy Ctif f;(1) =1As) Ltif f;(1) =
2} for each | < K. Now it is simple to find 7t € T, t. C r! for each i < N;,l < K
so that [{rl:i < Nj,l < K}]F C D.

Let R; be the tree generated by T; and {rl :i < N;} for each | < K. It is easy
to see that TJZ C Ry since we only extended elements from term(T}) (namely the
t1’s). Note that it is still the case that s} € term(R;) since s} L ¢! for all i < N;.
Next we choose sé 41 extending an element of term(R;), distinct from all previous
choices and so that sb C st if f;11(1) =1 and s} C st if f;41(1) = 2.

Taking T}H to be the tree generatefi by Ry U {sh,,}Up(s, s’ ) gives the next
step of the construction. Again R; C T; 41, as we only extended terminal nodes of
R;. Then (3) obviously holds true and Sé-H € term(T;H) since p(sé-, 5§'+1) 1 5§'+1'
It follows from the construction that (2) holds true for each T]l 41 replaced by R;.
Since R; T T;H we easily see that (2) is satisfied.

Finally we put 71 = U, x Tk. Tt is clear that (o) is true, in particular that
To<1,Ty. For (x1) let {I; : i < k} € [K]* be arbitrary and assume that ¢; € term(T%)
for each i < k. Let f: K — {1,2} be so that for each i < k if s} C t; then f(I;) =1,
and if s¥ 1 ¢; then f(l;) = 2. Then there is j € [2, N) so that f; = f. Clause (2)
ensured that for initial segments ¢, C ¢; where t; € term(f;jrl), (to,---,t,_1) € D.
In particular (to,...,tx—1) € D which proves (¥1). O

Proposition 4.16. Let M be a countable model of set theory, Ry € M a perfect
tree and p; a weight on Ry for every | < k € w. Then there is Sy <, Ry for every
I <k so that any To, ..., Tn-1 € [[;c1,[51] are ([Ri] : | < k)-mutually Cohen generic
over M.

Proof. Let T := {0} U{(l)"s : s € R;,l < k} be the disjoint sum of the trees R;
for I < k. Also let p be a weight on T extending arbitrarily the weights p; defined
on the copy of R; in T. As M is countable, let (D, kn)necw enumerate all pairs
(D,m) € M, such that D is a dense open subset of 7" and m € w \ {0}, infinitely
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often. Let us find a sequence (T, )ne, of finite subtrees of T, such that for each
n € w, Ty <, Thyy and

(*1) Y{oo,...,0%, 1} € [term(T,)]*Voy,. .., 0y, —1 € term(Ty1)
VI < k(o1 € a7) = (00,...,0}, 1) € Dy).

We start with Top = k<2 = {0} U {{I) : | < k} and then apply Lemma
recursively. Let S :=J T,,. Then we have that S <, T'.

necw

Claim 4.17. For any m € w and distinct xo,...,Tm-1 € [S], (Xoy..., Tm—1) 18
T -generic over M.

Proof. Let D C T™ be open dense with D € M. Then there is a large enough
n € w with (Dy,k,) = (D,m) and og,...,0m—1 € term(T},) distinct such that
00 C zg,...,0m-1 € Zm—1. Then there are unique oy,...,0,,_; € term(Tp+1)
such that of C zo,...,00,_1 C Tm—1. By (*1), (0§,...,00,_1) € D. O

»Ym—1

Finally let S; = {s : ()" s € S} and note that S; <, R; for every | < k. The
above claim clearly implies the statement of the proposition. (]

Remark 4.18. Proposition implies directly the main result of [31]. A modi-
fication of the above construction for splitting forcing can be used to show that
for T € M, we can in fact find a master condition S < T so that for any
distinct zg,...,zp—1 € [S], (o,...,2n—1) is SP"-generic over M. In that case
(S,...,S) € SP" is a SP"-master condition over M. We won’t provide a proof of
this since our only application is Corollary [£20] below, which seems to be implicit
in [31]. The analogous statement for Sacks forcing is a standard fusion argument.

Corollary 4.19. Let P be a weighted tree forcing with continuous reading of names.
Then P adds a minimal real. In fact for any P-generic G, if y € 2 NV[G]\ V,
then there is a continuous map f: 2¥ — A“ in V so that xg = f(y).

Proof. Using the continuous reading of names let 7' € G be so that there is a
continuous map g: [T] — 2¥ with T I+ § = g(zg). It is easy to see from the
definition, that in any weighted tree forcing, the set of finitely branching trees is
densed Thus, let us assume that [T] is compact. Moreover let M be countable
elementary with g, T € M. Now let S < T be so that any z¢,z;1 € [S] are [T]-mCg
over M.

Suppose that there are xg # 1 € [S], with g(z¢) = g(x1). Then there must be
s C ap and t C 1, so that M | (s,t) IFp2 g(¢o) = g(¢1), where ¢ég, ¢1 are names
for the generic branches added by T2. But then note that for any = € S;, since x
and xo are mCg and s C xg, t C z, we have that g(z) = g(xo). In particular g is
constant on S; and S IF g(zg) = g(&o) € V.

On the other hand, if g is injective on [S], then ¢g~' is continuous as [S] is
compact and it is easy to extend ¢! to a continous function f: A% — 2. (I

1

Corollary 4.20. V57 is a minimal extension of V, i.e. whenever W is a model of
ZFC so that V. C W CVSE then W =V or W = VP,

Proof. Let G be an SP-generic filter over V. It suffices to show that if (ag : £ <
d) € W\ V is an increasing sequence of ordinals, then zg € W (see also [I7]
Theorem 13.28]). So let (¢ : £ < &) be a name for such a sequence of ordinals and
T € SP be such that T I+ (& : £ < 0) ¢ V. Note that this is in fact equivalent
to saying that (T,T) lbgp2 (deldo] : € < ) # (Qeld1] : € < 6), where @g,d
are names for the generic reals added by SP?. Let M be a countable elementary

6In particular, weighted tree forcing with the crn is w*-bounding.
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model so that T, (G¢ : £ < §) € M and let 7" < T be a master condition over
M as in Remark I8 Then also T IF (¢ : £ € 6N M) ¢ V. Namely, suppose
towards a contradiction that there are xg, z1 € [T”] generic over V so that (de[zo] :
£ €6NM) = (defr1] : € € N M), then (x,21) is SP>-generic over M and
Mlxo][z1] E (Gelzo] : € < §) = (Gelx1] : € < ) which yields a contradiction to
the sufficient elementarity of M. Since TV IF (d¢ : € € 6N M) C M we can view
(Ge : £ € 6N M) as a name for a real, for M is countable. Back in W, we can define
(ag : £ € 6N M) since M € V C W. But then, applying Corollary .19 we find
that xg € W. O

4.3. The countable support iteration. Recall that for any perfect subtree T" of
2<% gplit(T) is order-isomorphic to 2<“ in a canonical way, via a map nr: split(T) —
2<%, This map induces a homeomorphism 7jr: [T] — 2“ and note that the value
of fir(x) depends continuously on 7" and . Whenever p is a weight on T, nr also
induces a weight p on 2<%, so that whenever S <; 2<%, then 77;1(5) generates a
tree S’ with §' <, T.

Let (Pﬂ,(@g : 8 < A) be a countable support iteration where for each f < A,
IFp, Qp € {SP,S}. We fix in this section a Py name g for an element of a Polish
space X, a good master condition p € Py over a countable model My, where
1, X € My, and let C C X be a countable set as in Lemma 23] For every 8 € C
and g € [p] | (C'N B), let us write

Ty={se€2~:3zepllz [ (CNB)=yAsCz(B)]}
According to Lemmal[23] the map § — Tj is a continuous function from [p] [ (CNP)
to T. Let a := otp(C) < wy as witnessed by an order-isomorphism ¢: « — C. Then
we define the homeomorphism ®: [p] [ C — (2¥) so that for every § € [p] | C and
every 6 < a,
(y) [(6+1) =2(F) [ 07 iz, ((1(6)))-

Note that for P € {SP,S}, the map sending T' € P to the weight pr defined in
Lemma .10 or Lemma [£I2is a Borel function from P to the Polish space of partial
functions from (2<¢)2 to [2<¢]<®. Thus for B € C and & € [p] | (C N B), letting
pz = pr,, we get that T — pz is a Borel function on [p] [ (C'N B). For each § < «
and § € (2¥)°, we may then define p; a weight on 2<“, induced by p;z and nr,,
where = ®~1(g72) | B for arbitrary, equivalently for every, z € (2¢)*\%. The
map sending 7 € (2¥)° to py is then Borel as well.

Lemma 4.21. Let M; be a countable elementary model with My, p,Py € M; and
let 5€ @, 2<%. Then there is § < p, a good master condition over My, so that
VZo,. .., Tp-1 € [q)(®(Zo | C),...,®(Zn_1 | C) € (2*)* N 5]
are strongly (2“ :i < a)-mCq over Ml).

Moreover [q] | C is a closed subset of [p] | C and [q] = ([q] | C) x (2°)\C (cf.
Lemma[Z3).

Proof. We can assume without loss of generality that § = ), i.e. [5] = (2¥)*. It
will be obvious that this assumption is inessential. Next, let us introduce some
notation. For any 6 < a and @, ..., Jn_1 € (2¢)?, recall from Definition 323 that

A(QO, .. .,gn_l) = {Ay“yj : Z 7é j < n} U {0,5}
Let us write
tP(Yos -5 Yn—1) = (& L < k), (K- 1< k), (Ui - i < my),

where {&o < -+ < &} = Ao, - Tn-1), K1 = {7 | [&,&+1) : @ < n}| for every
I < k and (U; : i < n) are the clopen subsets of (2¢)° of the form U; = [5,] for
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8i € Qee5 2 with dom(s;) = {Ay, 5, 1 7 < n,y; # 7} and 3; minimal in the
order of @, _;2<* so that

i € [5i] and Vj < n(y; # 0i — ¥; ¢ [5:]),

for every i < n.
Note that for any dg < 4, if

tp(Po [ 00y- -y Un-1 [ 00) := ((m : L < K'Y, (M : L <K', (Vi :i < n)),
then V; = U; | 8y for every i < n. Moreover, for any 75, ...,¥,_, € (2¥)° with

tp(Tos -+ > Up—1) = (& 1 1 < E), (Kq 2 1 < k), (U 1i < m)),
we have that
D 1001+ Ton 100) = (LK), (My 1< K), (Vi 2 < ).

Any Go, ..y Yn—1, With tp(Fo, -, Gn-1) == (& : I < k), (K : L < k), (U; : i <
n)), that are (2¥ : i < §)-mutually Cohen generic over M; as witnessed by & < -+ <
&k, induce a [T, (Qefe, 6.1) 2<w)Ki_generic and vice-versa. Thus whenever 7 is

a []cn(@eciere, 1) 2<)Ei_name, we may write 7[fjo, ..., Jn_1] for the evaluation
of 7 via the induced generic. It will not matter in what particular way we define
the Hl<k(®£€[&,&+1) 2<w)Ki_generic from given %o, ...,Jn—1. We may stipulate
for instance, that the generic induced by go, ..., ¥n—11s (Z1,; : | <k, j < K;), where
for each fixed | < k, (Z;; : | < k,j < K;) enumerates {g; [ [§,&+41) 1 ¢ < n}in
lexicographic order.

Let us get to the bulk of the proof. We will define a finite support iteration
(Rs,Ss : 6 < a) in My, together with, for each § < «, an Rs-name X; for a
closed subspace of (2¥)%, where IFrs, Xs, = X5, [ 0o for every dp < 61 < a. This
uniquely determines the limit steps of the construction. Additionally we will make
the following inductive assumptions (1)s and (2)s for all § < a and any Rs-generic
G. Let o, ..., Gn-1 € Xs[G] be arbitrary and tp(Jo, ..., Jn-1) = (& : | < k), (K :
I <k),(U; :i<n)). Then

(1)s Tos---,Un-1 are strongly (2¢ : i < 0)-mCg over My,

(2)s and for any [[,,(®cele, c,1) 2<@)Ki_name D € M for an open dense
subset of a countable poset Q € My,

(Dl ) G-+ 7 € X,
(s Tnr) = (&1 S ) (Ko 2L < R), (Ui zi < m))

is open dense in Q.

Having defined Rs and X, for & < «, we proceed as follows. Fix for now G
an Rs-generic over M; and X5 := X5[G]. Then we define a forcing S; € M[G]
which generically adds a continuous map F: Xs — 7T, so that for each § € Xy,
Sy = F(y) <z, 2<¥. In M;[G][F], we then define X511 C (2¢)°! to be {g™z :
g € X5,z € [Sy]}. The definition of S5 is as follows.

Work in M;[G]. Since the map § € (2*)° + j; is Borel and an element of M,
and by (1)5 any § € X; is Cohen generic over Mj, it is continuous on Xs. Since
X5 is compact we find a single weight g on 2<%, so that pyz C p for every § € Xs.
Let {Os : s € 2<%} be a basis of X so that O; C O; for t C s and Oz N Oy = () for
s L t. This is possible since X is homeomorphic to 2¢. Let F7T be the set of finite
subtrees of 2<¥. Then S; consists of functions h: 25" — F7T, for some n € w, so
that for every s C t € 25", (h(s) <; h(t)). The extension relation is defined by
function extension. Note that Ss is indeed a forcing poset with trivial condition (.
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Given H, an Ss-generic over M1[G], we let F': X5 — T be defined as
F = | nls).

s€2<Y¥ §€O,
heH

Claim 4.22. For every yj € X5, F(y) = Sy <; 2<%, in particular Sy <;, 2<“. For
any Yo, J1 € Xs, [Sgo) N [Sg,] # 0. Any zo,..., 201 € Uyex, [Sy] are 2¥-mutually
Cohen generic over M;y[G]. And for any countable poset Q € My, any m € w and
any dense open E C (2<“)" x Q in M;[G], there is v € Q and mg > m so that
for any zo,...,2n_1 € Ugex(; [Sy] where zo [ m, ..., zn—1 | m are pairwise distinct,
((z0 | Moy -y 2n—1 [ mo),7) € E.

Proof. We will make a genericity argument over M;[G]. Let h € Ss be arbi-
trary. Then it is easy to find A/ < h, say with dom(h’) = 259, so that for
every s € 2% and every t € term(h(s)), |[t| > m. For the first claim, it suf-
fices through Lemma B4 to find A" < b/, say with dom(h”) = 259 ag < ay,
so that for every s € 2% and t € 2%, with s C ¢, h”(s) <3 h”’(t). Finding
R so that additionally term(h”(¢9)) N term(h”(t1)) = 0 for every to # t; € 2%
proves the second claim. For the last two claims, given a fixed dense open subset
E C (2<9)" x Q in M;][G], it suffices to find » € Q and to ensure that for any
pairwise distinct so,..., 801 € U cqao term(h”(s)) and to D s0,...,tn—1 2 Sn—1
with to,...,th—1 € Upega term(h”(t)), ((to,...,tn-1),7) € E. Then we may put
mo = max{|t| : t € U cqa, term(h”(s))}. We may also assume wlog that Q = 2<%,

To find such h” we apply Lemma [£.15] as in the proof of Proposition More
precisely, for every s € 2%, we find T2, T} >; 1h/(s), and we find T C 2<% fi-
nite, so that for any pairwise distinct so,...,8n-1 € U;cqa, term(h/(s)), any to 2
505+ -y tn—1 2 Sp—1 With to, ..., tn 1 € Usecgao jeo term(T7) and any o € term(T),
((to, ... tn_1),0) € E and term(T7) N term(T}) = () for every i,j € 2, s,t € 2%,
Then simply define h”" < b’ with dom(h”) = 2%+ where h”/(s™i) = T for s € 2%,
1€ 2. [l

The function F is obviously continuous and X;,; is a closed subset of (2)*+1,
with X§+1 r 50 = (X5+1 [ 5) [ 50 = X5 [ 50 = X50 for every 50 <6+ 1.

Proof of (1)5+1, (2)s+1. Let G be Rsy1 generic over My and go, . .., Jn—1 € X5+1[G] =
Xs+1 be arbitrary. By the inductive assumption we have that g [ d,...,9,—1 [ 6 are
strongly (2¢ : i < §)-mCg over M;. By the above claim, whenever g; [ § # §; | 0,
then ;(6) # 9;(0). Thus, for (1)s5+1, we only need to show that Zo,...,¥n—1
are mCg. Let tp(Jo,...,Tn-1) = (& : 1 < k), (K; : 1 < k),{U; : i < ny),
tp(Jo [ 0yevosfno1 [ 6) = ( : I < KN, (M : 1 < k),({U; | d:4 < n)) and
n' = Hyi(d) : i < n}| = Kr—1. Then we may view a dense open subset of
[Tk (®ceier e, 27 K as a [Licr (@ccpmmin 2<YMi_name for a dense open
subset of (2<¢)"". To this end, let D € M be a [l (@ceimmin 2<YMi name

for a dense open subset of (2<“)"". Then we have, by (2),, that
D= ﬂ{D[gé,_,_,ggil] :g();---vg;z—l € Xs,
tp(g(/)v s 7@4}—1) = (<771 ol S k/>ﬂ <Ml < k/>7 <UZ r(s 1< 7’L>)}

is a dense open subset of (2<¢)" and D € M;[G | §]. By the above claim,
Yo(0), ..., yn—1(6) are mCg over M;[G | ¢] in 2¥. Altogether, this shows that
Gos -+ s Yn—1 are (2¥ : i < § + 1)-mCg over M.

For (2)541, let D € My now bg a ] (®eeer e ) 2<¢)Ki_name for a dense{ open
subset of Q. Consider a name E in M; for the dense open subset of (2<%)" x Q,
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where for any gy, ...,9,_1 € Xs, with tp(g),...,T_1) = (I < k), (M; : 1 <
kY, (U; 1§ :1<mn)),

E[gé’ e ﬂg:z—l] = {(Ev T) : Ml[géa e 75':1—1] ':
tEr e D), ... T ill20s - 2nr—1]}s

where (29, ...,2,/-1) is a name for the (2<“)”/—generic. By (2)s, we have that
E= ﬂ{E[gg,._.,gj;_l] s T € X5,
(T ) = (1K), (M1 <), (U 1821 <))}

is a dense open subset of (2<“)" xQ and E € M;[G | §]. Let m € w be large enough
so that for any 4,5 < n, if U; # Uy, then Vy; € U; N Xs41,7; € U; N Xo1(y;(6) |
m # y5(0) [ m). To see that such m exists, note that if U; # Uj, then U; N X541
and U; N X541 are disjoint compact subsets of Xs;1. By the claim, there is r € Q
and mg > m so that for any zq, ...,z _1 € Uy€X5 [Sgl, if z0 [ m, ..., 21 | m are
pairwise different, then ((zo | mo,...,zyv_1 | mo),r) € E. Altogether we find that

r € (Dl Toa] : B+ s € X,

60(Fhs - Thor) = (& LK) (K1 s 1< k), (Ui <)) }.

Of course the same argument can be carried out below any condition in Q, showing
that this set is dense. That it is open is also clear since it is the intersection of open
subsets of a partial order. (I

Now let § < « be a limit ordinal.

Proof of (1)s and (2)s. Let G be Rs-generic over My, o, ..., Jn-1 € X;|G] = X,
this time wlog pairwise distinct, and tp(go,...,on-1) = ((& : I < k), (K; : | <
k), (U; : i < n)). We will make a genericity argument over M; to show (1)s and
(2)s. To this end, let Do C [, (Qeee, 1, ) 2<w)Ki he dense open, Dy € M7, and
let Dy € M, be a [Tk (e 610 2<w)Ki_name for a dense open subset of Q.
TEen consider the dense open subset Dy C []; 4 (@eye, )2<W)Kl x Q in My,
where

i1
Dy ={(ro,71) : 70 € Do Aro -1 € Dy}
Also let hg € G be an arbitrary condition so that
ho IF Vi < n(U; N X5 # 0).

Then there is dp < & so that supp(ho),&k—1 + 1 € dp. We may equally well view

Dy asal]o 1 (®ecie ) 25" X (Qgefey 1.0 2°%) <1 -name E € M, for a
dense open subset

EC( Q) 2% xQ=( Q) 27" xQ

£€[60,€k) £€[d0,0)

We follow again from (2)s,, that the set E € M;[G N Rg,], where
E = ﬂ{E[gg, o] Tl Ty € Xoo,s
(o, - - > Tn—1) = (S0 <+ < &p—r < o), (Ky 1 < k), (Ui [ 602 < n>)},

is dense open. Let ((fo,...,tn_1),r) € E be arbitrary and h; € GNRs,, h1 < ho,
so that hy IF ((fo,...,t,_1),7) € E.
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Let us show by induction on £ € [0g,d), £ > sup (UKn dom(fi)), that there is a
condition hs € Re, he < Bl, so that

ho IF G0, o1 € Xs(tD(@s- - Tno1) = (& 1 L < k), (K0 1< k), (Ui :i < n))
= o € [fo] A- - ATy € [En1])
and in particular, if hy € G, then for all g, ..., 9, _, € Xs with tp(70,...,7_1) =
(& 1< E),(K;:1<k),(U; : i <n)), the generic corresponding to ¢, ..., ¥, _1
hits Dg, and r € Dl[gé, <oy Jh_4]. Since hg € G was arbitrary, genericity finishes
the argument.

The limit step of the induction follows directly from the earlier steps since if
dom(t;) C &, with & limit, then there is < & so that dom(#;) C 7. So let us
consider step £ + 1. Then there is, by the inductive assumption, h) € Re, hh < hq,
so that

Ry -G, Ty € Xs(tD(@os - Tnoy) = (& 1 L< k), (K 1 1< k), (Ui 1i <))
= (o € [fo [ E]A - NGy € [tnr [ €]).

Now extend hj to b} in Rg, so that there is m € w such that for every s € 2™
and every i < n, either b I Oy C U; | € or B IF O, N (U; | €) = 0, where
(O : s € 2<¥) is a name for the base of X¢ used to define S¢. The reason why this
is possible, is that in any extension by R¢ and for every ¢ < n, by compactness of
XeN (Ui §), there is a finite set a € 2< so that Xe N (U; [ §) = U,¢, Os- Let us
define h: 2™ — FT, where

h(s) = 0 if Vi < n(h IFO,NU; | € =10)
Sl {te2<v:tCt; (&)} fhYIFO, CU; | € andi < n.

Note that h is well-defined as (U; | §) N (U, | €) = 0 for every ¢ # j < n. Since
0<,T and T4, T for any weight p and any finite tree 7', we have that Ry - h € Se
and he = hy " h € Reqq is as required. O

This ﬁnis.hes the definition of R, and X,. Finally let G be R,-generic over M;
and X, = X,[G]. Now let us define § < p recursively so that for every § < a,

vz € [q(®(z [ C) 6 € Xa [0).

If 8 ¢ C welet ¢(3) be a name for the trivial condition 2<%, say e.g. ¢(8) = p(B).
If 8 € C, say § = 1(d), we define ¢(8) to be a name for the tree generated by

—1
nTEG HCnB) (Sﬂ)a

where Z¢ is the generic sequence added by Py and § = ®(Zg | C) | §. This ensures
that ¢ I B IF ¢(8) € Qs A ¢(8) < p(B). Inductively we see that g [ 875 [ (A\ B) IF
(T | C) |6 € X, | 6. Having defined g, it is also easy to check that it is a good
master condition over My, with [g] = ®~1(X4) x (2¢)*\. Since for every Z € [q],
®(z | C) € X4 and by (1)a, G is as required. O

Proposition 4.23. Let E C [X]<“ be an analytic hypergraph on X, say E is the
projection of a closed set F C [X]<% X w¥, and let f: [p] | C — X be continuous
sothat plk g = f(Zg | C) (c¢f. LemmalZ3). Then there is a good master condition
g < p, with [q] | C a closed subset of [p] | C and [q] = ([q] | C) x (2°)\C, a compact
E-independent set Y C X, N € w and continuous functions ¢: [q] | C — [Y]<V,
w: [q] | C = w¥, so that

(i) either f"([q] | C)CY, thusglFy ey,
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(i) or ¥z € [q] | Cl(¢p(z) U{f(Z)},w(Z)) € F), thus ¢ IF {yg}UY is not
FE-independent.

Proof. On (2*)* let us define the analytic hypergraph E, where

{gOa .o ,gnfl} S E A4 {f((pil(g())a sy f(q)il(gnfl))} € E.
By Main Lemma .14} there is a countable model M and 5 € ), 2<% so that
either

(1) for any %o, ..., ¥n—1 € (2*)* N [3] that are strongly (2 : i < a)-mCg over
M, {@o,...,Jn-1} is E-independent,

or for some N € w,

(2) thereare ¢g,...,dn—1: (2¥)* — (2¢)* continuous so that for any g, . .., Jn-1 €

(2#)* N [3] that are strongly mCg over M, {¢;(4;) : j < N,i < n} is E-
independent but {go} U {¢;(%0) : 1 < N} € E.

Let My be a countable elementary model with My, M,p,Py € M; and apply
Lemma F.2T] to get the condition ¢ < p. In case (1), let Y := f”([g] [ C). Then (i)
is satisfied. To see that Y is E-independent let Zo, ..., Z,—1 € [q] be arbitrary and
suppose that {f(Zo [ C),..., f(Zn_1 | C)} € E. By definition of E this implies
that {®(Zo | C),...,®(Z,_1 | C)} € F but this is a contradiction to (1) and the
conclusion of Lemma 421l In case (2), by elementarity, the ¢; are in M; and
there is a continuous function w € Mj, with domain some dense (G5 subset of
(2¥)%, so that § I ({f(2),¢;(2) : § < N},w(%2)) € F, where Z is a name for the
Cohen generic. Let ¢(Z) = {f(®7(¢;(®(2)))) : j < N}, w(z) = w(P(z)) for
z€[q I CandY =z g0 @(F). Since ®(Z) is generic over My, we indeed have
that (¢(Z),w(z)) € F for every Z € [g] | C. Seeing that Y is E-independent is as
before. O

5. MAIN RESULTS AND APPLICATIONS

Theorem 5.1. (V=L) Let P be a countable support iteration of Sacks or splitting
forcing of arbitrary length. Let X be a Polish space and E C [X]|<¥ be an analytic
hypergraph. Then there is a AY mazimal E-independent set in VE. If X = 2% or
X =w¥, r€2¥ and E is Bi(r), then we can find a AY(r) such set.

Proof. We will only concentrate on the case X = 2% since the rest follows easily
from the fact that there is a Borel isomorphism from 2“ to any uncountable Polish
space X, and if X = w* that isomorphism is (lightface) Al. If X is countable, then
the statement is trivial. Also, let us only consider splitting forcing. The proof for
Sacks forcing is the same.

First let us us mention some well-known facts and introduce some notation.
Recall that a set Y C 2¢ is ¥}(z)-definable if and only if it is ¥ (z)-definable over
H(wy) (see e.g. [IT, Lemma 25.25]). Also recall that there is a 31 set A C 2% x 2
that is universal for analytic sets, i.e. for every analytic B C 2%, there is some
x € 2¢ so that B = A,, where A, = {y € 2¥ : (x,y) € A}. In the same way, there
is a universal 119 set F' C 2% x [2¢]<% x w* ([I8, 22.3, 26.1]). For any z € 2¢, let
E, be the analytic hypergraph on 2% consisting of a € [2*]<% \ {0} so that there is
b€ [A;]=¢ with aUb € E. Then there is y € 2 so that E, is the projection of F,.
Moreover, it is standard to note, from the way A and F' are defined, that for every
x, y = e(x,r) for some fixed recursive function e. Whenever o < wq and Z C (2¢)“
is closed, it can be coded naturally by the set S C @), 2<%, where

S={(Zla)n:T€Zac[a]¥neuw}
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and we write Z = Zg. Similarly, any continuous function f: Z — w*“ can be coded
by a function {: S — w<%, where

@= U
5€8,z€l3]
and we write f = fe. Forany S < o and Z € Z [ 3, let us write Tz z = {s € 2<% :
3z e Z(z1d=2TNsCz(d))} The set Uy of pairs (a, S), where S codes a closed
set Z C (2¥)® so that for every f < o and T € Z | 5, Tz,z € SP is then A; over
H(w). This follows since the set of such S is II}, seen as a subset of P(Q), ., 2),
uniformly on «. Similarly, the set ¥ of triples («, S, (), where (o, S) € ¥y and ¢
codes a continuous function f: Zg — w¥, is Aq.

Now let (ae, Se, (e : € < wi) be a Aj-definable enumeration of all triples («, S, () €
U,. This is possible since we assume V = L (cf. [I7, Theorem 25.26]). Let us re-
cursively construct a sequence (x¢, ye, Te, e, ¢ : € < wi), where for each < wy,

(1) Ug,<g Az, = Ay, and Ay U A, is E-independent,

(2) e = (ne,j - j < N) for some N € w,

(3) Te C 8¢, (ag,Te,me,;) € Uy for every j < N and (ag,Te, 0¢) € ¥y,

(4) either VZ € Zr,(fc (%) € Ag,) or VT € Zr, (Vn < N(fn., (%) € Az) A
({fae.n (2), fee (T) s < N}, fo (7)) € Fegye,r)),

and (z¢,ye, Te, 7e, 0¢) is <p-least such that (1)-(4), where <y, is the A;-good
global well-order of L. That < is Aj-good means that for every z € L, the set
{z' : 2/ <, 2z} is A1(2) uniformly on the parameter z. In particular, quantifying
over this set does not increase the complexity of a X, -formula. Note that (1)-(4)
are all A;(r) in the given variables. E.g. the second part of (1) is uniformly IT3 ()
in the variables ¢, ye, similarly for (4).

Claim 5.2. For every £ < w1, (¢, Ye, Te, Te, 0¢) exists.

Proof. Assume we succeeded in constructing the sequence up to £&. Then there is
Ye so that Ug,<5 Ay, = Ay,. By Lemma 27 there is a good master condition
7 € Pq, so that [r] C Zs,, where P, is the ag-long csi of splitting forcing. Then
f¢e corresponds to a Py -name g so that 7 I- § = f¢, (Zg). Let My be a countable
elementary model with g,Pq,,7 € My and p < 7 a good master condition over
My. Let C := a¢ and consider the results of the last section. By Proposition
applied to FE,, and X = 2%, there is ¢ < p, a compact E,, independent set Y,

N € w and continuous functions ¢: [q] — [Ye]<V, w: [g] — w* such that

(i) either fZ ([q]) C Ye,
(i) or vz € [g]((¢(Z) U{[fc (2)}, w(T)) € F).

Let ¢, Te, e = (nej = j < N) and 0¢ be such that A,, = Ye, Z1, = [q],
{fne,; (&) : j < N} = ¢(x) for every z € [q], and fo, = w. Then (x¢,ye, Te, e, O¢) is
as required. O

Let Y = g, Aze- Then Y is ¥ (r)-definable over H(w:), namely z € Y iff
there is a sequence (¢, ye, Te,7e, 0e 1 € < a < wi) so that for every & < «, (1)-(4),
for every (z,y,T,7,0) <t (z¢,ye, Te, e, 0¢), not (1)-(4), and x € A,,.

Claim 5.3. In VT, the reinterpretation of Y is maximal E-independent.

Proof. Let p € P and y € My be a P-name for an element of 2, My > P,p a
countable elementary model. Then let § < p be a good master condition over M
and C countable, f: [q] | C — 2 continuous according to Lemma [Z3l Now (2¢)¢
is canonically homeomorphic to (2¢)%, a = otp(C), via the map ®: (2¢)¢ — (2¢)*.
Then we find some { < w; so that ae = a, ®"([q] | C) = Zs, and f¢, 0 @ = f.
On the other hand, ®~'(Zz,) is a subset of [g] [ C' conforming to the assumptions
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of Lemma 27 Thus we get 7 < ¢ so that [F] | C C ® (Zr,). According to (4),
either 7 I g € A, or 7 I- {§} U Ay, U Ay, is not E-independent. Thus we can not
have that p IF g ¢ Y A {y} UY is E-independent. This finishes the proof of the
claim, as p and y were arbitrary. (I

To see that Y is Al(r) in V¥ it suffices to observe that any Yi(r) set that is
maximal E-independent is already IT3(r). (]

A priori, Theorem B.1]only works for hypergraphs that are defined in the ground
model. But note that there is a universal analytic hypergraph on 2 x 2*, whereby
we can follow the more general statement of Theorem

Theorem 5.4. After forcing with the ws-length countable support iteration of SP
over L, there is a A} ultrafilter, a I} maximal independent family and a A3 Hamel
basis, and in particular, ip =i =Up = Uy =w; <t =1= U= Ws.

Proof. Apply Theorem B.1lto E,, E; and Ej, from the introduction. To see that
igg = Ug = wp note that every analytic set is the union of @ many compact sets and
that 0 = ws, since SP is w*-bounding. O

Theorem 5.5. (V=L) Let P be either Sacks or splitting forcing and k € w. Let X
be a Polish space and E C [X]<% be an analytic hypergraph. Then there is a A}

mazimal E-independent set in Ve

Proof. This is similar to the proof of Theorem Bl using Main Lemma [3.4] and
Proposition A.16] to get an analogue of Proposition .23 (|

Lastly, we are going to prove Theorem [T.4l

Lemma 5.6. Let X C [w] be closed so that Vz,y € X(|lx Ny| = w). Then X is
o-compact.

Proof. If not, then by Hurewicz’s Theorem (see [I8, 7.10]), there is a superperfect
tree T C w<%“ so that [T] C X, identifying elements of [w]* with their increasing
enumeration, as usual. But then it is easy to recursively construct increasing se-
quences (8, : n € w), {t, : n € w) in T so that so = tyg = stem(T), for every n € w,
t, and s, are infinite-splitting nodes in T and Son41(|S2n|) > tant1([t2nt1] — 1),
tonya(ltan]) > Sont1(|s2ny1] — 1). Then, letting x = U, ¢, $n and y = U, o, tns
x Ny C |sgl, viewing z,y as elements of [w]*. This contradicts that z,y € X. O

The proof of Theorem [[4] is a modification of Shelah’s proof that 0 < 1.

Proof of Theorem[I-4} Let (Cy : @ < k) be compact independent families so that
T = U<y Co is maximal independent and x < 0 and assume without loss of gener-
ality that {C,, : @ < k} is closed under finite unions. Here, we will identify elements
of [w]* with their characteristic function in 2% at several places and it should always
be clear from context which representation we consider at the moment.

Claim 5.7. There are (z, : n € w) pairwise distinct in T so that {x, :n € w}NCyq
is finite for every a < K.

Proof. The closure of Z is not independent. Thus there is x € Z\ Z. Now we pick
(xn : n € w) C T converging to x. Since C,, is closed, whenever for infinitely many
n, T, € Cy, then also x € C,, which is impossible. O

Fix a sequence {x, : n € w) as above. And let a, = {n € w : x, € Cy} € [w]<¥.

We will say that « is a Boolean combination of a set X C [w]¥, if there are finite
disjoint Y, Z C X so that 2 = ((,cy ¥) N (MN,ezw \ 2).
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Claim 5.8. For any a < k there is fo: w — w so that for any K € [Cy \ {zn :
n € agt]<¥, for all but finitely many k € w and any Boolean combination x of
KU {xg,...,xk}, N[k, fo(k)) # 0.

Proof. We define f, (k) as follows. For every [ < k, we define a collection of basic
open subsets of (2¥)!, Op; := {[3] : 5 € (2<)!'AVi < I(|s;] > k)A(Fi < l,n €
aa(ss € xn) VI < j <I(s; £ s;))}. Further we call any [5] ¢ Op; good if for
any F,G C [ with F NG = § and for any Boolean combination z of {zo, ...z},
there is k' > k so that for every i € F, s;(k’) = 1, for every i € G, s;(k’) = 0 and
xz(k") = 1. Let Oy, be the collection of all good [5]. We see that J,;,(Oo,; U O1,)
is an open cover of C, U(Cy)2U---U(Cy)*. Thus it has a finite subcover O’. Now
let fo(k) := max{|t|: 3[5] € O'Fi < k(t = s4)}.

Now we want to show that f, is as required. Let (yo,...,y-1) € (Co \{zn:n €
aq})! be arbitrary, yo,...,y_1 pairwise distinct and k > [ so that y; | k # z, [ k
foralli <l,n €aqandy; [ kF#y; [ kforall i <j <!l In the definition of
fa(k), we have the finite cover O of (C,)" and thus (yo,...,y—1) € [5] for some
[5] € O'. We see that [3] € Oy, is impossible as we chose k large enough so that
for noi <1,n € aq, s; C x, and for every i < j <, s; L s;. Thus [5] € O1,;. But
then, by the definition of Oy, fo(k) is as required. O

As k < 0 we find f € w* so that f is unbounded over {f, : @ < k}. Let

V=2, and x} := w\ x, for every n € w. For any g € 2% and n € w we define

n

Yn.g = ﬂmgn x%m). Further define y, = U, ey, ¥n,g N f(n). Note 4,9 € Ym,g for
m < n and that y, C* y, 4 for all n € w.

T

Claim 5.9. For any g € 2¥, y4 has infinite intersection with any Boolean combi-
nation of J,.,. Ca \ {zn : n € w}.

Proof. Let {yo,..-,yi—1} € [Ca \ {zn : n € au}]! for some | € w, a < K be
arbitrary. Here, recall that {C, : a < k} is closed under finite unions. We have
that there is some kg € w so that for every k > kg, any Boolean combination y of
{v0,---,yi—1} and z of {x,, : n <k}, zNyNk, fa(k)) # 0. Let y be an arbitrary
Boolean combination of {yg,...,y—1} and m € w. Then there is k > m, ko so that
f(k) > fa(k). But then we have that yy 4 is a Boolean combination of {zo,...,zx}
and thus yr o Ny N[k, f(k)) # 0. In particular, this shows that y Ny, € m and
unfixing m, |y Ny,| = w. O

Now let Qo, @1 be disjoint countable dense subsets of 2. We see that |y, Nys| <
w for h # g € 2¢. Thus the family {y, : g € Qo U Q1} is countable almost disjoint
and we can find y; =" y,, for every g € Qo U @1, so that {y; : g € Qo U Q1} is
pairwise disjoint. Let y = 9€Q0 y'g. We claim that any Boolean combination x of
sets in Z has infinite intersection with y and w \ y. To see this, assume without
loss of generality that x is of the from Z N xg(o) N---N zi(k), where Z is a Boolean
combination of sets in Z\ {z, : n € w} and g € 2¥. As @) is dense there is some
h € Qo such that h [ (k+1) =g | (k+1). Thus we have that y; C* :Eg(o)ﬂ- . -ﬂxz(k)
but also yj, N Z is infinite by the claim above. In particular we have that y N x is
infinite. The complement of y is handled by replacing Qo with ;. We now have a
contradiction to Z being maximal. (|

6. CONCLUDING REMARKS

Our focus in this paper was on Sacks and splitting forcing but it is clear that
the method presented is more general. We mostly used that our forcing has Axiom
A with continuous reading of names and that it is a weighted tree forcing (Def-
inition [£9)), both in a definable way. For instance, the more general versions of
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splitting forcing given by Shelah in [28] fall into this class. It would be interesting
to know for what other tree forcings Theorem [B.1] holds true. In [26], the authors
showed that after adding a single Miller real over L, every (2-dimensional) graph
on a Polish space has a Al maximal independent set. It is very plausible that this
can be extended to the countable support iteration. One line of attack might be to
use a similar method to ours, where Cohen genericity is replaced by other kinds of
genericity. For instance, the following was shown by Spinas in [29] (compare this
with Proposition [£.16):

Fact. Let M be a countable model, then there is a superperfect tree T so that for
any x #y € [T], (x,y) is M? generic over M, where M denotes Miller forcing.

On the other hand, it is impossible to have that any three x,y,z € [T] are
mutually generic. This follows from a fact due to Velickovic and Woodin (see
[34, Theorem 1]) that there is a Borel function h: (w*)? — 2, such that for any
superperfect T', h”([T]?) = 2¥. Also, M? always adds a Cohen real (see e.g. the
last paragraph in [3]). This means that Theorem can’t hold for Miller forcing
and k > 3, even for just equivalence relations. Namely, after adding a Cohen real,
there can’t be any FEy-transversal that is definable with parameters from the. This
doesn’t rule out though that the iteration might work. Let us ask the following
question.

Question 1. Does Theorem [B.1] hold true for Miller forcing?

A positive result would yield a model in which ig < iy, as per 0 < i.. No result
of this kind has been obtained so far.

Another common way to iterate Sacks or splitting forcing is to use the countable
support product. The argument in Remark B.21] can be used to see that no definable
E;-transversals can exist in an extension by a (uncountably long) countable support
product of Sacks or splitting forcing. This raises the question for which hypergraphs
Theorem [B.1] applies to countable support products.

Question 2. Is there a nice characterization of hypergraphs for which Theorem [(.1]
holds when using countable support products?

An interesting application of our method that appears in the authors thesis, is
that P-points exist after iterating splitting forcing over a model of CH. To our
knowledge this is different to any other method of P-point existence in the litera-
ture.

Other applications are related to questions about families of reals and the exis-
tence of a well-order of the continuum. For example, it is known that after adding
w1 many Sacks reals, there is no well-order of the reals in L(R). On the other hand,
if we start with V' = L, a Al Hamel base exists in the extension. In particular, a
Hamel base will exist in L(R). This gives a new solution to a question by Pincus
and Prikry [21], which asks whether a Hamel basis can exist without a well-order
of the reals. This has only been solved recently (see [24]). Our results solve this
problem not just for Hamel bases but for a big class of families of reals. In an
upcoming paper [23] we will consider further applications to questions related to
the Axiom of Choice.
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