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A POLYA APPROXIMATION TO
THE POISSON-BINOMIAL LAW
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Abstract

Using Stein’s method, we derive explicit upper bounds on the total variation distance
between a Poisson-binomial law (the distribution of a sum of independent but not
necessarily identically distributed Bernoulli random variables) and a Pélya distribution
with the same support, mean, and variance; a nonuniform bound on the pointwise
distance between the probability mass functions is also given. A numerical comparison
of alternative distributional approximations on a somewhat representative collection of
case studies is also exhibited. The evidence proves that no single one is uniformly most
accurate, though it suggests that the Pélya approximation might be preferred in several
parameter domains encountered in practice.
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1. Introduction

The Poisson-binomial distribution is the law of the number of successes in a sequence of
independent, nonidentically distributed trials and, as such, has found utility in several modelling
applications, including Bayesian heirarchical models [24], generalized linear models [15], and
noisy threshold models [21]. What is more, as the convolution product of nonidentical two-point
distributions, the Poisson-binomial distribution is also intimately linked to several combinatorial
and occupancy problems [26], including the ‘birthday paradox’ [32].

Naturally, in some contexts it is preferable to compute the point probabilities exactly and
for this the interested reader is referred to two quadratic-time (in the worst case) algorithms
reviewedin[15]. In other contexts, explicit bounds unrelated to an approximate distribution may
be the principal interest and for this we refer the reader to [25] and the references therein. Here
however the focus is on measure-valued approximations and, more specifically, distributions
on the nonnegative integers Z+.

The approximation of the Poisson-binomial law by more easily calculable laws on Z™ has
a long history. The earliest work focused on the Poisson approximation, of which a detailed
account can be found in [6]. Subsequently, variations of the Poisson law were used: Poisson—
Charlier signed measures (see [6] and the references therein), (signed) compound Poisson [5],
[9], [22], shifted Poisson [4], [13]; as were the binomial law and its variations: binomial
[13], [17], [30], ‘almost’ binomial [33], signed binomial-Krawtchouk [28], (signed) compound
binomial [10], [11], [12], shifted binomial [24], [27]. Among more recent work, a class
of signed measures was introduced in [7] that yielded notably impressive approximations in
the special case of counting records in an independent and identically distributed sequence,
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a two-parameter polynomial birth—death distribution was proposed in [8], and an arbitrary
Gibbs measure approximation was developed in [18].

In this paper we propose a Pélya approximation to the Poisson-binomial law, there being
several motivating factors. For starters, it has already been noted that approximations by
signed measures (usually perturbations of common distributions) may be undesirable because
they can be time consuming to use in practice (cf. [24]) and lead to the approximation of
positive quantities with negative quantities (cf. [8]). Moreover, the three parameters of the
proposed Pélya approximation are easy to interpret, relating to the fact that its support, mean,
and variance exactly match those of the Poisson-binomial distribution—a property not shared by
any previously studied approximation. Also, the Pélya approximation is exact in the two special
cases where the Poisson-binomial distribution is in fact either binomial or hypergeometric (see
[34] for a proof that the hypergeometric distribution is a special case of the Poisson-binomial
distribution).

Under a mild restriction on the dispersion of the success probabilities of the individual
trials, our main result, Theorem 1, quantifies the error of the Pélya approximation via an upper
bound on the total variation distance between the Pélya and Poisson-binomial laws; it also
includes a nonuniform upper bound for the distance between corresponding point probabilities.
A subsequent look at the orders of known total variation approximations by distributions
(rather than signed measures) shows that the P6lya approximation is most accurate at least
when the success probabilities are sufficiently tightly clustered. A further numerical study
builds a more precise, yet less general picture. In particular, the evidence would suggest
that the PSlya approximation is preferable for the application of Bayesian hierarchical models
discussed in [24]. However, among the approximations considered, ultimately we see that none
is uniformly most accurate.

Theorem 1 is proved via Stein’s method which is now widely known and used; for a general
introduction, we refer the reader to [2] or [31]. Moreover, with the potential for generalization
we make a modest attempt to give a constructive proof highlighting the mathematical rationale
behind, firstly, the Pdlya distribution as a ‘target’ measure and, secondly, the specific choice
of parameters; the essence being a deductive process used to ensure that the characterising
operator of the approximating measure closely resembles that of the Poisson-binomial law.

There are several directions in which hopefully our result can be extended. In particular,
previous total variation approximations to the sum of independent Bernoulli variables have
been extended to the Wasserstein metric [4], [36], generalised Poisson-binomial distributions
[10], [11], [12], sums of independent Bernoulli vectors [1], Bernoulli processes [35], and sums
of dependent Bernoulli variables [6], [27], [30]. In addition, the P6lya distribution is a three-
parameter, quadratic polynomial birth—death distribution as defined in [8] and also a generalized
hypergeometric factorial moment distribution as defined in [20]; thus, in combining what is
known about the apparently similar families of distributions, there is the potential to increase
the accuracy of approximations through deducing similar results for higher-order polynomials
(see [29] for a more detailed sketch).

2. Definitions and main result

We let I1(n, p, 0) denote a Pélya law with parametersn € N, p € (0, 1), and 0 € R. The
probability mass function ry = I[1(n, p, 0){k} at an arbitrary point k is given by

o (n)p(p+e>~--<p+(k—1)9)q<q+9)~-~(q+<n—k—1)9)
Tk 1+0)1+20)--- (I + (n— 1)d) '
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Here I1(n, p, 0) is a distribution with support equal to {0, 1, ..., n} provided that
A
g~ _L04 )
n—1

(where we use x A y = min(x, y), x Vy = max(x, y), and ¢ = 1 — p here and subsequently);
otherwise, it is a signed measure, generally with infinite support. If, for some positive integers
aandb,a+b >n,p=a/(a+b),and 0 = —1/(a + b), then a hypergeometric distribution
results; if & = 0, a binomial law is recovered. When (1) is satisfied, the mean and variance of
the Pdlya distribution are np and npg((1 4+ n6)/(1 + 6)), respectively. For more background
on the Pélya distribution, see [20].

Now, let Iy, ..., I, be independent indicator random variables with distribution

P(; =1) = p;, P(l; =0) =g, pi+qi=1,i=1,...,n,
and set W = Z?:l Ii,A=EW, o2 = var W. From now on, assume that

1 < 2 1 & 5 ns? 5
PZEZ;Pi» s Zzz;(Pi_P), QZ—T, kK =x(n—A) —o".
1= 1=

Denoting the total variation distance between two measures 4 and v on ZT by

dry (i, v) = sup [u(A) —v(A)l,
ACZ*
we may now state the main result.

Theorem 1. If (1) holds then

sK/n(v/Ao2 + v/A20)
ko2(14+6)2" ' voZ—1)

)_1SK\/E(V)»02 + +/A20)
k2-1v (62 —-2))

drv (LW, Tl(n, p,0)) = @)

[P(W =m) — 7| <2((AVm)—mp+0m(n —m)

where A jr =Y i, pijqf, j,k=0,1,2 and

K? = (n — DAaa(Aaoro2 — A22) — (A12A10 — 222)% — (ho1A21 — A22)? 4+ (A} — A22)”.

Remarks 1. 1. Condition (1) is a restriction on the size of the sample variance of the p; relative
to the sample mean. In particular, a slightly stronger substitute condition is

s < pq(p A q). 3)

Thinking of the p; as independent samples from some parent distribution on [0, 1] helps build
a picture of when this condition should be satisfied and when it should fail. For example, if the
pi resemble a typical sample from any uniform distribution on a subinterval of [0, 1], then (3)
should be satisfied; if they resemble a typical sample from a Beta(c, 8) distribution, then (3)
should be satisfied if and only if

aVp .
aAﬂ§a+ﬁ,

if they form a harmonic sequence (as studied in [7]) then s2=0m YHand p=0m'Inn)
as n — 00, so (3) cannot hold for large n. The reader may extrapolate as they wish.
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2. While Theorem 1 is only proved under assumption (1), some consideration suggests the
condition is not necessary for the approximation to be a good one, only that the approximating
measure be a distribution with support equal to {0, ..., n} rather than a signed measure with
(generally) infinite support.

3. The bounds for drv (LW, I1(n, p, 0)) are invariant with respect to the substitutions p; — ¢,
so in some sense there is a degree of uniform applicability with respect to the magnitude of
the p;s.

4. Tt is evident that as the p; tend towards p, 0 — 0 and so LW — Il(n, p,0) = Bi(n, p) as
is appropriate.

3. Proof of the main result

Theorem 1 was the result of an explorative process aimed at deducing an approximate
characterising operator for .£ W. Recall that the defining property of a characterising operator +
for a measure p is that X ~ u if and only if E 4 f(X) = 0 for all functions f in the domain
of A. Presently, we give a characterising operator for £ W and state some associated properties;
the proofs are deferred to Appendix A. We will use the forward difference notation Af(x) =

O+ 1D = f(x) and A f(x) = AAf (x)).

Proposition 1. A characterising operator for LW is given by
Bf(x)=G—g)flx+1)—(x —gx))f(x),

where

n
gx) = pjE{; | W =x). &
j=1
Proposition 2. With g(x) defined by (4), we have
1. g(0) =0, g(n) =1,
2.0<Agx) <1, x=0,....,n—1,
3. A(g(x)/x) <0, x =1,...,n— 1, with equality if and only if all the p; are equal.

Given the results above, it is intuitive to attempt to approximate £ W with a distribution
whose characterising operator 4 takes the form

Af(x) =R —h@)f(x+1) =@ —=hx))fx),

where the function 4 is chosen to approximate g. Unfortunately, unless all the p; = p are
equal, in which case g(x) = Z?:] pE{l; | W = x} = px, the approximation of g(x) is not
entirely trivial. Nevertheless, we can at least require that any candidate % satisfy the three basic
properties of g listed above; as a point of reference, note that taking 2 = 0 leads to a Po())
approximation, while with 2(x) = Ax/m we recover a Bi(m, A /m) approximation—neither
choice meeting the requirement.

Arguably, the simplest / that meets the stated requirement takes the form

h(x) = px + Yyx(n — x),

with ¢ < (p A g)/(n — 1) to ensure that property 2 of Proposition 2 is satisfied and ¥ > 0 to
ensure that property 3 is satisfied. It is a simple exercise to verify that this latest choice implies
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that u = I1(n, p, —); that the natural choice for ¢ is v = —0 will become evident shortly.
We now proceed with Stein’s method.
For any A C Z4, let f4 be the solution to the Stein equation

Afax) =1a(x) — p(A),
where 14 (x) is the indicator function of the set A. It follows that

drv(LW, n) := sup [P(W € A) — u(A)| = sup [EA f(W)],
ACZy feF

where ¥ = {fa: A C Z}—we shall proceed to bound the right-hand side. Making use of

the conventional abbreviation Wj,..., = W — 3., . I; and assuming that { = —6, we
first show that i
CrsKyn(v/ Aoz + ~/A20)
[BASW)] < =L . ,

where
Cy = max max |[EA?f (Wi +m)|.
m=1,21i,j,k,l

Then, to complete the proof, we verify that

sup Cr < 2 A (02— D7V +0)0217!, (5)
feF
Chim 2@ A (0% =2V m) —mp +Om(n —m)) ™", (6)

provided (1) holds.
Using the fact that E 8 f (W) = 0, we obtain

nEAf(W) =nE{g(W) — h(W)}Af(W)
= E{n Zpili — AW —nyWn — W)}Af(W)
=Y Blpili — pilj —ny L;(1 = I)D}Af(W).

iJ

Now, by interchanging i and j then adding, we obtain

EAf(W) =Y El(pi — pp)Ui — 1}) = nyr(I; = 21 + I))}Af (W),
i,j
= > El(pi — p))Ui — 1)) — nr (i — )} AL (W), )
i,j
since IJZ = I;. Furthermore, since /; + I; = 1 whenever I; # I;, it follows that

Ui = IDAfW) = — IDAf(Wij + 1+ 1) = L — T)Af(W; + 1),

even if i = j, and so (7) may be written as

nEAFW) =Y E((pi — p) (Ui — I} — np (I; — I*JAS (Wij + D).

i<j
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The independence of /;, I}, and W;; then implies that

nEAf(W) =Y (E*(I; — ;) = ny E(li — I))) EAf(Wij + 1). ®)

i<j
Now, if we define
dgf}d =P +1;=2x) —P( + [, =2x), x=0,1,
then a little algebra establishes the identity
EX(L; — 1)) E(le — I)? — B(; — [)*EX (I — 1) = dj)d' + dfd .

Thus, if we choose to let
V= Zi<j E*(I; — 1j)
ndicjBUi— 1>

then substitute into (8), we arrive at
nkEAfW)= Y Y didY P EAFW+ ),
i<j,k<l x=0,1

having made use of the identity ), _ j E; — 1 j)2 = k. Note that our choice implies that
Y = —6. This time, using the symmetry of the pairs (i, j) and (k, /), we obtain
1—
e BAFW)= Y Y dudS D EAf (Wi +1) — f(Wi + D)
i<j,k<lx=0,1

Now, introduce fi’;kl(x) =E f(Wijrr +x+1) and x;j1 € {0, 1}, where x;;y = 11if i, j, k,
and / are all mutually distinct, and x;jx; = O otherwise. Supposing that x;j; = 1, the use of
summation by parts yields

EA{f(Wij+D = f(Wu+ 1} = EA{f,’jkl(Ik +1)) — f[;kl(li + 1)}

2
= A fy P+ I > x) =P + 1j > x)]
x=0

) A2 (1 A2
=d;; A" [ O) + dyy i A fa (D).
A similar calculation accompanies the case x;jx; = 0 and so we obtain
@x) S(1=x),70) 2 (1) A2
2nk EAf(W) = Z Z dii i iy 87 0 O) 4+ dyy o A% g (ijia)-
i<jk<lx=0,1

In the interests of pursuing best-possible bounds, we note that, since A2 flj 1 (X) is constant
with respect to permutations of i, j, k, and /, we could rewrite the above in the form

2 EAFW) = > Y ) AYf ()

a<B<y<dx=0,1

for some coefficients c((xx) s dependent only on {pgy, pg, py, ps}. Unfortunately, given an
arbitrary set of probabilities {p; }l’f:l, it cannot be guaranteed that, for fixed x, the coefficients
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c‘(jg}, s are all of the same sign for each choice of «, 8, y, and —this is in contrast to analogous

binomial and Poisson approximations. Thus, we must trade some accuracy to obtain bounds
computable in a single parse of the p;. Using Cauchy’s inequality, we follow one particular
route among many:

1
x) F(1=x) ;(»)
[EAf(W)| < e Cy § : § , 2 : iz i i il
i<j,k<lx=0,1y=0,1

1 () (=2 (1-x)
O 2 X M )
x=0,1i#j, k#l

1 o m 2]" w 2]’
4_nKCf[ Z (dik,jldjk,il) Z Z(di;kl)
i,k x=0,15,j,k,1
- CrsK/n(v/Ao2 + v/A20)
< p .

Here we have used ), ; k#[(dl.(]??jldj(.}()’ﬂ)z =4K?,

IA

)\2
Z (di(;,)kz)z =2(n*A3) — Ajp) < 4n’hx <?»20 - ﬂ) = 4n>s* 0,
i,j,k,l n
and, similarly, 3, ; , /(d})? < 4n3s%0y.
Now, to establish (5) and (6), we need only combine the following facts. We use the
abbreviation D(X) = dpv(L(X + 1), LX).

1. Using summation by parts,

Cr <2max|Af(x)] max D(Wijk),
X L, J,Ks
(1) 2)
Cr < 4m§1X [ f ()] zn}z}c),(l D(Xijkl)D(Xijkl)’

where the X 1(7,?1, m = 1, 2, are the Poisson-binomial random variables defined below.

2. An explicit formula for fi,,;)(x) is given in [8, Lemma 2.3], from which it follows that
=< A !
X

N =" m) © m — h(m)

3. Also, since (1) implies that A(A — h(x)) <0 < A(x —h(x))forx =0,...,n—1,it
follows from [8, Theorem 2.10] that

= (A Vvm)—mp+0mmn—m))".

max | f{
X

max sup |Af(x)| < max((A VvV x)—xp+0x(n — )c))_1
Y feF X

<O =p)+6rmn—r))!
1
T (1+6)02

4. For any Poisson-binomial random variable X,
D(X) = maxP(X = x) < L (var x)~1/2,
X

where the equality holds since X is unimodal (Newton’s inequality—cf. [19, p. 249]) and
the inequality follows from [3, Lemma 1].
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5. We may decompose Wi = Xl.(?lzl + Xl.(jzlzl in such a way that

J
(1 () (1 *

var Xijkl > var Xijkl > VarXijkl — v,

where v* = maxy var [} < %. Thus,

m=1,2.

min var Wiy > o> — 1, min var X » 2 ,
ijkd I = ivjikl ijki 2
Note that we used D(W;jx) < %(var 14 jkl)_l/ 2 since despite a larger asymptotically non-
dominant term, it improves an analogous bound derived from [23, Corollary 1.6] (and used in
[24]) by a factor of roughly 1.6 in the asymptotically dominant term.

4. Comparison of distributional approximations

It was proved in [16] that, under a mild restriction on A, a binomial law with parameters
n and p is a more accurate approximation in total variation distance to the Poisson-binomial
law than a Poisson law with parameter A. However, it remains a challenging open problem
to find nontrivial subsets of the parameter domain for which an ordering on the accuracies of
known approximations to the Poisson-binomial law can be proved. In the absence of such
results, the best we can offer is an attempt (under space constraints) to give a representative
numerical comparison of the various distributional approximations to the Poisson-binomial law.
The distributions we consider, along with corresponding orders of approximation (which we
do not claim are necessarily sharp), are listed in Table 1. Three numerical case studies and a
summary of conclusions follow.

For each i = 1,...,7 in the first column of Table 1, let u; denote the corresponding
distribution listed in the second column and let 7; be the number of moments of LW that, by
design, are at least approximately matched to those of the approximating law ;. Furthermore,
let e; = dry(LW, u;) and let b; be the upper bound for e; as given in the corresponding
reference. The order estimates in the table are derived from the b; and are intended to be
understood in some asymptotic regime where p — 0, [ := maxy py — ming pr — 0, but
A 4 0. We feel that the order estimates give a reasonable indication of the performance of
each approximation but that they do not tell the whole story. The numerical examples are
intended to advance a broader intuition.

Example 1. In this example we intend to convey the typical behaviour of the various ap-
proximations when applied to the Bayesian hierarchical modelling problem described in [24].

TABLE 1: Approximating distributions for the Poisson-binomial law. The references do not necessarily
cite the original results, merely the equations we use for the purpose of comparison. PBD means the
polynomial birth—death distribution defined in [8].

i Wi m; c¢i:bi = 0(c) Reference

1 Poisson 1 p+1 [6, Equation (1.23)]
2 Binomial 1 2 /p [24, Equation (1.1)]
3 Shifted Poisson 2 (p+ l)/ﬁ [13, Equation (2.1)]
4 PBD 2 (p+0D?/v/r  [8,Equation (3.4)]
5 Binomial 2 LYY [24, Equation (1.2)]
6 Pélya 2 B/(pvk) Equation (2)

7  Shifted binomial 3 2 /A [24, Equation (2.3)]

https://doi.org/10.1239/jap/1346955331 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1346955331

Pélya approximation 753

TABLE 2: Approximation error when the pys are assumed to come from a beta distribution with parameters
o = 2 and B as indicated.

B=2 B=5 B =8 B=11
e; b; e; b; 4] b; €j b;

021775 059962 0.11290 037424 0.07665 0.27188 0.05808 0.21345
0.05371 0.19903 0.03208 0.12400 0.02285 0.08995 0.01774 0.07055
0.00892 0.03924 0.00634 0.02965 0.00522 0.02293 0.00475 0.024 66
0.00463 0.11315 0.00186 0.03856 0.00108 0.02156 0.00073 0.014 32
0.00181 0.04807 0.00077 0.02030 0.00046 0.01214 0.00032 0.008 32
0.00001 0.00736 0.00011 0.00345 0.00009 0.00214 0.00007 0.00149
0.00019 0.01571 0.00025 0.01082 0.00071 0.01873 0.00076 0.01595

NN R W=

TABLE 3: The point tabulated is — log; b;, where the pys are assumed to come from a scaled binomial
distribution with parameters (50, 0.5).

A
10 102 10° 10* 10° 10° 107 108 10° 10

029 029 029 029 029 029 029 029 029 0.29
180 172 170 170 170 170 170 170 170 1.70
027 105 1.61 213 264 315 365 415 465 5.15
028 0.82 132 182 232 282 332 382 432 482
045 199 252 3.02 352 402 453 503 553 6.03
300 342 389 438 488 538 588 638 6.88 738
0 122 223 322 423 524 624 725 826 9.25

NN R W=

In this context, the probability p; represents the chance that patient k£ has an adverse event
at a given hospital, with the number of patients at a typical hospital estimated to be around
n = 1000. A reasonable comparison of the approximations of .£ W might assume that the pys are
independent samples from some beta distribution. However, in the interests of reproducibility,
we instead assume that py = F~'(k/(n + 1)), k = 1,...,n, where F is the cumulative
distribution function of a beta distribution, that is, px = E X (.n), where X ., is the kth order
statistic from a random sample of size n. A summary of the results is compiled in Table 2
for a small variety of beta distributions. The results suggest that the Pélya distribution is the
preferred approximation.

Example 2. Recognizing that the number of moments (at least approximately) matched should
have a growing influence on the ¢;s and b;s asn — oo, despite qualitative differences in ‘shape’
between the p; and LW, a comparison in this regime is also given. Specifically, so that the
empirical distribution of the p;s maintains a ‘bell’ shape, we let py = F~!(k/(n + 1))/50,
k =1, ..., n, where this time F is the cumulative distribution function of the Bi(50, 0.5) law.
We observe b; for A = 10", m = 1, ..., 10 (due to memory overflow, the e; could not be
calculated for the larger values of A). The results in Table 3 show that eventually the shifted
binomial approximation of [24] becomes the clear stand out as the most accurate approximation.

Example 3. Finally, we tabulate results for the example cited in both [8] and [16]. For this,
we assume that W = B; + B, + B3z, where B; ~ Bi(2, l/ﬁ), B> ~ Bi(9, %), and B3y ~
Bi(70, 0.1). The results in Table 4 show that in this case e4, the PBD approximation of [8], is
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TABLE 4: Approximation error for the test case of [8] and [16].

e b;

0.06591 0.23654
0.02938  0.10996
0.02274  0.24560
0.00040  0.07469
0.00480 0.23599
0.00343 0.02014
0.01310  0.669 64

~.

NN AW

smallest but b4 is not as well performing. However, since bg = min; b;, the Pélya approximation
would be preferred if it was necessary to quantify the error.

Based on these examples and further unreported numerical exploration, we conclude that
there is no ‘one-size-fits-all’ uniformly preferable approximation. Moreover, nor can we state
categorically that any approximations have been made redundant in the face of others. Some
more detailed conclusions now follow.

e Given the range of available approximations, it would be surprising if the single moment
matching candidates were ever optimal in terms of accuracy. However, for their simplicity
of use, they may still be preferred by some practitioners.

e If the empirical distribution of the pys is highly skewed and n < 107, the double moment
matching PBD may be optimal, though the estimated approximation error for the PBD
may not reflect well the true accuracy.

e If the empirical distribution of the pys is not highly skewed and A < 10°, the double
moment matching Pélya approximation is likely to be the most accurate approximation
and accompanied by relatively sharp error estimates.

e If 1 >> 10°, the three moment matching shifted binomial approximation is very likely to
be the most accurate approximation.

Appendix A

Proof of Proposition 1. We use Stein’s method of exchangeable pairs. The initial part of the
derivation appears in [14].

Construct an exchangeable pair (W, W’) by choosing an index J uniformly from {1, ..., n}
and recasting the random variable I;. Thatis, we set W' = W —I;+1’, where I’ is independent
ofthe{lj}andP(I’ =1|J=j)=p;= 1-P(I’ =0 | J = j). Now,sinceE F(W, W) =0
for any antisymmetric F' (see [31]), we see that if

Bf(x) =nE{lgw=w—1y fFW) — Lyyr=w_1y f(W) | W =x}
then B is a characterising operator for W. Evaluating the expectation, we obtain

BfX)=nPW =W+1|W=x)fx+1)—nPW =W—1| W =x)f(x)

D E(—Ippj | W=x}f(x+1) =Y E{[;(1—pj) | W=x}f(x)
j=1 j=1

=G —g))fx+1) —(x —gx)fx).
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Proof of Proposition 2. The first statement of the proposition is immediate from the defini-
tion of g. For statement 2, note that if the result holds for arbitrary { p; } then Ag(x) > 0 implies
that Ag(x) < 1 through making the substitutions [, =1 — I, p; =1 — pr =EI;,and W' =
n—W =", I. Thus, we need only show that E{I; | W = x} is increasing in x for arbitrary k.
Using the shorthand a, = P(W; = x) and the identity P(W = x) = pra,_1 + (1 — pr)ay,
simple algebra yields

Pre(1 — pr)
P(W=x+1)P(W =x)

E{lt |W=x+1}—E{l | W=x} = (@ — ayy1a,-1),

which is positive on account of Newton’s inequality (cf. [19, p. 249]).

Now for statement 3. Ifallthe p; = p areequal then g(m) = pm and, clearly, A(g(m)/m) =
0 for each m. Thus, assuming that p; > p» > --- > p, with at least one p; distinct from
another, we shall now prove the strict inequality by establishing a strong stochastic ordering of
the random variables {Y,,}; _, with distributions

1
P(Y,, =k)=—E{l | W =m}, k=1,...,n.
m

For arbitrary but fixed m > 1 and each k, let

b _POppi=k)  m  PWe=m) PW=m)
T T PWpy=k) m+IPWi=m—DPW =m+1)

Clearly, by > b; if and only if

PWe=m) _ PWj=m) _ ©
PWi=m—1) PW;=m—1)

Cross multiplying and using the identity
PWi=m)=piPWjx=m—-1)+A~-p)PWj =m),
it is seen that (9) is equivalent to
(pj — POPWjx =m — 1)> =P(Wjx = m)P(Wj =m —2)) >0,

and, hence, also p; > pj (again by Newton’s inequality). Combining this with the ordering of
the pis, we conclude that by < by < --- < b, and at least one by differs from another. Now,
by Lemma 1 below, this further implies that

P(Ypat = k) >P¥u > k), k=2,....n,

from which a simple summation by parts yields

gim+1) g(m)
m + 1 me+1 me m
Lemmal. Letay,...,a, and by, ..., b, be two sequences of positive real numbers such that

by < by < --- < by, with at least one b; distinct from another. Then,

Z?:k aib; - Z?:k ai
Z?:l a;b; Z?:l ai '

k=2,...,n. (10)
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Proof. By cross multiplying and using the decomposition Y ;_; = Zf;ll + Y7, we see

that (10) is equivalent to

n

n k—1 k—1
ZaibiZai >Zai2aibi. (11)
i=k

i=1 i=k  i=1
Now, applying the ordering of the b;s, it follows that

n n k—1 k—1
i—k aibi = by Z,’:k ai by Z,':l a; - Z,:l a;b;
n .= n o k—1 = k—1
i=k i Zi:k a; Zizl aj Zi=1 a;

3

where at least one of the inequalities is strict if not all the b;s are equal. Cross multiplying
again, we recover (11) and, thus, the lemma is proved.
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