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CONTINUUM AB PERCOLATION AND AB RANDOM
GEOMETRIC GRAPHS

By MATHEW D. PENROSE

Abstract

Consider a bipartite random geometric graph on the union of two independent homoge-
neous Poisson point processes in d-space, with distance parameter r and intensities A
and p. We show for d > 2 that if A is supercritical for the one-type random geometric
graph with distance parameter 2r, there exists p such that (A, w) is supercritical (this was
previously known for d = 2). For d = 2, we also consider the restriction of this graph
to points in the unit square. Taking u = tA for fixed 7, we give a strong law of large
numbers as A — oo for the connectivity threshold of this graph.
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1. Introduction and statement of results

The continuum AB percolation model, introduced by Iyer and Yogeshwaran [3], goes as
follows. Particles of two types, A and B, are scattered randomly in Euclidean space as two
independent Poisson processes, and edges are added between particles of opposite type that are
sufficiently close together. This provides a continuum analogue of lattice AB percolation which
is discussed in, e.g. [2]. Motivation for considering continuum AB percolation is discussed in
detail in [3]; the main motivation comes from wireless communications networks with two
types of transmitter.

Another type of continuum percolation model with two types of particle is the secrecy random
graph [9] in which the type-B particles (representing eavesdroppers) inhibit percolation; each
type-A particle may send a message to every other type-A particle lying closer than its nearest
neighbour of type B. See also [7]. Such models are not considered here; they are complementary
to ours.

To describe continuum AB percolation more precisely, we make some definitions. Letd € N.
Given any two locally finite sets X, Y C R?, and given r > 0, let G(X, Y, r) be the bipartite
graph with vertex sets X and Y, and with an undirected edge {X, Y} included for each X € X
andY € Y with | X — Y| <r, where || - || is the Euclidean norm in R (our parameter r would
be denoted 2r in the notation of [3]). Also, let G (X, r) be the graph with vertex set X and with
an undirected edge {X, X'} included for each X, X' € X with | X — X'|| <r.

For A, u > 0, let #, and @, be independent homogeneous Poisson point processes in R4
of intensity A and y, respectively, where we view each point process as a random subset of R9.
Our first results are concerned with the bipartite graph G(Py, @, r).

Let 4 be the class of graphs having at least one infinite component. By a version of the
Kolmogorov zero—one law, given parameters r, A, i (and d), we have P[G(P;,, @, 1) € I] €
{0, 1}. Provided r, A, and u are sufficiently large, we have P[G(P;,, @y, r) € 4] = 1; see [3],
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or the discussion below. Set
pe(r, &) = inf{u: P[G(Py, Qy, 1) € I] = 1},

with the infimum of the empty set interpreted as +o00. Also, for the more standard one-type
continuum percolation graph G (%, r), define

Ae(2r) i= inf{r: P[G(Py, 2r) € 4] = 1},

which is well known to be finite for d > 2 [2, 5], but is not known analytically. By scaling
(see Proposition 2.11 of [5]), A.(2r) = r~4x.(2), and explicit bounds for A.(2) are
provided in [5]. Simulation studies indicate that 1 — e ™™*® ~ 0.67635 for d = 2 [8]
and 1 — e~ @/3%2) ~ 0.28957 ford = 3 [4].

Obviously, if G(Py,, @, r) € J then also G(Py,2r) € 4, and, therefore, a necessary
condition for u.(r, 1) to be finite is that A > A.(2r). In other words, for any r > 0, we have

AB ) = inf(h: pe(r, A) < 00} = Ac(2r). (1.1)

For d = 2 only, Iyer and Yogeshwaran [3] showed that the inequality in (1.1) is in fact an
equality. For general d > 2, they also provided an explicit finite upper bound, here denoted by
A28 for AAB(r), and established explicit upper bounds on . (r, 1) for A > 2B (r). Note that
even for d = 2, their explicit upper bounds for u.(r, A) are given only when A > X?B (r), with
):CAB (r) > A.Q2r) for all d > 2; for the case withd =2 and A.(2r) < A < XCAB (r), their proof
that . (r, 1) < oo does not provide an explicit upper bound on w.(r, A).

In our first result, proved in Section 2, we establish for all dimensions (and all » > 0) that
the inequality in (1.1) is an equality, and provide explicit asymptotic upper bounds on p.(r, A)
as A approaches A.(2r) from above. Let m; denote the volume of the ball in d dimensions with
unit radius.

Theorem 1.1. Letd > 2 andr > 0. Then
(i) AMB(r) = rc(2r), and
(i) with A = A.(2r),

e 48 422\4
lim sup(%) < <—> d*d + Dny. (1.2)
510 6~ |10g5| r

Our proof (see Section 2) is based on the classic elementary continuum percolation tech-
niques of discretization, coupling, and scaling. We also indicate how, for any given A > A.(2r),
we can compute an explicit upper bound for p.(r, 1) (see (2.7) below).

It would be interesting to try to find complementary lower bounds for . (7, A). An analogous
problem in the lattice is mixed bond-site percolation, which similarly has two parameters. For
that model, similar questions have been studied by Chayes and Schonman [1], but it is not clear
to what extent their methods can be adapted to the continuum.

Our second result concerns full connectivity for the AB random geometric graph, i.e. the
restriction of the AB percolation model to points in a bounded region of R?. For A > 0, let
!Pf =2, N[0, 11 and (QE = @, N[0, 1]¢ (these are finite Poisson processes of intensity A;
hence, the superscript F). Given also t > O and r > 0, let §' (%, 7, r) be the graph on the vertex
set J/"f , with an edge between each pair of vertices sharing at least one common neighbour in
G(PE, @k, n.
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Let §%(A, 7, r) be the graph on the vertex set (,‘Zf)\, with an edge between each pair of vertices
sharing at least one common neighbour in G(!Pf , (,‘25\, r). Then G(J’kF , (,‘ka, r) is connected,
if and only if both §' (A, 7, r) and Q,Z(A, T, r) are connected.

Let X be the class of connected graphs, and let

Pn(T) = min{r: 9,1(71, T,r) € K},

which is a random variable determined by the configuration of (%, @;,). It is a connectivity
threshold for the AB random geometric graph. Let us assume that JPf and (QE are coupled for
allA, u > Oasfollows. Let (X1, Y1, X2, Y2, .. .) be asequence of independent uniform random
d-vectors uniformly distributed over [0, l]d. Independently, let (V;, t > 0) and (Nl’ ,t>0)
be independent Poisson counting processes of rate 1. Let fPf = {X1,..., Xn,} and (QE =
{Yl""’YNL}‘ .

In Section 3 we prove the following result, with ‘—>’ denoting almost-sure convergence as
n — oo (withn € N).

Theorem 1.2. Assume thatd = 2. Let t > 0. Then

’77'[(;0n("-'))2 a.s. (1 1)
— —> max .

- = (1.3)
logn

T

Remark 1.1. The restriction to d = 2 arises because boundary effects become more important
in higher dimensions (and d = 1 is a different case). It should be possible to adapt the proof
to obtain a similar result to (1.3) in the unit forus in arbitrary dimensions d > 2, namely,
ng(pn(t)?/ logn 25 max(1/z,279), although we have not checked the details.

Remark 1.2. Iyer and Yogeshwaran [3, Theorem 3.1] gave a.s. lower and upper bounds for
pn (7) in the torus. The extension of our result mentioned in Remark 1.1 would show that the
lower bound of [3] is sharp for z < 2¢, and improve on their upper bound.

Notation. Given a countable set X;, we write |X| for the number of elements of X and if
also X C R4, given A C RY, we write X (A) for | X N A|. Also, for a > 0, we write aA for
{ay: y € A}. Let ‘@’ denote the Minkowski addition of sets (see, e.g. [6]).

2. Percolation: proof of Theorem 1.1

Fix r > 0, and let A > A.(2r). We first prove that u.(r, A) < 00; combined with (1.1)
this shows that )L?B (r) = Ac(2r), which is part (i) of the theorem. Later we shall quantify the
estimates in our argument, thereby establishing part (ii).

Choose s < r and v < A such that P[G(P,,2s) € ] = 1. This is possible because
decreasing the radius slightly is equivalent to decreasing the Poisson intensity slightly, by
scaling (see [5]; also the first equality of (2.5) below). Sett = (r + 5)/2, and let ¢ > 0
be chosen small enough so that any cube of side length ¢ has Euclidean diameter at most
t—s= %(r —5). Fora > 0, let p, := 1 — exp(—&a), the probability that a given cube of
side length ¢ contains at least one point of 5.

Consider Bernoulli site percolation on the graph (de, ~), where, foru and v € eZ% u~v
if and only if there exists w € eZ¢ with |w — u|| <t and |lw — v|| < t. Given p > 0, suppose
that each site u € £Z? is independently occupied with probability p. Let D; be the event that
there is an infinite path of occupied sites in the graph, and let P,[ D] be the probability that
this event occurs.
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Divide R¢ into cubes Q,, u € €Z%, defined by Q, := {u} ® [0, e)¢. For x € R, let
2 € ¢Z% be such thatx € Q .- The Poisson process &, may be coupled to a realization of the
site percolation process with parameter p,,, by deeming each z € Z to be occupied if and only
if ,(Q;) > 1. By the choice of ¢, for X, Y € P,,if | X — Y| < 2s then |lzx — z(x+4v)/2ll <t
and ||zy —z(x+v),2ll < t,and, hence, zx ~ zy. Therefore, with this coupling, if G(#,, 25) € J
then there is an infinite path of occupied sites in (¢Z¢, ~). Because we chose v and s in such
a way that P[G(P, 2s) € {] = 1, we must have P, [D1] = 1.

Now consider a form of lattice AB percolation on £Z¢ with parameter pair (p, ¢) € [0, 1]?
(not necessarily the same as any of the lattice AB percolation models in the literature). Let each
of {Vy, u € eZ4) and {W,, u € ¢Z%) be a family of independent Bernoulli random variables,
with parameters p and g, respectively. Let D, be the event that there is an infinite sequence
uy, ua, ... of distinct elements of ¢Z<¢ and an infinite sequence v1, V2, ... of elements of e74
such that, for each i € N, we have V,, W,, = 1 and max{|lu; — v; ||, [[lvi — ui41ll} < 1. Let
P, 4[D2] be the probability that event D> occurs, given the parameter pair (p, ).

Since Pp,[D1] = 1, clearly, HNDPVJ [D3y] = 1. Increasing p slightly and decreasing ¢ slightly,
we shall show that there exists g < 1 such that

P, 4[D2] = 1. 2.1)

This is enough to demonstrate that p.(r, A) < oco. Indeed, suppose that such a g exists and
choose w such that p,, = ¢g. Then, foru € eZ4, set V, = lif and only if #,(Q,) > 1 and
W, = lifand only if @,(Q,) = 1. Suppose that D, occurs, and let uy, vy, u, v2, ... be asin
the definition of the event D,. Then, for each i € N, we have V,;, = 1, so we can pick a point
X; € PN Qy,and W,, =1, so we can pick a point ¥; € @, N Q,,. Then, by the choice of ¢,
foreach i € N, we have

max{[|X; = Yill, IY; = Xip1ll} <t 4+ (. —5)=r,

and, hence, G($y, @, r) € 4. Hence, by (2.1) we have P[G (P, @, r) € J] = 1. Therefore,
e(r, M) < u < oo, as asserted.

To complete the proof of part (i), it remains to prove that (2.1) holds for some ¢ < 1. Let
(T, u € £Z¢) be independent Bernoulli variables with parameter p;. For each ordered pair
(u,v) € (eZ%? with 0 < |ju — v| < ¢, let U,.» be independent Bernoulli random variables
with parameter (p,/py)'/2, where we set

A= {ueeZ:0 < |lu|| <1} (2.2)

Assume that the variables U, , and T, are all mutually independent, and, for u, v € ¢74, define
the Bernoulli variables

Vu = Tu l_[ Uu,va

{veeZd: 0<|v—ul| <t}

Wy i=1-— I1 (1 = Uy).

(ueeZd: 0<|v—ul| <t}

Then each of {V,},c,7¢ and {Wy}, .74 is a family of independent Bernoulli variables, with
respective parameters p, and

1/A\ A
q;=1—(1—<ﬂ) ) <1, 2.3)
P

and each is independent of {7, u € eZ4).
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Since P, [D1] = 1, with probability 1, there exists an infinite sequence u1, u, . . . of distinct
elements of eZ¢ with u; ~ ujy foralli € N,and with V,,, = 1foreachi € N. By the definition
of the relation ‘~’, we can choose a sequence vy, v7, ... of elements of e7Z4 such that, for each
i € N, we have max(|lv; — u;|l, lv; — u;41l]) < ¢. Then, for each i, since V,; = 1, we have
Uy, v; = 1, and, therefore, Wy, = 1; also, T,,;, = 1. Hence, (2.1) holds as required, establishing
that u.(r, 1) < co. We have proved part (i).

To prove part (ii), we need to quantify the preceding argument. First note that the value of
1 associated with ¢ given by (2.3) (i.e. with p, = ¢) has exp(—ue?) = (1 — (p,/pi) /)2,
so that, since s? A < ndrd by (2.2), we have

1 1
me(r, ) < pu = e 4Alo (—) <e X rurlo ( )
‘ \T= (/oA BT (o) o) EIP T a
(2.4)

From now on, set A, := A.(2r) and A = A, + § for some § > 0. We need to choose s < r
and v < A such that P[G($,, 2s) € {] = 1. Choose o, 8 > 0 with o + B < 1, and also let
a’ € (0,a) and B’ € (0, B). Set

s\ 1/
s=r|1l4+— and v :=A.+ (1 — B)S.

c

By scaling (see [5, Proposition 2.11]) and our choice of s, we have

d
e(25) = (E) Ae(2F) = Ao + @b, (2.5)

and, hence, v > A.(2s), so P[G(P,, 2s) € 4] = 1, as required.
Our choice of ¢ in the discretization needs to satisfy

e (W (FE Iy 26)
T2Jd  2Jd Ae ’ '

and the right-hand side of (2.6) is asymptotic to ar8/(2d*/?A.) as § — 0. Hence, taking
e = a'r8/(2d*?x.), we have (2.6) provided § < §; for some fixed §; > 0. Also,

Py _ ey Ae+ (1= B8
Ae+8

d
= A s
P~ eThexp(—eln) )eXp R

and so, by Taylor’s expansion, there is some 6, > 0 such that, provided 0 < § < §, taking
e = a'r8/(2d>*xr.) we have

P (e/r) 7y - ,3/38d _, ,3/8d+1
P - ndrd)% B ndkc(2d3/2)\c/a/)d .

Therefore, by (2.4), for 0 < § < min{§, 2}, we have

2439 N\ (g Qd o)’
o mar® log Br5dTT

e(r,A) < (

and since we can take o’ arbitrarily close to 1, (1.2) follows, completing the proof.
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For a given value of A with A = A.(2r) + § for some § > 0, an explicit upper bound for
U (r, A) could be computed as follows. Choose «, > 0 with o + 8 < 1, and let € be given
by the right-hand side of (2.6). Then a numerical upper bound for . (r, ) can be obtained by
computing the right-hand side of (2.4). To make this bound as small as possible (given o), we
make v as small as we can, i.e. make 8 approach 1 — « and v approach A, + «§. Taking this
limit and then optimizing further over « gives us the upper bound

1
: 1) < . f —2d dl s 2.7
pelr, A) = ael?(),l)g(a) rar- 08 1 — (Pi.+as/ i) E@/N" /1a @7

with ¢ = ¢(«) given by the right-hand side of (2.6).

3. Connectivity: proof of Theorem 1.2

Throughout this section, we assume that d = 2. All asymptotics are as n — o0o. Given
a,b € R, we sometimes write a V b = max{a, b} and a A b = min{a, b}. Fix T > 0. Given
and ry,, let §,, denote the minimum degree of 9,1 (n,t,ry).

Lemma 3.1. Leta € (0, 1/7). Ifnnr,%/logn = « for n > 2 then, almost surely, §, = 0 for
all but finitely many n.

Proof. See [3, Proposition 5.1].

Lemma 3.2. Let o € (0, ;11). Ifnnr,%/ logn = « for n > 2 then, almost surely, §, = 0 for all
but finitely many n.

Proof. By [6, Theorem 7.8], for this choice of r,,, almost surely, the minimum degree of the
(one-type) geometric graph G(J’,f , 2ry) is O for all but finitely many 7, and, therefore, so is the
minimum degree of 91 (n, t,ry).

Corollary 3.1. Let d = 2. Given ¢ > 0, almost surely, nn(,o,,(t))z/logn > (1 —¢) max{%,
1/} for all but finitely many n.

Proof. Assume that ¢ < 1. Forn > 2, setr, =[(1 — 8)(% \% l/t)logn/(nn)]]/z, SO
nnr,%/logn =(1- 5)(}‘ v 1/t). Let 8, be the minimum degree of gl(n, T,ry). If the
minimum degree of a graph of order greater than 1 is zero, then it is not connected; hence,

nt (pu(1))? R AN
{W§(1—8)<ZV;>}—{9»(”,'5,'%)63(}

C {80 > 0} U {2, (10 11%) < 1},
and, by Lemmas 3.1 and 3.2, this occurs for only finitely many »n almost surely.
To complete the proof of Theorem 1.2, it suffices to prove the following result.

Theorem 3.1. Suppose for some fixed o that {r,},eN is such that, for alln > 2,

nur? 11
—a > max|—, . (3.1)
logn T 4

Then, almost surely, §'(n, T, r,) € X for all but finitely many n.

https://doi.org/10.1239/jap/1417528484 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1417528484

Percolation for AB random geometric graphs 339

Our proof of this theorem requires a series of lemmas and proceeds by discretization of
space. Assume that o and r, are given, satisfying (3.1). Let gy € (O, 91—9) be chosen in such a
way that, for ¢ = g9, we have both

at(l —12¢) > 1 +¢ (3.2)

and o(4—12e3+4+1)) > 1+-¢e. (3.3)

Given n, partition [0, 11? into squares of side ¢,r, with g, chosen so that g9 < ¢, < % and
1/(enry) € N,and ¢ = g, satisfies (3.2) and (3.3); this is possible for all large enough n,n > ng
say. In the sequel we assume that n > n¢ and often write just ¢ for g,.

Let £, be the set of centres of the squares in this partition (a finite lattice). Then |L£,| =
®(n/logn). List the squares as Q;, 1 < i < |L£,], and the corresponding centres of squares
(i.e. the elements of £,) as q;, 1 <i < [L,].

Given a set X C [0, 112, define the projection of X onto £, to be the set of ¢; € £,
such that X N Q; # &. Given also Y C [0, 113, define the projection of (X, %) onto £,
to be the pair (X', Y’), where X’ is the projection of X onto £, and Y’ is the projection of
Y onto L£,. We refer to |X'| + |Y'| (respectively |X'|, |Y']) as the order of the projection of
(X, ¥) (respectively of X, of Y) onto L£,,.

Lemma3.3. Let n € N. Suppose that X and Y are finite subsets of [0, 11> such that
G(X, Y, ry) is connected. Let (X', Y') be the projection of (X, Y) onto L,,. Then the bipartite
geometric graph G(X', Y/, rn(1 + 2¢&,)) is connected.

Proof. If gi,qj € £y, and X € X and Y € Y with | X — Y| < r,, then by the triangle
inequality we have

lgi —qjll < IX —gill + IX =Y+ Y — gl <ra(l+2e),
and, therefore, since G (X, Y, ry,) is connected, so is G(X', Y, r, (1 + 2¢)).

Given n, m € N, let A, , denote the set of pairs (o1, 02) with each 0; C £, with |o7]| +
|oa] = m and |oq| > 1, such that G (o1, 02, r, (1 4 2¢,,)) is connected; these may be viewed as
‘bipartite lattice animals’.

Let A,%’m be the set of (01, 02) € Ay, such that all elements of o1 U o2 are distances at
least 2r,, from the boundary of [0, 112.

Let A,ll,m be the set of (o1, 02) € A, such that o7 U oy is a distance less than 2r, from
just one edge of [0, 1]%.

Let Ag’m = Anm \ (A%,m U A}hm), the set of (01,02) € Ay, such that o1 U oy is a
distance less than 2r,, from two edges of [0, 172 (i.e. near a corner of [0, 1]?).

Lemma 3.4. Given m € N, there exists a constant C = C(m) such that, for all n > ny,

1/2
Al < C[—2 Al 1< 2 / A 1 <cC
Al =€) Al =€) o ALl =C

Proof. Fix m. Consider how many ways there are to choose o € A, ;.

For the first element of o7 in the lexicographic ordering, there are at most |.£, | choices, and,
hence, O (n/logn) choices. Having chosen the first element of o7, there are a bounded number
of ways to choose the rest of 0.

We now consider how many ways there are to choose o € A}Lm. There are O(r, ') =
O((n/logn) 1/2y ways to choose the first element of o (a distance at most 2r,, from the boundary
of [0, 1]2), and then a bounded number of ways to choose the rest of .
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Finally, consider how many ways there are to choose o € ,A)Q’m. There are O(1) ways to
choose the first element of o1, and then a bounded number of ways to choose the rest of o.

For n € N, set v(n) := nl*/?1, Note that v(n + 1) ~ v(n) and Ty(n+1) ~ Tv(n) @S 1 — OO,
and that r,, is monotone decreasing in n for n > 3.

Given n € N with v(n) > ng, and given o1 C L) and o2 C Lyn), let E,,4,) be the
event that there exists some n’ € N N [v(n), v(n + 1)) such that there is a component (U, V)
of G(J’f,, (,‘21;”,, ry) such that (o1, 07) is the projection of (U, V) onto &£, ).

Forx € R?and r > 0, let B(x, r) := {y € R?: ||y — x|| < r}. Also, let B, (r) be the right
half of B((0, 0), ), and let B_ () be the left half of B((0, 0), r). Let v2(-) denote the Lebesgue
measure, defined on Borel subsets of R2,

Lemma 3.5. There exists n1 € N such that, for allm € N and n > ny,

sup  (P[E,]) < v(n)~ T8, (3.4)
O'EA%(n)’m

sup  (P[E,]) < v(n) 1T/, (3.5)
O-G‘A’\I)(n),m

sup  (PLEs]) < v(n)~"/%. (3.6)
aeer(”),m

Proof. Choose nj so that v(n1) > ng and also (1 — €0)7y(n) < Fy@u+1) forn > ny. Assume
from now on that n > nj.

Given o = (01, 02) € Ayu).m. let g; and g; respectively be the lexicographically first and
lastelements of oy. Leto, bethe setof gx € o2 N B(gi, rvm) (1 —4¢)) lying strictly to the left of
q; (in this proof, & := &y(,)). Let 02+ be the setof gx € o2 N B(qj, rvm)(1—4¢)) lying strictly to
therightofg;. Let&; 1= o ®[—ervm)/2, ervm /21> and 65 := 05 ®[—erv(m)/2, rvmy/2]°
(see Figure 1).

Let B, be the part of B(g;, rvmn)(1 — 5¢)) lying strictly to the left of Q;. Let B be the part
of B(gj, rvn)(1 — 5¢)) lying strictly to the right of Q ;.

Given o, define the events A} and A by

AF =@ ) (BE\ G5 = 0) N {PE, .y (G5 @ B (1 = 38)) = 0},
Ay =@ 1) (By \65) = 0} N (P41 (G5 @ B_(rymy(1 —3e) = 0).

See Figure 1 for anillustration of the event A" Note that the events A} and A are independent.
Suppose that k is such that Oy N B} # &. Then, by the triangle equality,

lgr — qjll < rvey(1 —5&) + erymy = rum (1 — 4e). (8.7)

Similarly, if Qx N B, # @ then |lgx — gill < rve)(1 — 4e).

By our coupling of Poisson processes, for v(n) < n’ < v(n + 1), we have Py, C
Pv C Pom+1). Also, if x € Qr and y € Q; with |lg; — gkl < rym) (1 — 3¢), then, by
the triangle inequality and our condition on ny, we have ||x — y|| < ryu)(1 — &) < ry for
all n’ € [v(n),v(n + 1)). Hence, by the argument at (3.7), for any o € A, ,, we have
E; CAFNA;.

First we prove (3.5). Takeo € A] . Consider] Just the case where o is near to the leftedge of
[0, 1]? (the other three cases aretreated similarly). Ifa2 = then A} = {(va(n +1)(B ) =0},
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FIGURE 1: The dots are the points of o1, and the crosses are the points of o2. The grey squares are the
set 62+ (since ¢ = ¢, < 9%, they should really be smaller). The event A} says that the black region
contains no points of @F and the grey region (partly obscured by the black region) contains no

tv(n+1) .
points of J)v(n+l)'

and in this case we have
PIAF] < exp(3 — Tv() (T (romy (1 — 58))° — 2er7 )
< exp(% — ra(logv(n))(1 — 12¢))
< v(n)~ 192 (3.8)

where the last inequality comes from (3.2). This proves (3.5) for this case.

Suppose instead that 02+ # . Then 62+ C {qj} ® BL(ry(n)(1 — 3¢)), so that v2(62+) <
mf(n)(l —3¢)2/2. Let s € [0, 1] be chosen such that v2(5,") = s%nf(n)(l — 3¢)?/2. Then,
by the Brunn—Minkowski inequality (see, e.g. [6]),

12
V265 ® By (rugny(1 — 36))) > %(1 —3e)2(1 + )2,
and also vo(B}) > mg(n)((l —5¢)% — 2¢)/2, so that
PIA}] < exp(—tv(m)v2(BF \ 65) — v(m)v2(65" @ By (rom (1 — 3¢))))
< exp(—gv(m)mro, [T((1 = 56)* — 2& — s*(1 — 38)*) + (1 + 5)*(1 — 38)*])
< exp(—a(logv(n))g: (5)).

where we set g;(s) := (T + 1 + 25)(1 — 12¢) + s%(1 — 3¢)>(1 — 7). If T < 1 then g, (s) is
minimised over s € [0, 1]ats = 0. If ¢ > 1 then g, () is concave, so its minimum over [0, 1]
isachieved ats = O or s = 1; also in this case g; (1) > (3+7)(1 — 12¢) + 1 — 7. Hence, using
(3.2) and (3.3), we obtain

P[AS] < exp(—%a(log v(n)) min{(1 4+ 7)(1 — 12¢),4 — 1263 + 1)})
< v(n)~ /2, (3.9)

completing the proof of (3.5).
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Now we prove (3.4). If 0 € A2, then P[A] < v(n)~!F¥)/2 by (3.8) and (3.9), and
P[A] < v(n)~1+9)/2 similarly. Therefore, P[E,] < P[AT N A;] < v(n)~'~¢, completing
the proof of (3.4).

Finally, to prove (3.6), let o € Ag’m. Assume that o is near the lower-left corner of
[0, 172 (the other cases are treated similarly). First suppose that 02+ = @&. Then P[E,;] <
P[@l:v(n+l)(3j) = 0] and since the upper half of B;L is contained in [0, 1]2, in this case

PlE,] < exp(—rv(n)nrf(n)[}—l(l —5¢)% — %8])
< V(n)—ar(l—IZs)/4

p(n)~1+e)/4 (3.10)

IA

Now suppose that 02+ # . Let g, be the last element (in the lexicographic order) of 02+ . Then

P[E,] < PIPF,1 1) (g6} ® By (rugn (1 — 36))) = 0]
< exp(% — v(n)nrf(n)(l — 38)2)
S v(n)—a(l—68)/4

< vV,
where, for the last inequality, we used the facts that o > zl; and ¢ < %. Together with (3.10)
this demonstrates (3.6).

Form,n € Nand r > 0, let K, ,,(r) be the class of bipartite point sets (X, Y) in [0, 172
such that G(X, Y, r) has at least one component, the vertex set of which has projection onto
L, of order m and contains at least one element of X.

Lemma 3.6. Let m € N. Almost surely, for all but finitely many n € N, we have (?f/, (,‘an,) ¢
Kv@ym () foralln’ € N N [v(n), v(n + 1)).

Proof. By Lemmas 3.3 and 3.5, for n > ny, we have

PI: U {(‘7),/]:’ Q];n) € Ku(n),m(rn’)}i|
v(n)<n'<v(n+1)

< > PlE]

UEAV(,,)Y,"

<|AZ I xvm) D Al vm) IO A0 ) x vm) T,

v(n),m v(n),m v(n),m

Using Lemma 3.4 and the definition v(n) :=n [4/¢01 and recalling thate = ¢, > &g as described
just after (3.3), this probability is O (n~2), so it is summable in n. Then the result follows by
the Borel-Cantelli lemma.

Lemma 3.7. (See [6, Lemma 9.1].) For any two closed connected subsets A and B of [0, 177
with union AU B = [0, 1]2, the intersection A N B is connected.

Given n € N, let k(n) be the choice of k € N satisfying v(k) < n < v(k + 1). Also,
given K € N, let Fg (n) be the event that G({Pf , (:21;”, rn) has two or more components with
projections onto £ k(y)) of order greater than K.

Lemma 3.8. There exists K € N such that, with probability 1, the event Fg (n) occurs for only
finitely many n.
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Proof. Suppose that F (n) occurs. Then there exist distinct components U = (Uj, U) and
V =(Vi, Vo) in G(,‘Pf , (an, ry), both with projections onto £ k(»)) of order greater than K.
Let U’ be the union of closed Voronoi cells in [0, 112 (relative to P, U @) of vertices of U,
and let V' be the union of closed Voronoi cells in [0, 1]? of vertices of V.

The interior of U’ and the interior of V’ are disjoint subsets of [0, 1]2, and we now show that
they are connected sets. Suppose that X € Uy and Y € U, with | X — Y|| < r,; then we claim
that the entire line segment [X, Y] is contained in the interior of U’. Indeed, let z € [X, Y],
and suppose that z lies in the closed Voronoi cell of some W € PF U @F,. If W € PF then

IW—=Y[<IW=zll+llz=YI < IX =zl +llz =Y =X =Y < ra,

so W e U. Similarly, if W € (,‘an then |W — X|| < ry, so again W € U. Hence, the interior
of U’ is connected, and likewise for V'.

Let V be the closure of the component of [0, 11>\ U’, containing the interior of V', and let
U be the closure of [0, 1]* \ V (essentially, this is the set obtained by filling in the holes of U’
that are not connected to V).

Then U and V are closed connected sets, whose union is [0, 1]2. Therefore, by Lemma 3.7,
the set U := U N V is connected. Note that dU is part of the boundary of U’ (it is the ‘exterior
boundary’ of U’ relative to V).

Let T be the set of cube centres g; € L)) such that Q; N (dU) # &. Then T is
x-connected in &L, k(n)), 1.€. for any x, y € T, there is a path (xo, x1, ..., xx) with xo = x,
Xk =Y, Xi € Lykmy), and [|x;i — xi—1llooc = ervmy) for 1 < i < k (here & = &y kw)))-

Also, for each g; € T, we claim that £,(Q;)@.,(Q;) = 0. Indeed, suppose on the contrary
that #,(Q;)Q.,(Q;) > 0. Then all points of (£, U @;,) N Q; lie in the same component
of G(!PnF , (,‘an, rn). If they are all in U then Q; and all neighbouring Q; (including diagonal
neighbours) are contained in U’. If all points of (£, U @,,) N Q; are not in U then Q;
and all neighbouring Q; (including diagonal neighbours) are disjoint from U’. Therefore,
UYNQ; = 2.

We now prove the isoperimetric inequality

K\ 12
|T|z(5> . (3.11)

To see this, define the width of a nonempty closed set A C [0, 1]? to be the maximum difference
between x-coordinates of points in A, and the height of A to be the maximum difference between
y-coordinates of points in A.

We claim that either the height or the width of U is at least (K/ )l zsrv(k(n)). Indeed,
if not then dU is contained in some square of side (K /2)!/ zsrv(k(n)), and then either U’ or
V'’ is contained in that square, so either U or V is contained in that square, contradicting
the assumption that the projections of U and of V onto £, ()) have order greater than K.
For example, if the projection of U has order greater than K then at least one of U; and Us,
say Uy, has projection of order greater than K /2, and then the union of squares of side &7, )
centred at vertices in the projection of U; has total area greater than (K / 2)£2r5(k(n)), S0 is not
contained in any square of side (K /2)!/ zsru(k(,,)). Thus, the claim holds, and so (3.11) follows
by the x-connectivity of T'.

For v,m € N, let A;}!m be the set of x-connected subsets of £, with m elements. By a
similar argument as used in the proof of Lemma 3.4 (see also [6, Lemma 9.3]), there are finite
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constants y and C such that, for all v, m € N,

A | < C<1 - )y'". (3.12)

ogv
Set ¢, := P[P, (Qi)Q:,(Q;) = 0]; this does not depend on i. By the union bound and (3.1),

bn < exp(—n(eryimy)?) + exp(—Tn(erym))>)

2 ex <—(r A 1)822M>
P 7 vk(n))

S Zv(k(n))—(f/\l)sza/ﬂ

< 3n7(rA1)82a/n7

IA

where the last inequality holds for all large enough n. Using (3.11) and (3.12), we obtain

P[Fx ()] < Z c v(k(n)) g <2Cn(3yn—s2a(m1)/n)(K/2)1/2
- log v(k(n)) n= ’
m=>(K /2)1/2

which is summable in n provided K is chosen so that &2 la(r A1)(K/2)'/? > 3. The result
then follows by the Borel-Cantelli lemma.

Proof of Theorem 3.1. Choose K € N as in Lemma 3.8. Writing ‘i.0.” for ‘for infinitely
many n’ (i.e. infinitely often), we have

K
P[4 (n, 7, 1) ¢ K i.0] < (Z PI(PY, @F ) € Koiyym () i.o.]) + P[Fk(n)i.0.].

m=1

By Lemmas 3.6 and 3.8, this is O.
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