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Abstract

We consider a generalized telegraph process which follows an alternating renewal process
and is subject to random jumps. More specifically, consider a particle at the origin of
the real line at time ¢+ = 0. Then it goes along two alternating velocities with opposite
directions, and performs a random jump toward the alternating direction at each velocity
reversal. We develop the distribution of the location of the particle at an arbitrary fixed
time ¢, and study this distribution under the assumption of exponentially distributed
alternating random times. The cases of jumps having exponential distributions with
constant rates and with linearly increasing rates are treated in detail.

Keywords: Jump-telegraph process; alternating renewal process; exponential random
time; random jump
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1. Introduction

The telegraph process describes a random motion on the real line, where at each epoch of a
Poisson process the speed of the running particle switches alternately between a positive (say c)
and a negative (say —v) preassigned velocity. Such a stochastic process has been investigated by
several authors (see the initiatory contributions by Goldstein [11] and Kac [13]). Its probability
density satisfies a hyperbolic differential equation, whose probabilistic properties were studied
for instance by Orsingher [17] and Beghin et al. [1]. Moreover, the book of Pinsky [19] contains
various results on the telegraph process, with its generalizations and applications. Some one-
dimensional generalizations of the telegraph process include the case of random velocities (see
[24]), and the case of switching times governed by Erlang-distributed random variables (see
[6]) or by an alternating renewal process (see [26]). The problem of the parametric estimation
of the underlying rate of the Poisson process has been faced recently by De Gregorio and Iacus
(4], [5].

The telegraph process deserves interest in various applied fields, such as actuarial and
financial mathematics. For instance, we recall [16], where the relevance of the link between
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Telegraph process with random jumps 451

hitting times of risk processes and of wave governed random motions has been pinpointed.
Moreover, a geometric telegraph process was proposed by Di Crescenzo and Pellerey [9] as a
model to describe the dynamics of the price of risky assets. Aiming to refine such processes and
looking for a model which is free of arbitrage and is complete, the jump-telegraph process has
been recently introduced and studied by Ratanov [20], [21], and [22] and Ratanov and Melnikov
[23]. This process includes the occurrence of a deterministic jump along the alternating direction
at each velocity reversal. Other results on the jump-telegraph process, which include some limit
theorems, are provided in [8] and [14]. Moreover, an application to option pricing models of
the telegraph process with random jumps has appeared recently in [15].

According to the research stream described above, and following an approach based on
investigating certain underlying compound renewal processes, in this paper we obtain the
probability law of a generalized jump-telegraph process, say X (¢), subject to random jumps.
In Section 2 we introduce in detail the model in its general form, and in particular define the
random time W (¢), which describes the total time traveled by the particle with positive velocity
up to time . In Section 3 we express the distribution of W (¢) in terms of an auxiliary compound
renewal process. This allows us to obtain, in Section 4, the distribution function of X (¢) in
series form. Section 5 is devoted to investigating such distribution functions when the random
times separating ¢onsecutive jumps are exponentially distributed. Two special cases are treated
in detail, i.e. when the random jumps have exponential distribution (i) with constant rates, and
(ii) with linearly increasing rates.

Finally, we remark that the main technique adopted in this paper, which is based on the
examination of underlying compound renewal processes, has been suggested by previous
investigations (see [18] for the analysis of compound Poisson processes with jumps), and has
recently been successfully exploited by Bshouty et al. [3] for the study of a telegraph process
with random delays. Furthermore, it should be noted that the results shown in the paper are
also of interest to the analysis of growth—collapse models (see, for instance, [2]).

2. The process

Let {(X(¢), V(¢)); t = 0} be a generalized jump-telegraph process on the real line, where,
as usual, X (r) and V (¢) respectively denote the position and velocity of the moving particle
at time . We assume that X (0) = 0 and that, without loss of generality, the initial velocity
is positive, i.e. V(0) = c¢. The motion thus goes upward for a random time U, at velocity ¢
(c > 0), and then goes downward for a random time D at velocity —v (v > 0). Owing to the
presence of random jumps, after the random time U the process reverses the direction from
upwards to downwards, but it jumps first upward a random height of length Jl(U) > 0, i.e.

X(U)=cUy, XU =cUy +JI<U>,

The process then proceeds downwards for a random time D) and then makes a jump down of
length —JI(D) < 0,i.e.

XU +DD)=cUi—vD +JV, XU +Dp*)=cUi—vD + IV - J®.

This is one cycle of movements and jumps. After the first cycle a second cycle starts, and so on.
All cycles are independent and follow the stochastic laws described below. More specifically, let
{U1, U, ...} be a sequence of independent and identically distributed (i.i.d.) positive random
variables, corresponding to movements upwards, having a common continuous distribution
Fy(-), with density fy(-). Similarly, let {D;, D, ...} be a sequence of i.i.d. positive random
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452 A. DI CRESCENZO ET AL.

X(t)A
7 ng?\
. ~J(ID)1/ —J(ZD)i/
0 U, ' D, U, D, C

FIGURE 1: A sample path of X (¢).

variables for downwards movements, with a common distribution Fp(-) having a density fp(-).
As customary, for any distribution function F(¢), we set F(t) = 1 — F(t). For the jumps, let
) (D) . R
{Jo ', n>1}and {J, ", n > 1} be sequences of continuous lPosmve independent random
variables. We also assume that {U,, n > 1}, {Dp, n > 1}, {7\, n > 1}, and (J{®, n > 1)
are mutually independent. In Figure 1 we plot a realization of {X(¢), t > 0}. We are interested
in the distribution of X (¢), at a fixed time point, 0 < t < +o00.
Let W(z), 0 < W(t) < t, denote the total time in (0, 7] that the process X (t) was moving

up, i.e.
'
W(t)=/(; 1{v(s)=c} ds. @))]

The distribution of random time W (¢) is developed in the following section.
For 0 < w < +00, let us define the counting process

n
NU(w)=max[n20: Y u gw}, )
i=1
where, as customary, we assume that Z?=l U; = 0. Since every up movement is followed
by an upward jump, the number of upward jumps in (0, t] is Ny[W (¢)]. Moreover, since up
movements and down movements alternate, the number of down jumps in (0, ¢] is

Ny[W(1)) ifV(@) =c,

. €)
NulW®O] -1 if V() = —v.

Np[W(@)] = l

Note that, due to (2), for w > 0, we have
P{Ny(w) = n} = FP(w) — F¥*Pw),  n=>0, 4)

where F{J" (w) is the distribution function of Uy + -+ Un, n > 1,and K (w) = 1, w > 0.
In the following, the F” (w) will be defined similarly to F” (w), and their density will be
denoted as f,g") (w) and fé")(w), respectively. Note that if Ny(w) = 0 then the moving particle
is in the rising phase of its first cycle and, thus, V(w) = c. Thus, if W(t) = w then

Ny(w) Np(w)
X =cw—vit-wy+ Y JV->Y JP >0 )
n=1 n=1

In the following section we investigate the probability law of the total time defined in (1), which
will be useful to study the distribution of process X () in Section 4. In the latter section the
case of negative initial velocity will also be discussed.
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Telegraph process with random jumps 453

3. The distribution of total time, W (¢)
We define the compound renewal process {Y (w), w > 0}, where

Ny(w)
Yw)= )Y Dn, w20, 6)

n=0

with Do = 0. The cumulative distribution function of Y (w) is

+00
Fy(yiw) =P(Y(w) <y} =Y P(Nuw) =n}Fy°(G),  y=0. )
n=0

Note that Fy(0~; w) = 0, Fy(0; w) = Fy(w) = 1 — Fy(w), and, for w > 0, the probability
density of process (6) is

+0o
fr;w) =Y P{Nuw) =n}f5"(y), y>0. ®)
n=1

We remark that the total time process (1) identifies with the stopping time
W) =inf{w > 0: Y(w) >t — w}, 0<w<t<+o0. 9

Furthermore, note that
() if V@) =cthenY[W(@)] =1t — W(),
(i) if V@) = —vthen Y[W(@)] >t — W().

Examples concerning cases (i) and (ii) are shown in Figure 2. In the following we express the
absolutely continuous component and the discrete component of the probability law of W (z).

Proposition 1. The probability law of W (t) is expressed by

P{W(@) > w} = Fy(t — w; w)
+00
=Y IFw) - SR ¢ -w), 0<w<z,  (10)
n=0

and by
P{W () =t} = Fy(@).

Proof. The proof easily follows from the relation between processes W(¢) and Y (w), given
by (9), from the increasingness of Y (w), and from (4) and (7).

The probability law of W (z) has an absolutely continuous component, whose density will
be denoted fw (w; t). It will be expressed in terms of the following subdensities:

Vew, 1) = <—PW () < w, V() = ),
dw

VoW, 1) = ——PW () < w, V() = ).
dw
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454 A. DI CRESCENZO ET AL.
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FIGURE 2: Sample paths of Y (w) and W (z), where V() = ¢ (top) and V (t) = —v (bottom).
Corollary 1. The density of W(t) is given by

fww;t) = Ye(w, 1) + Yy—p(w, 1), O<w<t, a1
where oo
Ve(w, 1) = fr(t —w, w) = Y _[FS"w) — F§*P )l £ — w) (12)
and oo "
Voo, ) =Y [FP( —w) — F§H0 @ — w1 f§D w). (13)
n=0

Proof. If V(t) = c, which corresponds to the top diagram of Figure 2, then W(¢) = w if
and only if Y (w) = t — w. Hence, the subdensity Y. (w, t) is equal to fy ( — w, w). This gives
the first identity of (12), whereas the second identity immediately follows from (4) and (8).
Equation (13) is obtained by a similar reasoning and recalling that V (0) = c. The proof of (11)
follows by differentiation of (10), and by rearranging the terms.
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Telegraph process with random jumps 455

4. The distribution of particle position

In order to determine the distribution function of X (7), we give some necessary notions.

The jumps random variables {(J,SU), J,fD)), n > 1} are independent of {U,, D,, n > 1}.
Therefore, (J,SU), J,fD)) are conditionally independent of {Ny(w), w > 0}, given {Ny(w) =
n}. Let us define the net displacement performed by the effect of jumps at the nth cycle:

Z,=JUV —y®  p>

Note that the random variables Z,, n > 1, are independent, but not necessarily identically
distributed. Let us now introduce the distribution functions

AV =P+ + IV <x), BP0 =P+ + 1P <x), (14)

for x € R, and let a™ (x) and b (x) be the corresponding probability densities. Moreover,
for z € R, we define the two distribution functions

o0
KM@ =PZ+ - +Z, <2} = / AP (z 4+ y)b™ (y)dy (15)
max(—z,0)
and
- o0
RO =PIZy 4+ Zny + IO < 2} = / AP + bV dy.  (16)
max(—z,0)

They are involved in the probability law of X (¢), as shown in the following theorem.

Theorem 1. The distribution function of X (t) is, fort > 0and § € R,
P{X(1) < &) = Fu(®) Ligzer)
+00 o
+y / (K™E + vt —wle+o)IFSw) — F§H )l £ — w)
n=1 0

+ KM E+ vt —w(c+v)
x [FY " —w) — FP (= w8 (w)) dw. (17)

Proof. Since P{X(t) < & | W(¢t) = t} = 1ys<¢}, and making use of (11), the cumulative
distribution function of X (#) can be expressed as

t
P{X (1) < &) = Fu(®) 1icr<g) +/0 P{X(1) <& | W) = wie(w; 1) dw
t
+f0 P{X (@) <& | W) = why_y(w; 1) dw.

Recalling (15) and (16), owing to (5), we have

P{X(t) <& | W) =w, Nuyw) =n, V(@) =c} = K™E + vt — w(c +v)) (18)
and
P{X(t) <& | W) =w, Nuw)=n, V(1) = —v} = KDE + vt —w(c+v)). (19)
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456 A. DI CRESCENZO ET AL.

Moreover, it is not hard to see that, for n > 1, we have

[ w) = FSP )l 8@ — w)

P{Ny(w) =n | W) =w, V(t) =c} = VD) (20)
and
(n—1) (n) (n)
P{Ny(w) =n | W) =w, V(@)= —-v} = [FD (0 -w - w)]f (w). 21
'/f—v(w, t)

Hence, from (18)—(21), it follows that
PIX) <& | W) =w, V() =c}

+00
=7 (:U. 0 Y K™ E + vt —wie + IR W) - FFTP g —w)  (22)
T n=t

and
PIX@t) <& W@ =w, V(@) =—v)

+00
Y RO vt - wie+ OIFST - w) - FE @ - ) £ ). @23)

Y_y(w;t) el
We note that the conditional distribution of V (¢), given W (¢), is
_ oy Ye(win) _ _on . Y(wi)
PV =c| WO =w)=220s, PVO = —v | W) =w)= 0

so that from (22) and (23) we obtain
P{X() <& W) =w)

1 +00
=WZ{K‘">(s+vt w(c +v)IFS w) — F§H P )l f57 ¢ -

+ R +vr—wc+o)Fy e —w) - F - w)]fé")(w)}
Distribution (17) thus finally follows.

The remaining part of this section is devoted to the analysis of the random motion when the
initial velocity is negative. Let us denote by X*(z), ¢ > 0, the position of the particle at time ¢
when V(0) = —v. In this case the motion goes downward for a random time D at velocity
—v, then an instantaneous downward jump of random length — J < 0 occurs. The motion
thus goes upward for a random time U] at velocity ¢, and an mstantaneous upward jump of
random length 7Y h )50 finally occurs. This concludes the first cycle of movements and jumps.
The second cycle then starts and the motion proceeds so on. In this case, similarly to (3) we
define
Ny[W(@)] ifv@) = —v,

NulW@®)]1+1 ifV(@) =c.

Hence, when the initial velocity is negative, if W(#) = w then the particle position at time ¢
can be expressed as

Np[W(®)] = [

Ny(w) Np(w)
X*O)=cw—v(t—w)+ Z J,fU)— Z J,SD), t >0, 24)
n=1
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Telegraph process with random jumps 457

in analogy with (5). The probability law of (24) is thus similar to that of X(¢), due to the
symmetry of the sample paths of the two processes. Indeed, the following result holds in
analogy with Theorem 1, and therefore the proof is omitted.

Theorem 2. The distribution function of X*(t) is, fort > 0and § € R,

P(X*(t) < &} = Fp(t) Lg<—uy)
+00 L
+ Z/ (K™ (=& +ct — w(c + )IFS w) — FY P @) f§7 ¢ = w)
n=1 0

+ K™ (=€ +ct — w(c+v))
x [F D —w) — F 4 = w)) £ (w)} dw.

In the following section we consider some special cases.

5. Exponential times

Let us now assume that the random times separating consecutive jumps (and velocity
changes) have exponential distribution. Specifically, for all n = 1,2,..., let U, and D,
be exponentially distributed with parameters n and 6, respectively, i.e.

Fux)=1—e™ ", Fp(x) =1 —e~ %, x> 0. (25)

In the following, for a Poisson distribution with mean ¢, the probability mass function and
the cumulative distribution function will be respectively denoted as

n

" e ¢
p(n, o) = —e Y Py =e ‘Z(;l—' n=0,1,2,.... (26)

Hence, we have F[(J")(w) =1—-P(n-1,nw), w > 0. Lemma 1 below thus follows.
Lemma 1. Forw > 0andn = 1,2, ..., the assumptions in (25) yield
(R w) = F§P )l 57t — w) = 6p(n, nw)p(n — 1,6 — w))
and
(A~ = w) = Fy” (1 = w)l 5" (w) = np(n = 1, qw) p(n — 1,6(c — w)),
with the function p(-, -) defined in (26).

5.1. Exponential times and exponential jumps
We consider the case in which the jump lengths J,((U) (and Jk(D)) are exponentially distributed

andi.i.d. fork = 1,2, .... Hence, assume that
PUY <xj=1-e,  PUP <xj=1-e*, x>0 QN
We recall that, by the Poisson-gamma relationship, forn = 1,2, ..., from (14) we have the
Erlang distribution
n—1 ()»x)i
AP@) =1-Pn-LAx)=1-e™)Y 2 x>0,
—
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458 A. DI CRESCENZO ET AL.

where P(-, -) is defined in (26). The densities corresponding to A™ (x) and B™ (x) are thus

)\nxn—l n. n—1

e M b (x) = a el x>0.

(n—1! ’ (n—1) ’
By using (17), the following theorem gives explicit formulae for K ™ (z) and K ®(z).

a®(x) =

Theorem 3. Let the random times and the jumps be exponentially distributed as respectively
specified in (25) and (27). Then, forn > 1 and z € R,

nn—1 k
) B U n+k—1)( A ) . }
K (Z)—l(zzo)ll (—)»‘*‘M) kgo( ¢ _)~+l/« Pin—k—1;12)

+ 1[z<Ol{P(" — 15 ulz|)

nn—1 k
uw n+k-—1 A
—(_)»+IL) 2( ' )(—A+u) Pin+k—1,(A+ wlz|)

k=0
n—k—1 !
A
X Z e_)‘z(l—z')}. (28)
1=0 '

Similarly, forn > 1 and z € R,

n—1n—1 k
. k—2\( A
K(")(Z)=1{zzo|{1—(xi—u) Z("+k )(m) P(n—k—l;kz)]

k=0
+ 1[z<0,n22}{P(n = 2; ulzl)

() ) )
At+pu pard k At
n—k—1 (X_Z)I_}

X P(n+k=2 G+ mlzh) Y e
=0 ’

(29)

Proof. For z > 0, according to (15), we have

00 _ )»'(z+y)’ u yn 1 B
(n) — Az+y) wy
K (Z)_/o ( yz )(n—w )dy
§ : E : n+k—1_,—
=1- n—l)' i! () ./ e dy
v V'~ [(n+k-1 A
: ()»‘HL) k=0( k )()»+M) Pln—k ) G0

n,n—1

K™ () = f Pl = P — L+ 1Y _emr dy, 31)
. (=1

whereas, if z < 0,
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Telegraph process with random jumps 459

By some manipulations similar to those in (30), for z < 0, we have

nn—1 k
“0=ro- - (H) T () (25)
K" (@) =Pn—1;ulz) (A+u) Z( k At u

k=0
n—k—1 1
A
x P(n+k=1,(+wlz)) Y e—“ﬁ. (32)
— T

From (31) and (32), we thus obtain (28). Finally, (29) can be derived in a similar manner.

The functions K ™ (z) and K™ (z) evaluated in Theorem 3 are essential to obtaining the
distribution function of X (¢) via Theorem 1. However, an explicit form for P{X (t) < &} is
very hard to obtain. Hence, we are forced to adopt a computational procedure finalized to its
numerical evaluation. This is performed by substituting z = & + vt —w(c+v) in (28) and (29),
and taking into account the relations given in Lemma 1. Use of such quantities is thus made
in (17) to numerically evaluate the distribution function of X (). We omit the computational
details and present in Figure 3 some plots of the corresponding probability density function
fx, (&) := dP{X(¢) < &}/dt. They show that the density spreads out when ¢ increases, which
is in agreement with the behavior of the probability densities of similar processes studied in the
past (see, for instance, the telegraph process with constant jumps studied in [8]). Moreover,
a straightforward comparison shows that, for fixed ¢, the densities obtained in the case of
random jumps are smoother than those obtained when the jumps are constant. In addition,

fx(§) fx(§)
=T 0.251 =5 0.251
0.201 0.20 1

. £ ' &
5 5 10
0.151
4 0.10 1
r T — - . T &
0 5 10 15 20 - 10 0 10 10 20

FIGURE 3: Density function of X(t) forA = u =1,n=60 =1, ¢ = v = 1, and some choices of t for
exponential times and exponential jumps treated in Section 5.1.
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460 A. DI CRESCENZO ET AL.

Figure 3 confirms that the density fx, (§) has three differentexpressionsintheintervals§ < —uvt,
—vt < & < ct,and & > ct, depending on the form of K®™()and K™ () in (17).

5.2. Exponential times and exponential jumps with linear rates

Stimulated by the examples of the stochastic models treated in [7] and [10], in this section we
study the case in which the jump lengths are exponentially distributed with linearly increasing
rates. Specifically, we assume that the random variables Jk(U) and Jk(D), k=12,..., have
exponential distribution with linear rates Ak and uk, respectively, so that

PV <xj=1-e™,  PUP <xj=1-eH* x>0, (33)
with A, u > 0. From (14) we have, forn =1, 2, ...,
APy =1 -, BPx)=0-e*)", x>0 (34)
The corresponding densities are thus
aWx)=n1—e ™) e™, W) =nl—e*) " lue ™,  x>0. (35)

This can be seen, for instance, from Lemma 1 of [25]. Hypothesis (33) implies that the mean
jum}) sizes ]E[Jk(U) 1= ()~ ' and ]E[.Ik(D)] = (uk)~! decrease when k increases, since .Ik(U) and
Jk(D are stochastically decreasing with k. It follows that the sequence of jump sizes exhibits a
damped character.

The following theorem gives explicit formulae for K ™ (z) and K™ (z).

Theorem 4. Let the jumps be exponentially distributed with linear rates as specified in (33),
withd > 0and u > 0. Then, forn > land z € R,

- A
K(n)(z) — 1{z>0]n Z (n)(_e‘“)kB(l +kZ, n)
A\ K

n
n _ A
+1g<on ) (k)(—e “)"B(e"z; L4k n) (36)
k=0
and

~ n n _ )"
K™ (2) = 120)(n — 1)}; (k)(—e )‘Z)kB(l +k;,n — 1)

- A
+ <0 (n — 1) 2 : (Z)(-e—'\Z)"B(e“Z; 1+k=,n— 1), (37)
k=0 K

where B(a, b) is the beta function and B(x; a, b) is the incomplete beta function.

Proof. Recalling (15)—-(16) and (34)—(35), the proofs of (36) and (37) immediately follow
upon noting that, for any a > 0,

+00
/ a- e—A(z+y))nn(1 — e—uy)n—lue—uy dy
a

= (n Azyk et kA 1
=n (—e™*?) f kMm@ = x)r=1dx,
,;(k) 0

and making use of the definition of the beta and incomplete beta functions.
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Remark 1. If 4 = X then (36) and (37) can be rewritten in the following alternative way. For
n>1,

K™(2) = 12002 Fi (—n, Lin + 1;e7%) + 1(z<01n z_ ]eMzFl(—" +1, L4218,
R (@) = Lmopa Fy(—n, 1 ms e~ + 1{z<0,: -|_- :elzzFl(—n +2, Lin+2;eM),
where 400
2Fi(a, b;c;2) = Z(a_zgnﬂ%

n=0

is the hypergeometric function, with (a)o = 1 and (@), =a(@a+1)---(a+n—1) forn > 1
(the rising factorial). In this case, the expressions of K (z) and K™ (z) follow from (15),
(34), and (35), and making use of Equation 3.197.3 (when z > 0) and Equation 3.197.8 (when
z < 0)of [12].

Resorting to Theorem 1 and Lemma 1 the distribution function of X (¢) could be analytically
evaluated. However, its expression is omitted, being very cumbersome. We only mention that,
under the assumptions of Theorem 4, it can be shown explicitly that the distribution function
of X (t) has different expressions in the following domains: § < —vt, —vt < & < ct, & > ct.

In conclusion, Figure 4 shows some plots of the density fx, (§) for various choices of t. We
note that the behavior of such a density is similar to, but more peaked than the density given

fx(&) fx(&)
=1 0.25 1 = 0.254
0.20

- " ; y y - § y " " - y &
—-10 -5 0 5 10 15 20 —-10 -5 0 5 10 15 20
FIGURE 4: Density function of X(f) forA = u =1,7=6 = 1,¢ = v = 1, and some choices of 7 for
exponential times and exponential jumps with linear rates treated in Section 5.2.
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in Figure 3. This is a consequence of the involved jump distributions (27) and (33). Indeed, for
fixed values of A and w, in this case the jumps are stochastically smaller than those of Figure 3.
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